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Preface

Automated reasoning has matured into one of the most advanced areas of computer
science. During the half-century since the pioneering publications of the 1950s,
significant progress has been achieved both in its theory and practice, culminating
in a completely automatic solution of the Robbins Problem by the theorem prover
EQP implemented by Bill McCune. This problem in algebra had remained open for
over 50 years despite repeated attempts of mathematicians to solve it.

Several theoretical results, ideas, and techniques contributed to the Robbins
Problem solution. We mention only a few: equational unification, and in particular
AC-unification (Chapter 8 of this Handbook), completion procedures and notions of
redundancy (Chapters 2 and 7), the basic strategy (Chapter 7), and term indexing
(Chapter 26).

This Handbook presents overviews of the fundamental notions, techniques, ideas,
and methods developed and used in automated reasoning and its applications, which
are used in many areas of computer science, including software and hardware ver-
ification, logic and functional programming, formal methods, knowledge represen-
tation, deductive databases, and artificial intelligence..

The idea of making this Handbook originated during a visit by the first editor
to the Computing Science Department of Uppsala University in 1996, where the
second editor was working at the time. The idea was then presented at the Dagstuhl
workshop on Deduction in 1997, after which the work began. It has taken four years
to put together all the papers in their current form. Over 2000 email messages were
exchanged between the editors and the authors.

The material included in the Handbook is intended to cover most of the areas in
automated deduction, from theory to implementation. Nearly every chapter can be
used as a basis for an undergraduate or a postgraduate course. In fact, some of them
have already been so used. The chapters contain both basic and advanced material.
It was deliberately decided also to include material that bridges the gap between
the traditional automated reasoning (as presented at the CADE conferences) and
related areas. Examples are model checking (Chapter 24), nonmonotonic reasoning
(Chapter 19), numerical constraints (Chapter 12), description logics (Chapter 23),
and implementation of declarative programming languages (Chapter 26).

To help the reader navigate through a large amount of material in the Handbook,
the global concept index is provided at the end. It contains references to the pages
containing the main notions and concepts introduced in different chapters.

The structure of the book is as follows.

Part I consists of a single chapter: an overview of the early history of automated
deduction by Martin Davis.
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Part II presents reasoning methods in first-order logic. Two most popular meth-
ods: resolution and semantic tableauz are discussed in Chapters 2 by Leo Bachmair
and Harald Ganzinger and 3 by Reiner Héhnle. Nearly all existing implementations
of first-order theorem provers are based on variants of one of these methods. The
inverse method, both for classical and nonclassical logics, is introduced in Chap-
ter 4 by Anatoli Degtyarev and Andrei Voronkov. Systems implementing first-order
logic usually transform the goal formula into a clausal normal form. Chapters 5 by
Matthias Baaz, Uwe Egly, and Alexander Leitsch, and 6 by Andreas Nonnengart
and Christoph Weidenbach, discuss short normal forms, both from the theoretical
and practical viewpoints.

Part IIT is dedicated to equality and other buslt-in theories. The first four chap-
ters of this part discuss reasoning with equality and related subjects: Chapter 7
by Robert Nieuwenhuis and Albert Rubio deals with paramodulation-based reason-
ing, Chapter 8 by Franz Baader and Wayne Snyder presents unification theory,
Chapter 9 by Nachum Dershowitz and David A. Plaisted overviews rewriting, and
Chapter 10 by Anatoli Degtyarev and Andrei Voronkov discusses equality reason-
ing in tableau-based and sequent-based calculi. The next two chapters treat other
important theories: Chapter 11 by Shang-Ching Chou and Xiao-Shan Gao presents
theorem proving in geometry, while Chapter 12 by Alexander Bockmayr and Volker
Weispfenning overviews methods of solving numerical constraints.

Part IV discusses methods of automated reasoning using induction. Chapter 13
by Alan Bundy gives a general introduction to induction, then Chapter 14 by
Hubert Comon presents the so-called “inductionless induction” where induction is
implemented using equational reasoning.

Part V discusses higher-order logic, which is used in a number of automatic and in-
teractive proof-development systems. This part begins with two fundamental Chap-
ters 15 by Peter Andrews and 16 by Gilles Dowek introducing, respectively, clas-
sical type theory and higher-order unification. The next two Chapters 17 by Frank
Pfenning, and 18 by Henk Barendregt and Herman Geuvers discuss variants of
higher-order logic used in two kinds of interactive systems: logical frameworks and
proof-assistants using dependent type systems.

Part VI presents automated reasoning in nonclassical logics. Chapter 19 by Jiirgen
Dix, Ulrich Furbach, and Ilkka Niemela is devoted to nonmonotonic reasoning, while
Chapter 20 by Matthias Baaz, Christian G. Fermiiller, and Gernot Salzer to reason-
ing in many-valued logics. The next two Chapters 21 by Hans Jiirgen Ohlbach, An-
dreas Nonnengart, Maarten de Rijke, and Dov M. Gabbay, and 22 by Arild Waaler
discuss reasoning methods for a wide range of logics whose semantics is character-
ized by the possible worlds semantics, for example, intuitionistic and modal logics.
They discuss translation into first-order classical logic and the connection method,
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respectively. Also highly relevant to reasoning in nonclassical logics are Chapters 4
and 23 put in other Parts of this Handbook.

Part VII deals with decidable classes and model building. The first two chapters
concern two areas that have only recently emerged and which are now used in a
number of applications: Chapter 24 by Edmund M. Clarke and Bernd-Holger Schlin-
gloff gives an overview of model checking, Chapter 23 by Diego Calvanese, Giuseppe
De Giacomo, Maurizio Lenzerini, and Daniele Nardi discusses reasoning in expres-
sive description logics. In Chapter 25 Christian G. Fermiiller, Alexander Leitsch,
Ullrich Hustadt, and Tanel Tammet present resolution-based decision procedures for
various classes of first-order formulas.

Part VIII deals with tmplementation-related questions. In Chapter 26 R. Sekar,
LV. Ramakrishnan, and Andrei Voronkov give an overview of term indezing used in
implementing not only first-order theorem provers but also logic and functional pro-
gramming languages. The next two Chapters 27 by Christoph Weidenbach and 28 by
Reinhold Letz and Gernot Stenz discuss implementation of, respectively, resolution-
based and model elimination-based theorem provers.

The Web page
http://wuw.cs.man.ac.uk/“voronkov/handbook-ar/index.html

contains further material related to this book. All comments and corrections should
be sent to the second editor by email voronkov@cs.man.ac.uk or v@ronkov.com.

Alan Robinson, Andrei Voronkov
Greenfield and Manchester, 14 February 2001.
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THE EARLY HISTORY OF AUTOMATED DEDUCTION 5

With the ready availability of serious computer power, deductive reasoning, espe-
cially as embodied in mathematics, presented an ideal target for those interested in
experimenting with computer programs that purported to implement the “higher”
human faculties. This was because mathematical reasoning combines objectivity
with creativity in a way difficult to find in other domains. For this endeavor, two
paths presented themselves. One was to try to understand what people do when
they create proofs and to write programs emulating that process. The other was
to make use of the systematic work of the logicians in reducing logical reasoning
to standard canonical forms on which algorithms could be based. Each path con-
fronted daunting obstacles. The difficulty with the first approach was that available
information about how creative mathematicians go about their business was and re-
mains vague and anecdotal. On the other hand, the well-known unsolvability results
of Church and Turing showed that the kind of algorithm on which a programmer
might want to base a theorem-proving program simply did not exist. Moreover, it
was all too obvious that an attempt to generate a proof of something non-trivial
by beginning with the axioms of some logical system and systematically apply-
ing the rules of inference in all possible directions was sure to lead to a gigantic
combinatorial explosion.

Each of these approaches has led to important and interesting work. Unfortu-
nately, for many years the proponents of the two approaches saw themselves as
opponents and engaged in polemics in which they largely spoke past each other.
One problem was that whereas they appeared to be working on the same problems,
they tended to differ not only in their approaches, but also in their fundamental
goals. Those whose method was the emulation of the human mathematician tended
to see their research as part of an effort to help understand human thought. Those
who proposed to use the methods of mathematical logic tended to see the goal as
the development of useful systems of automated deduction. Ultimately, the most
successful developments incorporated insights deriving from both approaches.

For a brief account of the history of the developments in logic that provided the
background for research in this field see [Davis 1983c]. An interesting account of
the two approaches and their mutual interaction can be found in [MacKenzie 1995].
The volume [Siekmann and Wrightson 1983] is a useful anthology of the principal
articles on automated deduction to appear in the years through 1966.

1. Presburger’s Procedure

In 1929, M. Presburger had shown that the first-order theory of addition in the
arithmetic of integers is decidable, that is he had provided an algorithm which
would be able to determine for a given sentence of that language, whether or not
it is true. In 1954, Martin Davis programmed this algorithm for the vacuum tube
computer at the Institute for Advanced Study in Princeton. As was stated by Davis
[1983¢]

Since it is now known that Presburger’s procedure has worse than exponential

complexity, it is not surprising that this program did not perform very well. Its
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great triumph was to prove that the sum of two even numbers is even.

2. Newell, Shaw & Simon, and H. Gelernter

The propositional calculus is the most elementary part of mathematical logic, deal-
ing as it does with the connectives = A V D . Its treatment constitutes Section A
of Part I (37 pages) of Whitehead and Russell’s Principia Mathematica, their mon-
umental three volume effort purporting to demonstrate that all of mathematics can
be viewed as a part of logic. Their treatment proceeds from five particular formu-
las, that may be called aezioms or primitive propositions to which are applied the
explicitly stated rule of modus ponens or detachment' and implicit rules permitting
substitutions for propositional variables and replacing defined symbols using their
definitions. Newell, Shaw and Simon set themselves the problem of producing a
computer program that emulates the process by which a person might seek proofs
in the propositional calculus of Principia. Although the formalism is simple enough
so that such a program would be feasible, the process requires enough ingenuity
that the problem was hardly trivial.

In Newell, Shaw and Simon’s [1957] report on experiments with their “Logic
Theory Machine,” (developed around the same time as Davis’s Presburger program)
the authors are very explicit about their goals:

Our explorations ...represent a step in a program of research . .. aimed at devel-
oping a theory ...and applying [it] to such fields as computer programming and
human learning and problem-solving
Although it would be difficult to claim that this work has helped very much with
such an ambitious agenda, it did provide a paradigm employed by many theorem-
provers developed later, and this was surely its lasting influence. Among the tech-
niques made explicit were forward and backward chaining, the generation of useful
subproblems, and seeking substitutions that produce desired matches.

The authors emphasize that their program is “heuristic” rather than “algorith-
mic,” and this purported distinction has given rise to much dissension and con-
fusion. In this context, “heuristic” seems to mean little more than the lack of a
guarantee that the process will always work (given sufficient space and time). The
algorithm they contrast with their own procedure is the “British Museum algo-
rithm” by which all possible proofs are generated until one leading to the desired
result is reached. Indeed, the authors seem to have been unaware that Post’s proof
of the completeness of the Principia propositional calculus using truth tables had,
in effect supplied a simple algorithm by means of which a demonstration by truth
tables could be converted into a proof in Principia [Post 1921].

Wang and Gao [1987] presented a Gentzen-style proof system for the proposi-
tional calculus designed for efficiency. Unlike the program of Newell et al, Wang’s
system is complete: for any input, processing eventually halts, yielding either a

1 Actually Whitehead and Russell’s tendency to confuse object and meta-language led them to
state this confusingly as “Anything implied by a true proposition is true.” But this lapse is not
important for the present discussion.
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proof or a disproof. The simple examples that dre explicitly listed in Principia,
including those that stumped the Logic Theory Machine, were easily disposed of.
Although Wang seems not to have quite understood that producing an efficient
generator of proofs in the propositional calculus was not what the Logic Theory
Machine designers were after, they did leave themselves open to Wang’s criticism
by giving the impression that the absurd British Museum algorithm was the only
possible “non-heuristic” proof-generating system for the propositional calculus.
Like the propositional calculus, the elementary geometry of the plane can be

specified by a formal system for which an algorithmic decision procedure is available.
This is seen by introducing a coordinate system and relying on the reduction of
geometry to algebra and Tarski’s decision procedure for the algebra of the real
numbers. However, unlike the case of truth table methods for the propositional
calculus, this method is utterly unfeasible. Although theoretical confirmation of this
did not come until much later, it was already apparent from Davis’s experience with
the much simpler Presburger procedure. Herbert Gelernter’s Geometry Machine is
very much in the spirit of Newell at al. A clue to Gelernter’s orientation is provided
by his statement [Gelernter 1959]:

...geometry provides illustrative material in treatises and experiments in hu-

man problem-solving. It was felt that we could exchange valuable insights with

behavioral scientists . ..
Technically, in addition to the repertoire of The Logic Machine (backward chain-
ing, the use of subproblems), the geometry machine introduced two interesting
innovations: the systematic use of symmetries to abbreviate proofs and the use of a
coordinate system to simulate the carefully drawn diagram a student of geometry
might employ. This last was used to tip off the prover to the fact that certain pairs
of line segments and of angles “appeared” to be equal to one another, and thereby
to guide the search for a proof.

3. First-Order Logic

Unlike the cases of propositional logic and elementary geometry, there is no general
decision procedure for first-order logic. On the other hand, given appropriate axioms
as premises, all mathematical reasoning can be expressed in first- order logic, and
that is why so much attention has been paid to proof procedures for this domain.
Investigations by Skolem and Herbrand in the 1920s and early 1930s provided the
basic tools needed for theorem-proving programs for first-order logic [Davis 1983¢].

In 1957 a five week Summer Institute for Symbolic Logic held at Cornell Uni-
versity was attended by almost every logician working in the United States. Many
of the more theoretically inclined researchers from the nearby IBM facilities were
also present; FORTRAN, a brand-new innovation in programming practice was un-
veiled. After discussions with Gelernter, the logician Abraham Robinson was led to
give a short talk [Robinson 1957] in which he pointed to Skolem functions and “Her-
brand’s theorem” as useful tools for general purpose theorem-provers. He also made
the provocative remark that the auxilliary points, lines, or circles “constructed” as
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part of the solution to a geometry problem can be thought of as being elements of
what is now called the Herbrand universe for the problem.

The first theorem-provers for first-order logic to be implemented based on Her-
brand’s theorem employed a completely unguided search of the Herbrand universe.
Instead of using Skolem functions to deal with instantiations, variables were re-
placed by parameters; so the program had to provide a capability for keeping track
of dependencies among these parameters. Tests for truth-functional satisfiability
used either simple truth table calculations or expansion into disjunctive normal
form. Not surprisingly, these programs were capable of proving only the simplest
theorems. Among the first of these programs, that by Gilmore [1960] served as a
particularly useful stimulus for further investigations.

In his later commentary, Prawitz [1983a] explained that the development of new
proof procedures and completeness proofs for first- order logic together with the
availability of computational resources tempted him to become involved in imple-
menting such a procedure. He adopted a modified form of the method of semantic
tableaux, and formulated his own high level algorithmic language in which the pro-
cedure could be written. The detailed implementation was accomplished by Prawitz,
Prawitz and Voghera [1960]. Despite being based on an up-to-date underlying log-
ical system, this program suffered from the same limitations as Gilmore’s.

Martin Davis and Hilary Putnam noted that Gilmore’s program failed on some
rather simple examples because of its reliance on expansions into disjunctive normal
form for satisfiability testing. This led them to the optimistic (and in retrospect
rather naive) conclusion that the lack of effective methods for testing large for-
mulas of the propositional calculus for satisfiability was the main obstacle to be
surmounted. Although their interest in algorithms for what came to be known as
the satisfiability problem was only because they wanted to use such methods as part
of a proof procedure for first-order logic, they secured support from the National
Security Agency, to spend the summer of 1958 working on this problem. In their
unpublished report to the NSA [Davis and Putnam 1958], they emphasized the use
of conjunctive normal form for satisfiability testing. The specific reduction methods
whose use together have been linked to the names Davis-Putnam are all present in
this report. These are:

1. The one literal rule also known as the unit rule.

2. The affirmative-negative rule also known as the pure literal rule.
3. The rule for eliminating atomic formulas

4. The splitting rule, called in the report, the rule of case analysis

The Davis-Putnam paper usually cited [Davis and Putnam 1960] was written a
year later. The proposed procedure would accept as input a formula that had been
preprocessed by first using Skolem functions to eliminate existential quantifiers and
then expanding the formula into conjunctive normal form. Many theorem-provers
(including some that have been very successful) have used this approach. Satisfia-
bility testing was to be carried out using rules 1,2,3 above, and it was noted that
an example that stumped Gilmore’s program could easily be done by hand com-
putation. When George Logemann and Donald Loveland attempted to implement



THE EARLY HISTORY OF AUTOMATED DEDUCTION 9

the program they found that the rule for eliminating atomic formulas (later called
ground resolution) which replaced a formula

(pVA)A(-pVB)AC

by
(AVB)AC

used too much RAM. So it was proposed to use instead the splitting rule which
generates the pair of formulas

AANC BAC

The idea was that a stack for formulas to be tested could be kept in external
storage (in fact a tape drive) so that formulas in RAM never became too large.?
Although testing for satisfiability was performed very efficiently, it soon became
clear that no very interesting results could be obtained without first devising a
method for avoiding the generation of spurious elements of the Herbrand universe
[Davis, Logemann and Loveland 1962].

During the same years, Hao Wang was attempting to apply some of the more
sophisticated work that had been done in proof theory and on solvable cases of
Hilbert’s Entscheidungsproblem to automatic deduction programs. He announced
a computer program that proved all of the theorems (about 400) of Whitehead
and Russell’s Principia Mathematica of first-order logic with equality [Wang and
Zhi 1998, Wang and Zhi 1998]. However, this apparently momentous achievement
in automating deduction was (as Wang himself pointed out) possible only be-
cause all of these theorems can be brought into prenex form with the simple prefix
V...V3...3. Wang concluded that:

The miost interesting lesson from these results is perhaps that even in a fairly
rich domain, the theorems actually proved are mostly ones which call on a very
small portion of the available resources of the domain. ([Wang 1963¢] p. 32)

Prawitz’s [1960] influential paper taught the growing automated deduction com-
munity that unnecessary terms in the Herbrand expansion could be avoided by using
algorithms that did not generate elements of the Herbrand universe until needed.
Most later progress was based on this key insight. Prawitz’s procedure worked by
obtaining expansions into disjunctive normal form before replacing variables by

2Unfortunately both procedures using rules 1,2, and 3 and procedures using rules 1,2, and 4
have been called the “Davis-Putnam procedure” in the literature; the first is generally considered
for worst case analysis while it is the second that is ordinarily implemented.

Wolfgang Bibel has kindly pointed out to me that the “rule for eliminating atomic formulas”
otherwise known as “ground resolution” was first proposed in A. Blake’s dissertation in 1937 and
(in its dual form) was also mentioned by W.V. Quine in 1955 under the name “consensus rule”.
For further information, see [Bibel 1993]. Otherwise, as far as I know, the other rules mentioned
occurred for the first time in [Davis and Putnam 1958].

It should also be mentioned that rules 2 and 4 were found independently by Dunham, Fridsal
and Sward [1959]. They emphasized that a program based on these rules performs very effectively
without using “heuristic” devices.
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elements of the Herbrand universe. The algorithm thus generated disjunctive nor-
mal forms of increasing length seeking one with the property that some substitution
from the Herbrand universe would yield a truth-functionally unsatisfiable formula.?
Since this condition amounts to each disjunctive clause including a pair of literals
of the form £, ~¢, it can be formulated as the need to satisfy a system of equations
in the parameters of the expansion.*

Prawitz’s procedure was a great improvement over what had been done previously
because no spurious elements of the Herbrand universe were generated. Unfortu-
nately, the huge expansions into disjunctive normal form that would be generated
by all but the simplest problems made it clear that, at least as presented, this
was still an unsatisfactory procedure. However, it contained the seminal idea of
searching for substitutions that would transform pairs of literals into negations of
one another. Moreover if existential quantifiers are eliminated in favor of Skolem
functions at the outset, instead of systems of equations, one has the simple problem
of unifying pairs of terms.

In his survey paper, Davis [1963] proposed

...a new kind of procedure which seeks to combine the virtues of the Prawitz

procedure and those of the Davis-Putnam procedure.
The idea, also noted by Dunham and North {1962], was that by the “pure literal
rule” from the Davis-Putnam procedure (Rule 2, above), substitutions can help to
render a conjunctive set of disjunctive clauses unsatisfiable only if they succeed in
transforming a literal from one of these clauses into the negation of a literal in
another clause. A theorem-proving program based on these ideas was written by
D. Mcllroy at Bell Laboratories and was improved and corrected by Peter Hinman.
The program included an implementation of the ordinary unification algorithm
[Chinlund, Davis, Hinman and Mcllroy 1964].

Merely the existence of this volume makes it abundantly clear that automated
reasoning is a thriving field with a huge literature. The bimonthly publication The
Journal of Automated Reasoning is devoted entirely to this field. If one event can be
pinpointed as marking its emergence as a mature subject, it would be the publica-
tion [Robinson 1965b] in which J.A. Robinson announced the resolution principle.
[Robinson 1965b] was Robinson’s second paper in the area, and it is helpful in trac-
ing his thought to begin with the first [Robinson 1963]. He began with the basic
framework of Davis-Putnam: existential quantifiers eliminated in favor of Skolem
functions and conjunctive normal form. He noted Prawitz’s technique for avoiding
spurious elements of the Herbrand universe and Davis’s survey paper. Evidently
Davis’s sketch of his proposed procedure was insufficiently clear, and Robinson
wrote:®

3This account is not quite accurate because in Prawitz’s paper matters are expressed in terms
of finding a proof rather than a refutation. So what he actually did is precisely the dual of what
is stated above.

4 As pointed out to the author by Gérard Huet, this same use of equations occurs already in
Herbrand’s [1930, p. 145] thesis.

5In the interest of clarity, the reference numbers in this quote were replaced by the numbers in
the present bibliography corresponding to the same papers.
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Davis [1963] has therefore proposed a way of exploiting Prawitz’ powerful idea
while avoiding Prawitz’ disasterous use of normal forms~in much the same way
that the techniques of Davis and Putnam [1960] avoid the use of normal forms
which caused Gilmore’s [1960] program to be unable even to solve [an easy prob-
lem]. From the few remarks at the end of [Davis 1963] it does not yet seem
clear just how Davis will proceed, and one waits with great interest his further
researches along these lines.

The rest of the paper has a number of interesting computer proofs generated by
using the Davis-Putnam “one literal clause” rule, and, when that fails, requiring
the user to pre-specify the elements of the Herbrand universe needed to obtain a
proof. Finding these elements was conjectured to be “the really ‘creative’ part of
the art of proof-construction.”

Robinson’s method of resolution introduced in his highly influential [19655] revo-
lutionized the subject. Robinson found a single rule of inference, easily performable
by computer, that was complete for first- order logic. Using resolution required no
separate procedure for dealing with propositional calculus. Starting with the usual
pre-processed conjunctive set of disjunctive clauses, Robinson’s technique was to
seek all possible “unifications” that would make it possible to express the set of
clauses as

(VAYA(~E(VB)AC
where /£ is a literal that doesn’t occur in C. This yields the “resolvent”
(AVB)AC

which after (A v B) is “multiplied out” yields a new set of clauses that is un-
satisfiable just in case the original set was. This was similar to Davis’s proposal
[Davis 1963, Chinlund et al. 1964], in seeking unifications that generate complemen-
tary literals. It differs not only in not requiring separate truth functional testing,
but also in not requiring, as part of the input, specification of the number of in-
stances of each clause to participate in the final proof. [Robinson 1965b] is striking
for its combinatorial simplicity, as well as for the sheer mathematical elegance of the
presentation. Unfortunately, as soon became apparent, the bare resolution method
could easily produce many thousands of clauses without reaching a proof. Finding
a proof using resolution becomes the problem of providing criteria for the order in
which resolutions are to be sought. Early attempts to cut down the search space
were Robinson’s own elegant hyperresolution [Robinson 1965a], and the strategies
of unit preference [Wos, Carson and Robinson 1964] and set of support [Wos, Robin-
son and Carson 1965].

The three decades since the first implementations of resolution have seen an
outpouring of research devoted to automated reasoning systems. While some of
the most successful are based on resolution, others have proceeded in different
directions. For further information, the reader is referred to the other articles in
this volume.
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1. Introduction

Saturation-based theorem proving in its modern form was invented by Robinson
[1965b] when he introduced the resolution calculus, the essence of which can be
described by two inference rules:

(Binary) Resolution

CVA DvV-B
(CV D)o

where ¢ is the most general unifier of the atomic formulas A and B;
(Positive) Factoring

CVAVB
(CV A

where ¢ is the most general unifier of the atomic formulas A and B.

Resolution is a refutationally complete theorem proving method: a contradiction
(i.e., the empty clause) can be deduced from any unsatisfiable set of clauses. The
search for a contradiction proceeds by saturating the given clause set, that is, sys-
tematically (and exhaustively) applying all inference rules.

Resolution on ground clauses is a version of the cut rule restricted to atomic
formulas, whereas factoring is an instance of contraction.! In fact, the refutational
completeness of resolution can be derived from the completeness of the (proposi-
tional) sequent calculus; and Herbrand’s theorem, which states that for any unsat-
isfiable set of non-ground clauses there is a finite set of ground instances that is
propositionally unsatisfiable, establishes a link between propositional clauses and
general clauses with variables. A key in the “lifting” argument is the existence (and
uniqueness) of a most general unifier for any two unifiable atoms or terms.

But resolution is not primarily a method for deciding the unsatisfiability of propo-
sitional formulas (the procedure by Davis and Putnam [1960], for instance, is better
suited for that purpose). Its main advantage over other early theorem proving meth-
ods, such as Gilmore’s algorithm [1960}, is that unification, as a selection mechanism
for inferences, provides an effective way of interleaving the two processes: (i) the
identification of suitable (ground) instances of clauses and (ii) a demonstration of
their unsatisfiability.

In this chapter we describe the theoretical concepts and results that form the
basis of state-of-the art automated theorem provers based on resolution and refine-
ments thereof. After presenting some preliminary material in Section 2, we explain,
in Section 3, the main ingredients of resolution calculi — orderings and selection
— and the main theoretical concepts — candidate models and reduction of coun-
terexamples — which we use for obtaining completeness results for these calculi. In

!Some textbooks (e.g., Gallier [1986]) take a different perspective and present resolution as
a macro inference in the cut-free sequent calculus. However, when the clauses to be refuted are
viewed as additional non-logical axioms, cuts can not be eliminated, but may be restricted to
analytic cuts—the resolution inferences.
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Section 4 we describe a general framework for modeling theorem proving processes
that involve both simplification and search. This formalism is applied to an extended
example of a resolution-based theorem prover with simplification in Section 4.3. In
Sections 5, 6, and 7 we present, and refine, a general resolution calculus for general
clauses, i.e., clauses which are (disjunctive) multisets of arbitrary quantifier-free
formulae. This calculus serves mainly as a theoretical concept from which most of
the major resolution-based calculi (binary resolution, positive resolution, semantic
resolution, hyper-resolution, non-clausal resolution, theory resolution, the inverse
method, Boolean ring-based methods) can be derived as special cases. Viewing the
specialized calculi as different instances of one general inference system also sheds
light on their mutual relationships.

For simplicity the presentation of most inference systems is initially given for
variable-free formulas only. In Section 9 we briefly discuss techniques for lifting our
results to the general level of formulas with variables.

We will also indicate how the theory of resolution can be applied to obtain re-
finements of tableau-based theorem proving methods by arguing, in Section 8, that
the notion of a “closed tableau” can be generalized to that of a “saturated tableau”
in which all paths are saturated, up to redundancy, by ordered resolution. In Sec-
tion 10 we discuss the role of resolution-based methods, not only for refutational
theorem proving, but also as a tool for analyzing and compiling presentations of
logical theories. It will be briefly explained how saturation may help in automati-
cally generating decision procedures for a theory so that certain complexity bounds
for the entailment problem for the theory can be guaranteed. We also show that
saturation may be used as a tool for generating variants of resolution calculi that
are specifically tailored to certain theories such as orderings or congruences. This
provides new insights on how to compute with large, but structured theories.

A distinctive feature of our presentation is that we not only place local restric-
tions on resolution inferences, but via an abstract notion of redundancy also provide
a framework in which global restrictions on the proof search can be expressed and
justified by means of simplification and elimination. This allows us to answer ques-
tions about the compatibility, or incompatibility, of such techniques as tautology
elimination, subsumption, normal form transformation, or reduction with various
types of resolution calculi.

2. Preliminaries
2.1. Formulas and Clauses

We consider quantifier-free first-order formulas built from variables, function sym-
bols, predicate symbols and logical connectives. We will deal with the logical sym-
bols T (verum), L (falsum), - (negation), V (disjunction), A (conjunction), D
(implication), @ (exclusive disjunction), and = (equivalence), though our results
apply to other connectives as well. A term is either a variable or an expression
f(ty,...,tn), where f is an n-ary function symbol and ¢,,...,t, are terms.



RESOLUTION THEOREM PROVING 23

An atomic formula (or atom) is an expression P(t3,...,t,), where P is a pred-
icate symbol of arity n and ty,...,t, are terms. A predicate symbol of arity 0 is
called a propositional constant. A literal is an expression A (a positive literal) or
—-A (a negative literal), where A is an atomic formula. Two literals A and —A are
said to be complementary.

Calculi for automated deduction are often described in terms of constructs that
represent formulas, but abstract from certain non-essential aspects of the syntax
or encode additional structural information. For example, multiple disjunctions or
conjunctions may be conveniently represented as sequences (or multisets), due to
the associativity (and commutativity) property of these connectives.

A maultiset over a set S is a function ¥ from S to the natural numbers. Intuitively,
X (z) specifies the number of occurrences of z in £. We say that z is an element of
Y if ¥(z) > 0. A set may be thought of as a multiset ¥ for which X(z) is 0 or 1, for
all z. A multiset ¥ is finite if ¥(z) = 0 for all but finitely many z. The union and
intersection of multisets are defined by the identities £; U X3(z) = X, (z) + X2(z)
and X; N X2(z) = min(E;(z),T2(z)). If X is a multiset and S a set, we write
¥ C S to indicate that every element of (the multiset) ¥ is an element of (the
set) S, and use ¥ \ S to denote the multiset ' for which ¥'(z) = 0 for any =
in S, and ¥'(z) = X(z), otherwise. We often use sequences or set-like notation to
denote multisets and write, for instance, X, A instead of X U A, or %, A instead
of £ U {A}. For example, by —A, B, B we denote the multiset ¥ over formulas for
which ¥(-A4) =1, ¥(B) =2, and X(F) = 0, for all other formulas F.

A finite multiset of formulas may either be interpreted as the disjunction or as the
conjunction of its elements. We will interpret multisets as disjunctions and speak of
general clauses. The empty multiset represents the constant L. If (Fy,..., Fy) is a
general clause, we write —~(F},..., Fy,) to denote the formula ~Fy A...A—=F,. If all
the elements in a general clause are literals, it is called a standard clause. Standard
clauses are usually written as disjunctions, L; VL2 V...V L,. We use calligraphic
letters C, D, and G to denote general clauses, and capital letters C and D to denote
standard clauses.

On rare occasions we will interpret multisets as conjunctions, in which case we
speak of dual (general or standard) clauses. Note that the empty dual clause rep-
resents the constant T.

We write E[E'], to denote the expression that is obtained from replacing the
subexpression at position pin E by E'.2 Thus, E[E'], is an expression that contains
E' as a subexpression (at position p). The position p may be omitted if it is clear
from the context. Sometimes we use p to denote a set of positions in E, in which
case replacement is meant to take place at all the positions in p simultaneously.
We also write E(E') to indicate that E contains at least one occurrence of E' as
a subexpression. By E[E'/E"] or, if E' is known from the context, simply E(E"),
we denote the result of simultaneously replacing all occurrences of E' in E by E".

Variable-free expressions are called ground or closed. When we wish to emphasize
that an expression may contain variables we also speak of a first-order ezpression.

ZPositions may be represented in Dewey decimal notation, as sequences of non-negative integers.
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2.2. Herbrand Interpretations

A (Herbrand) interpretation is a set of ground atoms. A ground atom A is said
to be true in an (Herbrand) interpretation I if A € I, and false otherwise. The
logical connectives are interpreted in the usual way. The constant T is true in all
interpretations, whereas L is false in all interpretations. A conjunction A A B is
true in 7 if both A and B are true in I; a disjunction AV B is true if at least one
of A and B is true; etc. The truth value of a formula depends only on the truth
values assigned to its atomic formulas. A general clause (Fy,..., F,) is true in I if
at least one of the formulas F; is true in I (whereas a dual clause (Fy,...,F,) is
true in I if all of the formulas F; are true in I).

An interpretation I is called a model of an expression FE if E is true in I; and
a model of a set of expressions N, if it is a model of all expressions in N. An
expression or a set of expressions is called satisfiable, or consistent, if it has a
model; and unsatisfiable, or inconsistent, otherwise. An expression that is true in
all interpretations is said to be wvalid, or a tautology. We also say that E' is a logical
consequence of E, or logically follows from E, or that E logically implies E' (written
E E E'), if E' is true in all models of E. Two expressions E and E" are said to be
(logically) equivalent, written E ~ E" | if, and only if, they have the same truth value
in each interpretation (i.e., are either both true or both false). By a contradiction
we mean an inconsistent expression that contains only the constants T and L
and logical connectives, but no function or predicate symbols. For example, L and
T D L are contradictions, whereas A A ~A is inconsistent, but not a contradiction
in this sense.

2.3. Rewrite Systems

Rewrite systems are a basic tool for describing a variety of theorem proving tech-
niques. We use the letters a, 3,. .. to denote variables ranging over formulas. Syn-
tactically, these “meta-variables” are treated like propositional constants.

A substitution is a mapping defined on variables, where variables denoting terms
are mapped to terms and variables denoting formulas, to formulas. By Eo we denote
the result of applying the substitution ¢ to an expression E and call Eo an instance
of E. If Eo is ground (i.e., contains no variables), we speak of a ground instance of
E. Composition of substitutions is denoted by juxtaposition. Thus, if 7 and p are
substitutions, then z7p = (z7)p, for all variables z.

An equivalence (relation) is a reflexive, transitive, symmetric binary relation. For
example, logical equivalence is indeed an equivalence relation. A binary relation
= on expressions with variables is called a rewrite relation if E' = E" implies
E[E'} = E[E"], for all expressions E, E' and E". If = is a binary relation, we
denote by =7 its transitive closure; by =* its transitive-reflexive closure; by < its
symmetric closure; and by <* its transitive-reflexive-symmetric closure.

A rewrite system is a binary relation on expressions with variables, the elements
of which are called rewrite rules and written E = E'. (We occasionally speak of a
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two-way rewrite rule, and write E < F', if a rewrite system contains both E = E’
and E' = E.) If R is a rewrite system, we denote by =>p the smallest rewrite
relation that contains all instances Eo = E'c of rules in R. We say that F can be
rewritten to E' by R, if E =g E'. A rewrite relation defined on formulas can be
extended to clauses as follows: C =g C' if C can be written as D, F and C' as D, F',
for some clause D and formulas F and F' with F =5 F'.

Expressions that can not be rewritten are said to be in normal form. We write
E =% E' to indicate that E =} E' and E' is in normal form. We say that R
terminates if there is no infinite sequence Eg =g E; =g - - of rewrite steps. If R
terminates, then every formula can be rewritten to a normal form (in zero or more
steps).

If R and S are rewrite systems, we denote by R/S (R modulo S) the rewrite
system consisting of all rules E = E', such that E &% G =g G' ©% E', for some
expressions G and G'.

2.4. Refutational Theorem Proving

Theorem provers are procedures that can be used to check whether a given formula
F (the “goal”) is a logical consequence of a set of formulas N (the “theory”).
Refutational theorem provers deal with the equivalent problem of showing that the
set NU{—F} is inconsistent. The inconsistency of a set N may be established either
by a semantic analysis or by providing a formal proof of L from N, where proofs
are traces of deductive inferences defined by a collection of inference rules.

For our purposes, an inference rule is an n + 1-ary relation on general clauses.?
The elements of such a relation are usually written as

G, ... Cp
c

and called inferences. The clauses Ci,...,C, are called the premises, and C the
conclusion, of the inference. An inference system T is a collection of inference rules.

If | is an inference or a set of inferences we denote by C(I) its conclusion or the
set of their conclusions. We also speak of an inference from a set of clauses N if all
premises are elements of N, and denote by T'(IN) the set of all inferences by I" from
N.

An inference is said to be sound if its conclusion is a logical consequence of its
premises, Cy,...,Cp = C. Soundness is often the minimal requirement expected in
an inference system, but in refutational theorem proving it is sufficient that infer-
ences preserve consistency. We call an inference system I' consistency-preserving if
for all sets of clauses IV, the set NUC(I'(IV)) is consistent whenever N is consistent.
A sound inference system is consistency-preserving, but the converse is not true in
general. We will only consider consistency-preserving inference systems.

3In refutational theorem proving inferences without premises, or axioms, are of little use, so
that we always have n > 1.
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For the inference systems that we study in this chapter, the order of the premises
in an inference is relevant, and we view inferences as mechanisms whereby a distin-
guished premise (the main premise) is “reduced” to the conclusion in the context of
the other premises (the side premises). Unless specified otherwise, the last premise
of an inference is the main premise, and the other premises, if any, the side premises.

A proof of a clause C from a set of clauses N with respect to an inference system
T is a sequence of clauses Cy,...,Cy, such that C = C,, and each clause C; is either
an element of N or else the conclusion of an inference by I' from NU{Cy,...,Ci—1}.
The clauses in N are also called assumptions. We write N Fr C if there exists a
proof of C from N by I'. If C is a contradiction we speak of a refutation of N.

An inference system I' is said to be refutationally complete if there is a refutation
by T from any unsatisfiable set of clauses N. A set of clauses N is called saturated
with respect to I if the conclusion of any inference by I' from N is an element of
N. If an inference system I' is refutationally complete and a set IV is saturated with
respect to I, then NN is either satisfiable or contains a contradiction.

2.5. Orderings

Many theorem proving calculi employ orderings of one kind or another to obtain
an approximate measure of the progress of a derivation towards a particular goal.

A (strict) partial ordering is a transitive and irreflexive binary relation; a quasi-
ordering a reflexive and transitive binary relation. If > is a strict ordering, its
reflexive closure > is defined by: z > y if £ > y or z = y. A strict ordering is said
to be total (on a subset S of the domain) if for any two distinct elements z and y
(in S) we have either z > y or y > z. The reflexive closure of a strict ordering is
a quasi-ordering. On the other hand, if % is a quasi-ordering, then its strict part >
defined by: z > y if z = y but not y x z, is a strict ordering. We may also define
an equivalence relation by: z ~ y if £ - y and y = z. We say that an ordering >’
extends > if the latter is a subset of the former, i.e., z >’ y whenever z > y.

For example, we may compare formulas by their size and define either a strict
ordering: F > G if G is shorter (as a string) than F; or a quasi-ordering: F z G
if F is not shorter than G. If F and G are of the same length, we have F' = G
and G 1 F, but neither F > G nor G » F. This ordering extends the subformula
relation. The example also shows that the reflexive closure of the strict part of a
quasi-ordering may be different from the quasi-ordering.

A strict ordering > is said to be well-founded if there is no infinite descending
chain z; > z9 > :-- of elements. If > is a well-founded ordering on a set S, a
property P is true for all elements of S whenever the implication “if P(y), for each
y in S such that = > y, then P(z)” holds for each z in S. This proof principle is
called Noetherian or well-founded induction. A quasi-ordering is well-founded if its
strict part is well-founded.

We say that an ordering » has the subterm property if E[E'] > E', for all
expressions E and proper subexpressions E' of E. A rewrite ordering is an ordering
that is also a rewrite relation; a reduction ordering, a well-founded rewrite ordering;
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and a simplification ordering, a reduction ordering with the subterm property. Note
that a rewrite system R terminates if, and only if, there exists a reduction ordering >
such that Eo > E'c, for each rule E = E' in R and each substitution o. Reduction
orderings must be compatible with the subterm ordering in that E' ¥ E[E'] for all
expressions E and subexpressions E' of E. Thus, if E' and E[E'] are comparable
with respect to a reduction ordering >, then E[E'] = E'.

In theorem proving applications orderings are often defined with respect to the
tree structure of terms and formulas. Let > be an ordering, called a precedence,
on the given set of (function, predicate and logical) symbols. The corresponding
lezicographic path ordering >, is defined by:

8= f(81,---,5m) >ipo 9(t1,-..,ta) =t if and only if
(i) f > g and 8 »ypo ti, for all s with 1 < i < m; or
(ii) f = g and, for some j, we have (s1,...,8j—1) = (1,...,%j-1), Sj >ipo tj,
and 8 >ipo tk, for all k with j < k < m; or

(iii) 8; Zipo t, for some j with 1 < j < m.
If the precedence is well-founded, the lexicographic path ordering is a simplification
ordering. It is total on closed expressions whenever the precedence is total. For a
survey on termination orderings see [Dershowitz 1987].

Any ordering on a set N can be extended to an ordering >, on finite multisets
over N as follows: X; > Zg if (1) ; # X2 and (ii) whenever Xa(z) > X (z) then
%1 (y) > X2(y), for some y such that y > z. (Here > denotes the standard “greater-
than” relation on the natural numbers.) Given a multiset, any smaller multiset
is obtained by (repeatedly) replacing an element by zero or more occurrences of
smaller elements. If an ordering > is total (resp., well-founded), so is its multiset
extension. For example, if we order formulas by their size, then P(f(a)) > Q(a)
and {P(f(a))} »mwu {P(a),Q(a)}. For simplicity we often use the same symbol to
denote both an ordering and its multiset extension.

If ¥ is a multiset over M and z an element in M, z is said to be [strictly] mazimal
with respect to X if there is no element y in X such that y > z [y > z]. Since clauses
are multisets, we may thus speak of the maximal formula in a general clauses, or
the maximal literal in a standard clause. In addition, we say that A is a mazimal
atom of a clause C if A occurs in C and there is no atom B in C with B > A.

A reduction ordering > that is total on closed formulas is called admissible if (i)
A>T and A > 1, for all atoms A; and (ii) F' > G, whenever for all atoms B in
G there exists an atom A in F such that A > B. An ordering > on ground clauses
is admissible if it is the multiset extension of an admissible ordering on formulas.
If an ordering on clauses is admissible, then it is well-founded and total on ground
clauses.

A lexicographic path ordering over a total precedence is admissible if predicate
symbols have higher precedence than logical symbols and the constants T and L are
smaller than the other logical symbols. If one regards ground atoms as constants,
and uses a well-founded ordering > on atoms as a precedence, extended by 4 >
=D »>->V>A>T> 1, then the corresponding lexicographic path ordering
is admissible. In other words, a well-founded ordering on ground atoms can always
be extended to an admissible ordering on clauses.



28 LEO BACHMAIR AND HARALD GANZINGER
3. Standard Resolution

Saturation-based theorem proving refers to a process in which two levels of data
structures are manipulated. At the level of deduction new formulas are derived from
given ones by applying specified inference rules, with the ultimate goal of obtaining
a contradiction. In addition, the current set of formulas is analyzed to identify the
most promising inference rules to be applied next and to eliminate redundancies.
We will formalize this second level in terms of theorem proving derivations. The set
of retained formulas represents the logical information that is explicitly available to
a prover at a specific point in time, and provides the information used to determine
further steps in the theorem proving process. Practical experience with theorem
provers has shown that powerful and efficient “global” techniques for simplification
of the current collection of formulas, and especially the elimination of redundan-
cies therein, are far more important to an acceptable performance than any “local”
refinements of the deductive inferences at the formula level. But inference compu-
tation and redundancy elimination interact in subtle ways and one has to be careful
that their integration is not counterproductive and that refutational completeness
is preserved.

In this chapter, and in more detail in Chapter 5 we will investigate resolution-
based theorem proving methods for standard variable-free clauses. A standard
clause is a multiset of literals. We say that an atom A occurs positively in a clause
C, if A is one of the literals of C, and occurs negatively if —A is a literal in C.

Numerous versions of resolution for standard clauses have been proposed in the
literature, most of which will be discussed in later chapters. The following variant,
for ground clauses, combines factoring and resolution into a single inference rule.

Binary resolution with factoring

CVAV---VA -AVD
cvD

We speak of a resolution on A and call the conclusion of the inference a resolvent of
the two premises. The main premise of the inferenceis ~4AV D, while CVAV...VA
is the side premise. By B we denote the set of all inferences by binary resolution
with factoring. The calculus B is used in Figure 1 to derive a contradiction from
five given input clauses.

Resolution is a sound inference. Suppose I is an interpretation in which both
premises are valid. The atomic formula A is either true or false in I. If A is true
in I then D must be true in I, for otherwise the main premise would be false in I.
Similarly, if =A is true in I then C must be true in I. In either case, the resolvent
will be true in I.

Binary resolution with factoring is also refutationally complete, which we prove
by showing that any inconsistent set of clauses that is closed under B contains
a contradiction. In its contrapositive form this statement asserts that any set of
clauses that is closed, but contains no contradiction, has a model. We specify a
Herbrand model by induction on a suitably chosen clause ordering.
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(1) -AvB [input]
(2) -BvC [input]
(3) Av-C [input]
(4) AvBVC [input]
(6) —Av-Bv-C [input]
(6) AVBVA [resolving on C' in (4) and (3)]
(" BVB [resolving on A in (6) and (1)]
8 C [resolving on B in (7) and (2)]
9 A [resolving on C in (8) and (3)]
(10) -Bv-C [resolving on A in (9) and (5)]
(11) -C [resolving on B in (7) and (10)]
(12) L [resolving on C' in (8) and (11)]

Figure 1: A sample refutation

Let > be a total admissible ordering on clauses. Given a set of clauses N, we use
induction with respect to > to define for each clause C' (not necessarily in N) a
Herbrand interpretation Ic and a set ¢ as follows.

3.1. DEFINITION. Take Ic to be the set UC> p€p. Furthermore, if C' is a clause
that
(1) is contained in N;
(i) is of the form C'V A, where A is the maximal literal in C; and
(iii) is false in I¢;
then ec = {A}; otherwise, e¢ is the empty set.

We also say that C produces A, and call C a productive clause, if e¢c = {A}. Ic
is called the partial interpretation below C. By the partial interpretation at C we
mean the (possibly extended) set I¢ = Ic Uec. Finally, by the candidate model for
N, denoted by IY; or simply Iy, we mean the Herbrand interpretation Joey €c-
The partial interpretation I is intended to be a model of the set Ng of those
clauses in N that are smaller than C' (with respect to the given clause ordering);
whereas £c is meant to be a minimal extension of I that makes C' true. Only
clauses in N in which the maximal atom A is positive, can possibly be productive.
We say that such a clause is reductive for A. Reductive clauses may be viewed as
implications ~C D A. The recursive evaluation of the condition =C (via “negation
as failure”) will eventually terminate. If the condition —C evaluates to true and
A is not yet contained in the corresponding partial interpretation, then extending
the interpretation by A will make the reductive clause true, but does not affect the
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truth values of the (smaller) clauses which were used to evaluate its condition —C.
The following example shows that the construction need not always yield a model
of (non-productive clauses in) N.

3.2. EXAMPLE. Take an ordering By > Ay > B; » A; » By > Ap on atoms.
The following table describes the various partial interpretations for clauses, listed
in ascending order.

fclause C | interpretation Io l Ec I remarks
ApV By ] {Bo} By is maximal
BoV A {Bo} 0 true in Ip
'!Bo \% A1 {Bo} {Al} Al is maximal
By VAV B {Bo, Al} {Ag} Az is maximal
By V-4,V B, {Bo, A1, A2} (] B; not maximal
BV B, {Bo, Al,AQ} 0 true in Ip

The next to last clause is false in the final interpretation {By, A1, A2}
The following lemmas clarify key connections between candidate models and
clauses.

3.3. LEMMA. If C is productive, then C is true in Iy.

PROOF. By the construction, if C produces an atom A then C is true in Ic U {A}.
Since I¢ U {A} C I, the clause C is also true in Iy. O

3.4. LEMMA. Let C and D be clauses such that D > C. If C i’s true in Ip or IP
then C is also true in In and in all interpretations Ip: and IP, where D' > D.

PROOF. First, observe that Ip C I? C Ip. C IP' C Iy, whenever D' > D. If C
contains a positive literal A that is true in Ip or I, then A is also true in Iy
and in all interpretations I and I?', so that the assertion follows immediately.
Otherwise, C' must contain a negative literal = A, such that A is false in Ip. Suppose
there is a clause D" that is reductive for A. Then A is the maximal literal in D", but
since admissible orderings are reduction orderings and total they satisfy the subterm
property, so that =A > A, and hence D > C > ~A > D". This contradicts the fact
that A is false in Ip. We conclude that A is false, and —=A and C are true, in Iy
and in all interpretations Ip: and I?'. a

We often use this lemma in its contrapositive form to infer that if a clause C is
false some interpretation Iy or Ip or I, and D is a clause with D' > D > C,
then C is also false in Ip and in IP.

3.5. LEMMA. If C is a clause in N, the mazimal literal of which is positive, then
C is true in In.



RESOLUTION THEOREM PROVING 31

Proor. If the maximal literal of a clause C in N is positive, then the clause is
either productive or else is true in Is. By the above lemmas, the clause is true in
In. O

3.6. LEMMA. Let D and D' be clauses such that D = D' and either D' is a clause
in N or else the mazimal atom in D is strictly greater than the mazimal atom in
D'. If D' is false in IP, then it is also false in Iy and in all interpretations Ic and
IC, where C > D.

PROOF. Let D and D’ be clauses as specified. Suppose D’ is false in I, but true
in Iy or in some interpretation Ic or I, where C > D. This is only possible if
D' contains a positive occurrence of an atom A that is produced by some clause
C' » D. But in that case A must be the maximal atom in D’, so that D’ can not
be in N, for otherwise it would not be false in I” by the above lemmas. Therefore
A must be strictly smaller than the maximal atom of D, which contradicts the
assumption that C' is a productive clause for A with C' = D. |

3.7. LEI\IIIMA. If D is a clause in N and another clause C is true in all interpreta-
tions IP | where D > D', then D' is also true in Ip.

PRrOOF. Let C and D be clauses as specified. If some atom that occurs positively
in C is produced by a clause strictly smaller than D, then C is obviously true in
Ip. Suppose, on the other hand, that none of the positive atoms in C, but all of
the atoms with negative occurrences, are produced by clauses strictly smaller than
D. Let A be the maximal atom that occurs negatively in C, and C' be the clause
that produces A. Then C is already false in I, contradicting our assumption. We
may conclude that whenever none of the positive atoms in C is true in Ip, then
some atom with a negative occurrence is false in Ip, making C true in Ip. a

We have seen in the above example that non-productive clauses may be false in
In. A clause that is false in an interpretation I is also called a counterezample for
I.1If a set N contains a counterexample for Iy, then it must also contain a minimal
counterexample for Iy (with respect to the admissible clause ordering >). The fol-
lowing key result indicates that a minimal counterexample is either a contradiction
or else can be reduced to an even smaller counterexample by resolution.

3.8. THEOREM. Let N be a set of clauses not containing the empty clause and C
be a minimal counterezample in N for In. Then there exists an inference by binary
resolution with factoring from C such that

(i) its conclusion is a counterezample for Iy and is smaller than C; and

(i1) C is its main premise and the side premise is a productive clause.

PROOF. For simplicity let us denote Iy by I. By Lemma 3.3, productive clauses
are true in I. Therefore, the minimal counterexample C' must be a non-productive
clause. Since N does not contain the empty clause, C' must contain at least one
literal. Let A be its maximal atom, which must occur negatively for C to be a
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counterexample for I. Thus C can be written as ~AV C’, where A is true in I.
Let D = D'VAV...V A be the clause that produces A, with a subclause D’ that
does not contain A. The clause D is reductive for A4, so that all atoms in D' are
strictly smaller than A. Moreover, D and, hence, D' are false in Ip. Therefore,
resolution with the productive clause D as side premise and C as main premise
yields a resolvent D'V C' that is strictly smaller than C. By Lemma 3.6, D' is false
in I, and consequently D'V C’ is false in I. In short, resolution yields a smaller
counterexample than C. 0

3.9. THEOREM. If N is saturated with respect to B and does not contain the empty
clause then Iy is a model of N.

Proor. Theorem 3.8 indicates that the only counterexample that can not be re-
duced to an even smaller counterexample by resolution is the empty clause. For
saturated sets N there are thus only two possibilities: the set either contains no
counterexample (so that Iy is a model of N), or else contains the empty clause. O

The theorem also implies that B is refutationally complete, for if the empty clause
can not be derived, then N has a model.

3.10. COROLLARY. The inference system B is refutationally complete.

3.11. EXAMPLE. Continuing Example 3.2 we observe that -ByV—-As VB is a
smallest counterexample, with A, as maximal atom. The atom A, is produced
by =By V A,V B;. Resolving the two clauses yields a smaller counterexample
=By V B; V—By V B; to the initial candidate model. A modified model construction
with this additional resolvent yields

clause C | interpretation I¢ ] ec I remarks J
AoV By ] {Bo} | By is maximal
By V A {Bo} 1) true in Io

-By V Ay {Bo} {A1} | A; is maximal
-~ByVv By V-ByV By {Byo, A1} {B:} | B: is maximal
-ByVA;V B, {Bo,Al,B1} 0 true in Ip
-ByV-A; VB {Bo,Al,Bl} ]

-B,V By {BQ,Al,Bl} {Bz}

The resulting interpretation I = {By, A1, By, B2} is a model of all clauses.

Another consequence of Theorem 3.9 is the compactness of closed clausal logic.

3.12. THEOREM. A set N of ground clauses is unsatisfiable if and only if some
finite subset of N is unsatisfiable.
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Ordered resolution with selection

CiVAV---VA; ... ChVA,V---VA, A V---V=A,VD
CiV---VvVC,VD

where

(i) either the subclause —A; V---V A, is selected by S in D, or else S(D)
is empty, n = 1, and A, is maximal with respect to D,

(ii) each atom A; is strictly maximal with respect to C;, and

(iii) no clause C; V A; V...V A; contains a selected atom.

Figure 2: (Standard) Ordered Resolution O

Resolution, as a sound and complete inference rule, provides a suitable deductive
basis for refutational theorem proving. For practical purposes the above inference
rule is too prolific, though, in that too many clauses can be deduced (the “search
space” is too large). We next discuss useful restrictions on resolution that do not
impair its completeness.

An inspection of the proof of Theorem 3.8 reveals that we have actually estab-
lished a stronger result than is stated in the theorem. For instance, resolution is
only required on the maximal atom in the side premise, so that corresponding or-
dering restrictions may be imposed on inferences. Furthermore, it is sufficient to
resolve on any of the negative literals in a don’t-care non-deterministic way. We
propose selection functions as a corresponding control mechanism. Finally, we will
package several inferences into one larger inference step by simultaneously resolving
on more than one atom. This has the possible advantage that intermediate results
need not be retained.

By a selection function we mean a mapping S that assigns to each clause C
a (possibly empty) multiset S(C) of negative literals in C. In other words, the
function S selects (a possibly empty) negative subclause of C. We say that an atom
A, or a literal —A, is selected by C if —=A occurs in S(C). (There are no selected
atoms or literals if S(C) is empty.)

Let > be an admissible clause ordering and S be a selection function. The in-
ference system O% of ordered resolution with selection is shown in Figure 2. (The
subscript and/or superscript in O% will be omitted if the relevant information is
either clear from the context or intentionally left unspecified. Specific settings of
the parameters will be discussed in Sections 6 and 7.) In ordered inferences one
resolves either all selected atoms at once or, in case there are no selected atoms, the
maximal atom of the main premise. Furthermore, the side premises must contain
no selected atoms at all.

A key argument in the proof of Theorem 3.8 is that resolution inferences can
be used to reduce certain counterexamples. Ordered resolution is designed so that
each resolvent is smaller than the corresponding main premise.
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3.13. LEMMA. If > is an admissible ordering and S any selection function, then

the conclusion of any inference in O% is smaller (with respect to ) than the main
premise.

Theorem 3.8 can easily be extended to ordered resolution with selection by ap-
plying similar ideas to a model construction that is slightly modified from Defini-
tion 3.1. Given >, a total admissible ordering on clauses, and a set of clauses N, we
again use induction with respect to > to define for each clause C (not necessarily
in N) a Herbrand interpretation I and a set ec as follows.

3.14. DEFINITION. Take I¢ to be the set |Jo, ,, ep. Furthermore, if C is a clause
that
(i) is contained in N;
(i) is of the form C’V A, where A is the maximal literal in C;
(iii) is false in I¢; and
(iv) nothing is selected in C;
then ec = {A}; otherwise, e¢ is the empty set.

Again we say that C produces A, and call C' a productive clause, if ec = {A}. By the
defn[candidate model]candidate model for N, denoted by I or simply Iy, we now
mean the Herbrand interpretation |Joc y €c as just defined. As the side-premises
of counterexample-reducing inferences are productive clauses, they should not have
any selected literals. A related modification of the proof of Theorem 3.8 gives us
this refined result:

3.15. THEOREM. Let N be a set of clauses not containing the empty clause. Let C
be the minimal counterezample in N for In. Then there exists an inference in O
from C such that

(i) its conclusion is a counterezample for I and is smaller than C; and

(i1) C is its main premise and the side premises are productive clauses.

This reduction property for counterexamples by ordered resolution immediately
implies the refutational completeness of the inference system.

3.16. THEOREM. If N is saturated with respect to O and does not contain the empty
clause then Iy is a model of N. The inference system O is therefore refutationally
complete.

This concludes our introduction to saturation-based theorem proving. More so-
phisticated techniques will be discussed in later chapters. But first we need to
outline a rigorous framework for the description of theorem proving strategies.

4. A Framework for Saturation-Based Theorem Proving

All theorem provers employ some deductive inference mechanisms. In the case of
refutational provers the goal is to derive a contradiction from any inconsistent set
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of input formulas, and the derivation process typically amounts to a saturation of
the input set. A straightforward, naive saturation in which one exhaustively ap-
plies inferences to previously derived clauses will be hopelessly inefficient in all but
the most trivial cases. In a clausal prover each derived clause represents a partial
proof or proof attempt, and increases the number of possibilities for constructing
a complete proof (or refutation). A (partial) proof (attempt) that is subsumed by
another is redundant and should be deleted to avoid useless computations. In most
refutational provers, the deductive core accounts for a rather small part of the sys-
tem, while most of the complexity of the prover derives from the implementation
of powerful, yet efficient redundancy elimination and simplification techniques. The
degree of sophistication of the latter tools usually distinguishes experimental pro-
totypes from practically useful tools. Unfortunately, comparatively little effort has
been devoted to a formal analysis of redundancy and other fundamental concepts of
theorem proving strategies, while more emphasis has been placed on investigating
the refutational completeness of a variety of modifications of inference rules, such
as resolution. ,

We will next describe a comprehensive framework for modeling the key aspects
of theorem proving, such as deduction, deletion, and simplification. In this formal-
ism we will be able to describe a wide range of different theorem proving strategies
and to argue about their refutational completeness. The concepts and results in
this chapter do not depend on details pertaining to specific syntax or representa-
tion of formulas, but apply to general clauses containing arbitrary quantifier-free
subformulas.

4.1. Theorem Proving Processes

We first develop the minimal prerequisites for a theory of refutational theorem
proving with deduction and deletion. We assume that deduction is based on a clausal
inference system I'. The formalization of deletion is more subtle and technically
involved in that formulas may only be deleted if one can be certain that this will
not prevent the successful completion of the proof search. We will formulate deletion
strategies in terms of redundancy criteria for formulas and inferences. Redundancy
refers to the states of the theorem proving process, as represented by the collection
of clauses that have been derived and retained.

A redundancy criterion is specified by two mappings R and Rz, which associate
with each set N of clauses a set of clauses and a set of inferences, respectively, that
are deemed to be redundant in the context N.

For example, R7(N) will usually contain all tautologies (in the given language),
whereas Rz(IN) may contain all inferences the conclusion of which is already an
element of V.

4.1. DEFINITION. Let I' be an inference system. A pair R = (R, Rz) of mappings
from sets of clauses to sets clauses and inferences (by T'), respectively, is called a
redundancy criterion if, for all sets of clauses N and N’
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Deduction
NpDN, M if M C C(T(V))

Deletion
N, M>b N if M CR(N)

Figure 3: Theorem Proving Derivations D>

(R1) if N C N then R7(N) C R#(N') and Rz(N) C Rz(N');

(R2) if N' C R#(N) then Rx(N) C Re(N \ N') and Rz(N) C Rz(N \ N'); and
(R3) if N is inconsistent, then N \ Rz(N) is also inconsistent.

The criterion is called effective (for T) if, in addition,

(R4) an inference «y in T is in Rz(/N) whenever its conclusion is in N U Rx(N).

The first condition expresses monotonicity of redundancy under the subset relation
and, in particular, under the deduction of new clauses. The second condition re-
quires that redundancy be independent of clauses that are redundant in the given
context. The third condition states that the removal of redundant clauses pre-
serves inconsistency. Finally, the fourth condition implies that adding its conclu-
sion renders an inference redundant, so that redundancy of inferences can always be
achieved by systematic computation of inferences. Inferences in Rz (V) and clauses
in Rx(N), respectively, are said to be redundant (with respect to R in context N).
We emphasize that R#(IN) need not be a subset of IV and that Rz(NN) may contain
inferences whose premises are not in N.

A trivial, but effective, redundancy criterion for any inference system I is given
by the mappings Rx(N) = @ and Rz(N) = {y € ' | C(y) € N}. That is, no clause
is redundant in any context, while an inference is taken to be redundant only if its
conclusion is already present. More interesting, non-trivial redundancy criteria for
resolution-based inference systems will be described later.

At an abstract level a saturation-based theorem prover can be described by a
binary relation > on sets of clauses, called a transition or derivation relation. We
specifically consider derivation relations where each step N > N’ consists of either
adding logical consequences (by applying inferences from I') or deleting redundant
clauses (according to a criterion R for I'), cf. Figure 3 (where we use multiset
notation for clauses and write, for instance, N, M instead of N U M). A (finite
or countably infinite) sequence Ny > Ny D> Np b --- is called a (theorem proving)
derivation (based on I' and R). The set Noo = U; ;5; IV; of all persisting clauses
is called the limit of the derivation. By a theorem prover we mean a procedure that
accepts as input a set of clauses N, and produces a derivation N = Ny>N; D> NoD---
from N based on a given inference system I" and redundancy criterion R. The sets
N; represent the successive states in the theorem proving process; the set N, its
result (which in the case of an infinite derivation is only obtained in the limit).

We consider deductive rules that are consistency-preserving, and condition (R3)
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ensures that the deletion of redundant formulas preserves the inconsistency of a
set of clauses. It can therefore easily be seen that in a theorem proving derivation
either all clause sets N; are consistent, or all sets are inconsistent.

4.2. LEMMA. Let Ny > N1 > No > --- be a derivation based on a T and R. Then
Rr(U; N;j) € Rr(Noo) and 'Rz(UJ i) € Rz(Noo). Moreover, the limit set Ny is
satzsﬁable if and only if the initial set No is satisfiable.

PROOF. First note that by the definition of N, a clause that is in (|J; N;) but not
in Noo, must be in some set R (IV;). Therefore we have (; N;)\Noo € U; R#(NN;).
Moreover, by condition (R1), U Rr(N;) CRF U N;) As a consequence, we have
U; Ni) \ Re(U; N;) € Neo. Applymg condition (Rl) again, we may infer that

((U Nj)\ ’R,; (U, NJ)) C R(Nx) (where R may be either Rz or Rz). Using
cond1t10n (R2) we obtain R(U; N;) € R(Neo)-

For the second part, note that by the soundness of the inference system I' and
the compactness of clausal logic, the set Ny is satisfiable if and only if U N;
is satisfiable. Thus, if N, is satisfiable, then N, as a subset of U N;, is also
satisfiable. On the other hand, if Nj is unsatisfiable, then by condition (R3) the set
(U; Ni) \ R=(U; N;) is unsatisfiable as well, and N is a superset. a

A refutationally complete theorem prover derives a contradiction from any incon-
sistent initial set Ny. Evidently “sufficiently many” inferences must be computed to
ensure refutational completeness; a more precise characterization is based on two
important concepts, saturation and fairness.

We say that N is saturated up to redundancy (with respect to I' and R) if all
inferences in I' with non-redundant premises from N are redundant in N, i.e.,
I'(N \ R#(N)) C Rz(N). For example, a set N is saturated with respect to the
trivial redundancy criterion R if and only if C(I'(N)) C N. In general, saturation up
to redundancy can be achieved by a “fair” computation of inferences from persisting,
non-redundant clauses.

A derivation No > N; > N, I> - - - based on an inference system I' and an effective
redundancy criterion R is called fair if the conclusion of every non-redundant infer-
ence in I" from non-redundant formulas in N, is either an element of, or redundant
in, Uj Nj; that is, if N' = Noo \ Rr(Noo) then

C(D(N)\ Rz(N") € | JN; URF(Ny).
J j

Intuitively fairness means that no inference in I" from non-redundant persisting for-
mulas be delayed indefinitely. A fair derivation can be constructed by exhaustively
applying inferences to persisting formulas.

4.3. THEOREM. If a derivation, based on an inference system I' and an effective
redundancy criterion R, is fair then its limit is saturated up to redundancy with
respect to T and R.
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PROOF. Let v be an inference from non-redundant clauses in N, and C its conclu-
sion. If C is in |J; N; then, by the condition (R4), v is redundant in {J; N; and, by
Lemma 4.2, also redundant in N,. On the other hand, if the clause C is redundant
in{J ; N; and, hence, in N, then by condition (R4) the inference v is redundant
in N. We conclude that N, is saturated up to redundancy. O

Fairness provides an effective way of saturation for effective redundancy criteria.

Propositional inference systems such as O% can only be approximately lifted to
non-ground clauses. That is, the corresponding non-ground versions of the inference
rules usually have more ground instances than needed. Fortunately, the concepts
of redundancy and theorem proving derivations are insensitive to such extensions
of the inference system. If IV is an inference system extending I', that is, I' C IV,
then any redundancy criterion R for I' can be extended to a redundancy criterion
R' for I by defining R'z(N) = R#(N) and RE(N) = Rz(N)uU (I' \ T), for all
sets of clauses N. With this definition, the additional inferences in I \ T become
redundant in any context. This standard eztension of a redundancy criterion is
useful if the inferences in I'' \ T' are optional for a theorem prover. If R is effective,
so is its standard extension R'. We say that a derivation is based on an extension
of T and R whenever there is an inference system IV D T" such that the derivation is
based on I'" and the standard extension of R'. In that case, if the derivation is fair
with respect to inferences in I' the derivation is also fair with respect to inferences
in IV, and vice versa. The limit of any such derivation is, therefore, saturated with
respect to " and R.

4.2. Counterezample-Reducing Inference Systems

Candidate models and reduction of counterexamples are key concepts in estab-
lishing the refutational completeness of refutational theorem proving systems. In
making these concepts more explicit, we will also arrive at a useful notion of redun-
dancy for resolution. Throughout this section we assume that all expressions are
ground and that > is an admissible clause ordering. Clauses with variables will be
discussed later.

4.2.1. Candidate Models and Counterexzamples

Let I be a mapping, called a model functor, that assigns to each set N of ground
clauses not containing a contradiction an interpretation Iy, called a candidate
model. If Iy is a model of N, then N is evidently satisfiable. If, on the other
hand, some clause C in N is false in Iy (a counterexample for Iy), then N must
contain a minimal such counterexample with respect to >. We say that an inference
system T has the reduction property for counterezamples (with respect to I and »>)
if, for all sets N of clauses and minimal counterexamples C for Iy in N, there exists
an inference in I" from N with main premise C, side premises that are true in N,
and a conclusion D that is a smaller counterexample for Iy than C, i.e., C > D.
Inference systems with this property are refutationally complete (with respect to
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the trivial redundancy criterion).

4.4. THEOREM. If T has the reduction property for counterezamples and N is sat-
urated with respect to T, that is, C(T(N)) C N, then N is either satisfiable or else
contains the empty clause.

ProoOF. Suppose I' has the reduction property for counterexamples with respect
to some model functor I, and N is a set of clauses that does not contain the
empty clause. If N contains a counterexample for I, it also contains a minimal
counterexample C. By the reduction property, C can be reduced to an even smaller
counterexample D, which contradicts the minimality of C. Thus N can not contain
a counterexample for Iy, which implies that Iy is a model of N. [}

4.2.2. The Standard Redundancy Criterion

Inference systems with the reduction property for counterexamples admit a non-
trivial redundancy criterion, called the standard redundancy criterion, that is based
on the given clause ordering, but largely independent of the inference system. The
intention in defining the criterion is to identify those clauses and inferences which
cannot involve any minimal counterexample.

A clause C is called redundant with respect to a set N of clauses if there exist
clauses Cy,...,Cx in N such that C;,...,Cx |E C and C > C;, for all ¢ with 1 <
i < k. Note that C need not be an element of N. For example, tautological clauses
CV AV —A are redundant in any context N. We define a mapping R% by taking
R%(N) to be the set of all redundant clauses with respect to N. By N¢ we denote
the set of clauses in N that are smaller than C. A redundant clause C logically
follows from N¢, and therefore can not be a minimal counterexample in N for any
interpretation.

If an inference reduces a minimal counterexample (i.e., the main premise), then its
conclusion, but none of the side premises, is a counterexample, which suggests the
following definition. An inference with main premise C, side premises Ci,...,Cn,
and conclusion D is called redundant (with respect to IV), if there exist clauses
Dy,...,Di in N¢ such that Dy,...,Dg,C1,...,Cq = D. By R7(N) we denote the
set of redundant inferences in T with respect to N. We emphasize that Ry (N) will
usually contain inferences whose premises are not in N.

Standard redundancy is mainly useful for inference systems with the reduction
property, but the notion is well-defined for any inference system and ordering.

4.5. LEMMA. If N C N', then R%(N) C R%(N'). Furthermore, if a clause C
is redundant in N, then there exist non-redundant clauses Cy,...,Cr in N, such
that Cy,...,Cx |= C is valid and C > Cy,...,Ci. Consequently, RZ(N) C RE(N \
R%(N)), for all sets of clauses N.

PRroOF. The first part follows immediately from the definition of redundancy. For
the second part, suppose C is redundant in N. Let N' = Cy,...,Cx be a minimal
subset of N (with respect to the multiset ordering > ), such that Cy,...,Cx EC
and C > Cj, for all 5. Then the clauses C; are all non-redundant. |
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The lemma indicates that a redundant clause C in N logically follows from N¢ \
R%(N).

4.6. LEMMA. If N C N', then R (N) C RZ(N'). Moreover, R7(N) C RF(N \
R%(N)), for all sets of clauses N.

The proof uses Lemma 4.5.

4.7. THEOREM. R™ is a redundancy criterion.

PrOOF. Lemmas 4.5 and 4.6 indicate that properties (R1) and (R2) are satisfied. In
addition, the redundancy criterion R™ preserves inconsistency, as required by (R3).
|

An inference with main premise C and conclusion D is called reductive with respect
to an ordering > if C > D. An inference system is called reductive if all its inferences
are.

4.8. THEOREM. The standard redundancy criterion R™ is effective for any infer-
ence system that is reductive with respect to ».

If an inference system I' has the reduction property, the subset of its reductive infer-
ences also satisfies the reduction property. Therefore one may ignore non-reductive
inferences, and standard redundancy provides an effective criterion.

4.9. THEOREM. Let T be an inference system that satisfies the reduction property
with respect to >, and let N be a set of clauses that is saturated up to redundancy
with respect to I' and the standard criterion R™. Then N is unsatisfisble if, and
only if, it contains a contradiction.

PROOF. Suppose N is saturated and unsatisfiable, but contains no contradiction,
and let M be the set N\ ’R,]*.-(N ). Consider the interpretation Ips. If Ips is not a
model of M, then M contains a minimal counterexample C for Ips. Since ' has
the reduction property there is an inference from M with main premise C, side
premises Cy,...,Ck, and a conclusion D, such that D is a smaller counterexample
for Ips than C and the clauses C; are true in Ips. By saturation, this inference is
redundant. Thus, there are clauses Dy,..., Dy, in Ng, all smaller than C, such that
D logically follows from C,,...,Cg,D1,...,Dn. According to Lemma 4.5 we may
assume that each clause D; is non-redundant (and, therefore, is in M) and true in
Ips (for C is the minimal counterexample for Ips). But this implies that D is true
in Ips, which is a contradiction. In sum, Ips is a model of M, and also of N. o

To summarize, inference systems that satisfy the reduction property for coun-
terexamples are refutationally complete and also compatible with application of
the standard redundancy criterion. Standard redundancy, as will be seen below, is
a powerful concept that justifies most, if not all, of the common simplification and
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Ordered resolution with selection

CiVAuV...VA, ... CaVAIRV...VAuk, -AV...v-A,VD
CioV...VCroV Do

where o is a most general simultaneous solution of all unification problems
A,’l =... =A,'k‘ =A,', where 1 Sign, and

(i) either A;,..., A, are selected in D, or else nothing is selected in D, n =1,
and A;o is maximal in Do,

(ii) each atom A;;o is strictly maximal with respect to Cjo, and
(iii) no clause C;V A;;1 V...V A, contains a selected atom.

Figure 4: Ordered Resolution for First-Order Standard Clauses 0%

deletion techniques used in refutational theorem provers. Next we discuss issues
related to lifting these methods to clauses with variables.

4.8. A Simple Resolution Prover for First-Order Clauses

We will use an extended example to illustrate how the theoretical concepts of the-
orem proving derivations and redundancy can be applied to a realistic model of a
resolution-based theorem prover with fundamental simplification techniques. The
prover is applicable to non-ground, standard clauses, so that we also need to address
the issue of lifting from the ground level to non-ground clauses.

Figure 4 defines a generalization of ordered resolution to standard first-order (i.e.,
non-ground) clauses via unification. If O is a set of clauses and if C is a clause, by
0%(0,C) we denote the set of all inferences in OF for which one of the premises
is the clause C and the other premises are clauses in 0. We assume that > is an
admissible ordering on ground expressions that has been extended to non-ground
expressions (atoms, literals, and clauses) as follows: E > E' iff Eoc » E'c, for
all ground substitutions o. The extended ordering on non-ground expressions is
only a partial (well-founded) ordering, even though the ordering is total on ground
atoms. We also implicitly assume that different premises and the conclusion have
no variables in common; variables are renamed if necessary. The selection function
S is defined both for ground and non-ground clauses: S(C) is a (possibly empty)
sequence of negative atoms in C'. The inference rule shown in Figure 4 coincides with
the earlier inference rule in Figure 2 when all premises are ground. In that case,
unifiability of atoms coincides with (syntactic) equality, and, since the ordering
on ground expressions is total, the complement of the ordering > is < and the
complement of < is >.

The prover employs specific redundancy criteria. We say that a clause C' subsumes
a clause D (or that D is subsumed by C) if and only if there exists a substitution



42 LEO BACHMAIR AND HARALD GANZINGER

Tautology deletion

NU{C}|P|O = N|P|O if C is a tautology
Forward subsumption

NU{C}|P|O = N|P|O if some clause in P U O subsumes C
Backward subsumption

N|PUu{C}|O = N|P|O
N|PlOu{C} = N|P|O
if some clause in A properly subsumes C'

Forward reduction
NU{CVL}|P|O = NU{C}|P|O _
if there is a clause DV L' in P U O such that L = L'o and Do C C
Backward reduction
N|PU{CVL}|O = N|PU{C}|O
N|P|OU{CVL} = N|PU{C}|O _
if there is a clause DV L' in A/ such that L = Lo and Do C C
Clause processing

NU{C}|P|O = N|PU{C}|O

Inference computation
P|PU{C}|O = N |P|OU{C} where N = C(0% (0, C))

Figure 5: The Resolution Prover RP

o such that Co is a sub-multiset of D. If C' subsumes D, but not vice-versa, then
C is said to properly subsume D. Subsumption defines a well-founded ordering on
clauses. Two clauses C and D are said to be variants of each other if they mutually
subsume each other.

The following resolution rule is of interest as it enables a subsequent subsumption:

Subsumption resolution

DVL CVDoVZLo
CV Do

This inference is used in combination with deletion, as the conclusion of this infer-
ence renders the second premise redundant. The inference reduces CV Do V Lo to
CV Do.

Figure 5 depicts a binary relation —> that formalizes a resolution prover RP
with tautology elimination, subsumption and subsumption resolution. The prover
operates on triples (A | P | O) of clause sets A, P, and O that represent a state
of the theorem proving process in terms of newly derived resolvents, “processed”
clauses, and “old” clauses. Initial states are of the form (N | @ | @), where N is a
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finite set of possibly non-ground standard clauses.

The first five rules deal with redundancy elimination and simplification. Newly
derived resolvents may be deleted if they are tautologies or are subsumed by pro-
cessed or old clauses. In addition they may be simplified by reduction with old
clauses. Forward subsumption allows us to remove a newly derived clause whenever
it is subsumed by a processed or old clause, but backward subsumption is based on
proper subsumption. A clause may be moved from the “new” set to the “processed”
set at any time, but preferably after simplification. Once all new clauses have been
processed, new resolution inferences are computed between some selected processed
clause C and all old clauses, after which C becomes an old clause itself. The dis-
tinction between “processed” and “old” is useful for achieving fairness in inference
computation.

Next we show that derivations by = represent theorem proving derivations on
the sets of ground instances represented by the successive states. We denote by
G(C) the set of all ground instances Co of a clause C. G is extended to sets of
clauses by taking the union of the sets of ground instances of the clauses in the set.
If S; = (N; | P; | O) is a state, we sometimes, ambiguously, identify S; with the
set V; UP; U O;. In particular, by G(S;) we denote the set G(N;) UG(P;) UG(O;)
of all ground instances of clauses present in state S;.

Consider a derivation

No|@|0=‘>N1|P1|01=>N2|P2|02=>...

on states S; = (N; | P; | O;), where A} is a finite set of clauses and Py = Op = 0.
Let N; be an abbreviation for the sets of ground instances G(S;). We will first
show that the sequence Ny, N1, Ns,... represents a theorem proving derivation >
based on some extension (in the sense of Section 4.1) of ordered resolution O%
with standard redundancy R”>. The inferences on which the derivations in RP
are based include those in O%. But there are also other inferences applied, such as
subsumption resolution. Moreover, even if S;; results from S; by a step of inference
computation in (the non-ground version of) O3, the clauses in N;y; \ N; might not
all be representable as conclusions of inferences in (the ground version) of O%. For
instance, the inference

p(f(z,a)) -p(f(y,2)) V-p(f(2,9))
-p(f(a, 7))

will be in OF for many orderings, if nothing is selected in the second premise. Its

ground instance
p(f(b1 a’)) —'p(.f(b’ a’)) v _‘p(f(a" b))
'ﬂp(f(a') b))

however, is not in OF, if either p(f(a,b)) > p(f(b,a)), or else if ~p(f(b,a)), but not
-p(f(a,b)), is selected. Selection is generally not compatible with instantiation.

4.10. LEMMA. If§ = &' then G(S)>* G(S’), with > based on some extension of
0% and R.
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PRroOF. We proceed by a case analysis over the definition of =.

Tautology elimination: Suppose S = (N U{C}|P|O)and &' = (W | P | O),
where C is a tautology. Then any instance of C is also a tautology, and hence
redundant. In other words, G(S) \ G(S') C R+ (G(S)).

Forward subsumption: Let S = WU {C} | P | 0) and §' = (N | P | O) with
C subsumed by some D in P U O, that is, Do C C, for some substitution o. If
Do = C, then G(C) C G(D), hence G(S) = G(§’). Otherwise, Do C C and
G(C) C R+({G(D)}). In both cases, G(S) > G(S").

Backward subsumption: similar.

Forward reduction: Let S= (WU {CVL}|P|O)and &' = WU{C}|P|0O),
with DV L' in P U O such that L = L'c and Do C C. Reduction can be viewed
as a two-step process in which first C is derived by subsumption resolution and
then C'V L is deleted by subsumption. Let §” = (W U{C VL, C} | P | O). Clearly,
DVL',CVL k C, and therefore G(S) > G(S") by a step of deduction in an
extended inference system. Moreover, C'V L is properly subsumed by C so that
G(CVL) C Rr(G(S")), and G(S") > G(S') by a step of deletion. Altogether,
G(S) >* G(S").

Backward reduction: similar.

Clause processing: Here the set of ground clauses represented by the proof state
is not changed so that G(S) > G(8') is trivially true.

Inference selection: Inferences in O5 produces logical consequences of clauses in
S, so that the ground instances of the new clauses in A can be viewed as derived
in an appropriately extended inference system. Therefore G(S) > G(S'). g

Since the preceding lemma does not reveal much information about the inference
system that is the basis of the derivations on the ground level, the real work of
showing refutational completeness of RP will be concerned with issues of fairness.
More precisely, we have to identify criteria on the level of proof states that will
ensure fairness of the corresponding ground derivations Np, N, ... with respect to
0% and standard redundancy R, for certain selection functions S’ derived from S.

Let S be the triple (Voo | Poo | Oo)- A sequence of states S; is called fair if
Noo = P = . That is, we require that each clause will be eventually processed and
that each processed clause will eventually be selected for inference computation.*

4.11. LEMMA. For any fair sequence of states S => Sz = - - - we have G(Sx) 2
Noo \ R(Noo), where Ny, denotes the limit of the ground derivation N; = G(S;)
represented by the sequence of states.

PROOF. Assume that C is a ground clause in Ny, \ R(Noo), in particular, C' € Nj,
for all 7 > 4, with some ¢ > 0. Being non-redundant, C is not a tautology. If D is

4Fairness can be ensured, for instance, by selecting clauses of minimal index for inference
computation, where index refers to a weight function that is monotonically increasing both in
the size of a clause and the number of the state in which it was produced. The latter component
is needed to avoid potentially unfair selection strategies when some clause is generated infinitely
often and a larger clause is never selected for inference computation.
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a clause in some of the N, j > i, such that C is an instance of D, then, as the
sequence is fair, D will be deleted from N;_; at some subsequent step [ — 1 > j.
From Lemma 4.10 and from the definition of RP this can only be the case if C is
also instance of a clause D' in some P; U O;. (Since C' is not redundant, D cannot
be deleted from N by forward reduction as the reduct that would be added would
properly subsume D. Therefore, either D is subsumed by some D' in P;UQ,, or else
D is moved from N;_; to P, by a step of clause processing.) As P, is empty, if D'
is in Py, it will eventually also be in Oy, for some I’ > . Then, D' will be in each of
the Ok, with k > I'. (Again we make use of the fact that since C is not redundant,
D’ cannot be deleted by backward reduction or backward subsumption.) Thus, we
have shown that there is a clause D' in S, having C as its ground instance. 0O

It is a classical result that (unrestricted) resolution inferences can be lifted in
that any inference from ground instances of clauses can be obtained as instances of
inferences from the clauses themselves. In our setting a particular technical problem
arises in that the selection function S need not be compatible with substitution.
If a ground clause is an instance of two different non-ground clauses, which of the
two possibly different selections should be inherited by the instance? Fortunately,
these ambiguities are not critical. Suppose we have a selection function S and a set
M of clauses with ground instances K = G(M). Then let Spr denote an arbitrary
new selection function for which (i) if C is in K, then Sy (C) = S(D)a, for some D
in M such that C = Do; and (ii) Sp(C) = S(C), if C is not in K. In other words,
for any clause C in K, Spr(C) needs to coincide with S(D) for at least one clause
D in M that has C as one of its ground instances. Depending on the choice of D
for C, there may be different such functions Sps. Any choice of Sps gives us the
required degree of compatibility between selection on the ground and non-ground
level, respectively, as formalized by this lifting lemma:

4.12. LEMMA (Lifting Lemma). Let M be a set of clauses and K = G(M). If

Cl . .Cn CO
c

is an inference in 05, (K) then there exist clauses C; in M, a clause C', and a
ground substitution o such that

c, ...C. C}
Cl

is an inference in 05 (M), C; = Clo, and C = C'o.

PRrOOF. We choose for the premises those clauses C; in M which were used for
defining Sar(C;) as the multiset of literals corresponding to the multiset selected
by S(Cj}). In that case a resolution inference from the C| exists and satisfies the
restrictions about > and S. a
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4.13. THEOREM. If So = &1 == ... is a fair derivation, then Sy is unsatisfiable
if and only if S, contains the empty clause.

PRrROOF. Let again N; denote G(S;). From Lemma 4.10 we may infer that the
sequence of sets IV; is a theorem proving derivation for which, by Lemma 4.11, we
have Noo \R(Noo) € Ooo. We will show that N is saturated with respect to O3,
where So_, is an arbitrary selection function derived from S and O. Let -y be an
inference in OEO,, from non-redundant premises in G{O) having conclusion C.
By the lifting lemma there is an inference in 0% from clauses C} in Ou,, 1 < i < 7,
such that the conclusion C' has C' as a ground instance. All inferences by 0% from
the clauses C; will have been considered when the “youngest” clause C] becomes
old. Therefore v is redundant in some G(S;). By Lemma 4.10, 7 is also redundant
in G(Ox) = G(Sx)- Therefore, Ny is saturated up to redundancy with respect to
Ogom and R, and we may infer that either IV, is satisfiable or else N, (and hence
Swo) contains the empty clause. Sy is satisfiable if and only in Nj is satisfiable, from
which the assertion follows. a

Our investigation of the properties of RP shows that there are considerable techni-
cal complications in proving that refutational completeness is preserved by forward
subsumption and strict backward subsumption. But if one admits a more liberal
notion of backward subsumption, a ground instance C = Do = D'c' may persist,
even though neither D nor D' persists on the non-ground level. Thus more complex
criteria have to be employed and checked by the prover to ensure fairness.

5. General Resolution

Ordered resolution with selection is a versatile inference system that can be adapted
to specific applications not only by adjusting the two parameters of ordering and
selection function, but also by exploiting redundancy criteria. These advantages
are especially useful for the inference rules on general clauses, a generalization we
proceed to describe next. General clauses are multisets of arbitrary quantifier-free
formulae, denoting the disjunction of their elements. In this and the subsequent
sections all expressions are assumed to be ground, unless indicated otherwise. Lifting
the new inference systems to non-ground clauses can be done in a way similar to
what we have described for ordered resolution on standard clauses in the context
of the prover RP in Section 4.3. In Section 9 we will briefly describe refined lifting
methods involving, for instance, constrained clauses.

5.1. Selection Functions

First we need to generalize the notion of a selection function. Intuitively, if C is the
minimal counterexample to a candidate model I then one of the sequences selected
by S(C) should be true in I, so that C can be reduced to a smaller counterexample
by resolving on selected atoms only.
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A (general) selection function is a mapping S that assigns to each general clause
C a (possibly empty) set S(C) of nonempty sequences of (distinct) atoms in C such
that either S(C) is empty or else, for all interpretations I in which C is false, there
exists a sequence A4,, ..., A in S(C), all atoms of which are true in I. A sequence
Ay,...,Ax in S(C) is said to be selected (by S). Sometimes the atoms A; are also
called selected, especially if a sequence in S(C) consists of a single atom. If S(C) is
empty, the clause C contains no selected atom.

For example, possible choices for selection in the clause C = (-A A ~B,-A', B')
are 51(C) = {(4,4"), (B, A")}, $2(C) = {4, B}, and S3(C) = {4'}.

Verifying that a set S(C) satisfies the required conditions for given S and C is a
computationally hard problem in general, though sufficient (syntactic) criteria can
be specified in special cases. For instance, if C is a standard clause, then those atoms
that occur in negative literals of C' are precisely the ones that may be selected,
and any set of sequences of negative atoms forms a legal selection. For general
clauses, selection can be based on a suitable notion of the polarity of a subformula
in an expression. We say that a subformula of F' in E[F'] is positive (respectively,
negative), if E[F'/T] (respectively, E[F'/1]) is a tautology. Thus, if F' is positive
(respectively, negative) in E, then F' (respectively, ~F") logically implies E.

For example, in a disjunction AV B both A and B are positive, whereas in a
conjunction AA B the two subformulas A and B are neither positive nor negative. A
subformula may occur both positively and negatively (e.g., A in AV—=A or A = A),
in which case the formula is a tautology. For standard clauses —=A4; V...V -4, V
B, V...V B, we obtain the usual notion of polarity in that all atoms A; are negative
and all atoms B; are positive. It is safe to select any sequence of negative atoms in
a general clause, as a negative atom cannot be false in any interpretation in which
the clause is false.

Determining whether an atom A is positive or negative in a formula E requires
one to check whether E[A/T] or E[A/L1] is a tautology, which is again a computa-
tionally hard problem. But syntactic criteria allow one to identify certain positive
and negative occurrences of atoms in a clause in linear time (in the size of the given
clause).

5.1. PROPOSITION. (i) F is a positive subformula of F.

(ii) If =G is a positive (respectively, negative) subformula of F, then G is a negative
(respectively, positive) subformula of F.

(iii) If GV H is a positive subformula of F, then G and H are both positive sub-
formulas of F.

(iv) If G A H is a negative subformula of F, then G and H are both negative
subformulas of F.

(v) If G D H 1is a positive subformula of F, then G is a negative subformula and
H is a positive subformula of F.

(vi) If G D L is a negative subformula of F, then G is a positive subformula of F.
(vii) F is positive in a clause C if it is an element of C.
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5.2. General Ordered Resolution

Let > be an ordering and S be a (general) selection function. The inference system
0% of general ordered resolution is depicted in Figure 6. In the case of self-resolution,
there is only a main premise, no side premises. In ordered resolution, the last
premise is the main premise, while the other premises are the side premises. We
occasionally omit the subscript and/or superscript in O% if the ordering > or the
selection function S are clear from the context. In an ordered resolution inference
either all selected atoms or, if there are no selected atoms, the maximal atom in
the main premise are resolved, and the side premises must not contain any selected
atoms.

Note that the order among the two premises is significant. For example, resolution
on Ain AV B and A D C yields the resolvent (L V B),(T D C), which is logically
equivalent to B,C. If we exchange the premises, we obtain (L D C),(TVB), a
tautology.

Let us consider two examples.

(1) A=B [input]
(2) -Av-B [input]
(3) AVB [input]
(4) (LVvB),(T=B) [resolving on A in (3) and (1))
(5) (L=B),(-TV-B) [resolving on A in (1) and (2)]

6) (LvL)(T=L),(L=T),-TVv=T)
[resolving on B in (4) and (5))

Clause (6) is a contradiction as each disjunct simplifies to L. Hence, by soundness
there is no interpretation in which all three input formulas are true.

A different approach is to repeatedly apply self-resolution to the conjunction of
the given (finitely many) input formulas until all atoms have been eliminated:

(1) (A=B)A(-=AV-B)A(AVB) [input]
(2) (L=B)A(-LV-B)A(LVB)]

, (T=B)A(=TV-B)A(TVB)] [resolvingon A in (1)]
3) [(L=L)A(=-LV-L)A(LVL)]

, (T=L)A(=TVAL)A(TV L))

y (L=T)A(=LV-T)A(LVT)]

, (T=T)A(TVAT)A(TVT)] [resolving on B in (2)]

(3) is a contradiction as each disjunct contains. a false conjunct.

The examples illustrate two extreme cases in the wide spectrum of possible reso-
lution strategies—ranging from local strategies where replacement of (atomic) sub-
formulas is confined to single standard clauses, to global ones in which the entire
state of the theorem proving process is modified non-locally at each step.
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General ordered resolution with selection

Ci(A1) ... Ca(An) D(A...,An)
Ci (D), ,Cn(L),D(Ty.-., T)

where (i) either A;,..., Ay, is selected by S in D, or else S(D) is empty, n =1,
and A; is maximal in D, (ii) each atom A; is maximal in C;, and (iii) no clause
C; contains a selected atom.

Ordered self-resolution
D(A)

D(L1),D(T)
where (i) the atom A is maximal in the premise, and (ii) the premise contains

no selected atom.

Figure 6: General Ordered Resolution 0%

5.3. Refutational Completeness

We establish the refutational completeness of general ordered resolution by showing
that the calculus has the reduction property for counterexamples. We essentially
use the model functor I from Definition 3.14, but applied to general clauses and
with an additional restriction on productive clauses.

Let N be a set of general clauses and > be an admissible ordering. We use
induction on > to define, for each clause C, a Herbrand interpretation I¢ and a set
ec as follows.

5.2. DEFINITION. Take I¢ to be the set |Jo, pep- If A is the maximal atomic
formula of a clause C in N, then e¢ = {A} if (i) A & I, (ii) C is false in I¢, but
true in I¢ U {A}, and (iii) C contains no selected atom; otherwise, ¢ is the empty
set.

We say that C produces A, and call C productive, if e¢ = {A}. Finally, Iy is de-
fined as the Herbrand interpretation (J;¢ 5 c. Whenever we wish to emphasize the
dependency on the ordering we write I%;,. The additional restriction on productive
clauses compared to Definition 3.14 is that an atom A is produced only if the clause
becomes true in the extended interpretation. Hence, a clause such as A A L cannot
be productive, and, typically, self-resolution (on A) has to be applied to split the
clause into two sub-cases.
The inferences in O% are reductive in the following sense.

5.3. LEMMA. Let > be an admissible clause ordering and S be any selection func-
tion. Then the conclusion of any inference in O% is smaller than the main premise.
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Note that the lemma would not hold for resolution of selected non-maximal atoms
if conclusions were written as disjunctions, instead of as multisets.

5.4. THEOREM. Let > be an admissible clause ordering, N be a set of clauses not
containing a contradiction, and C be a minimal counterexample in N for I . Then
there ezists an inference in 0% with main premise C, the conclusion of which is a
smaller counterezample for Iy than C, and the side premises of which, in the case
of ordered resolution, are productive clauses.

PROOF. Let I be an abbreviation for Iy and D be the minimal counterexample in
N for I. The clause D is not a contradiction and cannot be productive (as it is false
in I). We distinguish two cases.

(i) If D contains no selected atoms, let A be the maximal atom in D (with respect
to >).

(i.1) Suppose A is false in I. Then there is a self-resolution inference with premise
D and resolvent D' = D(L1),D(T), where clearly D > D'. Moreover, D(T) is false
in I, for otherwise D would produce A. Since A is false in I, the clause D(L1) has
the same truth value as D in I, i.e., is false. In short, the clause D’ is a smaller
counterexample for I than D.

(i.2) If A is true in I, it must be produced by some clause C and the clause
C(L) is therefore false in I. Since D(T) is also false in I, the non-clausal resolvent
D' =C(1),D(T) of C and D is a smaller counterexample for I than D.

(ii) If S(D) is nonempty, then by the properties of a selection function it must
contain a sequence of atoms A;, ..., Ay, all of which are true in I (for D is false in
I). Each atom A; is produced by some clause C; in N. Using these clauses as side
premises and D as main premise, we obtain an ordered resolution inference with
resolvent

D' =Ci(1),...,Ca(L),D(T,...,T).

It can easily be shown that D’ is a smaller counterexample for I than D. O

The theorem indicates that general ordered resolution with selection has the
reduction property for counterexamples, and hence is refutationally complete.

5.5. THEOREM (Refutational completeness). Let > be an admissible ordering and
S be a selection function. If N is saturated up to standard redundancy under 0%,
then N is unsatisfiable if and only if it contains a contradiction.

Proor. If N contains a contradiction, then it is unsatisfiable. If N contains no
contradiction, we may use Theorem 4.9 in combination with Theorem 5.4, to infer
that it has a model. O

5.4. Applications of Standard Redundancy

The above completeness result, Theorem 5.5, covers a wide range of resolution-
based theorem proving strategies. We next show how further refinements may be
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obtained by application of standard redundancy. From now on “redundancy” will
refer to “standard redundancy,” unless stated otherwise. The following observation
will useful for reasoning about redundancy.

5.6. PROPOSITION. An inference by ordered resolution with side premises Cy,...,Cn,
main premise C, resolved atoms Ai,...,A,, and conclusion C' is redundant in N
if there exist clauses Dy,...,Dy in N such that C > Dy,...,Di and

Di,...,Dk,Cay. .., CryAr,..., A EC.

PRrOOF. We show that under the given assumptions the clause C' is a logical con-
sequence of Dy,...,Dg,Cy,...,Cpn. Suppose all clauses D; and C; are true in an
interpretation I. Since C' is of the form C1[A4;/1],...,Ca[An/L],D', it is truein I
if at least one of the atoms A; is false in I. On the other hand, if all atoms A; are
true in I, then by the assumptions, C’ is also true in I. m]

5.4.1. Polarity-Based Restrictions .
An inference is trivially redundant if its conclusion is a tautology. Some such re-
dundant inferences can be detected by an analysis of the polarity of resolved atoms.

5.7. PROPOSITION. An inference by ordered resolution is redundant if (i) the main
premise contains a positive occurrence of some resolved atom A;, or (ii) some side
premise C; contains a negative occurrence of A;, or (iii) some side premise C; con-
tains a positive occurrence of a resolved atom Aj, where A; # A;.

ProOF. Let C;(A;),...,Ca(An) be the side premises, and D(4;,,...,A,) the main
premise of an ordered resolution inference that resolves Ay, ..., An. The resolvent is
of the form D' = Cy(1),...,Ca(L),D(T,..., T). If an atom A; occurs positively in
D then D(T,...,T), and hence 7', is a tautology. If an atom A; occurs negatively
in Ci(A;), then C;i(L), and hence 7', is a tautology. If an atom A;, with A; # A;,
occurs positively in C;, then C;[A;/T] is a tautology, as is C;[A;/ L, A;/T]. Therefore
Aj entails C;[A; /1] and hence the conclusion D’'. By Proposition 5.6, the inference
is again redundant. O

In a similar way one can prove:

5.8. PROPOSITION. An inference by self-resolution is redundant if the resolved atom
occurs positively or negatively in the premise.

Propositions 5.7 and 5.8 suggest additional (polarity) constraints that may be safely
attached to inferences in 0%.

Let us briefly remark that Manna and Waldinger [1980] and Murray [1982] pro-
posed a different restriction for general resolution, where the resolved atom A is
required to occur positively in the positive premise and negatively in the negative
premise. This requires a different notion of polarity, according to which each sub-
formula is positive or negative (or both). For instance, A and B are considered to
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be positive in A A B. These polarity constraints are not compatible with ordering
constraints or selection and the combination yields an incomplete calculus. For ex-
ample, take the formulas A A B and -B and suppose A > B and A and B are
considered positive in A A B. The inference

AANB -B
(AAL),-T

satisfies the polarity constraint: B is positive in the first and negative in the second
premise; but not the ordering constraint: B is not maximal in the first premise.
(The resolvent, by the way, is a contradictory formula, but not a contradiction in
our sense.) On the other hand, the inference

AAB AAB
(LAB),(TAB)

satisfies the ordering constraint, but not the polarity constraint, as A occurs only
positively in both premises. The resolvent of this inference is equivalent to B; and
another resolution step with —~B yields a contradiction. There is no resolution in-
ference from A A B and —B that satisfies both polarity and ordering constraints.
In other words, the simultaneous application of both kinds of constraints renders
non-clausal resolution incomplete.

Theorem 5.7 already holds for a weaker form of negative polarity in which an
atom A is considered negative in C(A) if C implies C(L).

5.4.2. Positive Resolution

A general clause is called positive, if it is false in the empty Herbrand interpretation
I, (in which all atoms are false). In a positive clause no atoms can be selected,
so that S(C) must be the empty set, for any selection function S. Conversely, if
a clause is not positive, simply selecting all its non-positive atoms yields a legal
selection function, for if a non-positive clause C is false in an interpretation I then
I must contain an atom A that is non-positive in C. Also note that a positive clause
cannot contain a negative occurrence of an atom, though the converse is not true
in general.

Let S be a selection function such that S(C) is the empty set, if C is positive, and
S(C) is the set of all sequences (of length one consisting) of a single non-positive
atom in C, otherwise. General ordered resolution with such a selection function
specializes to positive resolution as shown in Figure 7. The polarity constraints
imposed on the inferences derive their justification from Propositions 5.7 and 5.8.
As an immediate consequence of these propositions and Theorem 5.5 we get:

5.9. THEOREM. If N is saturated up to redundancy under GP™, then N is unsat-
isfiable if and only if it contains a contradiction.

In the case of standard clauses, the main premise of a positive resolution inference
must be a non-positive clause. In the general case this restriction is too strong. For
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General positive ordered resolution

C(4) D(4)
C(L), D(T)

where (i) the atom A is maximal in C, (ii) the clause C is positive, and (iii) the
atom A is non-positive in D.

General positive ordered self-resolution

D(4)
D(1),D(T)

where (i) the atom A is maximal in D, and (ii) the clause D is positive.

Figure 7: General positive resolution GP™

example, there is no such inference from an inconsistent set consisting of the three
atoms A, B, and C, and the positive clause (~AAC, ~BAC), with A the maximal
atom.

5.4.3. Partial Replacement Strategies

Resolution inferences essentially represent a case analysis on the truth values of
certain atoms. We have formulated the general inferences in such a way that all
occurrences of these atoms are replaced simultaneously. The following propositions
show that a more selective, “partial” replacement is also possible.

5.10. PROPOSITION. Let

Ci(A1) ... Cn(An) D(Ay,...,An)
Ci(L),...,Ca(L),D(T,...,T)

be a general ordered resolution inference, {i1,...,ix} be any non-empty subset of
{1,...,n}, and P be any non-empty set of occurrences of the atoms A;; in D. If
the “partial conclusion”

C=Cy (L), 1Cin (L) ’D[T]P

logically follows from Cy,...,C, and clauses in N smaller than D, then the above
inference is redundant in N.

Proor. Let I'y,..., T, be clauses in N such that

T1,...,Tm,C1,...,Cn = C.
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Then the conclusion of the ordered resolution inference is implied by the clauses
Flv' ")FmaAl)"')Anvcla"')Cnv
so that the inference is redundant by Proposition 5.6. 0

A resolution inference in which atoms A,,..., A, are simultaneously resolved can
be implemented by a sequence of “partial” inferences, each of which resolves only
some of the atoms (with the corresponding side premises).® Partial inferences are
reductive and the redundancy of a partial inference therefore implies the redundancy
of the original inference. Thus, the above proposition indicates that one may don’t-
care non-deterministically choose which of the selected atoms to resolve and also
pick the positions in the main premises at which to resolve.
We obtain a corresponding result for self-resolution.

5.11. PROPOSITION. An ordered self-resolution inference

D(4)
D(1),D(T)

is redundant in N, whenever some clause T',D'(T),D'(L) logically follows from
clauses in N smaller than D, where D can be written as T', D'(A) with A occurring
in D' and possibly also in T.

By simple resolution we mean a variant of general ordered resolution where re-
placement in the main premise is confined to a single formula, as shown in Fig-
ure 8. The refutational completeness of simple resolution follows from the above
propositions and Theorem 5.5. Note that the formula F' can be chosen don’t-care
non-deterministically, as long as it contains at least one occurrence of a resolved
atom. Once an inference has been computed for a specific formula F (or otherwise
shown to be redundant), then any other inference with a different choice for F' is
also redundant.

5.4.4. Simplification

An important application of redundancy is in the use of logical equivalences for
simplification of clauses. For instance, suppose N,C’ |=C and N,C |=C' and C > C'.
Then there is a two-step derivation,

N,C> N,C,C'> N, C'
where the first step is by deduction, as C’ is a logical consequence of N, C; and the

second by deletion, as C is rendered redundant by C’. We thus obtain a derived
inference rule:

5These partial inferences are sound but need not satisfy the restrictions about selection.



RESOLUTION THEOREM PROVING 55

Simple ordered resolution with selection

Ci(A1) ... Ca(An) D,F(As,-.., An)
Ci(L),...,Co(L),D,F(T,...,T)

where F is a formula such that (i) either A,,..., A, is selected by S in (D, F),
or else S(D, F) is empty, n = 1, and A4, is maximal in (D, F), (ii) each atom
A; is maximal in C;, and (iii) no clause C; contains a selected atom.

Simple ordered self-resolution

D,F(4)
D,F(L),F(T)

where (i) the atom A is maximal in C, and (ii) D, F contains no selected atom.

Figure 8: Simple ordered resolution SO

Simplification
N,C> N,C'

if N,C'=Cand N,CEC"and C > C'
For example,
N,(C,L)> N,C

is a simplification step.
A more interesting case of simplification is the use of object-level equivalences
F = G for rewriting. More specifically, we get

N,(F=G),C[F] > N,(F=G),C[G] ifC[F] > C[G]

Equivalences occur in many problem domains and very often simplification is the
natural way of dealing with them. For example, an equivalence X C (Y NnZ) =
[(X CY)A(X C Z)] can be used to replace any occurrence of X C (Y N Z2)
by a conjunction of simpler “subset relations” X C Y and X C Z. We believe
that simplification in this sense may also be the right context for an analysis of
the question of “demodulation across argument and literal boundaries,” a research
problem posed by Wos [1988].

Meta-level equivalences suitable for simplification can be conveniently described
by rewrite systems. For example, by P we denote the set of the following rewrite
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rules for elimination of L and T from conjunctions, disjunctions and negations:

aNl = L 1Aa = 1
aANT = « TAa = a
aVl = a IVa = a
aVT = T TVva = T

-L = T -T = 1

If F = F'is a ground instance of a rule in P, then F ~ F’. Furthermore, the
rewrite system is contained in any simplification ordering (including lexicographic
path orderings). Consequently,

N,C>N,C'  #C=EC

is a simplification step (for any simplification ordering).
Similar rules for the elimination of T and L can be designed for other connectives,
e.g.,

ad>l = -« 1LlD>2a = T
ad>dT = T TOa = a
a=1l = -a l=a = -«
a=T = a T=a => a

cover implication and equivalence. The simplification rules for eliminating T and
1 are often directly built into specialized variants of inferences for specific classes
(normal forms) of formulas as discussed below.

5.4.5. Normal Forms

Rewrite systems also provide a convenient way of describing various normal forms.
Let us briefly discuss negation, conjunctive, and disjunctive normal form. First
note that all connectives can be expressed in terms of disjunction, conjunction and
negation, as expressed by the rules,

a=f = (@DdPf)A(BDa)
adf = -aVvp

for the case of implication and equivalence. Termination of these rules can be proved

by a lexicographic path ordering in which the symbols to be eliminated (= and D

in this case) have higher precedence than the other connectives (here A, V and —).
We may then push negation inside and eliminate double negations:

-(aVph) = -aA-p
“(aAB) => -aV-p
a > oo

Termination of these rules requires a precedence in which = > V and — > A. The
normal forms defined by these rules are also called negation normal forms.
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From negation normal form we get to conjunctive normal form by applying dis-
tributivity rules:
(@AB)Vy = (aVvy)A(BVY)
aV(BAY) = (aVvBA(aVy)

By C we denote the set consisting of all of the above rules. A lexicographic path
ordering, in which = > V > A > T > L and other connectives have higher prece-
dence than —, can be used to prove termination of C. We emphasize that we are
interested in the existence of normal forms (or “weak normalization,” which is en-
sured by termination), but not in their uniqueness. Indeed, it is well-known that
conjunctive normal forms are not unique. Also, formulas in conjunctive normal form
may contain certain “redundancies.” For example,

((AVA)A(BVA)A((AV-B)A(BV-B))

is a conjunctive normal form of (AAB)V (AA-B), which could be further simplified

to
(AA(BV A)A(AV-B).

These additional simplifications will be part of the transformation to standard
clauses discussed below.
Disjunctive normal forms are obtained by distributing conjunctions over disjunc-
tions:
(@VvB)Ay = (aA)V(BAY)
ahN(BVy) = (aAB)V(aA9)

To prove termination, we only need to slightly modify the above lexicographic path
ordering, so that A > V, instead of V > A.

Inference rules can usually be more efficiently implemented when they need to
be applied to clauses in normal form only. Normalization of the clauses is therefore
often integrated directly into the computation of inferences, which formally leads
to modified inference rules.

A function N from clauses to finite sets of clauses is called a normal-form functor
(with respect to ») if for each clause C we have that (i) C is equivalent to the
conjunction of all clauses in N'(C) and (ii) C > D; and N (D) = {D}, for each clause
D in N(C). The clauses D in N(C) are also called the N'-normal forms of C. If
N(C) = {C} the clause C is said to be in N'-normal form.

If T is an inference system, the composition N o T of T with A is defined to be
the set of all inferences

Cy...Cq
D
where all premises Cy,...,C, are in AN-normal form, D is a clause in N'(C), and C
is the conclusion of an inference
Ci...Cq
c

in I
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5.12. THEOREM. Let I' be an inference system and N be a normal-form functor
with respect to . If T' has the reduction property with respect to > then N oT has
the reduction property with respect to > on clauses in N -normal form.

PROOF. Suppose I' has the reduction property with respect to a model functor I
and the ordering >. Let N be a set of clauses in A/-normal form and C be a minimal
counterexample for Iy in NV, which is not a contradiction. Since I has the reduction
property there is an inference with main premise C and side premises Cy,...,Cy in
N, the conclusion C’ of which is a smaller counterexample for I than C. Since
C' is equivalent to the conjunction of all the clauses in N'(C'), some clause D' in
N(C') must also be a counterexample for Iy. The clause D' is the conclusion of an
inference in A o " and is a smaller counterexample than C. g

This theorem implies that if I' has the reduction property, then its composition
with a normal-form functor N is refutationally complete for clauses in A -normal
form. Note that it would suffice to require that C’' > D, for each clause D in N(C),
whenever C is the conclusion of an inference in I' with main premise C’ in //-normal
form.

5.13. COROLLARY. If N is a normal-form functor with respect to > and T' has the
reduction property with respect to >, then a saturated (with respect to N oT') set of
clauses in N -normal form is either consistent or else contains a contradiction.

Observe that an inference in T’ from N-normal forms is redundant if and only if
one of the corresponding inferences in A" o I" with the same premises is redundant.
Moreover a derivation

N,C>* N,C,N(C) >* N,N(C)

in which one replaces a clause C by its normal forms, is an instance of simplification.
For example, we may replace a formula by its conjunctive normal form,

N,(C,F)> N,(C,F') i F=}LF

and then eliminate conjunctions by a sequence of two deduction steps followed by
a deletion,

N,(C,FAG)
>N,(C,FAG),(C,F)
>N,(C,FAG),(C,F),(C,G)
>N,(C,F),(C,G)

Disjunctions can be eliminated in a similar way,

N,(C,FVG)>N,(C,F,G),
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(Binary) ordered resolution with selection

CVA DV-A
cvD

where (i) A is a maximal atom in the side premise and the side premise contains
no selected atoms and (ii) the atom A is either selected by S in DV A4, or else
D Vv —A contains no selected atoms at all and A is maximal and non-positive
in D.

Figure 9: Binary ordered resolution R

so that any general clause can be reduced to an equivalent finite set of standard
clauses. Finally, we may get rid of additional redundancies by applying the simpli-
fication rules,

N,(C,A,~4) > N,Tand
N,T > N.

6. Basic Resolution Strategies

Standard resolution can be obtained as a combination of general resolution with
a normal-form functor. In this section we outline how several well-known variants
of standard resolution can be derived by appropriate settings of the parameters
of general resolution. The refutational completeness of these “composite” inference
systems follows from Theorem 5.12.

6.1. Binary Resolution

In the theorem proving literature clauses are often represented as sets, rather than
multisets, of literals, so that the representation of inferences can be simplified
(though there is a trade-off, as the lifting process is more complicated). The tran-
sition from multisets to sets can be captured by a simplification rule,

N,(C,L,L) > N,(C,L),

which removes duplicate occurrences of literals from a (standard) clause.

Figure 9 depicts a variant of resolution, denoted by R%, that is intended for
standard variable-free clauses that represent sets. Self-resolution does not need to
be applied to standard clauses, where atoms always have a specific polarity, whether
positive or negative; cf. Proposition 5.8.

The following result can be obtained as corollary to Theorems 5.12 and 5.5:
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6.1. THEOREM. Let S be a selection function and > be an admissible ordering. If
a set of clauses N is saturated up to redundancy under R, then N is unsatisfiable
if and only if it contains a contradiction.

We emphasize that the notion of saturation up to redundancy is flexible enough to
cover “mixed” derivations, in which both general and standard resolution inferences
appear.

The removal of duplicate literals from a clause can also be expressed as an infer-
ence rule:

Positive ordered factoring
CVAVA
CvA

where A is maximal in C and no atom in C is selected.

Factoring is needed for formulas with variables and therefore its inclusion at the
ground level yields a closer correspondence between inferences at the ground and
non-ground level. For certain applications a negative version of factoring is needed:

Negative ordered factoring
CV-AV-A
Ccv-A

where A is selected or C' contains no selected atom and A is maximal in C.

6.2. Hyper-Resolution

Let now S be a selection function which selects one, and only one, negative atom
from a clause (if there is a negative occurrence of an atom at all). The only standard
clauses from which no atoms can be selected are positive clauses, which contain no
negative literals. This kind of selection function results in the following inference rule
on standard clauses, which is essentially a special case of general positive ordered
resolution, except that the conclusion has been simplified.

Positive ordered resolution
CVA DV-A

cvD

where (i) C is a positive clause with maximal atom A and (ii) the atom A is
selected by S in D V —A.

The opposite of this selection function for standard clauses is a “maximal” selec-
tion function, where the sequence of all negative atoms in a clause is selected. This
leads to the following inference rule:

Ordered resolution with maximal selection

CiVA ... CobVA, DnyVDp
Ci1V...vC,VDp
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where (i) the clauses Ci,...,C, and Dp are all positive, (ii) no clause C;
contains any of the atoms A; (not even A;), (iii) Dy is a negative clause
containing all the literals —A;,...,—A,, and only those literals, and (iv) each
atom A; is maximal in the clause C;.

Condition (ii) essentially formulates the restriction suggested by Proposition 5.7,
though we use the fact that multiple positive occurrences of maximal atoms can be
eliminated by ordered positive factoring.

Resolution with maximal selection is closely related to hyper-resolution [Robinson
1965a). If Cy V A,,...,C,V A, are positive (standard) clauses, where A; is maximal
in Cj, for all ¢; and there exist (standard) clauses D;,...,Dpy1, such that D,y is
a resolvent between C; and D; on A;, and D, ; is positive, then

CiVA ... CuoVA, Dy
Dn+1

is called a (positive) hyper-resolution inference. The first n premises are called the
electrons, the last premise, the nucleus of the inference. Since all the premises are
standard clauses, the final (positive) clause Dp4; (but not the intermediate clauses
D,,...,D,) is independent of the order in which the electrons are listed.

Now consider the premises of an inference by ordered resolution with maximal
selection and denote by D; the simplified version of

ClV...VC,‘VDN[Al/T,...,Ai/T]VDP,

for i = 0,1,...,n. Then D;;, is the conclusion of a (standard) resolution infer-
ence on A; with premises C; V A; and D;. In other words, each ordered resolu-
tion inference with maximal selection is a hyper-resolution inference. But there are
hyper-resolution inferences, such as
A1VA;, Ay VA3 -AV-Ay,V A
Ay VA3V Ay

that are not ordered resolution inferences with maximal selection. (The atom A,
should not occur in the first premise.) In short, ordered resolution inference with
maximal selection is a more restrictive inference system than hyper-resolution.

We should also point out that a resolution inference with maximal selection is
redundant if any of the “intermediate resolvents” I'; is redundant (cf. Proposi-
tion 5.10). This answers an open question in [Wos 1988].

6.3. Boolean Ring-Based Methods

Let AC be the set of (two-way) rewrite rules
(@AB)AY & an(BAY)

aAf & BAa
(coBf)®Y © ad(fy)
a®f & foa
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and BR the set of rewrite rules

ad®T
(aAp)e(asp)

~a
aVp
aAl
aANT
alAa

a® Ll

U R
F & & R

ada

(@®B)AY = (aA7)®(BAY)

Q

All of these rules describe logical equivalences. Furthermore, the rewrite system
BR/AC terminates and the corresponding normal forms, called BR-normal forms,
are unique up to equivalence under AC [Hsiang 1985]. We denote by ®(F) a BR-
normal form of F.

Normal forms may also be represented as (possibly empty) sums

PoPReo- 0P,
of (pairwise different, possibly empty) products of (pairwise different) atoms
Py=A;)... Aip,
where a product A; A, ... A, represents the formula
(A1 A (A2 A+ (Anc1 A AL) ),
asum P, ® P, & - -- ® P, represents the formula
(PO Po®: (Po1®Pn)),

the empty product denotes T, and the empty sum denotes L. We often need to
single out a specific atom and write

API@--@APmGBQle@Qn

with the understanding that none of the products P, ..., Py, Q1,...,@x contains
A. We often use AP & Q as a short form for such a sum of products.

We will now design a refutationally complete calculus for formulas in BR-normal
form by composing general ordered resolution with the normal-form functor & for
generating BR-normal forms. Consider a general ordered resolution inference

AP®Q AP'9Q’
(LAP)eQ,(TAP)0 Q'
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Ordered B R-resolution ,
APoQ AP o(Q'

2(QeT)(FPeQ)eQ)

where both premises are BR-normal forms with maximal atom A.

B R-self-resolution
AP®Q

P PQoP®Q)

where the premise is a BR-normal form with maximal atom A.

Figure 10: Ordered BR Resolution BR”™

in which both premises are sums of products in normal form. The disjunction
(LAP)2Q)V((TAP)®Q",
which is logically equivalent to the resolvent, can be simplified to

QV(P'eQ).
Eliminating the disjunction symbol from the latter formula we get
QP'eQ)ele (P aQ)
which is equivalent to
QeT)(PeQ)eQ.

These considerations lead to the inference system BR™ displayed in Figure 10. BR
is monotone with respect to resolution inferences on formulas in BR-normal form
since the maximal atom A of the two premises does not appear in the conclusion and
its BR-normal form. (For general clauses, however, we usually have BR(C) > C if
we treat the “,” in C as disjunction V when applying BR.) Therefore we may apply
Theorem 5.12 and obtain as a consequence of Theorem 5.4:

6.2. THEOREM. Let N be a set of formulas in BR-normal form. If N is saturated
with respect to BR and R>, then N is inconsistent if and only if it contains a
contradiction.

An alternative to ordered BR-resolution is a form of critical pair computation
for equations between sums of products of atoms. A sum AP ® Q with maximal
atom A is viewed as an equation AP ® Q~ T and oriented into a rewrite rule
AP = @ & T. Given another rewrite rule AP' = Q' @ T with the same maximal
atom, there is a critical pair P(Q' & T)=~P'(Q & T) (between the AC-extensions
of the rules) that can itself be represented by the polynomial corresponding to
PQ@®T)®P(Q® T)® T. Hence (simple) BR-superposition is the following
inference:
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Simple B R-superposition

AP®Q AP' ¢ Q'
e(PQR'eT)oP(QaT)®T)

where both premises are BR-normal forms with maximal atom A.

This inference rule is sound. In addition, we have
A APBQEP=(QeT)
and therefore also

‘A AP Q E

PQoT)ePQeTeT
RoeTQeTePQoeTeT
ReT)QoeToP)aT
= QoeT)PeQ)eQ.

The calculation shows that if A and AP & Q are true, the equivalence of the conclu-
sions of a BR-superposition inference and a BR-resolution inference with the same
premises follows. For proofs of redundancy of resolution inferences, the resolved
atom and the positive premises may be assumed (cf. Proposition 5.6). Hence, the
redundancy of a BR-superposition inference implies the redundancy of the corre-
sponding ordered BR-resolution inference (with the same premises). Denoting by
BRS the inference system of B R-superposition and B R-self-resolution, we therefore
obtain the following completeness result:

6.3. THEOREM. Let N be a set of formulas in BR-normal form. If N is saturated
with respect to BRS and R™, then N is inconsistent if and only if it contains a
contradiction.

Let us next briefly describe how a positive variant of B R-resolution can be derived
from general positive resolution. First note that a product A; ... A, is false in the
interpretation I (in which all atoms are false), unless it is the trivial product T.
Consequently, a formula in BR normal form is false in I, if, and only if, it does
not contain the trivial product T.

Positive B R-resolution
AP (Q AP o Q'

(QReT)(Pe@)eQ)

where both premises are B R-normal forms, the first premise contains no trivial
product T, and A is the maximal atom in the first premise.

On the other hand, a product A; ... A, is always true in the interpretation It
(in which all atoms are true). Thus, a formula in BR normal form is false in I if,
and only if, it contains an even number of products and is different from 1. The
negative variant of ordered BR-resolution is therefore of the following form:
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Negative BR-resolution
APoQ AP &Q’
2((QeT)(PoQ)eQ)

where both premises are BR-normal forms, the first premise is a sum of an
even number of products, and A is the riaximal atom in the first premise.

Since positive BR-resolution (together with positive BR-self-resolution) is simply
the composition of general positive resolution GP™ (which is itself an instance of
general resolution OF for a specific selection function S) with the normal form
functor & for BR-normal forms, refutational completeness with respect to stan-
dard redundancy follows. The same is true, dually, for the negative variant of BR-
resolution (together with negative B R-self-resolution) .

It is clear that variants of these inference rules similar to BR-superposition are
also refutationally complete. Incidentally, the completeness of the latter inference
systems was posed as an open problem by Zhang [1994], who introduced negative
BR-resolution and also mentions its positive dual. In [Zhang 1994] the negative
variant of BR-resolution is called the “odd strategy,” which may seem odd, given
that the inference is characterized by the syntactic restriction that the first premise
consist of an even number of products. However, Zhang represents the formula
AP & Q by an equation ®(AP & Q & T)~ L, so that a formula with an even
number of products is turned into an equation, the left-hand side of which consists
of an odd number of products.

A Boolean ring-based method for first-order theorem proving was first described
by Hsiang [1985)]. This so-called “N-strategy” is closely related to (standard) neg-
ative resolution.® The method applies to equations A~ 1 where A is a sum of
products obtained from the negation of a given clause. That is, the initial formulas
are assumed to be clauses, the negations of which are translated to sums of prod-
ucts. For instance, the negation of a negative clause =P V —Q is represented by
an equation PQ= 1 (called an “N-rule”) with a single product of atoms on the
left-hand side. The N-strategy is a resolution method with the restriction that one
of the premises of each inference be an N-rule. Thus, standard negative resolution
is a special case. The N-strategy also allows for simplification by rewriting whereby
equations may be transformed so that they no longer represent single standard
clauses. However, the method is only complete if rather severe restrictions are im-
posed on simplification [Zhang 1994]. Thus, the N-strategy in essence more closely
resembles standard negative resolution, whereas negative-BR-resolution is a true
non-clausal method, as shown above.

There are also slightly different approaches that do not derive from non-
clausal resolution, but where critical pair computations and other techniques from
associative-commutative completion are directly applied to the rewrite system
BR/AC and polynomial equations; see [Kapur and Narendran 1985] and [Bachmair
and Dershowitz 1987] for details.

$Various improvements of the original N-strategy have been proposed, e.g., [Miiller and Socher-
Ambrosius 1988]
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7. Refined Techniques for Defining Orderings and Selection Functions

The basic resolution strategies described in the preceding section can be further
refined by more elaborate definitions of orderings and selection functions. Key tech-
niques in this regard are renamings of formulas and conservative extensions of a
theory. For instance, if a positive literal is renamed to become negative, it can then
be selected, so that renaming indirectly allows for a selection of positive literals.
A conservative extension of a theory by new symbols, on the other hand, provides
more freedom in defining a clause ordering. The semantics of new symbols needs to
be specified by suitable formulas. The first step in the theorem proving process then
often consists of saturating the collection of all of these “definitions,” whereas later
steps correspond to refinements of resolution in the presence of such a pre-saturated
subset.

7.1. Renaming and Semantic Resolution

There are several refinements of resolution that are essentially syntactic variants of
inference systems described in the previous sections. In particular, this is the case
for semantic resolution [Slagle 1967] and hence set-of-support resolution. Semantic
resolution is defined with respect to a given Herbrand interpretation I:

Semantic resolution _
CvL DVL
cvD

where (i) L and L are complementary literals, (ii) C V L is false in I, and (iii)
L is the maximal literal in the first premise.

A well-known refinement of resolution that is covered by semantic resolution relies
on a set of support [Wos, Robinson and Carson 1965]. Let T (the “theory”) be a
satisfiable subset of a set of clauses IN. A resolution inference

CvL DVL
cvD

obeys the set-of-support restriction for T if at least one premise is a clause in N\ T
(the “set of support”).

Let us denote by I, the Herbrand interpretation in which all atoms are false,
and by It the interpretation in which all atoms are true. Semantic resolution with
respect to I, corresponds to positive resolution;” whereas semantic resolution with
respect to I+ has been called negative resolution. Positive and negative resolution
are dual to each other in that positive resolution is based on the minimal (in a set-
theoretic sense) Herbrand interpretation I, , whereas negative resolution is based
on the maximal Herbrand interpretation It. It turns out that semantic resolution

7For simplicity, we disregard selection, which has historically not been used in the context of
semantics resolution.
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with respect to an interpretation I may be seen as a syntactic variant of semantic
resolution with respect to any other interpretation I'. We outline how semantic
resolution may be mapped to positive resolution via renaming of literals, so that
the previous completeness results are applicable.

Let £ be the set of all atoms A;, A, ... in a given language and L' be a disjoint
set with atoms A}, Aj,. .. . By a renaming we mean a mapping p from L to the set of
literals over £'. Most of the renamings p we will use satisfy the condition that no two
literals p(A;) and p(A;) are complementary. Renamings can be homomorphically
extended to clauses and sets of clauses, typically with the modification that a double
negation -—A is replaced by A.

If I' is a Herbrand interpretation over £’ and p a renaming from £ to £’ then
by I;, we denote the Herbrand interpretation that consists of all atoms A in £ for
which p(A) is in I'. Therefore, a formula p(F) is true in I' if and only if F is true
inI’.

prI is a Herbrand interpretation over £, the renaming py induced by I is defined
as follows: py(A4;) = —Aj, if A; € I, and py(A;) = A, if A; ¢ I. In other words, pr
maps atoms that are false in I to positive literals, and atoms that are true in I to
negative literals. For instance, p;(I,) = ps(#) = I. A renamed clause p;(C) is true
in I, if and only if C is true in I. Furthermore, if

CvL DVL
CcvD

is a semantic resolution inference with respect to I, then

p1(CVL) pr(DVI)
p1(CV D)

is a positive resolution inference. In short, semantic resolution with respect to any
interpretation I may be viewed as a syntactic variant of positive resolution.

7.1. PROPOSITION. Let N be a consistent set of standard clauses. Then there ezist a
renaming p and a selection function S such that p(N) is saturated up to redundancy
by ordered resolution Ry with respect to S and any ordering >.

PROOF. Let I be a model of N and p; be the renaming induced by I. Observe
that no clause in p;(N) is positive. Let S be any selection function that chooses at
least one atom in each non-positive clause. Then each clause in py(N) contains a
selected atom, which implies that there is no inference by ordered resolution with
this selection from p;(N). 0

The significance of this proposition lies in the fact that it asserts the existence of a
saturated presentation for any consistent theory, which also implies the refutational
completeness of set-of-support resolution.
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7.2. Resolution with Free Selection

Selection functions can be used to single out arbitrary negative occurrences of atoms
in a clause. The observations in the preceding section show that positive occurrences
can be selected indirectly via renaming, though additional clauses defining new
symbols need to be introduced. In certain cases, selection can be applied freely to
both positive and negative occurrences of atoms.

A free selection function is a mapping on clauses that selects exactly one (positive
or negative) atom from each (nonempty) clause. By binary resolution with free
selection we mean a resolution inference in which an atom is resolved only if it
is selected in both premises. Completeness results for binary resolution with free
selection for Horn clauses have been proved by Lynch [1997] and de Nivelle [1996).
We present a simple proof based on a specific kind of renaming.

A Horn clause is a standard clause with at most one positive literal. Let N be
a set of Horn clause over a language £ and £’ be the set of all expressions o(4,n),
where A is an atom in £, n is a natural number, and o is a new binary symbol. The
renaming p from £’ to £ is defined by p(o(4, N)) = A.

7.2. THEOREM. If a set of Horn clauses N is saturated under binary resolution
resolution with free selection, then N is either consistent or else contains the empty
clause.

ProOF. Let N be a set of clauses over £. We say that a set of clauses N’ over L'
encodes N if
(i) p(C") is a clause in N, for each clause C’' in N',

(if) if C is a clause Ay V---V =4 in N and ny,...,n; are natural numbers,
then —o(A4;1,n1) V - -+ —0(Ag,ni) is a clause in N, and
(iii) if C is a clause ~A; V---V—A; VB in N and n4, ..., n; are natural numbers,

then there is a clause C' in N’ of the form —o(A;,n;) V - -+ —0(Ag,nk) V o(B, n),
where n > Y5 | n;.

It can easily be shown that N' is satisfiable whenever N is satisfiable. The con-
verse is also true. For if M is the set of all resolvents from N, then the set N' U K
encodes NUM, where K is the set of all resolvents from N'. Therefore, if the empty
clause can be derived from N, it can also be derived from N'.

Let now > be any admissible ordering on clauses over L', such that o(4,n) >
o(B,m) whenever n > m. In addition, if S is a free selection function for N, we
define a regular selection function S’ for N', such that S’ selects the same negative
atom from a clause as S, but selects no atom when S selects a positive atom.
There is a correspondence between binary resolution inferences with S from IV and
ordered resolution inferences with selection function S’ from N’, as positive atoms
are maximal in the ordering >. The refutational completeness of ordered resolution
R% thus implies the completeness of resolution with free selection, for Horn clauses.
O

A consequence of this theorem is the completeness of SLD-resolution [Kowalski
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1974], as used in Prolog, where in each program clause the positive atom (the
“head”) is selected and in each negative (or “goal”) clause some negative atom is
selected.

Resolution with free selection (together with unrestricted positive and negative
factoring) is generally incomplete for non-Horn clauses. For example, consider the
inconsistent set of clauses,

AVB, AvV-B, ~AV B, ~AV B,

where selection is indicated by underlining. By resolution we can derive only tautolo-
gies, BV-B and AV -A, respectively. Even if these tautologies are not eliminated,
with a selection as indicated no new clauses can be derived. But de Nivelle [1996]
has shown that free selection for full clauses may cause incompleteness only when
every resolution-based refutation requires at least one step of factoring. That is the
case in particular for every inconsistent set of binary clauses, as resolution between
two binary clauses produces again a binary clause and shorter clauses can only be
obtained by factoring.

SL-resolution [Kowalski and Kuehner 1971] is a resolution strategy for full clauses
that also employs a rather liberal selection strategy, but we do not know how to
justify this strategy within the semantic framework of reducing counterexamples.
More specifically, SL-resolution is a refinement of set-of-support resolution where
arbitrary, positive or negative atoms may be selected, provided they have been in-
troduced by a theory clause premise of a previous resolution step. It is closely related
to model elimination [Loveland 1969] and semantic tableaux. In Sections 8.2 and 8.3
we shall briefly describe how to generalize the linear theorem proving derivations of
Section 4.1 to derivation trees. This will allow us to model semantic tableaux and
refinements such as model elimination in our framework. We shall in particular see
that aspects of selection that cannot be modeled on the semantic level of partial
interpretations can often be justified on the level of derivations.

7.8. Conservative Eztensions

A straightforward transformation of a formula to clausal form or conjunctive normal
form—for instance, via normalization with the rewrite system C—may exponen-
tially increase the size of a formula. Fortunately, there are transformation schemes
that preserve the consistency of a formula, but avoid an exponential increase in
size. They are based on extending the given language by new predicate symbols
and corresponding definitions.

Let N be a set of formulas, F' be an expression that occurs as a subformula in N.
and L be a literal P or =P, where the atom P does not appear in any formula in N.
We say that a set N', M is a reqular extension of N (by L) if (i) N’ is obtained from
N by replacing one or more occurrences of F by L and (ii) M is logically equivalent
to L = F. More specifically, we speak of a positive (respectively, negative) extension
if only positive (respectively, negative) occurrences of the subformula F are replaced
and M is logically equivalent to L D F (resp., F O L). Finally, we say that a set
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K is a (conservative) eztension of N if it is obtained from N by a sequence of one
or more (regular, positive, and/or negative) extensions.

7.3. PROPOSITION. If K is an extension of N, then K is consistent if, and only if,
N is consistent.

PROOF. Let I be a model of N[F] and L be a literal P or =P, where P is not
contained in N. If L and F have the same truth value in I, then I is a model of any
(regular, positive, or negative) extension of N[F] by L. If L and F have different
truth values in I, define I' to be the interpretation I U {P}, if P ¢ I, and I \ { P},
if P € I. Then L and F have the same truth value in I' (since P does not occur in
F), and I' is a model of any (regular, positive, or negative) extension of N[F] by
L. This implies that consistency is preserved by any conservative extension.

For the other direction, suppose first that K = N', M is a regular extension of
N by L and I is a model of a K. Then L and F have the same truth value in I
and, hence, N’ and N[F] also have the same truth value in I. Since I is a model of
N', it has to be a model of N[F] as well.

If I is a model of a positive extension N', M of N[F] by L, then it is a model
of N’ and of L D F'. Again, if L and F have the same truth value in I, then N[F]
is true in I. If L and F have different truth values in I, then L must be false, and
F true, in I. Since N’ results from replacing positive occurrences of F in N, for
any such occurrence C[F)] within a clause C of N the clause C[F/T] is a tautology,
which implies that C[F] is true in I. Clauses in N in which F' is not replaced also
occur in N’ and, hence, are true in I by assumption. Thus, I is a model of N.

The case of negative extensions is handled in a similar way. In sum, this implies
that if a regular, positive or negative extension of IV is consistent, so is N itself. O

We illustrate the use of the extension principle by showing how a formula can be
converted to an equivalent set of standard clauses so that the size increases only by
a constant factor, cf., Tseitin [1970].

Let Ep(L A L') be a set of three standard clauses,

-PVL,-PVL,PVLVT,

where L and L, and also L' and I/, are complementary pairs of literals. Similarly,
let Ep(LV L') be the set

-PVLVL,PVL,PVL,

Ep(L D L') the set
-PVLVL,PVLPVT,

and Ep(L = L') the set

-PVLVL,-PVLVI,PVLVL ,PVLVL.
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We have the following logical equivalences:
Ep(LAL) ~ P=(LAL")
Ep(LVL) ~ P=(LVL)
Ep(LDL) ~ P=(LDOL)
Ep(L=L) ~ P=(L=L"

Let now N be a finite set of clauses, where we assume for simplicity that all formulas
are in negation normal form. (The transformation to negation normal form increases
the size of a formula by a constant factor only.) If N is not a set of standard clauses,
it must contain a subformula L o L', where o is one of the connectives A, V, D or =
and L and L' are literals. Then N[Pror], Ep,,,, (LoL') is an extension of N[LoL'],
where Pr,1+ is a new predicate symbol. Each extension step eliminates at least one
occurrence of a binary connective, so that we eventually end up with a set of
standard clauses that is consistent if, and only if, the initial set IV is consistent.
In the worst case each occurrence of a logical connective in the initial formula has
to be replaced by a new atom and at most four additional clauses, each with no
more than three literals. Thus, the size of the initial set N may increase only by a
constant factor.

Plaisted and Greenbaum [1986] have presented a refinement of this transforma-
tion scheme in which the polarities of abbreviated formulas L o L' are considered
so that for a positive [negative] L o L' a positive [negative] extension by Pr.r is
generated. They also discuss how to automatically extend an ordering to the new
predicate symbols in such a way that symbols that represent small formulas are
preferred in ordered inferences.

7.4. Lock Resolution

Extension results in interesting variations of resolution, such as lock resolution
[Boyer 1971], which can essentially be encoded by positive hyper-resolution.

Lock resolution is applied to standard clauses in which each occurrence of a
literal has been assigned a positive integer, called a lock indez. For example, in the
following set Ny of four clauses,

sA V1B,
67A V 5B,
4B VvV 374,
2B V 14

each literal occurrence has been assigned a unique index, but in general different
literal occurrences may be assigned the same index. The lock restriction states that
only literals with a maximal index must be resolved.® More formally, we have the

8We have departed from the original definition in [Boyer 1971], which restricts resolution to
minimal literals, so as to avoid confusion with ordered resolution, which resolves maximal literals.
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Lock resolution
CV;A j"A vD

cvD

where no literal in C has a larger index than ¢, and no literal in D has a larger
index than j.

Figure 11: Lock resolution

inference rule given in Figure 11. For example,

3A \% 7B s—lA \% 5ﬁB
7BV 5B

is a lock resolution inference, but

sAV B 4BV3-A
+BV 4B

is not.
Let N = C},...,Cy be a finite set of standard clauses (with lock indices). For
each clause

Ci= Lia Ai,l VeerV Lik; Ai,ki \ li,k;+1_'Biyki+1 VeV Lik;4m; _'Bi,ki+mi
let C! be the (renamed) clause
Ci=P V- VP, VP 1 V-V Pkigm;

where the P; ; are new predicate constants not occurring in N, and let M; be the
set of all clauses ~P;; V A; j, where 1 < j < k;, and —P; x, 41 V ~Bjx; 41, Where
1 <1 < m;. We also say that P;; encodes the corresponding literal, 4; ; or ~B; j,
respectively. We assume that any two of the P;; are identical if, and only if, the
encoded literals are identical and their associated lock indices are the same. Finally,
let N’ be the (renamed) set Cj,...,C, and M be the set Mj,..., My. The clauses
in M are called definitions.

Note that a clause —P; jVA; ; is logically equivalent to the implication P; ; D 4; ;,
and =P, ;V-B,; ; is logically equivalent to P; ; D —B; j. Thus, N', M is an extension
of N.

For example, from the matrix Ny above we get a renamed matrix

P, Vv P
Py V P
P;; V P
Py1 V Py
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where the predicate constants P; ; are defined by this matrix M:

-P; vV A -P, V B
=P, Vv -A -Py V -B
-P3; V B -P3q V -A
—1P4,1 vV =B ‘1P4,2 vV A

Let now > be an ordering in which (i) 4; ; > P; j and B; ; > P, ;, for all 4, j, and
(ii) P;,; > Py j if, and only if, the lock index l; ; (associated with the literal encoded
by P; ;) is greater than the lock index I j (associated with the literal encoded by
Py j»). We then saturate the set M under ordered resolution. This results, with
the given ordering, in the elimination of the “old” atoms A; ;, that is, the result
is a set M, K, where K consists of all two-element negative clauses =F; ; V Py,
such that P;; and P, encode complementary literals. The clauses in K are called
connections.

For the above example we obtain the following connections:

=Py V -Py =Pia V -P
=P V P2 P V Py,
=P3; V =Py, =P V -P,
aP1 Vo -Py -Pia V Py

For instance, the connection —P; ; V —P; 2 indicates that in the original matrix Np
the first literal in the first clause is complementary to the second literal in the third
clause.

The set N', M, K is partially saturated in the sense that all inferences with
premises from M (i.e., definitions) are redundant in this context. If we use a selec-
tion function that selects both literals in a connection, then any possible ordered
resolution inference with this selection must be of the form

cv Ri,j Dv Pk,[ ﬂPi,j \% ‘1Pk,l
cCvD

where P; ; is strictly maximal in the first positive premise and Py is strictly max-
imal in the second positive premise. The negative premise is a connection and
the conclusion is again a positive clause. In other words, these are positive hyper-
resolution inferences with connections as nucleus. The ordering restrictions guaran-
tee that these hyper-resolution inferences encode lock resolution inferences. More
precisely, if C'V L denotes the clause obtained from C'V P, ; by replacing each atom
by the literal it encodes, and D' V L is obtained in the same way from DV Py,
then _

C'vL D'VL

Cc'vD

is a lock resolution inference. Conversely, each lock resolution inference is encoded
by a positive hyper-resolution inference of the above form. In sum, there is a one-to-
one correspondence between hyper-resolution inferences (with two renamed clauses
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as negative premises and a connection as positive premise) and lock resolution (on
the original clauses).
For example, the hyper-resolution inference

Py VP9 Py VP —P3V-Py,
P53V Py

encodes the lock resolution inference

4BV 3—1A gﬂB Vv 1A
3mAV, A

We should emphasize that lock resolution, as described above, needs to be com-
bined with factoring (either as inference or as simplification in derivations). The
following “syntactic” version of factoring is sufficient:

C7 iL7 iL
C,;L

where L is a literal, and no literal in C has a greater index than . The correspon-
dence between inferences on original and encoded formulas is not one-to-one in this
case. Positive, ordered factoring on encoded formulas correspond to positive or neg-
ative lock factoring inferences on the original clauses. The correspondence becomes
one-to-one if the same predicate symbol is used to encode different occurrences of
an indexed literal.

Boyer [Boyer 1971] describes lock resolution in terms of “semantic factoring,”
where a literal ;L is deleted from a clause that contains a literal ;L with j > i,
but also mentions the syntactic variant. Semantic factoring is preferable for ground
clauses, whereas syntactic factoring is probably a better choice for clauses with
variables.

Boyer also mentions that lock resolution is not compatible with tautology dele-
tion. For example, the two lock resolution inferences we have shown at the beginning
of this section are the only ones from premises in Np. In each case, the conclusion
is a tautology. If these inferences were regarded as redundant, then Ny would be
saturated up to redundancy. The calculus would thus be incomplete, as Ny is in-
consistent and contains no contradiction. This observation appears to contradict
the fact that our completeness results cover redundancy. But redundancy in our
sense has to be applied to encoded clauses and inferences and we can see from the
example that the encoding, P33 V Py 2, of the tautology 3—A V 1A is not itself a
tautology and therefore is not redundant.

In some applications of lock resolution as a decision procedure for certain de-
cidable fragments of first-order logic one needs to be able to decrease lock indices
don’t-care non-deterministically. We will show how to justify such steps within the
framework of standard redundancy. A lock indez reduction clause is a clause of the
form -Q V P, where P and @ are “lock symbols” that encode the same original lit-
eral L and P > Q. (We may assume that for each literal L over the given language
and lock index i we have a lock symbol @ encoding the indexed literal ; L, together



RESOLUTION THEOREM PROVING 75

with the defining clause for @.) Lock index reduction clauses encode tautologies.
They may be viewed as implications Q D P, to be applied backwards to decrease
lock indices. As the positive literal is maximal, the only possible inferences with a
lock reduction clause are of the form

-QVP -PV-P
—AQV—\P’

where a connection in K is the main premise and another connection is the con-
clusion. (As these partial hyper-inferences are, therefore, redundant we need not
consider any “complete” hyper-inferences from —~@Q V -P' in which one of the side
premises is a renamed clause in N'.) It is sound to add these connections initially
and no additional resolution inferences result therefrom. The transition

Lock index reduction

N,Cv;L > N, CV,;L, CV_-,‘L > N, CVJ'L

is admissible in theorem proving derivations based on lock resolution, if ¢ > j and
if C contains a literal ;L' such that k > i. (The encoding of C'V ;L is consistency-
preserving. Moreover, if the encoding of N contains the lock index reduction clause
corresponding to the encodings of the indicated occurrences of ;L and ;L, respec-
tively, the encoding of C'V; L becomes redundant, provided the lock index reduction
clause is be smaller than the encoding of C' V ;L, which is the case if C contains a
literal x L' with k > 1.)

The condition, that C contain a suitable literal L', can be dispensed with when
lock index reduction takes place immediately after a clause has been derived in an
inference. In the following theorem, the “redundancy” of an inference on original
clauses refers to the standard redundancy of the corresponding hyper-resolution
inference on the encoded clauses.

7.4. THEOREM. Let
CViA ;-AVD

cvD

be an inference by lock resolution. The inference is redundant whenever the inference

CViA j~AVD
c'vD

is redundant, where C' and D' result from C and D, respectively, by decreasing the
lock indices of some of the literals.

PROOF. The lock indices in C' V D are smaller than or equal to the maximum of
i and j. Therefore the lock index reduction clauses that are needed to justify the
encoding of the implication (C'V.D') D (CV D) are smaller than the main premise
in the encoding of the inference (which is a connection between ;4 and ;—A4). 0O
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A related result has been obtained by de Nivelle [1996], who also applied it to derive
completeness proofs for ordered resolution based on certain so-called “non-liftable”
orderings.

In sum, lock resolution is essentially ordered resolution, where initial occurrences
of atoms (denoted by the labels) are ordered. Accordingly, selection is free in initial
clauses. However, since labels are inherited, selection is not free on derived clauses.

7.5. The Inverse Method

The inverse method was proposed by Maslov [1964]. Its basic inference rules are
formulated in terms of a given set of (generalized) disjunctions of conjunctions
of formulas. In our description of the method we follow Lifschitz [1989], where
the method is formulated for disjunctions G; V ... V G} of conjunctions G; =
LiyA...ALjnm, of literals L; ;. The disjunctions have been called “super-clauses”,
and the conjunctions G;, “super-literals” in [Lifschitz 1989]. The negation ~G; of
a super-literal, which is equivalent to a standard clause, is denoted by G;. Given
a set of input super-clauses, an S-clause is any standard clause that is logically
equivalent to a disjunction of negated super-literals G; in the input. For example,
given the input

(PA-Q)V (RAT)

-PVQ

-R

the input super-literals are the conjunctions
PA-Q, RAT, =P, Q, -R,
and their negations are the clauses
-Pv@, -Rv-T, P, -Q, R.

Forming, for instance, the disjunction consisting of the negated first and third
super-literals yields the clause
-PVQVP

which is a tautology. They represent connections between complementary literals
in the input super-clauses.
The inverse method consists of the following two inference rules:

Type A inferences

o

where C is any S-clause which is a tautology.
Type B inferences

Elvﬁl Ekva-k
E,v...VE;
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where G1 V ...V Gy is an input super-clause, and where the premises are S-
clauses.

Clearly, the conclusion of a type B inference is again an S-clause. In [Lifschitz 1989]
factoring is built into the set notation for clauses.

We will show how to encode this standard version of the inverse method by
positive hyper-resolution. The encoding will be similar to the encoding of lock
resolution. Let NV be a set of formulas Fi,..., F,, where each F; is a disjunction
Gi1 V...V Gim, of conjunctions G;; of literals. For each conjunction G;; we
introduce a propositional constant P;; that does not occur in N, and denote by
M; ; a standard clause logically equivalent to =P;; D G, ;. By M we denote the
set of all clauses M i, ..., My m,. Let C; be the clause =P;; V...V P, and N’
be the set of standard clauses Ci,...,Cyr. Then N, M is an extension of N. (Note
that it is sufficient to introduce one constant P;; for all occurrences of a formula
Gi j; we need not introduce different constants for different occurrences of G; ; in
N.) In the example N' has the clauses

Py V P (1)
~Py; V -Pp (2)
-P3, 3)
with implications

-Py DO PA-Q

-Pi2 D RAT

=Py D -P

=P, D Q

-P3; D -R

and, hence, a set M of clauses,

P, Vv P
Py v -Q
P, VvV R
P1,2 \% T
P2,1 v =P
Py V Q
Py V SR

As can be observed from the example, in _'H,j D G;; (the “definition” of the
literal —~P;, 5), if G;; is a conjunction L} - A L}, then the implication is
logically equivalent to the set of binary clauses PV L1 i Fig VLmJ‘ 4. Let > be
an admissible ordering in which all new atoms P; ; are sma.ller than all old atoms
occurring in N. If we saturate M under ordered resolution, the result is a set M, K,
where K consists of positive clauses of the form P; ;V Py ;. The clauses in K encode
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the tautologies that can be obtained by “Type A” inferences. In the example, K
consists of the clauses

P1,1 \% P2,1 (4)
P, V Py (5)
P, VvV B, (6).

Let us also use a selection function that selects all negative literals in a clause. Then
the non-redundant resolution inferences during saturation of N', M, K are positive
hyper-resolution inferences of the form

byvL, ... D,VL, -~LyV---Vv-L,
Dyv---vVD,

where the positive premises are positive clauses (initially from K) and the negative
premise is from N'. The conclusion is again a positive clause. These inferences
correspond to “Type B” inferences (The negative premise —~L; V- - -V =L, encodes
one of the formulas in the original set N.) Conversely, any “Type B” inference
can be translated into a positive hyper-resolution inference of this form. In short,
we have established a one-to-one correspondence between the (standard version of
the) inverse method and positive hyper-resolution. For refutational completeness,
ordered factoring for positive clauses has to be added.

In the example one derives a contradiction by the following series of type B
inferences:

) P2 [ (6) into (3) ]
(8) P [ (4) and (7) into (1) ]
) P [ (5) and (8) into (2) ]
(10) 1 [ (7) and (9) into (1) ]

Maslov’s super-clauses represent a particular (non-standard) clausal normal form.
Specializing simple ordered resolution SO to super-clauses would result in an infer-

ence
C,ANG D,~ANH
C[A/1],D
which is related to (a sequence of two) type B inferences of the inverse method but

with slight differences in the way multiple occurrences of the resolved atom A are
handled.

7.6. Ordered Theory Resolution

Theory resolution, a concept introduced by Stickel [1985], refers to resolution in-
ferences that have been specially designed for a given consistent set of clauses T,
called the theory. (Clauses not in T are also called goal clauses.) A minimal require-
ment for a theory resolution calculus is that explicit inferences within the theory be
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excluded, so that T needs to be saturated in an appropriate manner. In Section 7.1
we have shown that by renaming one can always obtain a saturated presentation
for a consistent set of standard clauses. In fact, set-of-support resolution may be
viewed as an instance of theory resolution, though the presentation of T' underly-
ing set-of-support resolution is trivially saturated: renaming renders theory clauses
non-positive and selection of the non-positive parts therefore permits only infer-
ences in which at least one premise is a goal clause. No non-trivial consequences of
T are explicitly represented. More powerful instances of theory resolution can be
obtained if the theory T is saturated in a nontrivial way.

Let us first illustrate some of the technical issues. Consider a theory consisting
of a single clause specifying that p is a transitive predicate. Note that every (non-
ground) binary resolution inference with the transitivity clause p(z,y) A p(y,2) D
p(z,z) will introduce an extra variable in the resolvent that is not present in the
other premise of the inference. Furthermore, unification is no effective filter for
inferences as any arbitrary atom p(s,t) can be unified, say, with p(z,y). These
issues can be addressed by hyper-inferences in which two literals of the transitivity
clause are resolved simultaneously. Then no new variables are introduced and the
corresponding unification problem is non-trivial due to the fact that any two literals
of the transitivity clause share a common variable. The strategy, admitted by the
general theory of ordered resolution, of selecting the two negative literals avoids
inferences between theory clauses and generates no extra variables, but is not very
useful in practice as it leads to an enumeration of the entire transitive closure of
p and, hence, is not goal-oriented enough. A better approach is to select the two
literals that contain the maximal of the three (instantiated) terms z, y, and 2 (with
respect to a given well-founded ordering on ground terms). The resulting inferences
would, on the ground level, eliminate the maximal term from any “reachability”
problem involving the transitive predicate p:°

Ordered chaining, positive

CVop(s,t) DVp(t,u) p(s,t)Ap(t,u) D p(s,u)
CvVDVp(s,u)

where (i) t > s, t > u, (ii) p(s,t) is strictly maximal with respect to C, and
(iii) p(t,u) is strictly maximal with respect to D

Ordered chaining, negative (1)

CVp(s,t) DV -p(s,u) p(s,t) Ap(t,u) D p(s,u)
CV DV -p(t,u)

where (i) s > t, s > u, (ii) p(s,t) is strictly maximal with respect to C, and
(iii) p(s,u) is maximal with respect to D.

9We present the ground versions of inference systems, but will use clauses with variables in
examples.
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Ordered chaining, negative (Il)

CVp(t,u) DV-p(s,u) p(s,t) Ap(t,u) D p(s,u)
CV DV —p(s,t)

where (i) u > ¢, u > s, (ii) p(t,u) is strictly maximal with respect to C, and
(iii) p(s,u) is maximal with respect to D.

This inference system, together with binary ordered resolution and factoring for
non-transitivity clauses, turns out to be refutationally complete (for suitable order-
ings), but involves the selection of non-maximal positive literals in the transitivity
clause. The concept of ordered theory resolution which we describe next is centered
around more flexible selection strategies for theory clauses. It comes as no surprise
that this, again, implicitly involves specific forms of renamings. These inferences
will be based on (total) term orderings that have to be extended in an appropriate
way to (usually only partial) orderings on atomic formulas.

Let > be a partial, well-founded ordering on (ground) atoms and T be a set of
(ground) clauses. We will consider a calculus in which all maximal atoms in a theory
clause from T are resolved simultaneously by hyper-inferences and where inferences
between theory clauses are redundant. In the case of transitivity, a suitable ordering
can be defined in terms of a well-founded, total ordering on ground terms: p(s,t) >~
p(s',t') if, and only if, either (i) max(s,t) > max(s’,t') (in the term ordering)
or (ii) max(s,t) = max(s',t') and s = ¢, but s’ # t'. Note that two atoms are
uncomparable if they have the same maximal term as one argument and different,
non-maximal terms as the other argument.

The description of theory resolution will be facilitated by writing literals as signed
atoms +A and — A, where a sign is either “+” or “—”. The signed atom +A denotes
the positive literal A, while —A denotes the negative literal ~A. The two signs are
considered to be complements of each other. We use the letters o and 7 to denote
signs and denote by @ the complement of o.

By ordered theory resolution with respect to a theory T', an ordering > on atoms,
and a total and well-founded extension >’ of >, we mean the following inference
rule.

Ordered theory resolution

CiVoiAd; ... CpVorpAg
CiV.---VCyVD

where no premise is in T', but T contains a clause 71 4; V...V A VD such that
(i) B ' A; for no atom B in Cj, (ii) the atoms A; are pairwise incomparable
with respect to >, and (iii) for each atom B in D there exists an ¢ such that
A; > B.

In essence, an ordered theory resolution corresponds to a hyper-resolution of goal
clauses into a theory clause that resolves all the maximal (with respect to >) atoms
of the theory clause simultaneously. A (smaller) residuum of non-maximal atoms
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from the theory clause forms pait of the conclusion of the inference. Only max-
imal atoms in goal clauses are resolved, where maximality is determined by the
admissible extension > of the partial ordering >.

The combination of (i) ordered theory resolution and (ii) the restriction of or-
dered resolution and (positive and negative) ordered factoring to goal clauses, is
refutationally complete for presentations that contain sufficiently many logical con-
sequences of the given theory. A key to the completeness proof is to employ a
signature extension and renaming so that (i) the maximal atoms in theory clauses
become negative literals and, hence, selectable and (ii) goal clauses become posi-
tive. This leads to positive hyper-resolution inferences with goal clauses as electrons
(and conclusions) and theory clauses as nucleus.

For each propositional symbol A in T we introduce two new symbols, denoted by
Ay and A_, respectively.!® If >/ is any extension of >, we order these new atoms as
follows: A, >' B, if A >' B. The intended semantics of the new atoms is captured
by positive and negative connections, A, V A_ and -A, V ~A_, respectively. By
K, we denote the set of all connections; by K_ the set of all negative connections;
and by K, the set of all positive connections.

If C is a clause in T of the form

C=01A'V...VorA*vnB'V...V1,B™

where the atoms A; are pairwise incomparable under > and each atom B is smaller
than some atom A*, then by p(C) we denote the renamed clause

-—ALvV...v-AL VB] V...VB" .

For example, if C is the clause ~AV -B V C with maximal atoms B and C, then
p(C)==-B;Vv-C_VA_.

Note that a clause Cj logically follows from clauses Ci,...,C}\ if, and only if,
p(Ch) logically follows from p(C4),--.,p(Ck) and K.

we call T a saturated theory if for all clauses CVAV...VAand DV-AV...Vv-4
in T such that A is maximal (in >) with respect to C' and D, but does not occur in
C or D, the clause p(C V D) logically follows from p(T) U K_ U K34, where K34
is the set of positive connections By V B_ for which A » B. (Note that according
to this definition inferences from premises in which a maximal atom occurs both
positively and negatively need not be considered.)

At first sight it may seem strange that arbitrary clauses in p(T) are admitted
in the above definition. But since p renders all maximal literals negative, little can
be inferred from renamed theory clauses in the absence of positive connections. In
particular, it is impossible to infer p(C V D) directly from the renamed premises
p(CVAV...VA) = -A_V...V-A_VC' and p(DV-AV...V-A) = A, V...nALV
D’ without the connection A,V A_. A key condition of the above definition is that
the positive connections are restricted to atoms smaller than the resolved atom A.

10The reader should not confuse the meta-level concept of signed atoms oA with the object-
level symbols A} and A_. The former simply served as a means to present theory resolution in a
concise manner while the latter will be used to rename the original propositions.
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If T consists of all ground instances of the transitivity clause for a predicate
symbol p (over any given first-order signature) and the given ordering on atoms is
based on a term ordering, then T is a saturated theory in this sense. For instance,
consider the inference

p(s,t) Ap(t,u) D p(s,u) p(s,u) Ap(u,v) D p(s,v)
p(s,t) Ap(t,u) A p(u,v) D p(s,v)

where s is a maximal term and p(s,u) a maximal atom in both premises. If s is a
strictly maximal term, then renaming the conclusion yields the clause

-p(s,t)+ V -p(s,v)- V p(t, u)— vV p(u,v)-.

The set p(T') contains two other instances of transitivity:

-p(s,t)+ V —p(s,v)- V p(t,v)-

and
p(p(t,u) A p(u,v) D p(t,v)).

The maximal term in the latter clause is smaller than s. Therefore the clause
contains only atoms smaller than p(s, v) and hence all connections for its atoms are
present in K_ UK:”(”“). Thus p(T)UK_ UK:"("") entails -p(s,t)+ V-p(s,v)_V
p(t,u)- V p(u,v)—- which was to be shown. Suppose s is not strictly maximal. If
s =t or s = u, then one of the premises contains its maximal atom both negatively
and positively, so that the inference need not be considered. If s = v, then we also
have s = u (for otherwise p(s,u) would not be maximal) and the previous case
applies.

7.5. LEMMA. Let T be a saturated theory. If I is a model of p(T) U K_ then there
ezists an interpretation I' such that I C I' and I' is a model of p(T)U K.

PROOF. Let >’ be any admissible total extension of >. We use induction on >’ to
define, for all atoms A in T, interpretations I, and E4 as follows.

"4=IU U Ep.
A>B

If either A, or A_ isin I, then E4 is the empty set. Otherwise, E 4 is the set {A_},
if I'y U{A_} is a model of p(T), or else E4 is the set {A;}. Finally,

I'=IU|JEa.
A

By construction I’ is a model of K.

Suppose I' is not a model of p(T'). Let A be a minimal atom such that I’y U E4
is not a model of p(T'). Then I, is a model of p(T) U K_ U K3# and E4 = {A4}.
If it is not possible to extend I’y by either A, or A_, there exists a clause D’ of the
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form -A,V...V-A, VD ifi p(T) such that Dj is false in Iy, and there also exists
a clause C’ of the form =A_ V...V -A_ V(i in p(T) such that C; is false in I),.
Moreover we may assume that neither C; nor D; contain =A, or —A_. Suppose
that CV A and DV —A are the corresponding clauses in T for which p(C'V A) = C'
and p(D V -A) = D', respectively, and consider a resolution inference on A from
these. As the theory is saturated, p(C'V D) is entailed by p(T)UK_ UKF4. As I,
is a model for the latter set of clauses, it also satisfies p(C V D). The two clauses
C1V D, and p(C V D) can differ only modulo renaming of literals. More precisely,
a literal +B, occurring in C; V D; might occur as —Bz in p(C V D). But this is
possible only when A > B. Therefore, K_ U K34 |= (p(C v D) D (C1 V Dy)). In
conclusion, C; V D must be true in Iy, which is a contradiction. a

Let us sketch how the completeness proof for ordered theory resolution can be
completed. Consider the ordered resolution calculus R™ with a selection function
that selects all negative literals in p(T) and K_, and where >’ is a well-founded
extension of > that can itself be extended to a total admissible ordering. The given
goal clauses are renamed into purely positive clauses, employing the new symbols.
Positive connections are not considered for inferences. Then the only non-redundant
inferences, apart from factoring are ordered hyper-resolution inferences with goal
clauses as electrons and a nucleus that is either a renamed theory clause or one of
the connections in K_. The former inferences correspond to theory resolution, while
the latter represent ordered resolution between two goal clauses. If no contradiction
can be derived, the set of the renamed goal clauses plus p(T) and K _ is satisfiable.
If I is a model of this set, it can be extended by the above lemma to a model of
K and p(T). The renamed goal clauses are positive, and inferences create positive
clauses only, so that the extension of the model also satisfies the latter.

A suitable notion of redundancy for theory resolution is represented by standard
redundancy for ordered resolution with selection on the renamed goal and theory
clauses, together with the connections K_. In the presence of renaming, certain
clauses which denote tautologies before the transformation need not stay redundant,
a similar effect to what we have observed in lock resolution.

If T is saturated with respect to a total ordering >, there is no difference between
an ordered theory resolution inference and an ordered resolution inference in which
one premise is a goal clause and the second premise is a theory clause. A partial
ordering may produce shorter residuums in theory resolution inferences. On the
other hand one would expect that there are more theories that can be effectively
saturated under a total atom ordering. Also note that atoms in non-theory predi-
cates do not have to be renamed at all. Their negative occurrences in the original
goal clauses can be freely selected.

Technically, the results in this section strictly extend both the results by Baum-
gartner [1992] and Bronsard and Reddy [1992]. The motivation of the first paper
is the specialization of resolution to theories, whereas the second paper considers
questions of decidability for saturated theories. We have seen in the example of a
transitive relation that saturation with respect to a partial ordering may help to
avoid the introduction of new variables in resolution inferences, which in turn is
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usually a requirement for decidability. In Bachmair and Ganzinger [1994] we have
employed specific methods from term rewriting to obtain a calculus for dealing
with transitive relations that is closely related to the chaining calculus that we
have presented above as an instance of ordered theory resolution.

Other related approaches of building domain knowledge into resolution include
resolution modulo an equational theory E, where syntactic unification is replaced by
E-unification [Plotkin 1972], and constraint resolution [Huet 1972, Biirckert 1990].
In these approaches the setup is hierarchic and semantic in that the theory is
represented by the set of its models and inconsistency means the failure of being
able to extend any of these models to a model of the goal clauses. Biirckert’s [1990]
constraint resolution can be viewed as form of ordered theory resolution whenever
the theory can be represented by a set of first-order clauses.

8. Global Theorem Proving Methods
8.1. The Davis-Putnam Method

A very effective method for testing the satisfiability of a finite set of variable-
free standard clauses is the Davis-Putnam method [Davis and Putnam 1960]. This
method combines simplification (unit reduction, pure literal detection) with a case
analysis on atomic formulas. The original method described by Davis and Putnam
can be modeled by self-resolution, combined with normalization to conjunctive form
and various simplification techniques. But most implementations are based on a
modification of the original method [Davis, Logemann and Loveland 1962]. This
modified procedure can be formalized in terms of derivation trees, rather than the
single “linear” theorem proving derivations we have used so far. The following rule
may be viewed as a “tree expansion” rule:

Splitting
N> NM | ... | NM (k>1)
where N is satisfiable if and only if one of the IV, M; is satisfiable

The application of splitting to a state N creates k new branches as indicated by the
states N, M;. That is, instead of a single derivation sequence we obtain a possibly
infinite, but finitely branching tree, each node of which is labeled by a set of clauses.

Each branch in a derivation tree represents a theorem proving derivation, the
limit of which needs to be saturated. More formally, if Ny, N1, Na,... is a branch in
the tree, then its limit N, is defined, as before, as the set |J;;»; N;. The initial
set Np, labeling the root of the tree, is unsatisfiable if and only ‘the llmlt of each
branch is unsatisfiable. If the construction of a derivation tree is fair in the sense
that the limit of each branch is saturated up to redundancy, then the set {J; N; of
all formulas along a branch must contain a contradiction, whenever the limit set
N, is unsatisfiable. If a branch contains a contradiction, it need not be expanded
further, but can be “closed.” There are thus two possibilities: either all branches in
a derivation tree can be closed, in which case the initial set Ny is unsatisfiable; or
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else some branch can not be closed, in which ¢asé a model for Ny can be defined
via the limit N, of the branch. We should point out that the inference system
used for deductive inferences along a branch, and the redundancy criterion that
controls deletion steps need not be uniform for all branches. For instance, different
orderings may be used to restrict resolution steps along different branches. The key
requirement is that each branch represent a fair theorem proving derivation (with
respect to a refutationally complete inference system and an associated redundancy
criterion).

The following rules, which describe the Davis-Putnam method, are based on spe-
cific instances of deduction, deletion and splitting. By L we denote the complement
-L of a literal L, with -—A simplified to A.

Unit reduction_
N,L,CVL > N,L,C

Unit subsumption
N,L,CVL > N,L

Pure literal extension _
N > N,L if L, but not L, occurs in N, but not as a unit clause

Tautology deletion
N,C > N if C is a tautology

Splitting
N> NA | N,-A if the atom A occurs in N

These rules are applied in a specific order. Splitting, in particular, is applied only
if no other rule is applicable. Pure literal extension may trigger subsequent sub-
sumption steps in which all clauses containing the literal L are eliminated.

It is easy to see that the Davis-Putnam method represents a fair strategy for sets
of standard ground clauses. If no rule is applicable to a set of ground clauses N,
then N either contains the empty clause or else is a set of literals, no two of which
are complementary. In the first case, the set N is inconsistent; in the latter case,
no resolution and/or factoring inferences are applicable, so that the set is saturated
with respect to standard resolution R for any ordering > and hence is consistent.
The completeness of the method is, therefore, a consequence of Theorem 6.1. The
Davis-Putnam method also terminates, provided the initial set of clauses is finite.

The method can be further improved by simplification and deletion steps such
as general subsumption or subsumption resolution (see Section 4.3):

Subsumption resolution
N,DVL, DVCVL > N,DVL,DVvVC

Note that splitting on an atom A, followed by unit reduction with A and —A on
the two respective branches, is an instance of ordered self-resolution:
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Splitting as self-resolution
M, F[A]
M, F[A/L],F[A/T]

One may therefore adopt a different view and represent a derivation tree by a general
clause. More specifically, each formula F in a clause M, F is itself in conjunctive
normal form and represents a leaf of a partially expanded derivation tree. A self-
resolution inference on an atom A in F represents splitting and unit reduction,
as mentioned above. The ordering on atoms is defined “on the fly” in that the
atom A that is resolved can be declared as the maximal remaining atom in F. The
replacement of A by L and T represents unit reduction. If A occurs with only one
polarity in F', the conclusion can be simplified to either M, F[A/Ll] or M,F[A/T].

It does not seem to be possible to model the above methods as a linear theorem
proving process based on ordered resolution with selection in a natural way. The
order in which atoms are resolved does not depend on a single uniform ordering,
but is guided by syntactic characteristics of the involved subformulas. Typically,
different orderings will be used for different formulas in a clause (which represent
different branches in a derivation tree). But linear theorem proving derivations
have to adopt a uniform ordering. (The method originally introduced by Davis and
Putnam does employ a single ordering, though.)

On the other hand one can show that in a theorem proving derivation one may,
without affecting the general results about how to effectively achieve fairness and,
hence, the saturation of its limit, always admit finitely many “heureka” steps N >
N' in which one replaces the set N by any set N’ that preserves consistency or
inconsistency. These observations indicate why the Davis-Putnam procedure does
not easily extend to the infinite case of clauses with variables.

8.2. Saturated Semantic Tableauz

In the Davis-Putnam method splitting implicitly depends on tautologies of the form
AV-A. Semantic tableau methods perform case splits directly on given clauses. For
standard variable-free clauses we get two kinds of derivation steps:

Splitting on clauses
N,(LyV...VLy) > N, L | | N,Lyg

Ancestor literal complement
N,L,L > L

Splitting on clauses is formally a combination of splitting and subsumption, where
the original clause is eliminated via subsumption after the case split. Tableaux are
specific, “regular” derivation trees in that no branch contains two nodes to which
the same clause split has been applied. The application of the ancestor literal com-
plement rule closes a branch. Formally, it combines a unit resolution step that
generates the empty clause, with subsumption steps by which all other clauses are
eliminated. If none of the above rules is applicable to a set IV, then N consists either
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of the empty clause or else of unit clauses no two of which are complementary. Any
strategy that applies the two rules exhaustively (and don’t-care nondeterministi-
cally) is fair, and the limit of each branch in the derivation tree is closed under
resolution. Refutational completeness again follows from Theorem 6.1.

The method can be improved by adding ordering constraints, selection functions
and simplification, and exploiting the observation that it is sufficient to saturate
the limit of each branch with respect to any (refutationally complete) variant of
resolution. To that end we may restrict splitting on clauses so that it correspond
to ordered resolution with selection.

Splitting on clauses induced by ordered resolution
N,CVAV..VADv-Ap> N,C,-A | N,AD
if CV D is an ordered resolvent of CVAV...V A and DV —A with respect to
a given ordering and selection function.

In this formulation one does not split a clause into its k individual literals, but
implicitly uses the tautology AV -A to do a split into two branches that allows one
to eliminate a clause in each branch. This approach is closely related to the Davis-
Putnam method. In practice one difference between the two methods has been in
the choice of concrete data structures to represent derivation trees. Tableaux are
usually represented in a graphical way so that in an expansion

N,LiV..VL > N,L, | | N,L

the set N that is common to all nodes is not duplicated, but implicitly shared.
Even the initial clause set Ny can be left implicit, so that only the literals L; on
which case splits are performed are stored explicitly. But then properties such as
regularity have to be posed as extra constraints.

When one translates the above splitting rule with ordering restrictions and se-
lection into the more common graphical formulations one obtains in particular a
justification of the ordering restrictions for tableaux that have been proved com-
plete by Klingenbeck and Hahnle [1994]. Again, it is clear that the ordering > does
not need to be uniform for all branches.

In short, the theoretical machinery of this paper suggests a natural generalization
of the notion of a closed tableau to a saturated tableau, in which all branches are
saturated up to redundancy with respect to one of the refutationally complete
resolution calculi.

8.3. Model Elimination

Let us next consider sets of standard clauses of the form T, G, where G is a positive
clause A; V...V Aj and each clause in T contains at least one negative literal. In
fact, every inconsistent set of clauses contains such a subset (up to renaming). If
N is inconsistent, then there exists an inconsistent finite subset T/,G’, where G’
is a single clause and T" is consistent. We obtain a set T, G of the above form by
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renaming, as suggested by our discussion of semantic and set-of-support resolution
in Section 7.1.

The set T is called the theory and G is called the goal clause. Let S be a se-
lection function that selects exactly one negative literal in each clause in T'. Model
elimination [Loveland 1969] can be described by the following derivation rules:

Splitting on the goal clause
T,G > T,A | ... | T A
ifk>1

Expansion with a theory clause
N,(FAVLyVv...VL,),A> NAL | ... | NAL,
if ~A is selected in the indicated (theory) clause and n > 1

Ancestor li_teral complement
N,L,L > L

The expansion rule is a special case of the splitting rule on clauses from Sec-
tion 8.2, where the branch for ~A has been omitted, as one can immediately derive
1 from A and —A and close the branch. The clause that is split is deleted to avoid
a repeated case analysis for the same clause. Note that only theory clauses can be
split, as all derived clauses consist of one literal only.

The key refinement in model elimination, as compared to the above semantic
tableau method, is that the expansion with a theory clause must be triggered by a
literal that is complementary to the selected literal in the clause. The literals that
may trigger an expansion can all be traced back to the initial goal clause. In a fully
expanded model elimination tree each branch is saturated up to redundancy under
resolution with selection. Therefore, an initial clause T, G is inconsistent if and only
if each branch in the tree ends with L.

The above rules have been formulated with respect to an initial clause T, G,
which is a renaming of a subset T',G' of a given clause set. In practice one has
to compute with the original clauses T',G’, as a suitable renaming, and thus the
selection of literals in theory clauses, is usually not known. In fact, even the right
choice of the clause G’ from N \ T’ may have to be guessed. In general, all different
possible derivations have to be computed in a non-deterministic fashion.

Let us now return to the earlier question of free selection (cf., Section 7.2) and
analyze the correspondence between model elimination trees and resolution deriva-
tions. In a model elimination tree, each node except the root is labeled either by
the constant L or else by a set of clauses that is obtained from the parent node
by replacing a non-unit clause by a literal, which we call the main literal of such
a node. Now take any derivation tree in which at least one expansion step was
applied and where none. of the leaf nodes contains a pair of complementary liter-
als. Let L;,...,L,, be the main literals of those leaves (from left-to-right) which
are different from L. Then the clause L; V...V L,, can be derived from T,G
by linear resolution (where at most one premise in each inference is a clause in
T) plus (implicit or explicit) factoring. This observation provides an explanation
for the linearity constraints in SL-resolution [Kowalski and Kuehner 1971]. In SL-
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resolution one may also select an arbitrary literal that was inherited by a resolvent
from the theory clause premise of the resolution step. This simply corresponds, in
the context of model elimination, to selecting the leaf where a derivation tree is to
be expanded next. Obviously, one may don’t-care non-deterministically choose any
leaf. The ancestor literal complement steps in model elimination either correspond
to implicit factoring or to subsumption resolution steps called “ancestor resolution”
in [Kowalski and Kuehner 1971]. Tautology elimination and other redundancy elim-
ination techniques described in the latter paper can be easily modeled by standard
redundancy.

In conclusion, there is a close correspondence between model elimination trees
and certain resolution derivations with simplification. Resolution methods, such as
SL-resolution, that exploit this relationship may combine restrictions on the clause
level, that can be justified semantically, with restrictions on the level of derivation
trees, that can be justified by proof transformations.

9. First-Order Resolution Methods
9.1. First-Order Sequents

We have described resolution for (possibly infinite) sets of variable-free formulas.
But resolution methods for propositional logic play only a minor role in practice
compared to, say, the Davis-Putnam procedure (cf. Section 8.1) or methods based
on ordered binary decision diagrams [Bryant 1992]. One of the main applications
of resolution and other saturation-based methods is in automated theorem proving
for first-order logic. Before resolution can be applied to a first-order formula, quan-
tifiers have to be eliminated and formulas usually have to be converted to clause
form. Sophisticated methods of clausal normal form transformation are described
in [Baaz, Egly and Leitsch 2001, Nonnengart and Weidenbach 2001} (Chapters 5
and 6 of this Handbook). Inference rules and redundancy criteria need to be lifted
to (quantifier-free) clauses with variables.

9.2. Lifting of Ordering Constraints

The key parameters in our description of theorem proving methods are orderings,
selection functions, renaming strategies, and simplification and deletion techniques.
Once these parameters are taken into account, lifting tends to become less straight-
forward.

In the literature we find two main techniques for lifting ordering constraints. One
possibility is to define a “safe” approximation of ground constraints by extending
a (total, well-founded) ground ordering to an (partial, well-founded) ordering on
non-ground expressions, such that F > E' if and only if E¢ > E'o, for all ground
substitutions o. If an inference is intended to capture ground instances for which,
say, Ec > E'c, one may add a constraint E' ¥ E at the non-ground level. For
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instance (simple, binary) ordered resolution is approximated on the non-ground
level by an inference rule (see also Figure 4)

CvA DvV-B
CoV Do

where o is a most general unifier of A and B and (i) A’c ¥ Ao, forany A’ in C, (ii) C
contains no selected literal, and (iii) either ~B is selected or else B'c % Bo, for any
atom B’ in D. It is better to apply the constraints to expressions to which the unifier
has been applied as this may render a more precise approximation of the ordering
constraints for the relevant ground instances of the inference. The satisfiability of
non-ground constraints is undecidable for many orderings, so that one may have
to resort to incomplete, but sound, constraint solvers (which represent a weaker
approximation of ground constraints). In Section 4.3 we have proved a lifting lemma
for binary ordered resolution with selection for this sort of approximation.

9.3. Constrained Formulas

A second, perhaps more adequate method is based on adding constraints to non-
ground expressions, at the object level. A constraint restricts the set of ground
terms that may substituted for variables. Notations such as

Cl~y

are used to denote the set of all those ground instances of a non-ground clause
C for which the constraint - is satisfied. For example, standard (binary) ordered
resolution (without selection) can be lifted to an inference

CVA|y DV-B|é
CVD[YASA(A>C)A(B>D)A(A= B)

on constrained non-ground clauses. The resolvent is constrained by the maximality
conditions (A > C)A (B > D) and the equality constraint A ~ B, and also inherits
the constraints v and § from the premises. The notation has been inspired by
constraint logic programming and, in the context of automated theorem proving,
formalized by Kirchner, Kirchner and Rusinowitch [1990] and others. Completeness
proofs for certain saturation-based theorem proving strategies involving constrained
clauses were first obtained by Huet [1972], Biirckert {1990] and Nieuwenhuis and
Rubio {1992]. In moving the constraints from the meta-level to the object level,
and using constraint inheritance, the ordering restrictions of the ground level are
represented in a precise way and in principle no information is lost. Constraints
are also significant when finite representations of saturated theories are sought,
cf. Section 10.2.

These constraints combine logical and meta-logical restrictions in one expression.
For example, in the above resolution inference, A ~ B is the logical constraint that
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ensures the soundness of the inference, whereas the ordering constraints character-
ize meta-logical restrictions on inferences. There is some evidence that formalisms
that explicitly separate logical from meta-logical constraints might be more appro-
priate. A meta-logical constraint can be relaxed without affecting the soundness
and completeness of the inference system, and certain simplification strategies may
actually require such constraint relaxation. Also, solvers for meta-logical constraints
need not be complete. Logical constraints, on the other hand, must not be relaxed
and the completeness of the theorem proving process requires that their solvability
be decidable. Nieuwenhuis and Rubio [2001] (Chapter 7 of this Handbook) present
equational theorem proving methods with constrained formulas in detail.

9.4. Resolution Modulo an Equational Theory

Constraints formalisms often provide a suitable framework for building equational
theories (on ground atoms) into an inference system. One then considers only for-
mulas constructed from the unique canonical representatives of term equivalence
classes, a presentation that is preserved under resolution. For ordered inferences, one
needs an ordering that is compatible with the equational theory and well-founded on
canonical expressions. Refutational completeness requires that solvability of equal-
ity constraints be decidable. In cases where sets of unifiers may be very large (e.g.,
in AC-unification) or even infinite (e.g., in the case of higher-order unification) con-
straints are indispensable [Huet 1972, Nieuwenhuis and Rubio 1994, Vigneron 1994].

10. Effective Saturation of First-Order Theories

Saturation up to redundancy terminates for many consistent theories, provided
powerful enough simplification and redundancy elimination techniques are em-
ployed. In this section we briefly describe some of the applications in which finitely
saturated theories play a central role. We intend to demonstrate that saturation
can be understood as a (partial) compilation process through which, when it termi-
nates, certain objectives with regard to efficiency can be achieved in an automated
way.

10.1. Decision Procedures Based on Resolution

The abstract notion of redundancy is general enough to accommodate virtually all
the simplification techniques common in theorem proving. With the right setting
of the resolution parameters, most of the known decidable fragments of first-order
logic can be decided by saturation up to redundancy. The theory of resolution is
therefore a powerful tool for decidability proofs for first-order theories and logics
that can be semantically embedded in first-order logic. An early example was given
by Joyner Jr. [1976] , who showed that the monadic class can be decided by or-
dered resolution with subsumption and condensement as simplification techniques.
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Since then, many other decidable classes have been shown decidable by suitably
refined calculi of ordered resolution (and paramodulation): the monadic class with
equality [Bachmair, Ganzinger and Waldmann 1993], the Ackermann class with
equality [Fermiiller and Salzer 1993], a subclass of Maslov’s class K [Fermiiller,
Leitsch, Tammet and Zamov 1993] and various logics for knowledge representation
[Fermiiller et al. 1993, Hustadt 1999]. Hustadt [1999] appears to have been the first
to describe a resolution-based decision procedure for conjunctions of formulas in
Maslov’s class K, the completeness proof of which makes essential use of the meth-
ods presented here, in particular of renaming techniques. Schmidt [1997] proposes a
general method for obtaining resolution-based decision procedures for many modal
logics, and in particular provides a decision procedure for an interesting fragment
of first-order logic, called path logic. Fermiiller et al. [1993] give a comprehensive
overview of earlier work on resolution-based decision methods. A recent survey of
methods in this area is presented in [Fermiiller, Leitsch, Hustadt and Tammet 2001]
(Chapter 25 of this Handbook).

10.2. Automated Complezity Analysis

Motivated by work on “local theories” by McAllester [1993], the relation between
saturation and decidability issues has been extended to complexity analysis by
Basin and Ganzinger [1996], who showed that the complexity of the ordering used
for saturation is directly related to the complexity of the entailment problem for a
theory.

Let N be a set of standard clauses (with variables). The (ground) entailment
problem for the theory N consists in checking whether or not a query C, where C
is a variable-free standard clause, is logically implied by N. If N is saturated (up to
redundancy) under standard ordered resolution without selection (that is, no atom
is selected in any clause and, hence, the resolved atom is maximal in both premises),
one can derive upper bounds for the complexity of the entailment problem for N.
This requires an ordering on atoms in which for each ground atom A there are only
finitely many smaller ground atoms. More precisely, suppose that the complezity
of an ordering can be bounded by functions f, g in that there are at most O(f(n))
ground atoms smaller or equal to some ground atom in a given finite set of atoms
of size n (where size refers to the number of symbols in an expression), and such
that these smaller atoms can be enumerated in time O(g(n)).

10.1. THEOREM ([Basin and Ganzinger 1996]). Suppose > is a partial well-founded
ordering on ground atoms of complezity f,g and N is a finite set of Horn clauses
that is saturated under ordered resolution up to redundancy with respect to each
total, well-founded extension of >. Then the entailment problem for N is decidable
in time O(f* + g) where k is a constant that depends only on the theory N.

In particular, the entailment problem is polynomial, if the ordering is of polynomial
complexity.
The key technical result is expressed in the following lemma.
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10.2. LEMMA. Let N be saturatéd up to redundancy with respect to ordered reso-
lution (without selection) based on a total and well-founded ordering ». If C is a
standard ground clause then C is a logical consequence of N if and only if C is a
logical consequence of those ground instances D of N in which for each atom A in
D there ezists an atom B in C such that B > A.

Let us sketch the basic ideas underlying the lemma. If N is saturated, then infer-
ences in which both premises are clauses in N are redundant. To decide whether
some ground query C is entailed, one negates C, adds the resulting unit clauses
to N, and saturates the resulting set by ordered resolution. Clauses generated by
ordered inferences with one premise in IV and one premise from —C cannot generate
(ground instances of) clauses in which some atom is bigger than each atom in C.
Thus, if C is a logical consequence of N, it already follows from a set of ground
instances of N in which all atoms are smaller than, or equal to, an atom in C.
By applying dynamic programming techniques of bottom-up computation (N was
assumed to be a set of Horn clauses), the result follows.

Sometimes a natural presentation of a theory is not saturated with respect to
a desired ordering, but can be finitely saturated, see [Basin and Ganzinger 1996]
for examples. In such cases saturation can be viewed as an optimizing compiler
that adds sufficiently many “useful” consequences to a theory presentation so as to
achieve a certain complexity bound for its entailment problem.

11. Concluding Remarks

The presentation of resolution theorem proving in this chapter is based on a general
calculus of ordered resolution with selection for general clauses. We have described
the more specialized calculi by viewing them as special cases of general resolu-
tion. Four concepts—orderings, selection functions, renaming, and redundancy—
are essential in this regard. Orderings of clauses are based on well-founded, partial
orderings on atoms. Slagle [1967] attributes the original idea of ordering atoms
to Reynolds [1965]. Selection functions select atoms that must be true in inter-
pretations in which the clause is false. The earliest resolution strategy that ex-
ploits selection appears to be hyper-resolution [Robinson 19654]. The don’t-care
non-deterministic aspects of selection in resolution and the resulting pruning of
resolution search spaces were first recognized by Kowalski and Kuehner [1971].
A fundamental theoretical result is the refutational completeness of this family of
calculi in the presence of a certain redundancy criterion based on a well-founded or-
dering on formulas. The proof applies a variant of the model construction technique
that was originally introduced in [Bachmair and Ganzinger 1990]. Ideas related to
the notion of candidate model can be found in Brand’s proof of completeness of his
equality elimination method [1975] and in the work of Zhang [1988]. The definitions
presented here are closely related to [Bachmair and Ganzinger 1990}, though there
the proofs are technically more difficult in that they deal with the equational case
and with counterexample reduction and redundancy simultaneously. The paper by
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Pais and Peterson [1991] contains a proof of the refutational completeness of super-
position based on similar constructions, but without any mention of redundancy.
Standard redundancy exploits the fact that only minimal counterexamples to the
candidate model have to be reduced. Semantic properties of these partial interpre-
tations can be exploited to further prune the search space [Ganzinger, Meyer and
Weidenbach 1997). Related ideas also play a central role in the global theorem prov-
ing method of ordered semantic hyper-linking [Plaisted and Zhu 2000]. Saturation
up to redundancy is not only useful as an effective procedure to proving theorems.
Refinements of resolution for specific theories can be justified on the (hypothetical)
assumption that the theory be presented in a suitable saturated form.

It has often been pointed out that a weakness of resolution is its lack of goal orien-
tation. Simplification and clause elimination based on redundancy helps ameliorate
the problem, but one might also consider possible combinations of resolution with
such goal-oriented methods as the sequent calculus or semantic tableaux. Avron
[1993] provides some discussion of this problem. Semantic tableaux and variants
thereof, including the Davis-Putnam method, model elimination and SL-resolution,
can be viewed as tree-like theorem proving processes in which the limits of the in-
dividual branches are saturated under ordered resolution with selection. This view
may serve as a basis for further investigations of the combination problem.
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1. Introduction

Reasoning methods based on tableaux and their relatives gained a lot of attention in
the past decade after a long period of near stagnation. One reason is that theoreti-
cal and implementational progress finally permitted to build tableau-based theorem
provers [Moser, Ibens, Letz, Steinbach, Goller, Schumann and Mayr 1997} that can
compete [Sutcliffe and Suttner 1999] with state-of-the-art resolution-based systems,
at least for logic without equality. Tableau calculi are also well suited to cooper-
ate with [Ahrendt, Beckert, Hihnle, Menzel, Reif, Schellhorn and Schmitt 1998]
interactive theorem provers used for software verification, which are usually based
on sequent calculi. Another reason is the increased need for deduction in various
non-classical logics for which tableau calculi are a particularly good match.

Today, a large number of refinements of tableau-like calculi aimed at efficient
automated proof search are available. In fact, there are so many of them that it
has become quite difficult for the non-specialist keep track of the main develop-
ments. The difficulty of this task is increased by the plethora of names for closely
related systems: connection tableaux, connection method, hyper tableaux, matri-
ces, matings, model elimination, model generation, near-Horn logic programming,
SL-resolution all are relatives of each other.

In this paper I introduce the main lines of development of tableau-like calculi,
as far as they are relevant for automated reasoning, in a uniform framework. At
the same time I work out their mutual relationships and I classify the refinements
according to various properties.

Most refinements of tableau calculi are defined and implemented only for clause
normal form. Accordingly, after a brief treatment of tableaux for full first-order
logic in Section 3, the bulk of the material is presented on the clause level (the
transformation of arbitrary formulas into clause normal form is discussed in detail
in [Baaz et al. 2001, Nonnengart and Weidenbach 2001] (Chapters 5 and 6 of this
Handbook)). In Section 4 the main types of refinements of tableau-like calculi are
defined and discussed; in Section 5 a number of related calculi are defined relative
to the coordinates introduced in the section before. A brief section on comparison
and evaluation of calculi follows. The history of tableau-like proof methods is long
and vined. Many key ideas were discovered several times independently. I sketch
the major developments in the brief historical Section 7.

It was an editorial decision to handle certain topics closely related to tableaux not
in the present chapter. Equality reasoning in sequent and tableau calculi is discussed
in [Degtyarev and Voronkov 2001a] (Chapter 10 of this Handbook), material on
tableaux for non-classical logics in [Baaz, Fermiiller and Salzer 2001, Waaler 2001]
(Chapters 20 and 22), implementation techniques for (connection) tableau calculi
in [Letz and Stenz 2001] (Chapter 28).
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2. Preliminaries

Here some basic ingredients of computational logic are collected. This section cannot
replace a proper introduction into logic and elementary issues of theorem proving.
I recommend Fitting’s [1996] book as background.

2.1. Syntaz

A first-order signature ¥ = (Ps, Fy) consists of a non-empty set Py of predicate
symbols and a set Fy of function symbols. Each symbol in Pg, Fr has a fixed
non-negative arity. In addition, there is an infinite set Var of variables.

Given a signature X, the sets Ty, of terms and Ay, of atoms over ¥ are inductively
defined by:

1. Variables and 0-ary function symbols from ¥ are terms.

2.If ty,...,t, are terms, f is a n-ary function symbol from X, then f(t1,...,t,)
is a term over X.

3. If t4,...,tn are terms, P is a n-ary predicate symbol from X, then P(ty,...,t,)
is an atom over X.

The logical operators are the connectives V (disjunction), A (conjunction) and
- (negation), the quantifier symbols V and 3, and the constant operators true and
false.

Given a signature ¥, the set Ly of first-order formulas® over ¥ is inductively
defined by:

1. true, false and atoms over ¥ are formulas.

2. If ¢ is a formula, then —¢ is a formula.

3. If ¢1,...,¢0n, n > 1, are formulas none of which is a conjunction (resp., dis-
junction) formula, then ¢ A --- A ¢, (resp., ¢1 V --- V ¢,,) is a conjunction
(disjunction) formula.

4. If ¢ is a formula and z € Var, then (Vz)¢ and (3z)¢ are formulas. ¢ is called
the scope of the quantifier (Vz), resp., of (3z).

Formulas that are identical up to associativity of V and A are identified. Instead
of (Vz1)--- (Vz,)¢ write (Vz1,...,2,)¢p. A literal is an atom or a negated atom. In
the former case, one speaks of a positive literal, otherwise of a negative literal.

The size of a (set of) formula(s) is the number of symbols occurring in it. Let
||#]| stand for the size of a formula or set of formulas.

A formula is in negation normal form (NNF) if each occurrence of the negation
symbol in it is part of a literal.

A ground term (atom, literal, formula) is a term (atom, literal, formula) that
contains no variables. The set of ground terms is abbreviated with 7°. A proposi-
tional formula is, by definition, a ground first-order formula, in which no quantifiers
or function symbols occur.

Implication and equivalence are considered to be defined operators, i.e., ¢ — 9 is the same as
-¢ V9, and ¢ & ¥ is the same as (@ A Y) V (m@ V ).
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The complement ¢ of a formula ¢ is defined by: ¢ = 9 if ¢ is of the form —p,
and ¢ = ¢ otherwise.

An occurrence of a variable z in a formula is called bound if x occurs in the scope
of a quantifier over z, it is called free otherwise. A formula without free variable
occurrences is a sentence.

A clause is either the formula false or a sentence of the form (Vz,...,zn)(L1 V
+++V Ly,), m > 1, where L; are literals. For sake of readability the quantifier prefix
of first-order clauses is usually not written (but assumed to be present). If m = 1,
we speak of a unit clause. The formula false is the empty clause. Note that clauses
are particular formulas. A formula is in conjunctive normal form (CNF) if it is of
the form A]_, C;, where C; are clauses.

A clause with at most one occurrence of a positive literal is a Horn clause. A
clause with only positive (negative) literals is a positive (negative) clause. A non-
empty, positive Horn clause is called a fact (note that it must contain exactly
one literal), a non-empty, negative Horn clause is called a query. Non-empty Horn
clauses that are neither facts nor queries are called rule.

When C, D are ground clauses C C D means that every literal of C is also a
literal of D; L € D expresses that the literal L is a literal of clause D. A clause is
a tautology if it contains literals of the form p and —p for some atom p.

A substitution is a mapping o : Var — Tx. It is extended to terms and (sets of)
formulas as follows:

l.o(c)=c
. o(true) = true, o(false) = false
. 0(s(t1y-.-stn)) = s(o(tr),...,0(tn)) for s € Fx U Py, arity of s is n
-o(pre-edy) =0(p1)e- -e0a(d,) for e € {A,V}

. 0(=¢) = —o(¢)

. o((Qz)¢) = (Qy)o'(¢) for Q € {V,3}, where o’ =o\{z—~ t|t € T}U{z — y}
and y is a variable not occurring in (Qz)¢ such that o(y) =y
7.0({¢1,-..,8a}) = {o(d1),...,0(dn)}

If o(z) = « for all but finitely many = € Var we denote o by {z; — t1,...,2, —
tn}, where {z1,...,z,} are exactly the variables with o(z;) = t; # z;, and o(z) =
z for all other variables. Application of substitutions is usually written postfix,
composition of substitutions o o p is denoted by po (note that ¢(o o p) = (¢p)o =
#po). When for the substitution o all g(z) for z € V C Var are ground terms one
has a grounding substitution for the variables V. A renaming for a set of variables
{z1,...,z,} is a substitution v = {z1 — y1,...,Zn > Yn} such that the y; are new
and different variables in the context, where v appears. An idempotent substitution
is a substitution, for which s o 0 = 0.

Let |S| denote the cardinality of a set S. If T is a non-empty set of terms and
|To| = 1, then o is a unifier of T. It is a most general unifier (MGU) if for all
unifiers p of T there is a substitution § such that p = @ o ¢. Unifiability of a finite
set of terms can be decided in linear time. A unifiable set of terms has always an
idempotent MGU. See [Baader and Snyder 2001] (Chapter 8 in this Handbook) for
details.

S U W N
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An instance or, more precisely, a o-instance of a clause C' = (Vz1,...,z,)(L1 V
-V Lp,) is a formula (Ly V-V Ly,)o, where ¢ is any substitution. One has a
new instance of C, if o is a renaming for {z;,...,z,}. When ¢ is a grounding
substitution for {z,...,z,} one has a ground instance of C.

The subformulas of a formula ¢ are recursively defined as follows:

1. Every formula is a subformula of itself

2. If ¢ = ¢y e---0¢,, then any formula of the form = ¢;, »-- -0 @;_is a subformula
of ¢, where {i1,...,i,} C {1,...,n} and e € {A,V}

3. If ¢ = <, then 9 is a subformula of ¢

4. If ¢ = (Qz)%, then ¢ is a subformula of ¢, where Q € {V, 3}

If ¢ is a subformula of ¢ and ¢ # ¢ then v is a proper subformula of ¢. If ¢ is a
proper subformula of ¢ such that there is no proper subformula p of ¢ with ¢ being
a proper subformula of p, then v is an immediate subformula of ¢.

An occurrence of a subformula p in ¢ € Ly, is

1. positive if ¢ = p,

2. negative (positive) if ¢ is of the form —1) and the occurrence of p is positive
(negative) in 9,

3. positive (negative) if ¢ is an immediate subformula of ¢, but ¢ # —p, and the
occurrence of p is positive (negative) in 1.

2.2. Semantics

Given a first-order signature 3, a first-order structure M = (D, I) consists of a
non-empty set D called domain and an interpretation I that assigns to each n-ary
function symbol f € Fx a mapping I(f) : D™ — D and to each n-ary predicate
symbol P € Ps a relation I(P) C 2P".

A variable assignment for a first-order structure M is a mapping x : Var — D.
The d-variant of 1 at z is

pz(y) = .
u(y) otherwise
For a first-order structure M over signature ¥ with variable assignment u we

define t™M+* for all ¢t € Ty, inductively:

M = p(z) for z € Var

Fltry o ta)Mb = I(F)(EVE, . 88 for f(ta,... ) € Tr
Truth of formulas ¢ € Ly, in M under y, written (M, p) = ¢, is defined as follows:

(M, p) [ true for all M and p

(M, p) [= false for no M and

(M, ) EP(ta,...,t,) iff (M4, tM#) € I(P) for P(ty,...,ts) € Ap
(M’ P’) |=—'¢ iff not (M, p’) '=¢

(M,p)Ed1A---ANg, iff M,pu)E¢;forallie(l,...,n}
Myp) EdrV--- Ve, iff (M,pu)E¢; for at least onez € {1,...,n}
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(M, p) E (Vz)¢ iff (M,pg)=¢foralldeD
M, p) E (3z)¢ iff (M, pl) = ¢ for at least one d € D

A formula ¢ is satisfiable in M, if there exists a p such that (M, u) = ¢. A set
of formulas is satisfiable, if each of its members is satisfiable simultaneously under
the same variable assignment.

A first-order structure M over signature X is a model of a set of formulas ¥ C Ly,
denoted M = ¥, if (M, u) ¢ for all ¢ € ¥ and variable assignments p. In the
light of this definition, CNF formulas are identified with finite sets of clauses. A
sentence ¢ is a logical consequence of a set of sentences ¥, denoted ¥ |= ¢ if each
model of ¥ is also a model of @. ¢ is valid, written = ¢, when each structure M is
a model of ¢.

A first-order structure M = (D, I) over signature I is a term domain structure

if D =73

2.1. PROPOSITION. For all sentences ¢ € Lx and sets of Lx-sentences ¥: ¥ 5 ¢
iff YU {—¢} is unsatisfiable.

For skolemization we do not use symbols from Fy but from a special infinite
set Fyy, of Skolem function symbols that is disjoint from F5:; the extended signature
(Px:, Fs. U Fg,) is denoted with X*.

Here is a variant of the Lowenheim-Skolem theorem that will be needed:

2.2. THEOREM. If a sentence ¢ € Ly is salisfiable, then it has a ¥*-term model.

In the following, assume Fy; contains at least one constant, then 78 # 0. A term
domain structure (72, 1), where, in addition, I(f)(¢1,...,tn) = f(t1,...,ts) for all
f € Fyx, is called Herbrand structure.

2.3. THEOREM (Herbrand’s Theorem). Assume that ¢ is a sentence of the form
(Vzi1,...,2.)¢, where ¢ is quantifier-free; ¢ is unsatisfiable iff there is an m > 1
and grounding substitutions 6; for {z1,...,z,} such that A, (0;) is unsatisfiable.
The minimal number m, for which this is possible is the Herbrand complexity of ¢.

In particular, let S be a finite set of clauses. Then S is unsatisfiable iff there is
a finite unsatisfiable set S of ground instances of S.

The result is due to Herbrand [19308); a proof is, for example, in [Smullyan 1995).

3. The Tableau Method
3.1. Informal Introduction

It is common to view the tableau method as a proof by contradiction and case
distinction (this view was already stressed by pioneers Beth [1955] and Hintikka
[1955]). More precisely, it allows one to systematically generate subcases until ele-
mentary contradictions are reached. Let us go through a small example:
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Assume we want to prove the following simple theorem from elementary set
theory: for arbitrary sets P,Q, R,

(1) P#0
if{ (2) PCQ then PNR#.
8) QCR

The proof is by contradiction: assume PN R = §. From (1) we know that there
is an element ¢ € P. Now apply (2) to c: if ¢ € P, then ¢ € Q. But we know already
that ¢ € P, hence, ¢ € (). Note that (2) can be seen as an implicit case distinction:
either ¢ € P or ¢ € @, where the first case immediately contradicts (1). In the same
way, deduce from ¢ € @ with (3) that ¢ € R. At this point, apply the assumption
to c: either ¢ € P or ¢ € R. Both cases yield a contradiction immediately.

The proof is easier to follow, if displayed tree-like as in Figure 1. Observe that
case distinctions can be generated schematically depending on the form of their
premise. At several points, premises had to be suitably instantiated.

Premises (2), (3), and the assumption are universally quantified, for instance,
the assumption says that for all elements z, z cannot be both an element of P and
of R. In automated theorem proving finding instances is done by unification—one
tries to find a substitution that produces a contradiction in the current branch
of the proof (in the example this is {z — c}). In general one needs, of course, to
apply a premise more than once during a proof. The number of applications, closely
related to Herbrand complexity in Theorem 2.3, cannot be computed in advance
(otherwise, first-order logic would be decidable). One of the problems that tableau
methods must solve is to systematically enumerate “enough” (this is made precise
later) instances of universally quantified formulas.

From premise (1) one obtains existentially quantified expressions saying that P
must contain at least one element. In automated theorem proving such witness
elements are produced by skolemization: the existentially quantified variable is re-
placed by a “new” term that has not yet an interpretation (again, this is made
precise later).

(1)~(3) & Ass.

ceP
ifce P }nceQ
x ifce@ \thenceR
X either c ¢ P >C¢R
X X

Figure 1: Structure of an informal proof by contradiction and case distinction.
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a Q1y...,0n B B,y Bn
A An P1y.--yPn AnV...Von P1y---sPn
"1(¢1V...V¢n) 1,y Pn —l(¢1/\.../\¢n) —P1,..., 0y

¢ ¢

—false true

—true false

Y M 0 01
(Vz)(¢(z))  ¢(z) -(Vz)(4(z)) -¢(z)
-(3z)(¢(z)) —¢(z) (Ez)(¢(z))  ¢(z)

Table 1: Correspondence between formulas and their types.

3.2. Non-clausal Tableauz with Unification

3.2.1. Unifying Notation

The first step in formalizing the considerations in the previous section is to supply
formal rules that tell in which way a formula is analyzed according to its leading
connective. Smullyan [1963] and Lis [1960] independently observed? that some work
can be saved if non-literal formulas are grouped into types which are treated iden-
tically: a for formulas of conjunctive type, 3 for formulas of disjunctive type, -y for
quantified formulas of universal, and § for quantified formulas of existential type.
Correspondence between formulas and their types is summarized in Table 1. By
convention, doubly negated formulas and negated logical constants are treated as
type a-formulas (with n =1).

The letters a, 8, v, and § are used to denote formulas of (and only of) the
appropriate type. In the case of 4- and é-formulas the variable z bound by the (top-
most) quantifier is made explicit by writing y(z) and ¥ (z) (resp., §(z) and &, (z));
accordingly 7:(t) denotes the result of replacing all occurrences of z in 7, by ¢.
Without loss of generality assume that no variable of ¢ occurs in the scope of
a quantifier in 7, or 4;. If necessary, this can be achieved by renaming the bound
variables in «; and d;. Associativity of A and V justifies conjunctive and disjunctive
formulas with an indefinite number of arguments.

Some authors [Lis 1960, Smullyan 1995]) prefer to work with signed formulas.
These are expressions of the form T ¢, F ¢, where ¢ is a formula. Signed formula
tableaux relate more directly to sequent calculi, because T-signed formulas play
the role of formulas standing left of a sequent arrow while F-signed formulas are on
the right (see also Section 4.8.1 below). In classical logic theorem proving there is
no particular gain from signs, but in non-classical logics their use is indispensable

2See Section 7; see [Fitting 1999] for a full historical account.
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[Beckert and Goré 1997, Hahnle 1999).

3.2.2. Tableau Rules
With the help of unifying notation decomposition rules for arbitrary formulas can
be given in a concise way.

In Table 2 expansion rule schemata for the various formula types are given.
Premises and conclusions are separated by a horizontal bar, while vertical bars in
the conclusion denote different eztensions. The formulas in an extension are implic-
itly conjunctively connected, and different extensions are implicitly disjunctively
connected. We use n-ary o- and -rules; for example, when the S-rule is applied
to a formula ¢ = ¢ V...V ¢, then 9 is broken up into n subformulas (instead of
splitting it into two formulas ¢; V...V ¢, and ¢,41 V... Vén, 0 <7 < n).

Type « formulas are simply stripped from their quantifier while the quantified
variable is renamed into a variable not occurring elsewhere. Instantiation of free
variables is delayed.

The é-rule is the most technical rule. Its purpose is to replace an existential
quantifier with a witness element or Skolem term. It incorporates two important
optimizations with respect to the more straightforward rule of [Fitting 1990]: the
first is that the choice of the witness element merely depends on the free variables in
4, not on all free variables on the current branch; in addition, the leading function
symbol f of the Skolem term may be the same for §-formulas which are identical
up to variable renaming, formally:

3.1. DEFINITION. Given a signature ¥ = (Pg, Fx), the function sko assigns to
each § € Lx- a symbol skos € Fg, such that (a) skos > f for all f € Fg, occurring
in 4, where > is an arbitrary but fixed ordering on Fgy,, and (b) for all 4,4’ € Lx
the symbols skos and skoj are identical if and only if § and §' are identical up to
variable renaming (including renaming of the bound variables).

The purpose of condition (a) in the above definition of sko is to avoid cycles like:
skos occurs in ¢’ and skoj occurs in 4.

Both improvements of the §-rule together have the consequence that its conclu-
sion can be computed locally to the formula é—no “global” information is required.

Skolemization rules for normal form computation are due to Andrews [1971} and
Bibel [1982¢]; specific tableau rules seem to appear first in [Brown 1978], they gained
wide popularity -through [Fitting 1990]. Our é-rule is from [Beckert, Hahnle and
Schmitt 1993], further improvements are possible [Baaz and Fermiiller 1995, Giese
and Ahrendt 1998, Cantone and Nicolosi Asmundo 1998].

3.2.8. Tableau Proofs

As was hinted at already, tableau proofs are trees whose nodes are formulas that are
(sub)goals in the proof and the tree structure gives the logical dependence between
them. Assume we want to prove that a set of sentences ® logically implies a sentence
1. By Proposition 2.1 this amounts to checking that the set of sentences ® U {9}
is unsatisfiable.
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a B ¥(z) é(z)

o Br| | Bn M) b1(skos(z1,...,Zn))
: y € Var is new zi,...,Tn are the

a to the tableau. free variables in 6.

Table 2: Rule schemata for tableaux with unification.

3.2. DEFINITION. Let ¥ be a first-order signature. A tableau (over X) is a finitely
branching tree whose nodes are formulas from Ly+. A branch in a tableau T is a
maximal path in 7.3 A tableau calculus is a set R of rules each having a set ® of
sentences from Ly and, optionally, a tableau for ® as premises, and another tableau
for @ as conclusion. For each concrete ®, the transitive closure of these rules defines
a set of tableaur constructed with R for ®.

Our main example of a tableau calculus in the present section are tableauz with
unification:

3.3. DEFINITION. Given a set ® of sentences from Ly, a tableau with unification
for ® is defined as a tableau constructed with the following rules:
1. The tree consisting of a single node true is a tableau for ® (initialization rule).
2. Let T be a tableau for ®, B a branch of T, and v a formula in B U ®. Consider
an arbitrary instance of a tableau rule schema in Table 2 with premise ¢ and
n extensions. Obtain the tree T by extending B with n new linear subtrees
whose nodes are the formulas in the extensions of the rule instance. Then T” is
a tableau for & (expansion rule).
3. Let T be a tableau for ®, B a branch of T, and ¥ and %' literals in BU®. If ¢
and ¢’ are unifiable with MGU o, and T" is constructed by applying o to all
formulas in T (i.e., T' = T'o), then T" is a tableau for ® (closure rule).

The last item in this definition incorporates two conditions: first, MGUs are
used instead of arbitrary substitutions; second, 1 and 9’ are literals, not arbitrary
formulas. The former is crucial, because there are only finitely many MGUs (up to
renaming of variables) of formulas and their complements in a finite tableau. If & is
finite this implies that there are systematic procedures for enumerating the (finite)
tableaux for &.

Branches in a tableau correspond to different subcases in a proof. Formulas occur-
ring in tableaux with unification may contain free variables, hence, Definition 3.3(3)
is required to produce an explicit contradiction in a subcase/branch. A tableau proof
is finished when this has been achieved for all branches, formally:

3When no confusion can arise, branches are frequently identified with the set of their nodes
(formulas).
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3.4. DEFINITION. In a tableau T for a set ® of sentences a branch B is closed iff
B U & contains a pair ¢, ¢ € Lx. of complementary formulas, or false; otherwise,
it is open. A tableau is closed if all its branches are closed.

A tableau proof for (the unsatisfiability of) a set ® C Ly of sentences is a closed
tableau T for ®.

3.5. REMARK. In the previous definition, not only formulas from B, but also from
® are permitted to participate in branch closure. As a consequence, for example,
any tableau for ® = {false} is closed. Some authors prefer to define branch closure
with respect to only B. In this case an additional tableau construction rule that
fetches formulas from & and places them on some branch is required. Our version
was chosen, because it allows a more uniform presentation of various calculi.

3.6. EXAMPLE. We are now in a position to formalize the introductory example
from Section 3.1. Sets P, @, R are represented by unary predicates P,Q, R: their
characteristic functions. Then, over the signature ¥ = ({P,Q, R}, {}), the claim
holds if and only if the set ® consisting of the following Lx-sentences is unsatisfiable:

(1) (B=)P(z)

(2) (V2)(=P(z) v Q=)
3) (Vz)(-Q(=) V R(z))
4) (V2)(-P(z) vV ~R(z))

Figure 2 shows a tableau T with unification for ®. The nodes of the tableau are
numbered starting from 5 (the numbers 1-4 refer to the formulas in &); an expres-
sion [i; j] is in front of the i-th node N;, where j signifies that N; stems from an
expansion rule applied to N; (respectively, to formula (j) in ®).

All branches of T' can be closed; a closure is indicated by an arc between its
complementary literals, labeled with the required MGU. Observe that MGUs are
applied to all nodes in the tree. For example, the MGU of nodes 12 and 15 is the
identity, because z3 is instantiated during unification of nodes 6 and 14. Convince
yourself that the tableau is well-defined.

In the following we say just ‘tableau’ instead of ‘tableau with unification’, if it is
clear from the context that the latter is meant.

Occasionally, we speak of the size of a tableau. Formally, the size of a tableau is
the sum of the sizes of the formulas occurring in it.

3.2.4. Tableau Semantics and Soundness

Since our goal is to use tableaux as a framework for formal proofs, we require to
extend semantics from formulas to tableaux. Our guideline here is to ensure that
there exists a closed tableau for ® iff & is unsatisfiable. We fixed already that a
tableau represents the disjunction of its branches which in turn are considered as
conjunctions of their labels. By a standard argument then, the equivalence above is
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[5:-] true
16;1] P(c)
[7:2] _'P(Zl) \% Q(:L'l)
\
[9:;7] ?(11)
10;3) =Q(z2) V R(z3)

{z1 — c}

(8;7) ~P(z;)

[11;10] ~Q(z2) (12;10] R(z2)
X

[18;4] =P(z3) V ~R(z3)
id
[14;13] = P(z3) (15;13] = R(z3)

X X

Figure 2: Tableau proof for & from Example 3.6.

reduced to the question whether the tableau construction rules leave tableau satisfi-
ability unaltered. This is a routine matter for all but the é-rule, which requires some
care. Recall that two optimizations were incorporated into this rule (Section 3.2.2):
(i) the variables of the Skolem term are restricted to the free variables of 4, (ii) the
leading function symbol skos of the Skolem term is not unique in a tableau proof.
Tableau semantics must be carefully chosen to reflect these restrictions. To meet (i)
it suffices to treat free variables in a tableau essentially as if they were universally
quantified.

3.7. DEFINITION. A tableau T for ® C Ly is satisfiable if there is a structure M
of ® such that for every variable assignment u there is a branch B of T with
(M, p) £ B. In that case we say that M is a model of T', denoted by M = T.

For (ii) it is important that Skolem function symbols are interpreted in the “right”
way. The most elegant way to achieve this, is to define formula semantics with
respect to only such interpretations—let us call them canonical interpretations. Of
course, one needs to show then that each satisfiable formula can be satisfied by a
canonical interpretation.

3.8. DEFINITION. A term domain structure M = (D,I) is canonical iff for all
variable assignments p and all §(z) € Ly-: if (M,p) E §(z) then (M,p) E
01 (skos(z1,...,2,)), where z1,...,T, are the free variables in 4.

3.9. LEMMA ([Beckert and Hahnle 1998]). Given a signature I, if the set ® C Ly
of sentences is satisfiable, then there is a canonical structure M* over ©* such that
M* = &.
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3.10. COROLLARY. Let M* be a canonical structure over L*, u a variable assign-
ment, and ¢ € Ly-; and let ¢' be constructed from ¢ by (a) replacing a positive
occurrence of some §(z) in ¢ by 61(skos(z) (21, - .,2r)), or by (b) replacing a nega-
tive occurrence of 6(z) in ¢ by 6 (skos(z)(Z1,...,2n), where T1,...,T, are the free
variables in 6(z). Then (M*, u) = ¢ implies (M*, ) = ¢'.

3.11. LEMMA. Any tableau T with unification constructed for a satisfiable set of
Ly -sentences is satisfiable.

PRrOOF. By definition of tableaux with unification, there is a sequence T3, ...,T,
(m > 0), where T = T,,, and T} is the initial tableau whose single node is true, and
where T}, is constructed from T; by applying a single tableau expansion or closure
rule. By Lemma 3.9, the input set is satisfied by a canonical structure M* over I*.
By induction on m one proves that M* satisfies all of T4, ..., Ty and hence T. The
induction step is easy (see [Fitting 1996] for details) and all cases, but the d-rule
case are straightforward. The latter, however, holds by the corollary. O

Now assume we have a closed tableau T for a set of Lx-sentences ®. Obviously, no
structure and variable assignment can satisfy a closed branch, so T is unsatisfiable.
By the preceding lemma, & is unsatisfiable as well. This proves:

3.12. THEOREM (Soundness). If there is a tableau proof for a set ® C Ly of sen-
tences, then ® is unsatisfiable.

Completeness is stated and proven in Section 3.4.

8.2.5. Universal and Rigid Variables

In general, different instances of the variables in the scope of a universal quantifier
are needed in order to close a branch (or a subtableau). In tableaux with unification
the mechanism to achieve this is to apply the «-rule multiply to generate formula
instances with different free variables. It is crucial to note that free variables in
tableaux are not implicitly universally quantified locally to the branch on which
they occur®, but are rigid: any substitution ¢ with o(z) # r must be applied to
all occurrences of z in a tableau. Figure 3 shows an unsound tableau proof for the
invalid formula ¢ = (Vz)(P(z) V Q(z)) = ((Vz)P(z) V (Vz)Q(z)) that would be
possible if free variables were not handled rigidly.

In some cases, though, it is sound to treat free variables as if they were quantified
universally. For example, if we have a tableau for ® = {~P(c) V ~P(d), (Vz)P(z)}
that consists of two branches, one containing P(z;) and —P(c), and the other
containing P(z;) and —P(d). This tableau cannot be closed immediately as no
single substitution closes both branches. To find a proof, the y-rule has to be applied
again to create another new instance of (Vz)P(z). In this example, (Vz)P(z) is a
logical consequence of ® and the formulas already on the tableau (in a sense made

4In contrast to this, resolvent clauses in a resolution calculus, for example, are universally
quantified.
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true
i
-~ (Vz)(P(z) V Q(z))
-(Vz)P(z)
=(Vz)Q(z)
vz)(P(z) V Q(z))
"Pl(c) {eamrd}
'1Ql(d)
P(zy) v Q(z1)

P(z,) (1)
X X

Figure 3: Unsound tableau proof due to non-rigid treatment of free variables.

precise in Definition 3.13), hence, (Vz)¢(z) can be added to each branch. In this
situation, substitutions with differing values for z can be used without destroying
soundness of the calculus. The tableau for & then would close earlier. Recognizing
such situations and exploiting them allows using more general closing substitutions,
yields shorter tableau proofs, and in many cases reduces the search space.

3.13. DEFINITION. Suppose ¢ is a formula on a branch B of a tableau T for ® C Lx.
Let T" result from adding (Vz)¢ to B for some z € Var. Formula ¢ is called universal
on B with respect to z if every model of T is also a model of T".5 Denote with
UVar(¢, B) the variables with respect to which ¢ is universal on B.

Instead of designing a closure rule that takes universal variables into account
(Definition 3.3(3)), we generalize the concept of a unifier:

3.14. DEFINITION. A substitution o is a unifier of formulas ¢, ¢’ on a branch B of a
tableau T if it is the restriction of a substitution 7 with the property (¢7)r = (¢'7')T
to Var \ U, where U = UVar(¢, B) N UVar(¢', B) and =, n' are renamings of the
variables in U with variables new to T'.

With the closure rule based on this modified concept of unification, a tableau
proof with less applications of expansion rules than in the standard calculus of
tableaux with unification may be found; the calculus is strengthened.

Recognizing universal formulas is undecidable in general, however, a practically
important subclass can be recognized easily (and this can already shorten tableau

5When obvious, a formula ¢ being universal on a branch B with respect to a variable z is just
referred to as “the universal formula ¢,” and z as “the universal variable z.”
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proofs drastically): in any sequence of tableau rule applications with a variable z
introduced by a 7y-rule application and not distributed over different branches by
B-rule applications, all formulas generated during this sequence of rule applications
are universal with respect to z, formally:

3.15. LEMMA. A formula ¢ on a branch B of a tebleau T is universal with respect
to z on B if in the construction of T the formula ¢ was added to B by applying
1. a y-rule and z is the free variable introduced;
2. an a-, v-, or é-rule to a formula that is universal on B with respect to z; or
3. a B-rule to a formula B that is universal on B with respect to z, and = does
not occur in any B; # ¢.

The proof of soundness of tableaux with unification (Theorem 3.12) can accom-
modate the universal formula technique. Bibel [1982] proposed a technique for re-
ducing the size of proofs in the connection method, called splitting by need; like
universal formulas it is based on the idea to avoid copying a universally quanti-
fied formula in cases where it is sound to use a single copy with different variable
instantiations.

3.2.6. Binary versus n-ary Rules
The n-ary branching tableau rules for type 8 formulas in Table 2 have a binary
variant

B
Bi| BiV--VBiaVBiya V-V Bn

(3.1)

which in fact is the more popular one and used, for example, in [Smullyan 1995,
Fitting 1996]. Only recently, Massacci [1998¢] pointed out that tableaux based on
the n-ary rule cannot polynomially simulate tableaux based on (3.1) with respect
to the minimal proof size, see also Section 6. In the present paper I work with the
n-ary rule to achieve maximum uniformity among clausal and non-clausal tableaux.
There is no loss of generality in doing so, because it is obvious that rule (3.1) can
polynomially simulate the n-ary rule.

3.3. From Calculus to Proof Procedure

Tableau soundness gives the desirable property of tableaux with unification that
a closed tableau for & signifies validity of V¢€¢ . There remains the question,
whether for all valid sentences a tableau proof exists and, if this is the case, how it
can be found. While the first question can be answered affirmative, for the second,
a fully satisfactory answer is not yet available. This requires some explanation.
Definition 3.3 consists of a bunch of rules that define how to construct a tableau.
In Section 3.4 it is shown that there exists a closed tableau with unification for
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any given unsatisfiable set of sentences. This property of a calculus is called com-
pleteness. There is only a finite number of rules that can be applied to each given
tableau, so it is a routine task to breadth first search for tableau proofs.

It would be much better, of course, if there were no need for search. Define a
tableau proof procedure to be a tableau calculus equipped with a function F' that,
given a set of sentences ® and a tableau T, computes in deterministic polynomial
time (in the size of ® and T) the next rule to be applied on T. It can be thought
of as a “deterministic calculus”: its rules allow to construct at most one successor
tableau from any given tableau and set of sentences. If the tableau proof procedure
computes a tableau proof for any given unsatisfiable sentence, it is called strongly
complete. The function F is called a computation rule. Let me point out why it is
a difficult problem, to find strongly complete tableau proof procedures.

Usually, a great number of rules is applicable to any given tableau. More precisely,
one must first select a branch B, where a rule is applied, then decide whether an
expansion rule or a closure rule is used; in the first case one must choose a formula
¥ € BU ®, in the second case a pair of literals on B. Let us refer to these kinds
of nondeterminism with the phrases select branch, select mode, select formula, and
select pair in the following. In the propositional case no substitutions occur and,
to arrive at a strongly complete tableau proof procedure, it suffices to select each
non-literal formula exactly once on each branch in any order.

In the first-order case, one needs to apply rules more than once to certain formu-
las (otherwise, first-order logic were decidable). Making an arbitrary choice for a
computation rule in the first-order case, however, results in general in an incomplete
proof procedure.

In Figure 4, for example, the y-formula is always preferred for expansion rule ap-
plication, delaying expansion of the inconsistent propositional formula indefinitely.
In an obvious way, the formula QA-Q is treated unfair. This motivates the following
definition.

®= {Q A _'Qv tr'_]e
(Vz)P(z)} P(z1)

v-rule

Figure 4: Incompleteness caused by unfair select formula.

3.16. DEFINITION. The set of tableaux with unification for a given set of sentences
® C Ly is partially ordered relative to a computation rule F', where the successor
of a tableau T for & is the tableau computed from T by F. This defines a (possibly
infinite, if ® contains at least one type v formula) ascending chain starting with
the initial tableau Ty for ® and supremum 7, (which exists by Zorn’s lemma).

A computation rule F is fair if for all & the following holds for all branches B
in tableau T, for ®:
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1. All formulas of type a, 8, and § occurring on B or in ¢ were used to expand B
(by applying the appropriate expansion rule)

2. All type v formulas occurring on B or in ¢ were used infinitely often to ex-
pand B (by applying the y-rule).

It is simple to construct a fair computation rule, but this is not sufficient for
strong completeness, because the above notion of fairness says nothing about clo-
sure. Combining fair application of the expansion rules with fair application of the
closure rule, however, is a difficult problem, because tableaux with unification are
destructive:

3.17. DEFINITION. A tableau calculus is non-destructive if all tableaux that can
be constructed with the help of its rules from a given tableau T contain T as an
initial subtree; otherwise the calculus is destructive.

For example, at first sight it might seem to be a good idea to apply the closure
rule in a “greedy” manner, that is, as early as possible. Alas, it is not so. One
problem is that several pairs of closure literals (with incompatible MGUs) may
compete, but this is not all. In Figure 5, independently from which branch is closed
first, the variable z; gets “used up” by a substitution that blocks closure of the
other branch. Of course, a second free variable instance of the y-formula may be
created, but then the same happens one level below etc.

¥ = ((P(b) A P(c)) = P(z)) = =(Q(z) - (Q(d) V Q(c)))
@ = {(Vz)y, P(a), ~Q(d)}
possible

trre
closure

~((P(®) A P(0) w/(m» m+ QM) V Q(c)
~~(P() A P(©) ~Q(z1)
~P(a) ~(Q(6) V Q)
P(8) A P(c) Q(as)

possible
closure

Figure 5: Incompleteness caused by unfair select mode.

Tableau with unification are (trivially) not destructive for propositional logic and
for quantifier-free sets of sentences.

A non-destructive tableau calculus equipped with a fair computation rule gives
a strongly complete proof procedure. Examples of non-destructive tableau calculi
are Smullyan’s [1995] ground tableaux and Fitting’s [1996] tableaux with delayed
instantiation rule, see below. As mentioned already, tableaux with unification are
destructive. The culprit is the closure rule, Definition 3.3(3).

Independently of being destructive, a complete tableau calculus may fail to be
proof confluent:
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3.18. DEFINITION. A tableau calculus is proof confluent, if from every tableau for
an unsatisfiable set of sentences a closed tableau can be constructed.

In other words, the search space of a proof confluent tableau calculus contains no
“dead ends”, from where no proof can be found. A strongly complete tableau proof
procedure is trivially a proof confluent tableau calculus. Thus, proof confluence is
a necessary prerequisite for strong completeness.

A destructive tableau proof procedure still might be strongly complete, but as
witnessed by the example in Figure 5, it might as well be not. At the present time,
no strongly complete, destructive tableau proof procedure is known that works
well in practice (there is hope, however, see Section 4.7). Therefore, it is worth
discussing possible ways around the problem. Another reason is that some of the
techniques dealing with destructiveness also deal with lack of proof confluence: some
of the more important complete refinements of the tableau calculus are not proof
confluent. This is discussed in Section 4.3 below.

An obvious way to tableaux with unification into a strongly complete proof pro-
cedure is to separate application of expansion and closure rules. Under a fair com-
putation rule, delay the application of the closure rule until all tableau branches
can be closed simultaneously by a suitable substitution. This is the path chosen
in Fitting’s [1996] text book—and it has its inefficiencies: first, one cannot discard
closed branches until the proof is essentially finished which might lead to storage
problems (this can be partially remedied, see Section 3.5), and second, after each
expansion rule application, the whole tableau must be tested for closure, which is
very redundant. If more sophisticated data structures were used and the different
MGUs available to close each branch were maintained as a tableau-wide constraint
system that can be incrementally tested, then this approach might still be worth a
try. There is experimental evidence to support this [Giese 2000].

Another option for implementing tableau proof search, which was mentioned
already, comes from the observation that its nondeterminism is locally finite—from
each tableau only a finite number of successor tableaux can be constructed. Envisage
tableau proof search as a, possibly infinite, search tree whose nodes are tableaux.
The root node contains the trivial tableau. The successors of a node are all the
tableaux that can be constructed from it with one of the available tableau rules.
Nodes that contain a closed tableau are success nodes. Even though the whole
search tree is infinite, success nodes occur at finite depth and can be searched for
in a breadth first manner. This approach is impractical, however, because of space
requirements.

Stickel [1992] suggested to replace breadth first search by depth first search with
backtracking and iterative deepening of the search depth (DFID search), which has
only a small overhead in run time as compared to breadth first search, but is much
more space efficient [Korf 1985].

DFID tableau proof search is based on a mapping m from IN to subsets of the
tableaux that can be constructed with a given calculus, such that |J;cpy m (i) con-
tains all these tableaux. Common choices® for m, which is called completion mode,

SThese options are implemented, for example, in the provers 3’1’4P [Beckert, Hahnle, Oel and
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include the following:
e m(i) = all tableaux with depth 1

. ...with ¢ nodes
. ... with 7 applications of 4-rule (per branch)
. ... with nesting depth 7 of terms

Now the parts of the search space containing the tableaux in m(1), m(2),...
are successively enumerated by depth first search with backtracking. To increase
efficiency of the search it is important to get rid of as many nodes in the search space
as possible. In the DFID setup this means to minimize the amount of backtracking,.
It is obvious that one may choose any deterministic strategy for select branch as all
branches need to be closed eventually. In addition, it is not difficult to implement
a fair computation rule that gets rid of select formula [Fitting 1996]. This leaves
the—destructive—branch closure.

Tableau proof search based on DFID with backtracking over nodes correspond-
ing to select mode and select pair is elegant and fast, when implemented in logic
programming languages [Stickel 1992, Baumgartner and Furbach 1994, Beckert and
Posegga 1995].

3.4. Tableau Completeness

The preceding discussion shows that it is difficult to ensure strong completeness of
tableaux with unification. On the other hand, it is not too difficult to show mere
existence of a closed tableau for each unsatisfiable set of sentences. The presentation
of the latter result closely follows [Beckert and Hahnle 1998].

It is convenient to work with a data structure that slightly abstracts from tableau
branches: so-called Hintikka sets (named after their inventor Hintikka) may contain
an infinite number of formulas whose order is irrelevant. A model can be immedi-
ately constructed for any Hintikka set.

3.19. DEFINITION. A set H C Ly« of sentences is a Hintikka set if it satisfies the
following conditions:

1. false ¢ H and there are no complementary literals in H;
2. if a € H, then all o; are in H;

3. if B € H, then some §; is in H;

4. if y(z) € H, then 7, (t) € H for all t € TX.;

5. if 6(z) € H, then &;(t) € H for some t € TZ..

3.20. LEMMA (Hintikka). Fvery Hintikka set is satisfiable.

PROOF. An Herbrand model over the signature X* is simply defined by setting
Pl(ty,...,t;) = trueiff P(ty,...,tx) € H for P(ty,...,t) € A%.. By induction on
the structure of formulas in H it is easy to prove that M = H. O

Sulzmann 1996] and Setheo [Moser et al. 1997].
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3.21. THEOREM (Completeness). If the set ® C Ly of sentences is unsatisfiable,
then there is a tableau proof for ®.

PROOF. Let (Ty)n>0 be a sequence of tableaux for & constructed with a fair com-
putation rule, containing no closure rule applications, and with limit T,. We define
a particular grounding substitution o, as follows: let (Bx)k>0 be an enumeration
of the branches of T, and (¢;);>0 an enumeration of the y-formulas in To,. For
every y-formula ¢;, if ¢; occurs on By let z;jx name the new variable introduced by
the j-th application of the y-rule to ¢; on By. (Note that different z;jx can name
the same variable.) Finally, let (¢;);j>o0 be an enumeration of T3..

If we want to extract a model of & from By, then the instances of the ¢; on
By0os must “cover” all ground terms ;. It suffices to choose oo (zijk) = t; for all
i,J,k > 0. (If z;jx and z; j5» name the same variable, then ¢ =4’ and j = j', 50 0o
is well-defined.)

By construction of 0, and fairness, if B is a branch in T, and Bo, is open, then
Bo, U® is a Hintikka set and so & is satisfiable. This contradicts the assumption,
hence To,0 is closed. The tree Too0o is finitely branching and the distance of all
formulas involved in closures to the root node is finite. Then, by Konig’s Lemma’,
there is an n > 0 such that the finite tableau T,,0 is closed.

In general, 0 is not a most general unifier of complementary literals used in
closures and cannot be used in an MGU closure rule application to T;,. Therefore, it
remains to show that o can be suitably decomposed. This is done with a standard
lifting argument: 0o, = 6 0 0, 0 g,_1 0--- 0 01, where o; is a most general closing
substitution for the instance B;o,03...0;_; of the i-th branch in T, (0 < 7 <
r 4+ 1); o is the part of o, not actually needed to close 7},. The o; are constructed
inductively:

Let 0] = 0. For 1 < i < r+1, let g; be a most general substitution such that
(1) o}_, is a specialization of g; (there is a substitution o} such that o}_, = g0 0;)
and (2) o; is a closing substitution for B;0102...0;,—1. Now o; is a most general
closing substitution of B;o105 ...0;_1. Otherwise, there is a closing substitution o}’
being more general than o;. The is-more-general relation is transitive, hence o} is
more general than o}_; in contradiction to o; being already a suitable most general
substitution. Finally, let ¢ = o. a

It suffices to apply the appropriate expansion rule exactly once to each «, 3, or é-
formula on each branch to obtain a Hintikka set from a fairly constructed sequence
of tableaux. This has the practically relevant consequence that only to y-formulas
must a rule be applied more than once per branch.

3.5. Proof Representation

3.5.1. Trees, Matrices, Connections & Matings
Trees are quite a redundant way to represent proofs. Notably, each expansion step
gives rise to new copies of some subformulas. This is unnecessary, as the result of an

T«A tree that is finitely branching but infinite must have an infinite branch.” A proof is, for
example, in [Fitting 1996].
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expansion step is uniquely determined once the position, where it is to be applied,
is fixed. In the case of formulas in negation normal form (NNF), the situation is
even simpler: up to variable instantiation, any formula occurring in a tableau for a
formula ) in NNF is just a subformula of 1. Therefore, in the case of quantifier-free
sentences in NNF, a tableau branch can be viewed as a sequence of positions of
certain subformulas.

Such representations were first suggested independently by Davydov [1973], Bibel
and Schreiber [1975], and Andrews [1976]. Bibel [1979] and Andrews [1981] defined
procedures to check the validity of first-order formulas in NNF (in this case, one
must record substitutions as well).

Full accounts of Bibel’s matriz or connection method are [Bibel 19825, Bibel
1987], of Andrews’ general matings it is [Andrews 1981].

For the present discussion it is sufficient to define a matriz simply as an NNF
formula not containing true, false, written in a two-dimensional notation: the im-
mediate subformulas of a disjunctive formula are stacked vertically onto each other,
while the immediate subformulas of a conjunctive formula are written in a horizon-
tal row and enclosed between square brackets; literals are unchanged. To simplify
things we start with propositional logic.

3.22. EXAMPLE. The NNF formula ¢y = PA(=PV ((-PV Q) A—-Q)) is represented
as follows, where different occurrences of the same literal are distinguished by a

superscript:
-Pp1
Q

-p?

A path through a matrix M is a set 7 = {M,..., M,} of occurrences of subma-
trices (which can be literals) defined inductively:
1. For every matrix M, {M} is a path through M (note that M can be a literal).
2. If M consists of rows My,..., M, and = is a path through some M; for i =
1,...,r, then 7 is a path through M.
3. If M consists of columns M,,...,M, and m; is a path through M; for all
i=1,...,n,then m U...Un, is a path through M.

1
Some paths in the example are m; = {P, [ ﬁg -Q ]}, m = {P,Q,-Q},
while w3 = {P,-~P1,-P?2} is not a path.

Consider any branch of B of any non-trivial tableau for a propositional NNF
formula 1. Let ™ be those formulas of B that were not used as a premise of a
rule application on B. Then it is fairly easy to prove by induction that = is a
path through the matrix of ¢ and, vice versa, each path through ¢ is contained
in a branch of some tableau for 1. Thus, complementary formulas on branches are
just complementary submatrices in paths. A pair of complementary formulas on a
branch is called connection by Bibel and mated by Andrews.
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In the NNF case, only connections between literals are possible. The paths of the
example with only literals in them are m,, m4 = {P,—~P!,~Q}, 75 = {P,=P%}. One
notices that each path contains a connection. As v is unsatisfiable, by soundness
and completeness of tableaux and the correspondence between paths and tableau
branches just stated, this is to be expected, of course. A set of connections C such
that each path through a matrix M contains a connection from C is called spanning
by Bibel [1981] who was the first to give this kind of matrix characterization of un-
satisfiable formulas (without making use of the mentioned correspondence between
matrices and tableaux):

3.23. THEOREM ([Bibel 1981)). A propositional NNF formula 1 is unsatisfiable iff
there is a spanning set of connections for its matriz.

Bibel’s [1982b] connection method and Andrews’s [1981] general matings consist
of a formal notation for matrices, paths, and connections together with a systematic
procedure to find a spanning set of connections. It turns out that the paths these
procedures look at correspond to the branches successively generated by certain
tableau procedures.

An exact tableau counterpart to the non-clausal connection method with some
additional restrictions is discussed in [Hihnle and Klingenbeck 1996]. The restric-
tion of the connection method to clausal input corresponds exactly to weak con-
nection tableaux with left-first branch selection discussed in Section 4.3.2 below.

Matrix methods were extended to first-order logic [Andrews 1981, Bibel 19823}.
In this case matrices contain additional notation to signify the kind and scope of
quantifiers. True to the spirit of matrix methods, Skolem functions are avoided in
[Bibel 1982b). Instead, existentially quantified variables are considered as param-
eters that cannot be instantiated. To ensure soundness, ordering constraints on
terms of the form “¢ may not occur as a subterm of t'” are being generated from
the nesting structure of quantifiers. These constraints must then be satisfied by
substitutions. The technique is independent of proof representation issues and, in
fact, was employed for tableau calculi as well [Reeves 1987]. Its main advantage
is that it generalizes to logics not permitting skolemization, such as intuitionistic
logic [Voronkov 1996].

Just as ¢-formulas need to be applied several times in tableau proofs, the scope
of universally quantified submatrices must be present in a sufficient number of new
instances, which is closely related to the Herbrand complexity in Theorem 2.3. Bibel
[1982b] stresses that most of the structure of a universally quantified submatrix can
be shared in an implementation. Again, the problems of proof search in destructive
first-order calculi discussed in Section 3.3 are orthogonal to proof representation.
Therefore, in practice, matrix methods tend to be implemented by DFID search
{Bibel, Briining, Egly, Korn and Rath 1995], just as tableaux with unification.

Matrix methods are closer to data structures allowing efficient implementation
than tableaux. This positive feature, on the other hand, makes their the formal pre-
sentation of matrices very technical. I suspect that this a main reason why many
refinements were conceived within the more abstract—and redundant—tableau for-
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malism. Even worse, the less redundant structure of matrices can actually be in the
way of extensions or optimizations: for example, certain rules needed to deal effi-
ciently with formulas that contain equalities, add a new literal to a branch that is
a logical consequence of a literal set C' on the same branch (for example, the basic
superposition calculus of [Degtyarev and Voronkov 1998])—this cannot be done in
an obvious way within a matrix framework, because the paths containing C are not
explicitly represented. Similarly, simplification as discussed in Section 3.5.3 below,
cannot be easily incorporated into a matrix framework.

But there is an important merit of matrix formulations compared to tableau
methods, besides taking implementation issues seriously: for instance, there are
sound transformations on the matrix level, called reduction in [Bibel 1982b], that
cannot necessarily be efficiently simulated on the level of paths or branches. More
generally, the global view suggested by matrices may very well lead to refinements
difficult to detect with the path- or branch-based view of tableaux. Evidence of this
consideration is provided by Letz [1998] who defined a tableau refinement based on
the observation that one spanning set of connections gives possibly rise to many
different tableaux that differ only in the sequence in which these connections occur
on the branches.

An extensive overview over various calculi from the point of view of matrices is
[Bibel and Eder 1992].

Finally, it should be mentioned that apart from matrices further formula repre-
sentations exist that try to avoid redundancy: I want to mention clausal [Gallo and
Urbani 1989] and non-clausal [Preifl 1998] hypergraphs and binary decision diagrams
(BDD) [Bryant 1986]. While hypergraphs are an alternative notation for formulas
and can be computed in linear time, BDDs combine normal form computation and
deduction, in fact, a BDD is a normal form of a propositional formula from which
its models can be directly read off. Both, hypergraphs and BDDs are closely re-
lated to tableaux [Posegga 1993, Preifl 1998]. They share, however, the drawback
that their generalization to first-order logic so far has proven to be problematic
[Rago 1994, Posegga and Schmitt 1995].

3.5.2. Pruning Irrelevant Parts of a Proof

Pruning, which is closely related to the condensing technique of Oppacher and
Suen [1988], allows the reduction of both the size of the search space and the size
of generated tableau proofs. It appears in the literature also under the name level
cut [Baumgartner, Furbach and Niemeld 1996]. Koshimura and Hasegawa [1999]
showed that condensing is a special case of the non-Horn magic set transformation
[Hasegawa, Inoue, Ohta and Koshimura 1997] which in turn was shown [Ohta, Inoue
and Hasegawa 1998] to be essentially the same as relevancy testing [Loveland, Reed
and Wilson 1995].

Suppose a branch B of a tableau was expanded by a S-rule application and one
of the extensions 3; was not used to close the subtableau T; below f§;, then T; is
still closed when appended to any of the other extensions §;, j # i, or even when
appended immediately below B (define an extension §; to be used, if J; itself or
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any of the formulas resulting from it through tableau rule application is used in
an application of the closure rule). To take advantage of this situation, either the
closure rule is changed such that all branches in the tableau containing B as a
subbranch are considered to be closed, or—similarly—all branches containing one
of the B; are pruned, that is, the effects of the §-rule application are undone, see
Figure 6.

B

closed

Figure 6: Pruning irrelevant parts of a tableau proof.

3.5.8. Simplification

The benefits of intermediate simplification steps to be applied after each tableau rule
application is stressed by Massacci [19985]. The idea is that for each propositional
formula 1) present on a branch B each positive occurrence of 1) as a subformula can
soundly be replaced by true while each negative occurrence can be replaced by false
with subsequent simplification steps of the form trueV 6 = true, etc. In contrast to
branching, simplification is an inexpensive operation and can be computed in (low)
polynomial time in the size of formulas on branches. The well-known unit resolu-
tion and pure literal rule subprocedures of the Davis-Putnam-Loveland-Logeman
procedure [Davis, Logemann and Loveland 1962] (see also Section 5.4) are special
cases of Massacci’s [1998b] simplification rule who demonstrated its effectiveness
for (modal) propositional logic. It remains to be seen, however, if a useful variant
for first-order tableau with unification will emerge.

4. Clause Tableaux

In the present section a number of refinements of the tableau procedure are intro-
duced. For several reasons, these refinements are discussed on the clause level:
¢ Simplified notation leads to easier detection of new refinements
o Efficient implementability, for example, by compilation to abstract machines
o Completeness proofs stay manageable
o Comparability (most deduction procedures are implemented on the clause level)
Restricting attention to the clause level implies some limitations as well:
e Some applications (such as software verification) expect proofs on the non-
clausal level: back-translation from clauses can be tricky
¢ For some non-classical logics a clause normal form is unknown
¢ Proofs become harder to read for humans
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o Some applications (such as computing prime implicants) require the models of
a formula to be preserved, and then in the worst case its CNF has exponential
size
In summary, there is considerable incentive to generalize the results that fol-
low (partially this has been done, for example, in [Hahnle and Klingenbeck 1996,
Hihnle, Murray and Rosenthal 1997]), but I believe the material to be more acces-
sible in the present, syntactically limited form.

4.1. Normal Form Computation

How first-order sentences are efficiently transformed into sets of clauses is shown,
for example, in [Plaisted and Greenbaum 1986, Nonnengart, Rock and Weidenbach
1998], and in [Baaz et al. 2001, Nonnengart and Weidenbach 2001] (Chapters 5
and 6 of this Handbook).

4.2. Clause Tableau Proofs, Soundness, Completeness

4.2.1. Clause Tableaux
Let us start by stating suitably simplified versions of Definitions 3.3 and 3.4.

4.1. DEFINITION. Given a set S of clauses from Ly, a clause tableau for S is defined

as a tableau constructed with the following rules:

(i) The tree consisting of a single node labeled with true is a tableau for S (ini-
tialization rule).

(ii) Let T be a tableau for S, B a branch of T, and L, V -V L, a new instance of
C € S. If the tree T' is constructed by extending B with r new subtrees and
the nodes of the new subtrees are labeled with L;, then T" is a tableau for S
(extension rule).

(iii) Let T be a tableau for S, B a branch of T, and L and L' literals on B. If L
and L' are unifiable with MGU o, and T’ is constructed by applying o to all
literals in T' (that is, T' = T'o), then 7" is a tableau for S and branch Bo is
marked as closed (closure rule).

Clauses are first-order formulas, so the extension rule is composed of several
applications of the expansion rule 3.3(2), which justifies the change in terminology.

4.2. DEFINITION. A clause tableau T for a set S is closed if all its branches are
marked as closed.

A clause tableau proof for (the unsatisfiability of) a clause set S C Ly is a closed
clause tableau T for S.
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4.3. EXAMPLE. The formula set of Example 3.6 can be transformed in a CNF that
consists of the following clauses:

1) Pl

(2) -P(z) Vv Q()
(3) -Q(z)V R(z)
(4) -P(z) v -R(z)

A clause tableau for this clause set is displayed in Figure 7. Observe that the nodes
are a subset of the nodes of the tableau in Figure 2.

In the following, closed branches are not indicated by arrows between participat-
ing literals anymore, but merely by a horizontal bar and the closing MGU below
their leaf.

[5:-] true

(6:1) P(c)

/ \
(7:2] ~P(z1) 8:2) Q(z1)
{227 ¢} // N
x [9:3] ~Q(z2) (10;3] R(%
id

[11;4] ~P(z3) [12;4) ~R(z3

{z1 = ¢

X

{z3z—c}

X X

Figure 7: Clause tableau proof of Example 4.3.

Clause tableaux mainly constitute a syntactic simplification of full first-order
tableaux. The main properties of the calculus are the same, in particular the dis-
cussion in Section 3.3 applies to them as well.

In contrast to the full first-order case the extension and closure rule only use
clauses from the input set and branch literals. This simplifies some definitions.

4.2.2. Soundness and Completeness

Soundness of clause tableaux follows immediately from Theorem 3.12 by observing
that clauses are particular first-order formulas and extension rule 4.1(ii) can be
composed of several applications of rule 3.3(2).

Completeness could be obtained easily by suitable simplification of the proof of
Theorem 3.21, but in the clausal case a more modular approach is useful. Following
Robinson [1965], lifting a ground proof to a first-order proof is separated from
proving ground completeness of a calculus. The advantage is that the lifting part is
similar for all completeness proofs of the following tableau refinements and either
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is obvious or at most requires a sketch. So it is sufficient to concentrate on ground
completeness. Abstraction from first-order issues greatly simplifies completeness
proofs of the more complicated calculi that follow.

4.4. THEOREM (Lifting). Let S be a clause set, S a set of ground instances of S

and T a clause tableau proof for S. Then there is a clause tableau proof T for S
and a substitution T such that T = Tr.

ProOF. The main technical difficulty of this proof is that in Definition 4.1(iii) only
MGUs are to be used whereas S may contain arbitrary ground instances of clauses.
The following property of MGUs is needed:

If T' is a clause tableau, T a substitution such that T'7 is closed,

and p an MGU that closes any branch of T', then T'pr = T'r. (4.1)

Proof of (4.1): by definition of an MGU and as 7 closes T”, there is 7/ with p7’ = 7.
MGUs can be assumed to be idempotent, so T'pr = T"ppr’ = T'pr' =T'r.

Back to the main proof, let T? be constructed exactly as T but for each extension
step with C € S used in T take instead a new instance of the clause C' € S of which
C is a ground instance. Obviously, T°7 = T for a suitable grounding substitution
I

If B is an arbitrary open branch of T, then it is closed by 7, so there is an MGU
p that closes B and rule 4.1(iii) is applicable to obtain a clause tableau T = TCp.
By (4.1), T'7 = T = T. Repeating this argument in a straightforward induction
over the number n of open branches in T?O yields a clause tableau T' = T™ such that
Tr=T. [m]

In the proof the sequence of branch closures was arbitrary which shows indepen-
dence of the select branch strategy.®

As to completeness, let us look first at the ground case. To minimize iterated
efforts, we proceed in a schematic way. The following ground completeness schema
for any given clause tableau restriction, let us call it X-tableau, is proven:

If the finite ground clause set S is unsatisfiable, then there

is an X-tableau proof for S. (4.2)

We could proceed to prove ground completeness of unrestricted clause tableaux
right now, but in following sections ground completeness of various restrictions of
clause tableaux is proven, of which completeness of the unrestricted calculus is an
immediate consequence.

4.5. PRINCIPLE (Schematic Completeness). If the clause set S is unsatisfiable, then
there is an X-tableau proof for S.

8When the computation rule of select clause is arbitrary, but fair, the theorem still holds in
the weakened form that there is a clause tableau T for S such that T'r appears as a subset of the
nodes of T.
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PROOF (Schema). Herbrand’s Theorem 2.3 provides a finite, unsatisfiable set S
of ground instances of S. By a suitable instance of (4.2) there is a closed ground
X-tableau T for S and, by Theorem 4.4, there is a closed X-tableau for S, whenever
X has the lifting property: if T'r is an X-tableau, then T is an X-tableau as well. O

As announced already, the next goal is to find complete restrictions of clause
tableaux. It is sufficient to prove a suitable instance of (4.2), whenever a ground
X-tableau proof T lifts to a first-order X-tableau proof T'. It is usually sufficient to
check that the proof of Theorem 4.4 can be used unaltered.

From the point of view of proof search, restricting the tableau calculus means to
exclude certain choices in select clause and select pair and to fix select branch in
some way.

4.3. Connections

Connection conditions were pioneered by Andrews [1981] and Bibel [19828)].

4.3.1. Connection Tableauz

A major drawback of the tableau calculus is that the extension rule 4.1(ii) is applied
completely unguided which can clutter up tableaux with many nodes that do not
contribute to a proof.

4.6. ExaMPLE. Consider the two clause tableaux for S = {P(z) V Q(z), R(z) V
S(z), ~P(a), ~Q(a), ~R(b), ~S(b)} displayed in Figure 8. The tableau on the right
constitutes a minimal proof, while the second extension step in the tableau on the
left is completely unrelated to the initial step.

trlue trlue
-P(a) -P(a)

7 N Ve N
R(z,) S(z1) P(z1) Q(z1)
| / AN 1
-~R(b)  P(z2)  Q(z2) Z1e -Q(a)

1 b id

Figure 8: Redundant nodes in a tableau.

4.7. DEFINITION. A connection tableau is a clause tableau in which every inner
node L (except true) has L as one of its immediate successors [Letz, Schumann,
Bayerl and Bibel 1992].
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The tableau on the right in Figure 8 is a connection tableau, the tableau on the
left is not. It is excluded by the connection restriction.

Connection tableaux are complete, but the proof is deferred until the next section.
The definition of connection tableaux implies that when T' # true at least one
of the new branches generated by the tableau extension rule can be closed. This
suggests a procedural definition of connection tableaux obtained from Definition 4.1
by changing the first two rules:

(i") For any new instance Ly V ---V L, of C € S the tree constructed by extending
true with r new subtrees with nodes L; is a connection tableau for S.

(ii") Let T be a tableau for S, B a branch of T ending with L, L, V ---V L, a
new instance of C € S. If L, L; (where i € {1,...,7}) are unifiable with MGU
o and the tree T' is constructed by extending B with r new subtrees, where
the nodes of the new subtrees are the L;, then T"¢ is a connection tableau
for S, in which the branch ending with L;o is marked as closed. This is called
a connected extension step.

Closure of open branches (Definition 4.1(iii)) is unchanged and called reduction
step. Note that, besides in reduction steps, branches can be in addition be closed
in extension steps. This justifies the change of terminology.

It is important to note that while clause tableaux are proof confluent, connection
tableaux are not:

4.8. PROPOSITION. Ground connection tableauz are not proof confluent.

PRrOOF. Consider S = {P, =P, Q} and let Q be the clause used in the initial
step. It is impossible to make any further extension step, although S is clearly
unsatisfiable. (Examples independent of the choice of the initial clause can be found
in [Letz 1993].) a

In Section 3.3 it was pointed out that a “greedy” strategy for preferring closure
over extension steps leads to incompleteness. It is tempting to employ a greedy
strategy at least for closures occurring within reduction steps, but the following
counter example due to Letz® shows that even this results in incompleteness:'?

4.9. EXaMPLE. If S = {P(a) V P(z) V Q(z), -Q(b) V R, =P(b) V R, =R}, then
{=P(a)} U S is unsatisfiable.

A proof starting with —=P(a) must use P(a) V P(z) V Q(z) in the first extension
step. A left-first select branch rule leads to greedy reduction with P(z) (and —P(a))
and the proof is stuck at the open branch containing Q(a). With a different starting
clause, a proof with greedy reduction is possible, but a trick taken from [Letz, Mayr
and Goller 1994] gives a general counter example: let S’ be as S, but P replaced with
P!, @ with Q' and R with R'. Then {-~P(a)V-P'(a)}USUS’ is still unsatisfiable.

9Personal communication.

101y fact, the authors of SL-resolution [Kowalski and Kuehner 1971}, discussed as a close relative
to connection tableaux in Section 5.2, were tempted enough: they suggested reducing greedily
without noticing the incompleteness problem.
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Regardless of the starting clduse; however, —~P(a) V =P’(a) must be used at some
point. This cannot be the last extension step in a proof, because the signatures of
S and S' are disjoint. Therefore, the proof gets stuck in the same way as above.

4.3.2. Weak Connections
The extension rule (ii') of connection tableaux, however, has a natural relaxation
that partially restores proof confluence:

(ii") Let T be a tableau for S, B a branch of T' containing L not necessarily as
leaf, L,V ++V L, anew instance of C € S. If L, L; (wherei € {1,...,7}) are
unifiable with MGU ¢ and the tree T" is constructed by extending B with r
new subtrees, where the nodes of the new subtrees are the L;, then 70 is a
clause tableau for S, in which the branch ending with L;o is marked as closed.
(This is called a weakly connected eztension step.)

Let us call the resulting calculus weak connection tableauz.

4.10. DEFINITION. A clause set is minimally unsatisfiable (mu) when it is unsat-
isfiable and each of its proper subsets is satisfiable. A clause is relevant in S when
it is contained in a mu subset of S.

It can be shown that weak connection tableaux are proof confluent provided that
select clause is implemented in a fair manner and the initial clause is relevant.
Unfortunately, testing for membership in a mu set is as expensive as testing unsat-
isfiability itself. This limits the usefulness of weak connection tableaux in practice,
but in Section 4.5 a slight relaxation is the basis of a whole class of interesting
calculi which are proof confluent regardless of the initial clause.

4.4. Regularity

An important device in tableau-based theorem proving that avoids constructing
certain redundant proofs is reqularity:

4.11. DEFINITION. A clause tableau is regular, if none of its branches contains more
than one occurrence of the same literal.

4.12. EXAMPLE. Regularity can help to avoid substitutions that lead to redundant
proofs. Consider the tableau for S = {P(0), ~P(z) V P(s(z)), ~P(s(s(0)))} in
Figure 9. The first possible substitution for the middle branch renders the right
branch irregular and is thus avoided.

Implementing regular tableaux is not straightforward, because an admissible clo-
sure substitution can potentially unify as well formerly different literals on branches
closed already. For efficiency reasons one discards closed branches immediately, so
there must be a mechanism to exclude such critical substitutions. It was suggested in
[Letz et al. 1992] to create an inequality constraint of the form t; # t{ V- - Vi, # th,,
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whenever two unifiable literals L(¢,,...,t,) and L(t},...,t,,) are encountered on
one branch. Similar constraints are generated to characterize tautologous instances
of clauses used in extension steps. Then substitutions are applied to constraints as
well and must ensure their satisfiability. In the example above, the second extension
step generates the constraint s(0) # s(z2) which is not satisfied by z2 +— 0.

true

|
P(0)
~ ~
-P(z;) Pls(a1))
e N
210 Lp(z,) P(s(z2))
|
A To = 0 "IP(S(S(O)))
irregular! < ———
id
T2+ s(z1)

Figure 9: Advantage from regularity.

The following standard lemma is needed in the proof of ground completeness of
regular connection tableaux. Its easy proof is given, for instance, in [Loveland 1978,
Lemma 2.3.2, p. 63]. The completeness theorem below was first proven (differently)
in [Letz 1993]. The present proof is from [Hahnle et al. 1997).

4.13. LEMMA. Let S be a mu ground clause set with C € S, D C C, and Sp =
(S = {C})uU{D}. Then for any mu subset S" of Sp: (i) D € S"; (ii) D € D" for
alD#D" e S".

4.14. THEOREM (Completeness). If the finite ground clause set S is unsatisfiable,
then there is a regular connection tableau proof for S.

ProoF. We show by induction on the number k& of literal occurrences in S: for any
relevant clause C; € S, that is not a unit clause, there is a closed regular connection
tableau for S whose initial step uses Cj. If there is no such clause, there must be
a mu subset of unit clauses in Sj; it is trivial to find a regular connection tableau
proof for such a set.
k € {0,1,2} : either S is satisfiable or it contains only unit clauses or the empty
clause and the claim is trivially satisfied.
k> 2: (see Figure 10) let C; = Ly V---VL;V---V L, be arelevant non-unit clause
in S and let T be the regular connection tableau consisting just of an initial step
that uses C; (upper middle part of Figure 10).

Foralli€ {1,...,n}let C} = L; and St, = (§—{C;})U{C;}. By Lemma 4.13(i),
C} is contained in an mu subset S7, of Sr,. Hence, L; occurs in a clause C* of S7.
Moreover, S; . contains less literals than S.
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Figure 10: Illustration of the proof of Theorem 4.14
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If C? is a unit clause, then the i-th branch of T can be closed immediately, result-
ing in a regular connection tableau. Otherwise, applying the induction hypothesis
on C* and S}, yields a closed regular connection tableau T; for Sy, D St.» where
the first extension step uses C* (lower middle part of Figure 10).

By Lemma 4.13(ii), L; occurs at most in C;- and is therefore only used in ex-
tension steps with the unit clause C} in T; (highlighted by boldface type in the
figure). As shown in the figure, each T; is glued together with T' at L; maintaining
connectedness. In the resulting tableau, irregularity can at most occur with the L;.
But as L; occurs on top of each T; (circled occurrence) the extension steps with unit
clause L; simply can be replaced by reduction steps with the circled occurrence of
L;. Because of Sr, — {C}} C S, the result is a regular connection tableau for S. O

The proof has an interesting consequence resulting in a restriction for initial
clauses, which is of importance later on in Section 5.3: each mu set of (not necessarily
ground) clauses S trivially contains a negative clause (if not, it can be satisfied
by the constantly true interpretation). Hence, one of the negative clauses of S
is relevant and, therefore, the initial extension step can be restricted to negative
clauses.

4.15. COROLLARY. Regular connection tableauz are complete even when the first
extension step must use a negative clause.

4.5. Orderings and Selection Functions

4.5.1. Redundancy and Saturation in Tableauz
Let us take up the theme expressed in the regularity restriction, namely to avoid
redundancy in tableau proofs.

Any open branch B in a ground clause tableau T for S, or equivalently, any
consistent set of ground literals B defines a partial interpretation Ig on S via
Ig=Liff LeB.

A first-order clause tableau is rendered irregular by an extension step of branch
B with a non-tautologous clause C iff Iap = C, where 3B is obtained from B by
replacing its variables with new and differing constant symbols. When B is ground,
regularity, therefore, amounts to avoiding extension, whenever Ig = C holds. A
stronger notion of redundancy is desirable, though. Until further notice we work
with ground clauses.

4.16. DEFINITION. An open clause tableau branch B has a saturation with respect
to a clause set S iff it has an extension B D B such that I5 = S.

It is, of course, not realistic to consider all possible extensions of a branch (the
empty branch, for example, always has a saturation when S is satisfiable), so we
check only one of them to guide tableau extension.

If I is not yet a model of S (that is, B is not a saturation itself), then there
must be a reason for it in the form of clauses C € S not satisfied by Ig. We try to
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complete Ig to a model of all clauses in S by adding to it selected literals from the
unsatisfied clauses. These clauses are, by definition, no tautologies and are regular
on B.

This idea is formalized in the following section.

4.5.2. Tableauz with Selection Function

Let f be a selection function on clauses: a function mapping each clause into a
(possibly empty) subset of its literals. The eztension By of B with respect to f is
defined as follows:

By=BuU |J f(©) (4.3)

ces
IsjeC

If B; is consistent and all clauses with no selected literals were used on B, then
IE, k= S by construction and proof search can be stopped here. In general, how-

ever, B ¢ does not induce an interpretation, because it may contain complementary
literals. In this case, one of the clauses not yet satisfied by Ip is selected for ex-
tension whose selected literal(s) contribute to a contradiction in By. Formally, let
f_(E)_ denote the set of complements of literals selected by f in C. Then extension
steps (Definition 4.1(ii)) are restricted to clauses in

{C|CeS IsCand (F(CYNBs #0Bor f(C)=0)} (4.4)

By definition, if L € f(C) N By, either L € B or L € f(D) for some clause
D € S. In the first case the extension is a weak connection step in the sense of (ii")
on page 131 (accordingly, the branch containing L € f(C) is marked as closed). The
second case and the case when no literal is selected are called a restart step (and
C a restart clause) to emphasize that this part of a tableau proof bears no direct
connection with the current branch. The top clause in a tableau proof is always a
restart step. No new restart clauses are added once a selection function f is fixed:
they can be computed in advance.

4.17. EXAMPLE. Consider the clause set S; = {-QVaS, -RVS, PVQVR, =P} in
which the lexicographically largest literal is selected (these are underlined). Initially,
B = {true} and ﬁf = {=S, S, R,—P}. The first two clauses are the only restart
clauses of which the first is selected (see Figure 11).

For the leftmost branch B = {~Q} one obtains B; = B U {S, R,~P}, which
models S;. On the other branch B = {~S} one has B; = BU {S, R, ~P}, so an
extension step (the only one) with the second clause is possible. The only open
branch is now B = {=S,~R} with B; = BU{R, P} and only extension with the
third clause is allowed. The first open branch, {-S,—R, P} is closed by a further
extension while the last open branch B = {~S,-R, Q} yields B s = BU{-P} and
thus the second model of S. Observe that all but the very first extension step were
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determined which demonstrates the potential for down-sizing the search space with
selection functions.

true
-Q
v \
U -
B / \\

B =
-P BU{!—-P}

Figure 11: Tableau with selection function.

4.18. THEOREM. If the finite ground clause set S is unsatisfiable, then for any
selection function f there is a tableau proof with selection function f for S.

PROOF. Assume there is a tableau with selection function f and an open branch
B in which all possible extension steps were made. As S is finite, B is finite as
well. We claim that By is consistent from which I B, = S follows by construction

(in particular, all clauses with no selected literal are satisfied). If B ¢ is inconsistent
there is a literal L € {f(C) | C € S, 15 £ C} such that L occurs (I) in B or (II)
in f(D) for some clause D not yet satisfied by B. In case (I) a weakly connected
extension step is possible on B in case (II) a restart step is admissible. Either way,
the assumption that all possible extension steps were made on B is contradicted. (O

The proof is independent of the sequence of extension steps chosen, so tableaux
with selection function are proof confluent. Moreover, a slight generalization of the
proof shows that completeness is retained even when f is changed during tableau
construction.

4.5.3. Related Calculi

A number of recently suggested restrictions of clause tableaux can be considered
as special cases of tableaux with selection function, for example, ordered tableaux
[Klingenbeck and Hihnle 1994, Hahnle and Klingenbeck 1996].

4.19. DEFINITION. A ground lteral (L-)ordering is a binary relation < on ground
literals which is irreflexive and transitive.
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L-orderings give a complete tableau restriction which can be expressed via selec-
tion functions as follows: simply use

f<(C) = {L | L maximal in C with respect to <} .

The restriction Ig ¢ C in (4.3), (4.4) is not enforced by Hahnle and Pape [1997)
and |f(C)| > 0is required, otherwise their calculus is identical to the present version
of tableaux with selection function. On the other hand, Pape and Hahnle [1997]
showed that tableaux with selection functions can be modified to accommodate
connected extension steps.

In ordered tableaux, by definition, f(C) # @; hence, only restart clauses of the
kind that are connected via f can occur. It is a natural question, if one can get rid of
restart clauses altogether. In [Héhnle and Klingenbeck 1996] it is shown that ordered
tableaux without restart steps (that is each extension step is weakly connected via
f) are incomplete for certain total orderings. It is not obvious, for which selection
functions a calculus without restart clauses might be complete (besides the trivial
selection function defined by f(C) = C for all C' € S, which gives regular clause
tableaux without any further restriction).

On the other hand, one can impose a restriction, which is complementary to that
of ordered tableaux, in the sense that one permits only restart clauses of the kind,
where f(C) = 0:

4.20. DEFINITION. A selection function is consistent (with respect to S) if
Uces f(C), the set of all literals in a clause set S selected by f, is consistent.

Whenever f is consistent with respect to S, only restart steps with clauses
that have no selected literals are possible. The special case when S is consistent,
|f(C)| < 1, and there is exactly one restart clause in S, is a complete calculus known
in the literature as SL-resolution without contrapositive clause variants (SLWV-
resolution) [Pereira, Caires and Alferes 1992].

4.5.4. First-Order Issues

Lifting is straightforward for tableaux with selection function f provided that f lifts.
More precisely, call f stable with respect to substitutions if f(Co) C f(C)o for all
clauses C and substitutions o. For L-orderings this translates into the requirement
L < L' implies Lo < L'o for all substitutions ¢ and literals L, L'. It is obvious from
the discussion following 4.4 that tableaux with selection functions that are stable
with respect to substitutions lift without problems.

Implementation of first-order tableaux with selection function poses similar prob-
lems as regularity. In addition to regularity constraints, selectedness constraints are
derived from (4.4) and take the form L € f(C) [Pape 1996, Hihnle and Pape 1997].

Checking selectedness constraints for satisfaction can be expensive (NP-complete).
If one decides to suppress their generation, then the resulting calculus can be called
tableauz with input selection function [Hahnle and Pape 1997}, because the selection
restriction is only enforced on clauses that serve as input for extension steps, but
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not on instances of clauses used in a tableau already. This has another advantage:
it was noted after the proof of Theorem 4.18 that the selection function may be
arbitrarily changed during tableau construction. This implies at once that selection
functions need not be stable with respect to arbitrary substitutions in tableaux
with input selection function, rather, stability with respect to variable renamings
is sufficient [Hahnle and Pape 1997).

4.6. Hyper Tableaux

Recently, tableau calculi based on hyper extension rules gained considerable at-
tention [Bry and Yahya 1996, Baumgartner et al. 1996, Shults 1997, Baumgartner
1998]. This is not surprising, because hyper-resolution [Robinson 19654] is long
known to be a key ingredient to success in theorem proving. Hyper calculi share
the feature that several deduction steps are combined into one. This yields a speed-
up in proof search, but the main advantage is that some intermediate results are
not computed in the first place and this can limit the search space considerably. In
fact, hyper tableaux were considered early on by Brown [1978], but this work did
not make the impact it deserved. The family of calculi known as model generation
[Manthey and Bry 1988, Fujita and Hasegawa 1991] is essentially a variant of hyper
tableaux and is discussed below.

It is well-known that hyper-resolution can be seen as an instance of semantic
resolution [Slagle 1967]. The same kind of generalization is done in the following
for hyper tableaux.

Again, we start with the ground case. One stipulates a similar condition as (4.4)
on clause candidates for extension saying that all selected literals of an extending
clause must be weakly connected to the current branch, formally, each clause used
in an extension step (Definition 4.1(ii)) on B must be from the set:

{C|C €8, Ip £ C and F(C) C B} (4.5)

A ground clause tableau constructed with this restriction is called a hyper tableau.
In each extension step the branches containing complements of selected literals of
the extending clause are marked as closed.

Given a selection function f and a clause C with f(C) = {L1,...,Ln} and
C - f(C) = {Lm+1,---, Ly}, one can rewrite C as a rule in the following fashion:

selected literals  pot selected literals
—f—

i — e e,
LiA--“ALp - LppaV---VL, (4.6)

The premise of C' viewed as a rule (that is, the set of literals {L;,...,Ln}) is
equivalent to {true}, when there are no selected literals; likewise, the conclusion
of C viewed as a rule (that is, the set of not selected literals {Ly;41,...,Ln}) is
equivalent to {false}, when there are only selected literals. Note that the premise
of a rule contains complements of selected literals.
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As true occurs on every tableau branch, the following reformulation of (4.5) is
possible:

{C | C € S, 1p £ C and all literals of the premise of C' occur in B} (4.7)

Clauses with no selected literals are unrestricted in application and, therefore,
play the réle of restart clauses in hyper tableaux. In the following the convention
is adopted not to display branches closed by extension steps and to treat false as a
literal indicating closure by clauses having only selected literals.

4.21. EXAMPLE. Let fy select exactly the negative literals of each clause. Ground
clause set S; = {-Q V=S,2RV S, PV QV R, oP} in rule notation becomes:
{QA S — false, R > S, true » PV QV R, P — false}. The only possible hyper
tableau for fy and S; is as follows:

tn‘ze
P/ 5 \R

| I
false S

Note that the left branch is closed. A hyper tableau for S; must begin with the
only restart clause. Closure of the leftmost branch and extension of the rightmost
one are both mandatory. No other rule can be applied after this.

In general, hyper tableaux are not complete (for example, when all literals are
selected no initial extension step can be made), but completeness is regained for
consistent selection functions.!!

4.22. THEOREM. If the finite ground clause set S is unsatisfiable, then for any
consistent selection function f there is a hyper tableau proof with selection function

f for S.

ProoF. The proof is very similar to the proof of Theorem 4.18. Consider an open
branch B in a hyper tableau for S, in which all possible extension steps were made,
and let B be the extension of B, see (4.3). The set B ¢+ — B is consistent, because f is
consistent, so when By is inconsistent there is a literal L € { f(C)|C €S, 1glC}
such that L occurs in B. Obtain B’ by removing all such literals from B #. Now B’
is consistent and we claim Ip = S. By construction B’ D B, so it suffices to prove
Ip: k= C for clauses C' not used on B (this implies |f(C)| > 0).

By contains the literals from f(C); if all of these were removed when computing
B’ then m C B and a hyper extension step would be possible with C on B

11 fact, for consistent selection functions that select at most one literal per clause conditions
(4.4) and (4.5) become identical.
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contradicting the assumption that all possible extension steps were made. So at
least one literal in f(C) is still present in B’, thus Ip = C. a

The set B’ that induces the model Iy in the previous proof can be defined more
directly as P =BU{L € f(C)|C€ S, L ¢ B}.

4.6.1. Positive and Semantic Hyper Tableauz
Many hyper tableau calculi [Manthey and Bry 1988, Fujita and Hasegawa
1991, Brown 1978, Baumgartner et al. 1996, Bry and Yahya 1996, Shults 1997,
Baumgartner 1998] focus on the particular selection function fy which selects ex-
actly the negative literals in a clause. The ensuing calculi are called positive hy-
per tableauz, because negative literals occur only as leaves of branches closed by
an extension step in a hyper tableau with fy. Therefore, closure by reduction
steps cannot occur. If ¥ contains the atoms of S, then computing B’ simplifies
to BU{—=P | P € (Ax — B)}. From the two open branches in the tableau of
Example 4.21 one reads off the models {Q,2S, =R, P} and {R, S,-Q,~P}.
Selection function fx is an example of a complete selection function'?, which
selects at least one of P,—P for each ground atom in the signature of ground clause
set S.13 In the presence of complete selection functions reduction steps are not
required, because they would occur with two complementary, not selected literals
whose existence is exactly what has been ruled out;!4 this proves:

4.23. COROLLARY. If the finite ground clause set S is unsatisfiable, then for any
consistent and complete selection function f there is a hyper tableau proof with
selection function f for S that does not use the reduction rule.

4.24. ExAMPLE. Completeness of the selection function is a necessary condition in
the corollary: consider the clause set S = {true — P, true - —P} in which nothing
is selected (that is, its corresponding selection function is consistent). Both clauses
are restart clauses, so P and P are present on any branch via extension, however,
closure is only possible with a reduction step.

4.6.2. First-Order Issues
For sake of clarity, the first-order version of the hyper tableau extension rule is
stated explicitly:

12This notion of completeness is unrelated to completeness of calculi.

18Consistent and complete selection functions on S can be considered as interpretations of S
(If = L iff L € f(C)). Hyper tableaux based on such f can be seen as a tableau counterpart to
semantic resolution [Slagle 1967] and would be best called semantic tableaux if the latter phrase
were not used sometimes for the whole tableau framework. Perhaps one should call them semantic
semantic tableauz?

14 Alternatively, one argues that consistent and complete selection functions f induce a suitable
literal renaming of S on which fy can be used to the same effect as f.
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(ii"") Let T be a hyper tableau for S and consistent selection function f, B a branch
of T,C=LA-+-ALy = Lyt V---V L, a new instance of a clause in S.
If there is an MGU o such that all hterals of the premise of Co occur in Bo
(see also (4.7)), Isg, £ VCo, and the tree T' is constructed by extending B
with r new subtrees, where the nodes of the new subtrees are the literals of
C, then T's is a hyper tableau for S and f, in which all new branches ending
with L;o (1 < i < m) are marked as closed.

As before, selection functions must be liftable, that is, stable with respect to
substitutions to ensure completeness. As can be seen from (ii"’), in addition to
the regularity and tautology check (that is, Isp, ¥ VCo), one must compute a
set By C B as well as a simultaneous MGU of {{L,L'} | L € By, L' € f(C)} to
perform a hyper extension step on branch B with clause C. This is easily seen to be
an instance of the first-order clause subsumption problem, which is NP-complete
[Garey and Johnson 1979]. This complexity is implicitly present in proof search
without hyper steps as well, although on a different level. It does not indicate
inferiority of hyper tableaux as a calculus for proof search.

A more interesting question takes up the discussion of Section 3.3: how deals
one in the context of hyper tableaux with the difficulties to define combined fair
clause and substitution selection in destructive calculi? For positive hyper tableaux,
several strategies are found in the literature:

The first option is to fix a computation rule and accept incompleteness. Typically,
one minimizes n—m in (ii"’) and/or the size of terms in MGUs. For specific problem
domains, where specific heuristics could be developed, success is reported in [Brown
1978, Shults 1997]. Another form of incompleteness (in syntactical expressivity of
the logic) ensues from restriction to range-restricted sets of clauses:

4.25. DEFINITION. A first-order clause C is range-restricted with respect to a se-
lection function f when all variables occurring in the conclusion of C (that is, in
not selected literals) occur also in its premise (that is, in selected literals).

Observe that range-restricted clauses with no selected literals (premise is {true})
are ground. A trivial induction shows that when all clauses in S are range-
restricted, then a hyper tableau for S is ground. As an immediate consequence,
in this case hyper tableaux are not destructive, so fair selection of clauses
used in extension steps renders hyper tableaux a strongly complete calculus, of
which efficient implementations were realized with respect to fy [Manthey and
Bry 1988, Fujita and Hasegawa 1991, Hasegawa, Koshimura and Fujita 1992, Bry
and Yahya 1996, Hasegawa, Fujita and Koshimura 1997] (by Corollary 4.23 reduc-
tion steps are not necessary). These calculi are further discussed in Section 4.6.3
below.

EP-tableauz are a variant of positive hyper tableaux for non-clausal first-
order logic without function symbols that can detect finite satisfiability [Bry and
Torge 1998]. The key ingredients are (i) a non-clausal version of range-restrictedness
called positive formulas with restricted quantifications (PRQ formulas)—in particu-
lar, type v formulas are of the form (VZ)(¢(Z) — ) and are only used on a branch
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B with Ig = ¢o for some o; (ii) only formulas ¢ with Ig = 9 are added to a branch
B, (iii) a modified é-rule that explicitly enumerates the current model domain:

é(z)
i(cr) | -+ | d1(em) |51(Sk05)

C1,...,Cm are all
constants on the branch.

Because of (i), EP-tableaux have no free variables, so they are not destructive. In
the function-free case, finite term domain models have a finite representation on
branches; (iii) ensures that enough information for explicit model construction is
present. Together with (ii) and a fair computation rule, this is sufficient to detect
all finite term domain models on finite EP-tableau branches.

Back to general clause sets, call a variable violating range-restrictedness of a
clause and occurring in more than one literal of the conclusion of this clause crit-
ical. Obviously, non-critical variables in a tableau are universal in the sense of
Section 3.2.5 and need, therefore, not be instantiated. Baumgartner et al. [1996]
enumerate ground instances of clauses restricted to critical variables to obtain a
strongly complete calculus which is better than enumerating all ground instances
as in Smullyan’s [1995] tableaux.

Baumgartner [1998] improves on this: like in the range-restricted case, a tableau
is treated as if it were ground: substitutions are only applied to new instances of
input clauses (in other words, not unification, but merely matching is employed).
If an instance Lo (with critical variables) of a literal occurrence L on a tableau
branch is required to perform an extension or reduction step, then o is applied to
an instance of the clause containing L and the result is added to the input clause set.
The latter possibility regains completeness.!®> Needless to say, lifting is not trivial
in such a calculus.

This version of first-order hyper tableaux is not destructive, as only input clauses
are instantiated. The destructive part of the substitution of the closure rule is
recorded “outside” of the tableau as additional instances of input clauses. They can
be arranged in a fair manner easily. This can also be seen as a kind of constraint
on substitutions to guide proof search.

In principle, a strongly complete, destructive calculus could be obtained if one
compiled the information contained in these “outside” clauses (and their fair se-
lection) into a clause selection rule. Consequences for such a calculus would be:
(I) clause selection is not defined branch-local, because “outside” clauses touch on
several branches; (II) one needs to identify clause instances that are identical up
to variable renaming to ensure finiteness; (III) a suitable ordering on literals must
be used to enumerate instances of literals for closure in a fair manner. All three
ingredients are actually present in recent suggestions for strongly complete, destruc-
tive proof procedures in [Beckert 1998, Beckert 2000] and [Baumgartner, Eisinger

15This idea can be applied to any tableau calculus, not only to hyper tableaux. They are
particularly suitable, though, because less clause instances are generated.
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and Furbach 1999, Baumgartner, Eisinger and Furbach 2000], the first of which is
discussed in Section 4.7.

4.6.8. Model Generation

Positive hyper tableaux for range-restricted clause sets are better known as model
generation and were suggested by Manthey and Bry [1988]. Traditionally, they are
described in a somewhat different manner (adapted from [Fujita and Hasegawa
1991]):

4.26. DEFINITION. M is an inductively defined set of interpretations called model
candidates each of which is represented by a consistent set of ground literals.
Init: Set M to {0}
Model Extension: I € M is a model candidate, D — E a new instance of a
clause in S. If there is a substitution ¢ such that Do C I and I [£¢ Eo, then set
M to
M-{IHU{{L}UI| L€ Es} .

Model Rejection: I € M is a model candidate, D — false a new instance of a
clause in S. If there is a substitution ¢ such that Do C I, then delete I from M.

Model candidates correspond to open hyper tableaux branches, while model ex-
tension and model rejection are special cases of the positive hyper tableau exten-
sion rule. Model candidates that can neither be extended nor rejected correspond
to open hyper tableau branches with no applicable rule and, therefore, induce a
model of the input clause set. A closed tableau corresponds to the empty set of
model candidates.

In the light of Corollary 4.23, model generation works unaltered for range-
restricted rule sets with consistent and complete selection functions, if selection
functions are suitably defined on the first-order level:

4.27. DEFINITION. A selection function f is consistent on a first-order clause set .S
if it is consistent on all its ground instances. It is complete on S if for each ground
instance P of an atom occurring in S: f selects a literal Q or =@ such that P is an
instance of Q.

A further generalization of model generation was obtained by Shirai and
Hasegawa [1995] and called constraint model generation. It can be described in the
present framework as hyper tableaux with arbitrary selection function and range-
restricted input. Theorem 4.22 (plus a trivial lifting step) grants completeness for
fair input clause selection and consistent selection functions, when a reduction rule
is present. But the latter can be expressed within the calculus by adding a clause
of the form

P(z1,...,zp) A-P(z1,...,2,) — false (4.8)

for each n-ary predicate symbol P € Pg. The rules (4.8) were called integrity
constraints by Shirai and Hasegawa.
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Whether constraint model generation is complete for a given problem S was
unclear in [Shirai and Hasegawa 1995). From the tableau perspective, Theorem 4.22
ensures completeness for each problem S with a consistent set of rule premises (with
the exception of the problem-independent rules (4.8)). The quasi-group problems
discussed in [Shirai and Hasegawa 1995] are a practically relevant case.

If necessary, any clause set can be made consistent with respect to any given
selection function f: assume there is a rule R = LAC — D such that L is unifiable
with L' occurring in the premise of another rule. Replace R with R’ = d(Z) AC —
D V L, where 7 are the variables occurring in L but not in C, and d is a domain
predicate that enumerates the ground terms of the problem signature [Manthey and
Bry 1988]. This preserves satisfiability and range-restrictedness and eliminates the
inconsistency at L.

4.7. A Destructive and Strongly Complete First-Order Calculus

Recall from the discussion in Section 3.3 that destructive first-order tableau calculi
cannot easily be turned into a strongly complete proof procedure so that one usually
retracts to DFID search, although backtracking is not necessary, in principle, within
proof confluent calculi.

Recall further that it is the closure rule (Definition 4.2(iii)) that renders tableaux
with unification destructive, but the MGUs computed in it are needed for guidance
of proof search.

Baumgartner’s [1998] idea, briefly discussed in the previous section, is to record
MGUs outside of the tableau in the form of a dynamically growing input clause set.
Beckert [1998] has a different approach not modifying the input clause set, but the
tableaux themselves.'®

Whenever a substitution o must be applied to close a branch in a tableau T,
the smallest subtableau T' of T" affected by o (that is, containing variables z with
o(z) # z) is reconstructed. This can be done trivially by copying T’ below each open
branch of 7”0 as depicted in Figure 12, but obviously less *edundant strategies are
conceivable.

The effect is that substitution is syntactically still destructive, but from a seman-
tical point of view absolutely no harm is done.

Select clause and select pair must still be fair, of course, but this is much easier
to achieve once destructivity is essentially eliminated. Unfair selection can result
in two phenomena which have to be both avoided: (i) generating arbitrarily large
terms of one kind (such as s™(z) for all n, when also, say, 0 is present); (ii) avoid
loops of tableaux that subsume each other.

To avoid unfair generation of terms one restricts the order in which they can be
introduced. A well-order < on literals is any partial, well-founded order, such that
there are not infinitely many incomparable elements (up to variable renaming).

16 Beckert’s framework is designed for quite general tableaux calculi including non-classical and
non-clausal logics. I present it in simplified form for clause logic, because the technicalities of the
general case are beyond the scope of this article.
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Figure 12: Reconstructing a subtableau “destroyed” by substitution.

4.28. EXAMPLE. Let |L| denote the number of symbols in L, where variables are
counted twice. Then define a well-order < by L < L' iff |L| < |L'| and false < L for
all L. This implies P(a) < P(z) < ~P(y).

Now the effect of each rule, when applied to a tableau, can be measured in terms
of <:

4.29. DEFINITION. With each tableau construction rule R applied to tableau T one
associates a set of literals R(T'), depending on the rule type:

Extension: the set of literals in the clause instance used for extension;

Closure: {false} U {Lo | L occurs in T, Lo # L}, when closure is by MGU o.

It remains to assure that each tableau rule application derives “new” information
so that progress towards a proof is not infinitely delayed. In tableau calculi progress
can be measured in terms of branch closure. If a tableau can be closed, and it turns
out that its predecessor could have been closed as well, then this tableau is not
needed. The following definition formally captures this:

4.30. DEFINITION. A tableau T subsumes a tableau T" if each branch of T sub-
sumes at least one branch of T".
A branch B of T subsumes a branch B’ of T" if for all sets ®' of literals on B’
with at most two elements there is a set @ of literals on B such that
1. &7 = @' (where 7 is a variable renaming)
2. for each literal L in T that has variables in common with & there is an L' in
T' such that L7 = L' up to renaming of free variables not occurring in @'.

The reason for |®| < 2 is that a single rule application involves either one (ex-
tension) or two (reduction) branch literals. The second, rather technical, condition
is required to guarantee that a deduction that is possible in 7", can be mimicked
in T, and has the same effect on instantiations and order. Putting things together,
one obtains:



146 REINER HAHNLE

4.31. THEOREM ([Beckert 1998]). If S is an unsatisfiable first-order clause set and
< a well-order on literals, then any sequence of first-order clause tableauz for S
results in a tableau proof for S after finitely many steps provided that (A) a recon-
structing version of the closure rule is used and (B) a rule R is only applied to a
tableau T when

1. the <-mazimal elements of R(T) are <-minimal in U max R'(T)

R applicable on T
2. T does not subsume the result of applying R to T.

4.32. ExAMPLE. Consider S = {P(a), Q(a), Q(b), ~P(z) V ~Q(z)} and the well-
order defined in the previous example. Starting with the initial tableau, the ground
clauses must be applied first, because closure is not possible and ground literals
are minimal. No ground clause can be applied twice, because the resulting tableau
would be subsumed. The top left hand tableau in Figure 13 is obtained.

Assume select branch is implemented right-first. Now a second application of the
non-ground clause competes with closure as indicated (the substitution that does
not immediately lead to a proof is chosen deliberately). The literal set associated
with the closure contains only ground literals and so is preferred over extension.
Substitution {z — b} affects the tableau below Q(b) which is, therefore, replicated.
The reconstructed tableau is on the right on the top row.

In the rightmost open branch, again, closure is preferred over extension. But if
the same substitution as before is used, then the resulting tableau (right hand in
bottom row) is subsumed by the top right tableau: the unchanged branch is trivially
subsumed; both gray branches subsume the same gray branch in the subsumed
tableau.

This leaves closure with {z — a} as the only legal rule application which results
in a tableau proof immediately.

4.8. Tableauz with Cuts and Lemmas

So far we discussed restrictions of tableau calculi aimed at diminishing the search
space. Some problems, however, only have extremely long tableau proofs. Already
on the ground level there exist classes of formulas S, such that the size of their
smallest tableau proof is exponential in the size of S, whereas short resolution
proofs exist [Cook and Reckhow 1979]. The reason is that resolution incorporates
an atomic cut rule or (and this is just another name) lemma generation.

4.33. EXAMPLE. Let {P,,..., P,} be different ground atoms. Consider the clause
set

Sp={L1V-VLy|Li€{P,-P},i€{l,...,n}} (4.9)

Obviously, S, is unsatisfiable. D’ Agostino {1992] proved that the smallest closed
clause tableau for S, has at least n! inner nodes, whereas S,, contains merely n2"
literals. Even simple truth table checking has linear cost in the size of S,.
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Q(a) Q(a) Q" @)
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Figure 13: Illustration of Example 4.32.

Now consider the clause set T, = {P; V-P; | i € {1,...,n}}. S, UT, has a
short proof (displayed for n = 3 in Figure 14). The point is that the tautologies
in T}, can be used to enumerate all interpretations over {P,..., P,}. Then each
clause in S, is contradicted by exactly one interpretation. The resulting tableau

has n2™ + 2™+ — 1 € O(||S, U T,||) nodes.

P. 2 0 A
~— VRN VRN PN
P3/ -P n im P L B P,

/ I\ / L\
ﬁPl —IPZ —\P3 —'Pl —lpzﬁ

Figure 14: Clause tableau proof for S3 U T3.

The effect of the clauses T}, can also be achieved by adding a new tableau exten-
sion rule

4.10
P -P ( )

called atomic cut rule. It is closely related to the well-known cut rule found in
sequent calculi {Gentzen 1935). This is what we look at next.
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Clausal Sequent Calculus

Clausal Tableau Calculus

Axiom rule

V-left rule

Atoms/unit clauses left of ‘=’
Atoms right of ‘=’

Sequent proof trees interpreted as
logical conjunction of their leaf se-
quents

Sequents interpreted as logical dis-
junction of their elements

Validity proof

Branch closure rule
Tableau extension
Positive branch literals
Negative branch literals

Tableaux interpreted as logical dis-
junction of their branches

Branches interpreted as logical con-
junction of their literals

Unsatisfiability proof

Table 3: Duality between sequent and tableau calculi.

4.8.1. Tableauz and Sequent Calculi

Sequent calculi [Gentzen 1935] are direct ancestors of tableaux; see [Avron 1993,
Smullyan 1995] for full accounts of their relationship, which I sketch here for the
clausal case.

A propositional clausal sequent is an expression of the form I' = A, where T’
is a tuple of clauses and A is a tuple of atoms. I' = A is valid iff the formula
Ager G = Vpea D is valid. Hence, a clause set S is unsatisfiable if the sequent
S = is valid. The propositional clausal sequent calculus consists of only three rule
schemata:

I,L,I'>A| | 0L, "= A

V -left
,LyV---VL,,I"=> A
(4.11)
' = PA X .
—_— - ]eft axiom
r,-PT'= A T,PI"=> AP A’

Sequent proof trees have sequents as their nodes. A sequent proof tree for a
sequent I' = A has this sequent as its root and is extended by applying suitable
instances of rule schemata (4.11) to leaves.

It is straightforward to show that a sequent is valid iff it has a proof tree in which
all leaves are marked with x. Moreover, there is a duality between clause tableaux
and clausal sequent calculi, summarized in Table 3.17

Literal occurrences may be shared among several tableau branches, but are du-
plicated in sequent proof trees. In the light of this and the duality between sequent
and tableau proofs, rule (4.10) corresponds exactly to the usual cut rule of sequent
calculi, if the cut formula ¢ is restricted to being an atom:

17This duality extends to the non-clausal and first-order case, see [Smullyan 1995].
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I,I' = A,¢,A' | T,9,T" = A A
I,T' = A A (412)

4.8.2. Tableauz with Lemmas
We saw that the atomic cut rule (4.10) can lead to exponentially shorter tableau

proofs, however, its application is completely unrestricted—one can use it anytime
during tableau construction. This may well cause longer proofs than shorter ones.
It is not obvious when to apply cut advantageously. A first restriction is obtained
by permitting its use only if the extension rule application immediately following
it during tableau construction is a connected extension step (see Figure 15).

L-/ \L_

L,
Figure 15: Cut rule application followed by connected extension step.

With this restriction in place, not more branches are generated than if one had
performed only the extension step without the preceding cut. The cut has the effect
that in all n — 1 branches that contain a literal L; # L; in addition the literal L;is
present. If one applies n — 1 atomic cuts to n — 1 different literals from {L;,..., Ly}
before an extension step and writes the resulting proof tree as a “macro rule” (not
displaying closed branches) yields the eztension rule with local lemmas displayed
in Figure 16.

Loy | Ly | Legy | =+ |  Lawy
L1r(2) T&) tes L1r(2)
Loy | - Los) LiVv---VL, €S
7 permutation of
{1,...,n}
La(n-1)
La(n)

Figure 16: Extension rule with local lemmas.

The complemented literals are called local lemmas: for example, L (; is obtained
as a lemma on its sibling branches after the branch B is closed with the help of
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L,(;). (Recall that closed branches are unsatisfiable, hence, a branch that can be

closed and where L,(; occurs, proves B |= L.(;).) The lemma is local to certain
branches as opposed to being global (on the whole tableau).

4.8.3. Tableauz with Folding Up

Depending on the sequence of branch closures, there are n! different permutations
of the local lemma rule applied to a n-literal clause. Not all of these are equally
useful. To remedy this situation, a version of local lemma generation called folding
up rule has been suggested [Letz 1993]. It can be seen as “lazy lemma generation”.

4.34. EXAMPLE. Consider the clause set S = {PVT, PV-T,-PVQVS,-QV
R, =RV —P, =SV R} and the partial tableau proof for S displayed in Figure 17.
Assuming that select branch is left-first, after closure of branch B = {P, @, R} one
knows that SU {P,Q} | —R. This lemma is useless, though, because the branch
{P,Q,—-Q} to the left of B is closed already, and B has no right sibling. Inspection
of the partial proof shows, however, that even SU{P} |= =R holds, because Q was
not involved in the closure of B.

-P Q S P =T
7 -R / \
o7 NN N
T R/ N\

Figure 17: Illustration of Example 4.34.

In clause tableaux with folding up rule each literal L that is a local lemma in
the sense of the local lemma rule in Figure 16 may be moved up towards the
root as follows: we say that a literal L' on the path between L and the root was
used to prove L if L' is involved in the closure of a branch through L'; now the
folding up rule permits to move L immediately above the lowest literal used to
proof L [Letz 1993, Letz et al. 1994] and it can be used to close any branch below
its new position.

With the folding up rule, in the previous example, lemma —R may be moved up
above P and lemma —P from the right subtree is moved up above true (the latter
is also possible with a suitable variant of the local lemma rule). In Figure 18 new
lemma positions are boxed, upward moves are indicated by dashed arrows, while
additional closures made possible by moved lemmas are indicated by solid arrows.

One can show that the folding up rule does not change the nondeterministic
power of tableau with local lemmas, that is, the length of shortest proofs does not
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Figure 18: Tableau with folding up rule.

change [Letz 1993]. In a concrete tableau proof search the shortest proof is generally
not found, therefore, folding up can speed up proof search considerably: an ill choice
of select clause might be remedied.

4.8.4. Tableauz with Factoring
Tableaux with factoring (also called tableauz with merging) are related to the sub-
sumption rule in resolution theorem proving [Robinson 1965]. Assume branch B is
not yet closed, but there is a “more specific” branch B’ closed already. Intuitively,
this justifies to close B as well (as long as one does not go around in circles). For-
mally, a branch B’ is more specific than a branch B iff there is a substitution o such
that B’ C Bo. Instead of trying to close B, one may simply refer to B’ then, apply
o to B and consider it as closed provided that these references are acyclic. Sound-
ness of tableaux with factoring is straightforward to prove directly; alternatively, it
is sufficient to observe that tableaux with factoring can be simulated by tableaux
with local lemmas: assume B was closed by referring to the more specific branch
B’ and that L is the top-most literal on B’ not on B. Now replace the extension
rule that produced L with a local lemma version putting L on B. As B’ is more
specific than B, there must be L' € B and substitution ¢ such that L'c = L, so B
can be closed with o.

An improvement of tableaux with factoring called tableauz with regressive merg-
ing was introduced in [Wallace and Wrightson 1995] and is essentially the same as
tableaux with the folding up rule; details can be found in [Wallace 1994].

4.8.5. Problems of Strengthening Tableauz

Strengthening of tableau procedures at first seems a sure win, because length of
proofs can be drastically reduced. On the propositional level this holds without
reservation and it can safely be claimed that any competitive propositional proof
procedure embodies some variant of cut. On the first-order level, however, additional
literals introduced as cuts or lemmas create additional possibilities for branch clo-
sure. The negative effects from this increase of the search space can easily outweigh
the possibility of finding shorter proofs.
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4.35. EXAMPLE. S = {=P(z)VQ(z)VR(z), P(a), ~Q(a), P(b), =Q(b), ~R(b)}. In
the partial connection tableau in Figure 19 the left branch was closed first by exten-
sion with P(a) (only P(b) would lead to success). This forces extension with =Q(a)
in the middle branch and generation of some lemmas (framed literals). The lemmas
allow to extend the right branch with another instance of the first clause which
would have been impossible without them. Detection of the wrong first extension
is thus possibly delayed a long time.

In the example, a regularity check would help (R(a) becomes irregular on the
rightmost branch) and also restriction of lemma usage to reduction steps. Although
this helps somewhat, more complex examples create the same problems as before.

true

-P(z) Q=) E(z)

|
Plo)

{Z — a,} “Q (a)

id ~ \ ~
-Ply) Qly) R()

{y — z} id

Figure 19: Search space increase caused by local lemmas.

On the other hand, local lemmas are not strong enough on the first-order level. In
the clause tableau for S = {Q(c) vV Q(d), ~Q(z)V P, =P} in Figure 20, for example,
the lemma —Q(c) can be folded up to the true node, but it cannot be used to close
the open branch on the right, because a different instance than c is required. Closer
inspection of S, however, shows that it is in fact justified to derive the stronger
lemma (Vz)-Q(z). A sufficient condition for lemma generalization is reached when
the proof of (that is, the tableau below) the node giving rise to the lemma does not
instantiate any variables that occur elsewhere in the tableau. It remains to be seen
whether such an optimization can be efficiently implemented and whether it does
not blow up the search space beyond any usefulness.

5. Tableaux as a Framework

In this section it is argued that many well-known calculi for automated deduction
can be uniformly presented within a tableau framework and that this deepens the
understanding of these calculi. In Section 4.6 I put model generation into a tableau
perspective. The relationship between tableaux and the connection method [Bibel
19821] is discussed in Section 3.5 above for the general, non-clausal case. Therefore,
these calculi are not discussed again in the following.
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Figure 20: Insufficient power of local lemmas.

5.1. Model Elimination

Model elimination!® was suggested by Loveland [1968b, 1969] as a space efficient
calculus with small local search space for first-order clausal deduction. The follow-
ing, slightly simplified, definition is taken from his [1969] article.

5.1. DEFINITION. A chain is a finite sequence of literals (Ly, ..., Ly) each of which
has either type A or type B. (Type A literals will be framed for easy distinction.)

Define (Ly,...,Ly)0 = (Li0,...,L,0), then construction rules for admissible
chains for a given set of first-order clauses S are as follows:

Init: If L; V---V L, is a new instance of a clause in S, then the chain (L;,...,Lp)
consisting of type B literals is admissible.

Extend: If (L,,...,L,) is an admissible chain, L, of type B, C = M; V---V M,
a new instance of a clause in S, and there is an MGU o such that Lo € Co,
then (L1,...,Lp-1, E, My,...,M;_1,Mjt1,...,Mp)o is admissible, where
the M; are of type B.

Reduce: If (Ly,. .., L,) is an admissible chain, [ L; | of type A, L;, .. ., Ly, of type B
(i < j), and there is an MGU o of {L;, L;} then (Ly,...,Lj—1,Ljt1,...,La)o
is admissible.

Contract: If (L,... , is an admissible chain and | L; |,... ,Iﬁ' are of type

A, then (L,,...,L;_;) is admissible.

Type A literals can be memorized as ancestor literals.

5.2. DEFINITION. A model elimination proof of a clause set S is a sequence of
admissible chains for S ending with the empty chain ().

5.3. THEOREM ([Loveland 1969]). A clause set S is unsatisfiable iff it has a model
elimination proof.

18 A detailed comparison between model elimination and tableaux on a different basis than here
is contained in [Baumgartner and Furbach 1993).
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5.4. EXAMPLE. Consider S = {P, RV-PVQ, SV-Q, -QV-S, -QV-R-RVQ}.
A model elimination proof of S is as follows:

0. P Init

1. |P] R @ Extend

2 [P] R [Q] S Extend

3 R [Q ~Q Extend
4 R m Reduce

5. |P R Contract

6. |P Extend

7. |P -R Extend

8. . El Reduce

9. Contract

For sake of readability delimiters of chains are not displayed, lines are numbered
starting with 0. The initial step can be with any clause from S: take the first. Now
P is the single type B literal. Neither reduction nor contraction is allowed. The only
possibility to extend is with the second clause, because a clause with an occurrence
of - P is required. The type B literal P turns into a type A literal and —P is deleted.

Again, only extension is possible and a clause with =@ in it is required of which
the first is chosen. Then extend with =S V =Q), the result is line 3.

Finally, a reduce step is possible with ; type B literal =@ is deleted. The
rightmost block of type A literals is removed with the contract rule.

Two extension steps with —R V @ and —-Q V —R are followed by reduction with
@, whereby —R is deleted. The empty chain is obtained by contraction of all
remaining (type A) literals.

4 3

Figure 21: Partial regular connection tableau corresponding to the model elimina-
tion proof in Example 5.4.

Model elimination is closely linked to the connection tableau calculus. This is
demonstrated by the tableau in Figure 21 which simulates lines 0 to 5 in the model
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elimination proof above. The nuniber below each branch indicates which line in the
model elimination proof corresponds to its closure. Type A literals correspond to
inner tableau nodes. Type B literals occurring between two type A literals in chains
correspond to leaves of branches yet to be closed. Obviously, the initialization, the
extension, and the reduction rule correspond to tableau rules with the same name.
The contract rule changes the focus from closed branches without open siblings
to the next open branch to the left. Hence, a chain is simply a linear format to
represent a partial connection tableau. This is possible, because select branch in
model elimination chooses always the rightmost branch for extension.

In the paper [Loveland 1969, p. 351] chains are restricted in a way that corre-
sponds to regularity in tableaux. Two different completion modes of chains for a
given clause set are specified which vary the necessary number of extensions to
produce a chain. A lemma generation mechanism that corresponds to local lemmas
in tableaux is described as well.

Like matrices [Andrews 1981, Bibel 1981}, model elimination chains are a much
more implementation-oriented format than tableau trees. This makes it harder to
see further optimizations (such as more liberal branch selection rules or folding up)
and to prove completeness. The latter follows directly from completeness of regular
connection tableaux, of course.

Model elimination can be interpreted as a systematic way to exclude certain
interpretations as possible models of a clause set [Loveland 1969, p. 362], but it
should be stressed that those type A literals in a non-empty chain to which no rule
can be applied in general do not constitute a partial model (or have a saturation,
in the terminology of Section 4.5), because model elimination, just like connection
tableaux, is not proof confluent. To summarize, model elimination (without the
lemma generation mechanism) can be conceived as a notational variant of regular
connection tableaux (although it preceded the latter, of course).

5.2. Linear Resolution

Linear resolution [Loveland 1968a, Luckham 1968] and its refinements do not fit
directly into the framework of standard resolution [Robinson 1965}, because their
definition, like that of tableau calculi with connection condition, relies on the form
of the derivation. Moreover, in first-order SL-resolution [Kowalski and Kuehner
1971, Reiter 1971] (discussed on page 69 in Chapter 2 of this Handbook) variables
are treated rigidly like in tableaux with unification. Indeed, as Loveland [1972]
observed, SL-resolution is almost identical to model elimination plus the factoring
rule (as defined in Section 4.8.4) and, hence, to regular connection tableaux with
factoring,.

5.3. Tableauz and (Disjunctive) Logic Programming

In order to benefit from this section, a little background in logic programming is of
advantage, which can be gained from [Lloyd 1987].
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Historically, one root of logic programming [Kowalski 1974] is SL-resolution
[Kowalski and Kuehner 1971] and, hence, model elimination. It is not surprising,
therefore, that logic programming and many of its extensions have natural inter-
pretations as variants of connection tableaux.

More formally, let S be an unsatisfiable set of Horn clauses. Corollary 4.15 guar-
antees the existence of a connection tableau proof T for S starting with a query Q.
Regularity is not enforced. By a trivial induction on the depth of T', using that S is
Horn and connectedness of T', one obtains that the positive literals of T are exactly
the literals at leaf nodes. As a consequence, no reduction steps occur in T and the
connection literal of clauses used in extension steps is always the positive literal of
aruleor a fact in S.

It was noted on page 128 that the existence of T is independent of the select
branch strategy, so we may assume that to be left-first. In this case, T is a notational
variant of a Prolog-SLD resolution refutation of {Q} U (S — {@}) in the usual sense
[Lloyd 1987]. This remains true on the first-order level.

5.5. EXAMPLE. To approximate the usual notation of logic programming, we em-
ploy rule notation of clauses as introduced in Section 4.6.1°

S = {Ci(z) = Q(z) AR - P(z), true = P(d), Cs(z) = S(z) AT(z) = Q(z),
true — Q(a), true — S(b), true —» S(c), true — T'(c), true - R,
P(z) — false}

One of several possible connection tableaux for S starting with the only query
P(z) — false in S is displayed on the left in Figure 22.

The open branches are the ones ending with =T'(z){z — ¢} = =T'(c) and —R,
respectively. The tableau contains a lot of redundant information such as branches
already closed and non-leaf nodes (which are never used, because only connected
extension steps are made). Thus a less redundant notation for connected Horn
clause tableaux merely records (a) the sequence of leaves of open branches and
(b) the clause instance and MGU leading to the successor tableau. The result of
this simplification is displayed in Figure 22 on the right: each node represents
a connection tableau constructed from its parent node. The tableau on the left
corresponds to the bottom-most node in black. The grey nodes complete the proof.

At the same time, the structure on the right constitutes a Prolog-SLD refuta-
tion of S from P(z) — false in common logic programming notation [Lloyd 1987].
Another valid point of view is to interpret the figure as a model elimination proof
with left-first branch selection, where only the rightmost block of type B literals in
a model elimination chain is represented.

In summary, although the Prolog procedure is often presented as a resolution
refinement, it can be completely and naturally fitted into the connection tableau

19Without loss of generality, clause sets are assumed to be in goal normal form in this section,
that is, they contain at most one query clause. When there is more than one query clause, this
can easily be achieved by adding a new head predicate P to each query as well as the new query
P — false.
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true (—P(z))
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Figure 22: Nllustration of Example 5.5.

(and hence: model elimination) framework. In the remainder of this section I intend
to show that it is even advantageous to do so.

The following terminology comes handy: given a clause set S in rule notation,
consider a clause tableau T for S. An occurrence of a literal L in T that was
introduced in an extension step using rule C' € S such that L occurs in the premise
or body of C is called a body literal. Similarly, literal occurrences in T' that stem
from conclusions or heads of rules in S are called head literal. Further, in a reduction
step in a clause tableau that involves L as the leaf literal, we say that the reduction
is from L. Finally, the literal L € C in a (weakly) connected extension step using
clause C in branch B such that L occurs on B is referred to with the phrase
extension via L.

Disjunctive logic programming, instances of which are Non-Horn clause logic
programming [Plaisted 1988] and Near-Horn logic programming [Loveland 1987],
is the attempt to lift the Horn restriction from Prolog while retaining the efficient
implementability of Prolog-SLD resolution. One line of development is to imple-
ment model elimination (that is: regular connection tableaux) for arbitrary clauses
directly via an extended Prolog Abstract Machine [Letz et al. 1992]. This is dis-
cussed in detail in [Letz and Stenz 2001} (Chapter 28 of this Handbook). In a
second group of papers one can find several suggestions how to extend Prolog-
SLD resolution such that general clauses can be handled [Plaisted 1982, Gabbay
and Reyle 1984, Plaisted 1988, Loveland 1991, Reed and Loveland 19924, Baum-
gartner and Furbach 1994, Baumgartner and Furbach 1997, Baumgartner and
Furbach 1998]. These calculi are in some aspects more restrictive, and in others
more general than connection tableaux and model elimination.? We start our dis-
cussion by two examples that highlight some differences.

20The proximity of near-Horn Prolog to model elimination was pointed out by Reed and Love-
land [1992b] and again by Baumgartner and Furbach [1994].
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5.6. EXxaMPLE. Consider S; = {true—+ PV Q, PAQ — false, P - Q, Q — P}.
In the Prolog-SLD restriction of connection tableau no reduction steps are allowed.
Obviously, no connection tableau proof without reduction steps can exist for S;: as
there are no unit clauses, no extension step diminishes the number of open branches.

The example shows that reduction steps are necessary to handle general clause
sets. The second example concerns positive leaf literals of tableau proofs. Recall
that these cannot occur in the Horn case when one starts the proof with a query.

5.7. EXAMPLE. Consider S; = {P, & R, P, & R, R — false, true » P, V P,}.
Below is a partial connection tableau proof for Ss:

true

|
-R
7\
-P R
/ \
B B

In connection tableaux the open branch ending in P, can be extended with P, & R
which completes the proof with one more extension using R — false (the case when
P, — R is used before P, — R, leads to a symmetric situation). To do so, however,
is a violation of a main principle of Prolog-interpretation, namely, that the current
subgoal (the leaf) may only be unified with a head literal of a rule. Indeed, in the
linear format for Prolog-SLD resolution discussed in Example 5.5, the literal P
is not represented. It is, of course, possible to extend the linear proof format to
accommodate head literals (see [Reed and Loveland 1992a] and Example 5.8), but
I prefer to use the clause tableau format, where all required information is present
and subgoal dependencies are easy to see. Some authors prefer to use a sequent-style
format [Plaisted 1990, Reed and Loveland 19923)].

The principle of Prolog execution, not to extend via body literals, discussed in
the previous example is often referred to as “no use of contrapositives”. The set of
contrapositives of a clause Ly V - -V Ly, is the rule set

{Tin - Tica ALig A AL, - L; | 1 <i<n} .

Apart from implementational issues it is obvious that the possibility of exten-
sion steps with arbitrary contrapositives such as in connection tableaux and model
elimination increases the local search space. Thus the interest in calculi that are
complete without contrapositives.

For the rest of Section 5.3 we assume that clause sets S are given in rule notation
and no other contrapositives than the explicitly given rules can be used in tableau
extension steps.

How does one render connection tableaux without contrapositives complete?
The situation is quite similar to tableaux with selection function discussed in Sec-
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tion 4.5.2, because the head literals can be seen as the selected literals of a clause.?!

It does not come as a surprise then, that the remedy is similar: certain restart steps,
that is, extension steps without a connection are permitted to regain completeness.

A general framework of clause tableau calculi for disjunctive logic programming
is, therefore, given by the following coordinates:

1. the first extension step is with a query, see Corollary 4.15;

2. connected extensions steps, generalizing the Prolog-SLD resolution rule, are
permitted;

3. a list of permitted contrapositives of clauses is either explicitly given in rule
notation or exactly the positive literals are head literals and the negative literals
are body literals;

4. reduction steps (called ancestor cancellation rule by Reed and Loveland [1992})]
who derive the name from ancestor resolution) are only allowed from body
literals;

5. restart extension steps are only allowed below head literals.

The last two items constitute the parameterizable part. Disjunctive logic pro-
gramming calculi are not proof confluent as the example S = {true = C,C —
A, B — A, A — false} shows: any tableau starting with the last clause, followed by
a extension step with the second but last clause, cannot be extended, although S
is clearly unsatisfiable. Hence, all calculi described in the remainder of this section
are not proof confluent, unless otherwise noted.

All deduction procedures incorporating at least the first four ingredients are clas-
sified as the ancestry family of deductive procedures by Reed and Loveland [1992b).
In the remainder of the section I define some of the more important representatives
within the tableau framework.

5.8.1. Near-Horn Prolog, Simplified Problem Reduction Format

Near-Horn Prolog, later called unit near-Horn Prolog (UnH-Prolog), was suggested
in [Loveland 1987, Loveland 1991]. A variant called inheritance near-Horn Prolog
(InH-Prolog) is due to [Loveland and Reed 1991]. The most detailed reference on
near-Horn Prolog and related procedures is [Reed and Loveland 1992b].

In UnH-Prolog restart steps are allowed with query clauses and with any clause
containing a head literal that is weakly connected to the current branch (when
head literals are considered as selected literals this is exactly a weakly connected
extension step of tableaux with selection function, see Section 4.5.2). In UnH-Prolog
restarts can only occur below head literals and reduction steps are only allowed to
the head literal above the most recent restart.

In InH-Prolog, on the other hand, restart steps are only permitted with query
clauses, but reduction steps can be to the head literal above any restart step on
the current branch.

Both, UnH- and InH-Prolog, use a left-first branch selection rule and both feature
the so-called cancellation pruning rule which excludes certain redundant proofs:

21Tableaux with selection function select the body literals of a clause, but Prolog proceeds
“top-down” from the query and extension steps are via head literals.
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each head literal above a restart step must be used in a reduction step with no
restart step in between.

5.8. EXAMPLE. As its name suggests, near-Horn Prologs are generalizations of
Prolog-SLD resolution. We stress this by rewriting Example 5.7 in a Prolog-like
notation [Reed and Loveland 1992b)]. The separator ‘#’ is followed by a list of ac-
tive heads available for reduction: the head literals in the current tableau branch
(only the most recently introduced head literal, in the case of UnH-Prolog). Next is
the list of deferred subgoals (leaves of open branches), surrounded by curly brack-
ets. The tableau in the Example 5.7 corresponds to the following derivation, which
is both an UnH- and an InH-Prolog derivation:

?- false #
R #
7-P, #
- # {P2}

In UnH-Prolog one can continue with a restart step at R and the only deferred
subgoal Py:

?-R # P,
7-Py # Py

- #P
This time, clause P, = R is used, which makes reduction with P, possible. As there
are no more deferred subgoals, the proof is finished.
In InH-Prolog only a restart step at false is possible after the first block, leading
to a slightly longer proof.

It was observed by Baumgartner and Furbach [1994] that completeness of InH-
Prolog entails completeness of weak connection tableaux (Section 4.3.2) and, hence,
of the clausal version of the connection method (Section 3.5), even without using
contrapositives of clauses provided that the input is in goal normal form. The reason
is simply that the query clause of a restart step in an InH-Prolog proof is weakly
connected to the root literal in this case. Therefore, an InH proof (which does not
use contrapositives) is at the same time a weakly connected clause tableau proof.

In Plaisted’s [1982] simplified problem reduction format (SPRF) reduction steps
are as in InH-Prolog while restart steps may occur anytime with non-Horn clauses.
Branch selection is flexible. In SPRF-D (for SPRF with delay) [Plaisted 1988] restart
steps are restricted exactly as in InH-Prolog, but need not to occur below a head
literal. Up to this feature and the cancellation pruning rule (not present in SPRF-D)
both calculi are identical [Reed and Loveland 1992a].

Another deduction system related to InH-Prolog is N-Prolog [Gabbay and
Reyle 1984, Gabbay 1985]. As N-Prolog is not clause-based and has an intuitionistic
semantics, a comparison hinges on the translation chosen for clause representation.
Reed and Loveland [1992a] showed that it is possible to embed both InH-Prolog
and SPRF into N-Prolog.
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SLWV-resolution [Pereira et al: 1992], often discussed in connection with near-
Horn Prolog [Reed and Loveland 1992b, Baumgartner and Furbach 1994], was men-
tioned in Section 4.5.3, because it is actually an instance of tableaux with selection
function.

5.3.2. Restart Model Elimination

While near-Horn Prolog and its relatives were developed as generalizations of
Horn clause logic programming, the motivation of restart model elimination for
Baumgartner and Furbach [1994] was to obtain a specialized version of connection
tableaux/model elimination that is complete without contrapositives.

The base calculus of restart model elimination has exactly the same restart rule
as InH-Prolog: only query clauses (in goal normal form: the query clause) can be
used as a restart below head literals. Reduction is completely unrestricted, hence
InH-Prolog is a refinement of restart model elimination.

Within the restart model elimination framework the restriction of reduction steps
to be only from body literals employed in InH-Prolog is called strict restart model
elimination in [Baumgartner and Furbach 1994]. This leaves the cancellation prun-
ing rule and left-first branch selection strategy as the only remaining difference
between InH-Prolog and strict restart model elimination. Left-first branch selec-
tion is standard in PTTP technology-based implementations such as the one re-
ported in [Baumgartner and Furbach 1994]. The gap is closed by [Baumgartner
and Furbach 1998] where strict restart model elimination with cancellation pruning
is considered.

Restart model elimination has a number of refinements [Baumgartner and
Furbach 1994, Baumgartner and Furbach 1998] which justify the investigation of
this procedure in its own right. The following refinements were investigated:

Head Selection Function: similar as in Section 4.5.2 a selection function is used
to choose one head literal to be used in an extension step.

Blockwise Regularity: several restarts on the same branch with the same literal
are admissible to maintain completeness, but in between subsequent restarts
regularity can be enforced.

Independence of Goal Clause: clause sets in goal normal form have exactly one
query clause, but in the second extension step any of the query clauses that
existed before transformation to goal normal form can be used. Independence
of the goal clause means that completeness is independent of the choice of the
clause at the second extension step.

Not all refinements are compatible with each other, certain combinations result
in an incomplete deduction system. Details are given in [Baumgartner and Furbach
1998].

An important issue when using Disjunctive Logic Programming as a program-
ming language is the computation of all correct answer substitutions (closing substi-
tutions for the tableau proof restricted to variables occurring in the query). Baum-
gartner, Furbach and Stolzenburg [1997] prove answer completeness of restart model
elimination.
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Many aspects discussed in the present section are covered in greater detail in
[Reed and Loveland 1992b, Baumgartner and Furbach 1998].

5.3.8. Restart Tableauz
There are calculi that combine features of tableaux with selection function and of
near-Horn Prolog/restart model elimination.

Restart tableaur [Pape and Hihnle 1997] can be motivated from the observa-
tion that the combination of selection functions and enforcing the weak connection
condition for every extension step via a selected literal in general results in an in-
complete calculus (Section 4.5.3). Adding restart steps in the sense of Section 4.5.2
gives completeness back. Restart tableaux restrict their restart steps to occur only
in situations when no weakly connected extension step via a selected literal is pos-
sible, but, in contrast to near-Horn Prolog and restart model elimination, these
restart steps may also occur below body literals. This relaxation makes restart
tableaux a proof confluent calculus.

Restart tableaux admit to select an arbitrary subset S, of the input clause set S
such that only connected extension steps can be performed with clauses from S..
Depending on the degree of “connectedness”, a more restrictive notion of regularity
than in restart model elimination may be enforced. Thus restart tableaux combine
features of restart model elimination and tableaux with selection function.

There is a non-proof confluent version of restart tableaux, called strict restart
tableauz [Pape and Héhnle 1997], which does not allow restart steps below body
literals, but has a more liberal regularity concept. It is a generalization of strict
restart model elimination.

5.4. Davis-Putnam Procedure and related methods

Clause tableaux with the cut rule (4.10) are a redundant calculus in the sense that
the cut rule is not required for completeness. It was noted in Section 4.8.5 that
the presence of cut can blow up the search space considerably. Mondadori [1988]
designed a tableau system with cut called KE for full first-order logic, where every
rule, including the cut rule, is essential for completeness. Together with D’Agostino,
KE was further developed and extended to non-classical logics in a series of papers
[Mondadori 1989a, Mondadori 19895, D’Agostino 1990, D’Agostino and Mondadori
1994].

KE in the clausal case is a close variant of weak connection tableaux (Sec-
tion 4.3.2) and can be succinctly described as follows: take the atomic cut rule
(4.10), the initialization rule of clause tableaux (Definition 4.1(i)), and these exten-
sion rules (compare with (ii”) on page 131) are:

(ii"") Let T be a KE-tableau for S, B a branch of T containing L, L; V -+ V L,
is on B or a new instance of C € S. If L, L; (where i € {1,...,r}) are
unifiable with MGU o and the tree T is constructed by extending B with
min{2,r} new subtrees, where the nodes of the new subtrees are L; and, if
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r>2,LyV---VLi_1VLy1V---V L, then T's is a KE-tableau for S, in
which the branch ending with L;o is marked as closed. (This is called a KE
extension step.)

(iii"") Let T be a tableau for S, B a branch of T, L a new instance of a unit
clause in S. Then the tableau constructed from T by extending B with L is
a KE-tableau for S. (This is called a unit eztension step.)

Formally, the resulting calculus is not an instance of the clause tableau frame-
work, but of non-clausal tableaux, because nodes may be clause instances (not just
literals). Application of the extension rules of KE-tableaux does never increase the
number of open branches, so the system is incomplete without the atomic cut rule,
which is called principle of bivalence by Mondadori [1988].

Rule (ii"”") is better known under the name unit resolution. Its propositional
version originates in [Davis and Putnam 1960], where it is called elimination of
one-literal clauses. The affirmative-negative rule in [Davis and Putnam 1960], bet-
ter known as pure clause rule avoids all extensions with clauses that contain an
unconnected literal; it is only partly realized in the weak connection condition.
Finally, atomic cut is a notational variant of the splitting rule in [Davis et al. 1962].

To summarize, in the ground clause case, Mondadori’s [1988] KE system and
the Davis-Putnam-Loveland-Logeman procedure [Davis and Putnam 1960, Davis
et al. 1962] are very similar and closely related to weak connection tableaux with
atomic cut. The idea is, of course, to apply the splitting/cut rule only when no
other rule is applicable. This heuristic is very useful for propositional logic, but it
makes the Davis-Putnam-Loveland procedure problematic to lift, because splitting
may be delayed indefinitely.

It is justified to view the full non-clausal KE system as a non-clausal version of
the Davis-Putnam-Loveland procedure (up to the pure clause rule). Within the non-
clausal tableau framework with enalytic cut (the cut formula can be any subformula
of the input), it is characterized by unchanged non-branching (type «, v, ¢) rules,
while type § rules are used in the following version:

g
Bi (5.1)
BrV--VBiiVBiya V.-V By
Mondadori [1989}] also suggested a system called KI consisting of “inverted”

tableau rules that build up complex formulas from simpler ones. At the proposi-
tional level they are:

o

Bi :

— : 5.2

P . (52)
a

These rules are restricted to analytic use in the sense that their conclusion must
occur as a subformula in the input. They may either be used in addition to the KE
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rules (in which case they can be seen as an approximation of Massacci’s [1998b] sim-
plification rule, see Section 3.5.3), or alternatively, they form yet another complete
system together with atomic cut.

Another tableau calculus and relative of KE is Stdlmarck’s procedure [Sheeran
and Stalmarck 2000], which is underlying a commercially successful satisfiability
checker for propositional logic, the Prover Plug-In. The calculus consists of (non-
branching) KE-like rules for a restricted propositional language, namely, formulas
of the form P & (Q — R), where P,Q, R are atoms or logical constants. They
are called triplets and form the tableau nodes. In addition, there is the so-called
dilemma rule, a generalization of atomic cut: after applying the cut, each branch
is saturated with respect to the non-branching rules; if neither branch is closed or
gives a model, then both branches are recombined by computing the intersection
of their triplets. The nesting depth of dilemma rule applications can be limited to
a pre-set bound.

6. Comparing Calculi

In this section I suggest some coordinates along which the plethora of existing
tableau-like calculi (and others) can be cartographed. It is kept short, because
most of the material is not specific to tableau-like calculi.

A useful qualitative distinction are the properties proof confluence and branching.
The latter encompasses calculi, where the derivation process branches or forks, see
also [Bachmair and Ganzinger 2001] (Chapter 2 in this Handbook). In Table 4 are
typical representatives of each kind of calculus.

branching non-branching
proof confluent tableaux with unification Robinson resolution
not proof confluent connection tableaux Prolog SLD-resolution

Table 4: Qualitative classification of calculi.

Calculi that are not proof confluent cannot be used to find models of satis-
fiable formulas. They make no sense to use with propositional formulas either,
because backtracking is expensive and can easily be avoided in the propositional
case. Implementation of branching calculi demands more general data structures
than of non-branching ones. In practice, implementation-oriented branching calculi
are often formulated sequentially, for example, model elimination. Another prop-
erty that severely affects the choice implementation techniques is destructiveness.
For example, it is not straightforward to build strong redundancy criteria such as
subsumption or regularity into destructive calculi, see Section 4.4.

Deeper insight into similarities and differences among calculi is often gained
by presenting them within a unifying theoretical framework, such as the tableau
framework of the present chapter. The point of view of matrices is taken in
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[Bibel 1982b, Bibel and Eder 1992]; consolution combines aspects from resolution’
and the connection method and can be used to analyze a broad class of calculi
[Eder 1992, Baumgartner and Furbach 1993].

Another objective criterion for evaluation of calculi is provided by an investigation
into their complexity.

First of all, one can determine the complexity of the decision problem of vari-
ous subtasks associated with (tableau) proof search. It is well-known that clause
subsumption is an NP-complete problem [Garey and Johnson 1979]; the same is
true, for example, for computing hyper tableau extension steps in first-order logic
(see Section 4.6.2) or for solving constraints arising in ordered tableaux (see Sec-
tion 4.5.4) from certain literal orders [Pape 1996).

A more basic problem is encountered by the realization that tableau-like meth-
ods provide a constructive proof of Herbrand’s Theorem 2.3. A tableau T can be
considered as a formula ¢, where branches form conjunctions over their literals
and ¢ is a disjunction over the branches of T. Let z, ..., z, be the free variables
of ¢r. By tableau soundness (Theorem 3.12), T can be closed iff (Vzy,...,z,)¢T
is unsatisfiable and has Herbrand complexity m = 1. The problem, whether the
sentence in Herbrand’s Theorem is unsatisfiable with multiplicity m = 1, is called
the formula instantiation problem in [Voronkov 1998]; it is shown to be decidable
and X-complete, if the signature of ¢r has at least two symbols.

A completion mode used in tableau-like proof procedures (see Section 3.3) can be
seen as a strategy to approximate the required multiplicity of a formula to show its
unsatisfiability with Herbrand’s Theorem. In [Voronkov 1998] such strategies are
discussed and analyzed in an abstract framework. All of the mentioned problems
become substantially more complex, if part of the formula signature is interpreted
relative to theories (such as equality), see [Degtyarev and Voronkov 2001a] (Chap-
ter 10 in this Handbook).

It is important to know the complexity of each part of a proof search procedure,
but one would also like to have results about the relative overall performance of
various refinements. One criterion that received much attention is minimal proof
length, the size of a minimal proof for a formula ¢, based on a suitable notion of proof
length. Our definition of tableau size is an adequate measure. For propositional
resolution, one can take the sum of the sizes of generated clauses (it was shown in
[Letz 1993] that there can be no adequate measure for first-order resolution). Cook
and Reckhow [1979] suggested to compare calculi based on the relative length of
minimal proofs:

6.1. DEFINITION. Let P and @ be sound and complete calculi. P can p-simulate
Q iff there is a polynomial p such that for all formula sets ®: if there is a proof for
® in Q of length n, then there is a proof of & in P of at most length p(n). P and
Q are p-equivalent iff they can p-simulate each other.

There is a large number of results on p-simulation for tableau and other cal-
culi, for example, [Eder 1992, Letz 1993]. Because of technical difficulties, the vast
majority are for the propositional, clausal case, but there are exceptions such as
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[Baaz and Fermiiller 1995, Egly 1997] showing that non-elementary differences in
complexity exist on the first-order level for even closely related calculi. There are
some surprises, for example, clause tableau cannot p-simulate truth table checking
(see Example 4.33 and [D’Agostino 1992]) or n-ary type (3 tableau rules cannot p-
simulate binary ones (see Section 3.2.6 and [Massacci 1998a]). Regular connection
tableaux (and, hence model elimination) are pretty weak calculi in this hierarchy.
For a number of reasons, relative proof length complexity is of limited use to predict
the practical behaviour of calculi:

o relative proof length complexity measures the nondeterministic power of calculi,
nothing is said about how long it takes to find a proof; for this, the search space
size would be a more suitable measure;

e the stronger the nondeterministic power of a calculus, the larger is often the
search space (witness tableaux with lemmas, Section 4.8.5);

e the notion of p-simulability is often too coarse, for example, all variants of
tableaux with lemmas are p-equivalent, regardless of regularity or connected-
ness;

o the behaviour of calculi on the first-order level can easily override any differences
on the propositional level.

An attempt to formalize the search space associated with calculi is made by
Plaisted and Zhu [1997]. The search space is formalized as a directed graph whose
nodes represent states in a proof and arcs define reachability among these states.
Plaisted and Zhu [1997] analyze width, depth and size of nodes of search space
graphs for a number of calculi and propositional Horn clauses. Satisfiability of the
latter is well known to be decidable in linear time [Dowling and Gallier 1984,
but many calculi turn out to be exponential along at least one dimension of their
search space. As the Horn fragment is practically important, one can argue that
the performance of a calculus there is significant also for its overall behaviour to a
certain extent.

Apart from theoretical investigations one can and does perform experimental
evaluation based on concrete implementations. There is an extensive problem collec-
tion (the TPTP library) for first-order theorem provers [Suttner and Sutcliffe 1999]
and an annual competition [Sutcliffe and Suttner 1999]. This is a good way to test
correctness and base speed of the implementation of an automatic theorem prover,
but it does not necessarily tell everything on the usability of a system. The latter
is perhaps best evaluated within larger case studies or applications. It is unlikely
that the same deduction paradigm suits all needs. In practice, often a combina-
tion of several techniques is successful: see [Weidenbach 2001] (Chapter 27) of this
Handbook for a point in case. There is also indication that the usefulness of fully
automated systems is limited, whereas they have a large potential in connection
with interactive systems [Joyce and Seger 1993, Ahrendt et al. 1998, Dahn and
Schumann 1998].
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7. Historical Remarks & Resources

I can only give a very rough sketch here. More detailed accounts of the history of
tableau-like theorem proving can be found in [Bibel and Schmitt 1998, pp. 4-7] and
[Fitting 1999].

Despite their recent flourishing, the history of tableau methods is much older
than that of resolution. They can be traced back to the cut-free version of Gentzen’s
[1935] sequent calculus. Hintikka [1955] and Beth [1955] abstracted from structural
rules in sequent calculi (essentially treating sequents as sets of formulas), improved
the proof representation, and introduced signed formulas. They also stressed the
semantic view of tableaux as a procedure that tries systematically to find a counter
example for a given formula (a model in which its negation is true) as opposed to
Gentzen’s purely proof theoretical motivation. Further improvements were made by
Schiitte [1960]; Smullyan’s [1995] elegant formulation, employing unifying notation
which greatly simplified matters, became very popular while similar contributions
by Lis [1960] unfortunately went unnoticed.

Many important improvements directed to automated proof search in se-
quent/tableau/model elimination calculi were made quite early: free variables
[Kanger 1957, Prawitz 1960], unification [Loveland 1969, Bibel 1982b, Andrews
1981], proof representation and connection refinements [Davydov 1973, Bibel and
Schreiber 1975, Andrews 1976).

The relative success of resolution-based theorem proving, however, eclipsed this
progress and serious implementations of tableau-like calculi are spurious before the
late 1980s [Brown 1978, Oppacher and Suen 1986).

In the last decade tableau-like calculi became focal points of research again,
spurred by the success of efficient implementations and the demand for a compu-
tational treatment of non-classical logics. The tableau community gathers in an
international conference,?? where many of the relevant results are now published.
Part I of [Bibel and Schmitt 1998] contains survey articles on various aspects of
state-of-the-art research on tableau methods. The Handbook of Tableau Methods
[D’Agostino, Gabbay, Hihnle and Posegga 1999] contains extensive information,
not limited to automated reasoning.
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1. Introduction
1.1. Backward and forward reasoning

There are several methods of theorem proving. The best known methods are
resolution-based and tableau-based ones. Resolution-based methods convert the
goal formula into clausal norm form and perform derivation on the set of clauses
using a saturation algorithm. Tableau-based methods operate directly on formulas
by reducing goals to subgoals and trying to solve the subgoals, either by reduction
to new subgoals or by unification-based methods.

The inverse method is much less known. Like the tableau method, it operates
on formulas, but the main operation is not reduction of goals to subgoals, but
rather construction of goals from previously proved subgoals. Like resolution-based
methods, the inverse method uses a saturation algorithm.

1.2. The inverse method

The inverse method is unusual compared to semantic tableaux and related methods.
Instead of searching for a derivation in a goal-directed manner, by reducing the
goal to subgoals until all subgoals reduce to axioms, it tries to prove the goal in the
inverse direction: from axioms. Since in most calculi the number of axioms is infinite,
proving theorems in the inverse direction requires one to use some properties of
the calculi. Similar to the tableau method, the inverse method exploits special
properties of cut-free sequent calculi, especially the subformula property.

To explain why sequent calculi are most suitable for proof-search, we consider an
example rule D-elimination of the natural deduction system and its analogue in a
sequent calculus. The natural deduction rule has the form

A ADB

B (D -elimination).

Suppose that we are given the formula B to prove. This rule says that we can try
to find a formula A such that both A and A O B are provable. There are no a priori
restrictions imposed by this rule on the formula A that would allow us to restrict
the search for a candidate A to a small (hopefully finite) number of formulas. Of
course, one could substitute a (second-order) variable for A and try to instantiate
this variable during the proof-search, like it is done in some higher-order systems,
for example Isabelle [Paulson 1990}, but for first-order logics this technique is not
efficient compared to more specialized methods.

Consider now the corresponding rule for handling implication in the sequent
calculus. We call signed formulas expressions of the form T A or F A, where A is
a formula. T and F are called signs. Think of T A as saying that A is true, and
F A as saying that A is false. A sequent is a finite multiset of signed formulas.
Think of a sequent T A;,...,T A, F By,...,F B, as saying that all A;’s are true
and all B;’s are false. The standard sequent calculus rule for handling implication
corresponding to the above natural deduction rule is
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ILFA I, TB

T TA>B (L2

where I is any sequent. Let us for a moment forget about I' and consider the
simplified version of this rule:

FA TB

TA>B (L2

Essentially, this rule says that A O B is true in a structure if and only if A is false or
B is true. Tableau-based methods would apply this rule in the backward direction:
to prove the goal T A D B, they reduce it to two subgoals F A and T B. The inverse
method does the inverse: if F A and T B are already established, it will establish
T A O B. Thus, the inverse method proves formulas in the forward direction.

At first sight this idea of the proof-search in the inverse direction reminds one of
the British Museum algorithm, that generates, starting from (all possible) axioms,
all provable formulas by applying all possible inference rules to already proved
formulas, until the goal formula is found. Although the British Museum algorithm
may in theory be better than known automated deduction methods, see [Orevkov
1983], one can hardly expect it to solve difficult problems, because of its blind, non
goal-oriented behavior.

However, for some calculi we can restrict ourselves to a strict subset of all possible
axioms and of all possible derivations. The main property of (cut-free) sequent
calculi that allows us to restrict forward derivations is the subformula property:
if a formula has a refutation, then there exists a refutation of this formula consisting
only of subformulas of this formula.

1.1. ExAMPLE. Consider the (classically valid) formula (P > @) D P) D P,
where P, are atomic formulas. The subformula property tells us that we can
restrict ourselves to the subformulas of this formula. Since implication is the only
logical connective in the formula, we should only consider sequent calculus rules for
handling implication. One such rule (T D) is defined above, the other rule is

T, TA, FB

T,FA>B O )

Derivations in the sequent calculus search for models of sequents. This means that
to establish provability of formula (1.1), they search for models of the sequent

F(P>Q)DP)DP (1.1)

If this sequent has no model, then the formula ((P D @) D P) D P is true in all
structures, and therefore valid. One possible derivation of this sequent is

TP, FQ, FP

FP5Q.FP 0 °) Tp rp

T(PDQ)DP FP

F(PD>Q)DP)DP

(T D)
(F D).
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It is quite clear how to obtain this derivation in a backward manner: starting
with goal sequent (1.1), we can try to apply the inference rules (T D) and (F D)
from their conclusions to their premises, until we obtain axioms.

The proof-search in the forward direction is less straightforward, but also possible.
Using the subformula property of sequent calculi, we know that the only axioms
that can be used in a derivation of (1.1) are sequents of the form I', T P,F P and
I, TQ,FQ. As we will see later, T Q is not a signed subformula of (1.1), therefore
T, T P,F P is the only choice. Since at this moment we have no idea about what '
should be, we leave it out and start with the sequent

TP, FP. (1.2)

Now, using this sequent, we can try to “build” larger signed subformulas of (1.1),
using the rules of the sequent calculus but applied in the forward manner.

One appropriate signed subformula of (1.1) is F P O @ that can be obtained by
the following inference:

I, TP, FQ

T, FPoQ O O

However, the only sequent proved so far is (1.2) does not contain F Q. We can add
F @ to (1.2) and apply this inference obtaining the sequent

FP,FP>Q. (1.3)

This suggests that the rule F D is not well-suited for proof-search in the forward
direction and can be replaced by two more convenient rules

T, TA T,FB
I'' FADB I FADB
Now we can say that (1.3) is obtained from (1.2) by the rule (F D).

The next signed subformula of (1.1) is T(P D @) DO P. We can obtain this
formula using the (T D) rule of sequent calculi:

(F D1) and (F D).

I TP T, FPDQ
I, T(P>Q)DP

(T D).

We have T P in sequent (1.2) and F P D Q in sequent (1.3). We can apply the
rule (T D) with F P substituted for I':

FP, TP FP,FPDQ (
FP, T(PDQ)DP

D).

However, it is not typical for proof-search in the forward direction that we apply
the rule (T D) immediately. It is more typical that we prove sequents I', F A and
A, T B for different T" and A. What we can do in such a situation is to modify the
rule (T D) to be



184 ANATOLI DEGTYAREV AND ANDREI VORONKOV

I FA A TB
T A TaSB (L2

When we apply the modified rule to (1.2) and (1.3) we obtain

FP, FP, T(PDQ)DP. (1.4)

We can continue in the same manner until we obtain a derivation of the goal sequent.

This example deals with a propositional formula and is very simple. We will
show later that the idea of forward proof-search in sequent calculi can be applied
to the full predicate calculus using the standard three-stage Universal Recipe of
Automated Deduction:

o design a suitable calculus dealing with closed formulas (usually called the
ground version);
¢ add unification and cook the calculus into a free-variable calculus;

e season it with various proof-search strategies that allow one to restrict the
search space.

We will show how the Universal Recipe can be applied to various logics to obtain
inverse proof procedures for these logics. Given a signed formula £ to be proved, we
define a calculus C%,, intended to search for a proof of £ in the forward direction.
In the sequel we always denote by £ a closed signed formula and sometimes call it

the goal signed formula, or simply the goal.

CONVENTION LIn the sequel ¢ denotes the goal signed formula. |

The main property we want to achieve is what we call the finite rule property.
That is

e C¢ , has a finite number of axioms;
¢ Given a finite number of sequents, there is only a finite number of inferences

(i-e. one-step derivations) of Cfm, applicable to these sequents.

Having such a calculus, a naive proof-search algorithm can, starting with the axioms
of C¢ . repeatedly apply the inference rules of the calculus to already proved

mnv?
sequents, until a proof of £ is obtained or no new sequents can be derived.

1.8. Structure of the chapter

The material of this chapter is presented as a small cookbook with recipes. It is
organized as follows. In Section 2 we define the main technical notions used in this
chapter: those related to multisets and substitutions. In Section 3 we describe how
to cook classical logic, based on the Universal Recipe. We define the ingredients
for cooking: sequents and sequent calculi, the subformula property necessary for
cooking, lifting, and saturation algorithms. In Section 4 we apply the Universal
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Recipe to nonclassical logics: intuitionistic logic and several modal logics. In Sec-
tion 5 we discuss the technique of naming and the relation of the inverse method
to resolution. To season the calculi, in Section 6 we discuss the notion of redun-
dancy in saturation-based theorem proving. In order to formalize redundancies, in
Section 7 we give a new presentation of sequent calculi using the notion of paths in
formulas. The use of path calculi simplifies proofs considerably, so we obtain more
tasty calculi. We give proofs of completeness for several redundancies for logic K. In
Section 8 we discuss logics without the contraction rule and show that the inverse
method gives a decision procedure for first-order versions of such logics. Finally, in
Section 9 we discuss the history of the inverse method, the limits of the technique,
and possible future research in the area.

2. Preliminaries

Multisets. For technical reasons, we will extensively use finite multisets. All pre-
cise definitions concerning multisets can be found in [Nieuwenhuis and Rubio 2001,
381] (Chapter 7 of this Handbook). If I is a finite multiset and +y is an element,
we denote by I,y or by v,I' the multiset obtained by adding -y to I'. Therefore,
if T has k copies of +, then I',y has k + 1 copies of +. Likewise, the union of two
multisets I and A is denoted by I', A. If I" has k copies of an element v and A has
[ copies of «, then I', A has k + 1 copies of . Finally, we write I'C A to denote that
T is a submultiset of A, i.e., for every element v, if v occurs in T' k times, then
occurs in A at least k times.

The multiset difference of multisets I and A is denoted I' — A. If an element
occurs in I k times and in A ! times and k > [, then it occurs in I' — A k — 1 times,
otherwise it does not occur in I' — A at all. If A is a member of a multiset I", we
will write A €T.

Ezpression. By an expression we mean a term, a formula, a tuple of terms or
formulas, a multiset of terms or formulas and so on. Given an expression E we
denote by var(E) the set of all variables occurring in E and by free(E) the set of
all free variables of E. If var(E) = 0 then FE is called ground, if free(E) = 0 then
E is called closed.

Substitutions. We consider a substitution as a finite mapping from variables to
terms and denote it by {z; + t1,...,2, = tp}. It is assumed that the variables
z1,...,Z, are different and z; # ¢; for all # = 1,...,n. Given a substitution 8 we
denote by dom(8) its domasin, i.e. the set of variables {z | 8(z) # z}, and by ran(6)
its range, i.e. the set of terms {0(z) | z € dom(6)}. Thus dom({z; — t1,...,Zn —
ta}) = {z1,...,zp}, ran({z1 > t1,...,20 = ta}) = {t1,...,tn}. By vran(d) we
denote the variable range of 6, i.e. the set of variables which appear in a term
from ran(f), vran({z1 & t1,...,zp - ty}) = var(ty,...,t,). A substitution o is
grounding for a set of variables V if for every variable v € V the term vo is ground.
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A substitution is grounding for an expression E if it is grounding for free(E). The
empty substitution, denoted ¢, is the only substitution with dom(e) = 0.

A substitution § = {z, » t1,...,2, = t,} is admissible for an expression
E, if E has no occurrences of a formula VyA or 3yA such that for some i we
have z; € free(VyA) or z; € free(3yA), and y € var(t;). In other words, for every
i € {1,...,n} the term t; is free for z; in E, see [Kleene 1967, page 94].

For an expression F and a substitution # admissible for E, Ef stands for the
result of applying 6 to E. It is obtained from E by the simultaneous replacement

of free occurrences of z;,...,z, by t,...,t,, respectively.
Let E be an expression. Following [Kleene 1967], whenever we introduce a no-
tation like E(zy,...,z5), n > 1, showing variables z;,...,z, in the notation, we

will thereafter understand by E(t1,...,t,) the result of application of the substi-
tution § = {z; — t1,...,Z, = t,} to E under the condition that # is admissible
for E. Of course, it is not required that the expression denoted by E(zi,...,z,)
actually contains z; free, also it is not excluded that E(zy,...,z,) may contain free
variables other than z,,...,z,.

The notation = stands for “equal by definition”.

The composition of substitutions o and 6, denoted o8, is the substitution
defined by z(06) = (z0)0, for every variable z.

Let 01,02 be substitutions such that dom(o1) N dom(oz) = 0. By o1 U oz we
denote the substitution o such that dom(¢) = dom(o;) U dom(o3) and

o = zoy, if z € dom(o,),
o zoy, if z € dom(o2),

for all z € dom(o).
We will need more definitions concerning substitutions and unification. They will
be introduced later, as soon as they are needed.

3. Cooking classical logic

In this section we apply the universal recipe of automated deduction to cook the
inverse method for classical logic.

3.1. Ingredients: sequents and sequent calculi

3.1. DEFINITION (truth, satisfiability, validity). A closed signed formula T A (re-
spectively, F A) is true in a structure if so is the formula A (respectively, ~A). A
closed sequent is {rue in a structure if so is every signed formula in this sequent.
If a closed signed formula (respectively, a closed sequent) is true in a structure, we
say that the structure is a model of the signed formula (respectively, the sequent).
A sequent is satisfiable if it has a model.
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TATFA (Az)

g (TA) g (TA)

TaTiar O

S aTive TV
I,,I;;—if/’g (Fvi) % (FV)

TaTisE O
r—,%% (F >0 % F )

e = Y

%’% (TV) ;’F—P\Zi% (FV)
Fn'f‘% (T3) %%24—(2) (F3)

In the rule (Az), A is an atomic formula. In the rules (FV) and (T 3) the variable
y is free for z in A(z) and A(y) = A(z){z — y}, furthermore y has no free occur-
rences in the conclusions of the rules. The variable y is called the eigenvariable of
these rules. This condition on the rules (FV) and (T 3) is called the eigenvariable
condition. The rule (C) is called contraction.

Figure 1: Calculus Ciny

All sequent calculi introduced in this chapter establish the unsatisfiability of se-
quents. In view of this fact, proofs in these calculi will sometimes be called refuta-
tions.

We will denote sequents by I', A, V. A detailed discussion of sequent calculi can
be found in [Degtyarev and Voronkov 2001a] (Chapter 10 of this Handbook). The
sequent calculus C;y, for classical logic is shown in Figure 1.
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side side
signed signed
formulas formula
' TA A, TB (TV) T, T A(t) (TV)
I' A, TAVB T, TVzA(z)
parametric principal parametric  principal
signed signed signed signed
formulas formula formulas formula

Figure 2: Principal, side and parametric signed formulas

3.2. NOTE. The calculus C;y, is one of the calculi developed from the original
calculus LK of Gentzen [1934]. In formalizations of sequent calculi developed for
semantic tableaux, LK is usually defined using invertible rules, following calculi
introduced in [Kanger 1957, Kanger 1963}, see [Degtyarev and Voronkov 20014]
(Chapter 10 of this Handbook). The discussion in the introduction on pages 182—
184 reveals why we formulate the rules of C in a noninvertible way.

Let us introduce some standard definitions related to rules of the sequent calculi
illustrated by Figure 2, adapted from [Kleene 1967]. Every rule infers a sequent
from one or two sequents.

3.3. DEFINITION (principal, side, and parametric formulas). The new signed for-
mula introduced by the rule is called the principal signed formula of the rule.
The signed formula or formulas that occur in the premises of the rule and do not
occur in the conclusion are called the side signed formulas of this rule. All other
signed formulas, denoted by I', A, are called parametric signed formulas of the
rule.

Since we will establish a lot of proof-theoretic results about derivations in various
sequent calculi, we introduce terminology related to derivations. A similar termi-
nology is used in [Bachmair and Ganzinger 2001] (Chapter 2 of this Handbook).

3.4. DEFINITION (inference, derivation, refutation). An inference in C;y,, is any
instance of an inference rule. A derivation of a sequent I is any tree of sequents
formed by inferences and having I as the root. A refutation of I is any derivation
of I" whose leaves are axioms.

We will use the notions of inference, derivation and refutation for all other calculi
introduced in this chapter. When we give examples of derivations, we will put side
formulas of all inferences in shaded boxes. We will also omit the inferences by (Az).
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3.5. ExaMPLE. Consider the refutation of formula (1.1) in C;g,:

TR, FP p 5y
FPDOQ,FP TP, FP
T(P>DQ)DP, FP, FP
T(PODQ)DP, FP
F(P>Q)DP)DP, FP
F(Po@Q)DP)DP, F((PDQ)DP)DP
F(P>Q)DP)DP

(T D)

()
(F 21)

(F D7)
(€)

Suppose we have a calculus C for some logic L. Logics are usually defined using a
suitable semantics, in this chapter we assume that the semantics defines the notion
of satisfiable sequent. A calculus C is called sound for L is every sequent that
has a refutation in C is unsatisfiable in L. A calculus C is called complete for L
if every unsatisfiable sequent of L has a refutation in C. Sometimes, we will deal
with weaker notions of completeness, when only unsatisfiable sequents consisting of
one formula are guaranteed to have a refutation. Usually, inference rules in a sound
calculus have the following property (which guarantees soundness): if all premises
of this rule are unsatisfiable, then so is the conclusion. Since soundness will be
more or less obvious for most calculi of this chapter, we will mainly speak about
completeness, even when we mean soundness and completeness.

An inference rule is called invertible if it has the converse property: if the
conclusion of the rule is unsatisfiable, then so are all premises of the rule. Many
standard completeness rules for tableau calculi are based on calculi in which all or
nearly all inference rules are invertible.

Since the rules of Cin, are not invertible, the standard completeness proofs are
not easily applicable to it. Moreover, C;,,, is incomplete for refuting sequents, but
complete for refuting formulas. Let us show the technique that allows to establish
completeness by purely proof-theoretic arguments. The technique is based on the
following observation.

Take any cut-free sequent calculus for classical logic that is known to be com-
plete. As an example, we take the calculus C;,p with invertible rules used in
some formalizations of the tableau method. The calculus C;,p is shown in Fig-
ure 3. This calculus is essentially the calculus of Kanger [1957] or G4 of Kleene
[1967). The invertibility of rules of Ci,p allows us to prove completeness us-
ing the standard arguments based on the Hintikka sets [Hintikka 1955], see also
[Kanger 1957, Kleene 1967, Smullyan 1968, Fitting 1996).

3.6. THEOREM (Completeness of C;np). Let I' be a closed sequent. T' is unsatisfi-
able if and only if there exists a refutation of T in Cygp. O

The rules of Cqgp, except for the rules for negation and two of the quantifier rules,
are different from those of C;,,. Let us think how we can use completeness of C;qp
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T TA Fa A2

TITiey LTI,
AL T
%ﬂ (T 5) %ﬁ—g (F )
g T g )
LI 0y S
CLURS = 1 iy

In the rule (Az), A is an atomic formula. The rules (FV) and (T 3) satisfy the
eigenvariable condition.

Figure 3: Calculus Ci,p

to prove completeness of C;,,. We have a problem already with axioms. Axioms of
Cqb have the form
FTAFA ‘42

As a matter of fact, not every sequent I', T A, F A has a refutation in Cip,. A
simplest example is T P, F P, T Q, where P, Q are distinct 0-ary relation symbols.
(Note that this shows that not every unsatisfiable sequent has a refutation in Cip,.)
However, we can derive all sequents of the form T A, F A using the axioms of C;;,,.
This means that for every axiom A of C;, there exists A’ C A such that A’ has
a refutation in C;,,. We generalize this observation to the following fact that will
imply completeness of Ciy, for formulas in a rather straightforward way.

3.7. LEMMA (Subsequent Lemma). For every sequent I' that has a refutation in
Ciap there exists a sequent A such that A CT and A has refutation in Ciy,.

PROOF. The proof is by induction on the length of a refutation of I in Cis5. We
consider several cases, the other cases will be similar.

CASE (Az). This case is obvious.
CASE (F D). The rule of Cyg has the form
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T, TA FB
T 7458 & )

By the induction hypothesis, there exists a sequent A C (T, T A, F B) which has
a refutation in C;,,. We have to find a sequent A’ C (T, FA D B) which has a
refutation in C;y,. Consider the following cases, depending on whether T A and
F B occur in A.
SuBcASE ((TA,FB)CA). Wehave A = (V, T A, FB), for some V CT. The
following derivation in C;,, proves this case:

V, TA, FB F o)

V,FADB, FB (F’D )

WFAD&FADB(Q'
V,FADB '

This case also demonstrates the need for the contraction rule in C;y,.

SuBCASE (TAEA and FB¢A)). We have A = (V, T A), for some V CT.
The following derivation in C;,, proves this case:

V, TA

vV FASBE F 20

SUBCASE (FBé A and TA¢A)). This case is similar to the previous one.
SuBCASE (TAE A and FB¢ A). In this case we let A’ = A.
CASE (T D). The rule of Cq,p has the form

ILFA I, TB

T TA>B (L °)

By the induction hypothesis, there exist sequents A; C (T, F A) and A, € (T, T B)
that have refutations in Cy,. We have to find a sequent AC (T, T A D B) refutable
in C,'m,.

If we have A; C T, then we can take A; to be A. Likewise, if we have Ay, C T,
then we can take Ay to be A. Therefore, we can assume that A; = (A}, F A) and
Az = (A}, TB) for some Aj CT and A} CT. Since A} CT and A} C T, some
sequent I' C T can be obtained from the sequent A}, A} in C;,, by a series of
contractions. The following derivation in C;s, proves this case:

W FA A, TB
T (T D)
1, 43, TADB
. series of contractions
I' TADB
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The name subsequent lemma is due to the fact that we prove the existence of a
subsequent A of I'.
Using this lemma, we obtain completeness of C;,, for formulas:

3.8. THEOREM (Completeness of Cip,). Let £ be a closed signed formula. £ is un-
satisfiable if and only if it has a refutation in C;,,.

Proor. By the Completeness Theorem 3.6 for C;,p, £ is unsatisfiable if and only if
there exists a refutation of £ in Cy,p. By Subsequent Lemma 3.7, there exists such
a refutation of £ if and only if some submultiset of £ has a refutation in C;,,. Since
the empty sequent has no refutation in Ci,,, the only submultiset of £ refutable
in C;yy is £ itself. Therefore, ¢ is unsatisfiable if and only if it has a refutation in
Cirw . a

3.9. ExaMPLE. Consider the signed formula

& = FVy3z3z(P(z,z) D P(z, fz) A P(z, f fy)). (3.1)

(We omit parentheses in terms like f(f(y)) in this and other examples.) A refutation
of € in Cygp is shown in Figure 4. Applying the algorithm implicit in the proof of
the Subsequent Lemma to this derivation, we obtain the derivation of (3.1) in C;y,
shown in Figure 5.

3.2. Subformula property of Ciny
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