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Preface

Let X be a nice topological space (for example, a CW complex). One goal
of algebraic topology is to study the topology of X by means of algebraic
invariants, such as the singular cohomology groups H"(X; G) of X with co-
efficients in an abelian group G. These cohomology groups have proven to be
an extremely useful tool largely because they enjoy excellent formal proper-
ties (which have been axiomatized by Eilenberg and Steenrod, see [26]) and
because they tend to be very computable. However, the usual definition of
H"(X; G) in terms of singular G-valued cochains on X is perhaps somewhat
unenlightening. This raises the following question: can we understand the
cohomology group H"(X; G) in more conceptual terms?

As a first step toward answering this question, we observe that H" (X; G)
is a representable functor of X. That is, there exists an Filenberg-MacLane
space K(G,n) and a universal cohomology class n € H*(K(G,n); G) such
that, for any nice topological space X, pullback of 1 determines a bijection

(X, K(G,n)] = H"(X; Q).

Here [X, K(G,n)] denotes the set of homotopy classes of maps from X to
K(G,n). The space K(G,n) can be characterized up to homotopy equiva-
lence by the above property or by the formula

x ifk#n

T K(G,n) ~ {G Gk

In the case n = 1, we can be more concrete. An Eilenberg-MacLane space
K(G,1) is called a classifying space for G and is typically denoted by BG.
The universal cover of BG is a contractible space EG, which carries a free
action of the group G by covering transformations. We have a quotient map
7w : EG — BG. Each fiber of 7 is a discrete topological space on which the
group G acts simply transitively. We can summarize the situation by saying
that EG is a G-torsor over the classifying space BG. For every continuous
map X — BG, the fiber product X : EG xpg X has the structure of
a G-torsor on X: that is, it is a space endowed with a free action of G
and a homeomorphism X /G ~ X. This construction determines a map
from [X, BG| to the set of isomorphism classes of G-torsors on X. If X is a
sufficiently well-behaved space (such as a CW complex), then this map is a
bijection. We therefore have (at least) three different ways of thinking about
a cohomology class n € H'(X; G):
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(1) As a G-valued singular cocycle on X, which is well-defined up to
coboundaries.

(2) As a continuous map X — BG, which is well-defined up to homotopy.
(3) As a G-torsor on X, which is well-defined up to isomorphism.

These three points of view are equivalent if the space X is sufficiently nice.
However, they are generally quite different from one another. The singular
cohomology of a space X is constructed using continuous maps from sim-
plices A* into X. If there are not many maps into X (for example, if every
path in X is constant), then we cannot expect singular cohomology to tell
us very much about X. The second definition uses maps from X into the
classifying space BG, which (ultimately) relies on the existence of continuous
real-valued functions on X. If X does not admit many real-valued functions,
then the set of homotopy classes [ X, BG] is also not a very useful invariant.
For such spaces, the third approach is the most powerful: there is a good
theory of G-torsors on an arbitrary topological space X.

There is another reason for thinking about H'(X;G) in the language of
G-torsors: it continues to make sense in situations where the traditional ideas
of topology break down. If X is a G-torsor on a topological space X, then the
projection map X — X is a local homeomorphism; we may therefore identify
X with a sheaf of sets 3 on X. The action of G on X determines an action of
G on F. The sheaf F (with its G-action) and the space X (with its G-action)
determine each other up to canonical isomorphism. Consequently, we can
formulate the definition of a G-torsor in terms of the category Shvge(X) of
sheaves of sets on X without ever mentioning the topological space X itself.
The same definition makes sense in any category which bears a sufficiently
strong resemblance to the category of sheaves on a topological space: for
example, in any Grothendieck topos. This observation allows us to construct
a theory of torsors in a variety of nonstandard contexts, such as the étale
topology of algebraic varieties (see [2]).

Describing the cohomology of X in terms of the sheaf theory of X has still
another advantage, which comes into play even when the space X is assumed
to be a CW complex. For a general space X, isomorphism classes of G-torsors
on X are classified not by the singular cohomology Hiing(X ; G) but by the
sheaf cohomology HY..:(X;G) of X with coefficients in the constant sheaf
G associated to G. This sheaf cohomology is defined more generally for any
sheaf of groups § on X. Moreover, we have a conceptual interpretation of
H.,..c(X;G) in general: it classifies G-torsors on X (that is, sheaves F on X
which carry an action of § and locally admit a G-equivariant isomorphism
F ~ §G) up to isomorphism. The general formalism of sheaf cohomology is
extremely useful, even if we are interested only in the case where X is a nice
topological space: it includes, for example, the theory of cohomology with
coefficients in a local system on X.

Let us now attempt to obtain a similar interpretation for cohomology
classes 7 € H*(X; G). What should play the role of a G-torsor in this case?
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To answer this question, we return to the situation where X is a CW com-
plex, so that n can be identified with a continuous map X — K(G,2).
We can think of K(G,2) as the classifying space of a group: not the dis-
crete group G but instead the classifying space BG (which, if built in a
sufficiently careful way, comes equipped with the structure of a topological
abelian group). Namely, we can identify K(G,2) with the quotient E/BG,
where F is a contractible space with a free action of BG. Any cohomology
class € H*(X; G) determines a map X — K(G,2) (which is well-defined
up to homotopy), and we can form the pullback X = E x Ba X. We now
think of X as a torsor over X: not for the discrete group G but instead for
its classifying space BG.

To complete the analogy with our analysis in the case n = 1, we would
like to interpret the fibration X — X as defining some kind of sheaf F on
the space X . This sheaf F should have the property that for each x € X, the
stalk &, can be identified with the fiber X, ~ BG. Since the space BG is not
discrete (or homotopy equivalent to a discrete space), the situation cannot be
adequately described in the usual language of set-valued sheaves. However,
the classifying space BG is almost discrete: since the homotopy groups m; BG
vanish for i > 1, we can recover BG (up to homotopy equivalence) from its
fundamental groupoid. This suggests that we might try to think about F as
a “groupoid-valued sheaf” on X, or a stack (in groupoids) on X.

Remark. The condition that each stalk F, be equivalent to a classifying
space BG can be summarized by saying that F is a gerbe on X: more pre-
cisely, it is a gerbe banded by the constant sheaf § associated to G. We refer
the reader to [31] for an explanation of this terminology and a proof that
such gerbes are indeed classified by the sheaf cohomology group Hfheaf(X : 9).

For larger values of n, even the language of stacks is not sufficient to de-
scribe the nature of the sheaf JF associated to the fibration X — X. To ad-
dress the situation, Grothendieck proposed (in his infamous letter to Quillen;
see [35]) that there should be a theory of n-stacks on X for every integer
n > 0. Moreover, for every sheaf of abelian groups § on X, the cohomol-
ogy group H:ht:;f(X ; §) should have an interpretation as classifying a special
type of m-stack: namely, the class of n-gerbes banded by G (for a discus-
sion in the case n = 2, we refer the reader to [13]; we will treat the general
case in §7.2.2). In the special case where the space X is a point (and where
we restrict our attention to n-stacks in groupoids), the theory of n-stacks
on X should recover the classical homotopy theory of n-types: that is, CW
complexes Z such that the homotopy groups 7;(Z, z) vanish for ¢ > n (and
every base point z € Z). More generally, we should think of an n-stack (in
groupoids) on a general space X as a “sheaf of n-types” on X.

When n = 0, an n-stack on a topological space X is simply a sheaf of sets
on X. The collection of all such sheaves can be organized into a category
Shvget(X), and this category is a prototypical example of a Grothendieck
topos. The main goal of this book is to obtain an analogous understanding
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of the situation for n > 0. More precisely, we would like answers to the
following questions:

(Q1) Given a topological space X, what should we mean by a “sheaf of
n-types” on X7

(Q2) Let Shv<,(X) denote the collection of all sheaves of n-types on X.
What sort of a mathematical object is Shv<, (X)?

(Q3) What special features (if any) does Shv<,, (X) possess?

Our answers to questions (Q2) and (Q3) may be summarized as follows
(our answer to (Q1) is more elaborate, and we will avoid discussing it for
the moment):

(A2) The collection Shv<,(X) has the structure of an co-category.

(A3) The oco-category Shv<, (X) is an example of an (n + 1)-topos: that is,
an oo-category which satisfies higher-categorical analogues of Giraud’s
axioms for Grothendieck topoi (see Theorem 6.4.1.5).

Remark. Grothendieck’s vision has been realized in various ways thanks to
the work of a number of mathematicians (most notably Brown, Joyal, and
Jardine; see for example [41]), and their work can also be used to provide
answers to questions (Q1) and (Q2) (for more details, we refer the reader to
§6.5.2). Question (@Q3) has also been addressed (at least in the limiting case
n = 00) by Toén and Vezzosi (see [78]) and in unpublished work of Rezk.

To provide more complete versions of the answers (A2) and (A3), we
will need to develop the language of higher category theory. This is gener-
ally regarded as a technical and forbidding subject, but fortunately we will
only need a small fragment of it. More precisely, we will need a theory of
(00, 1)-categories: higher categories € for which the k-morphisms of € are
required to be invertible for k£ > 1. In Chapter 1, we will present such a the-
ory: namely, one can define an oo-category to be a simplicial set satisfying
a weakened version of the Kan extension condition (see Definition 1.1.2.4;
simplicial sets satisfying this condition are also called weak Kan complezes
or quasi-categories in the literature). Our intention is that Chapter 1 can
be used as a short “user’s guide” to oco-categories: it contains many of the
basic definitions and explains how many ideas from classical category theory
can be extended to the oo-categorical context. To simplify the exposition,
we have deferred many proofs until later chapters, which contain a more
thorough account of the theory. The hope is that Chapter 1 will be use-
ful to readers who want to get the flavor of the subject without becoming
overwhelmed by technical details.

In Chapter 2 we will shift our focus slightly: rather than study individual
examples of oco-categories, we consider families of co-categories {€p}pen
parametrized by the objects of another oco-category D. We might expect
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such a family to be given by a map of oco-categories p : € — D: given such
a map, we can then define each Cp to be the fiber product € xp{D}. This
definition behaves poorly in general (for example, the fibers Cp need not
be oco-categories), but it behaves well if we make suitable assumptions on
the map p. Our goal in Chapter 2 is to study some of these assumptions
in detail and to show that they lead to a good relative version of higher
category theory.

One motivation for the theory of co-categories is that it arises naturally
in addressing questions like (Q2) above. More precisely, given a collection of
mathematical objects {F,} whose definition has a homotopy-theoretic flavor
(like n-stacks on a topological space X ), one can often organize the collection
{Fo} into an oo-category (in other words, there exists an oo-category €
whose vertices correspond to the objects F,,). Another important example is
provided by higher category theory itself: the collection of all co-categories
can itself be organized into a (very large) oo-category, which we will denote
by Cate. Our goal in Chapter 3 is to study Cat., and to show that it
can be characterized by a universal property: namely, functors x : D —
Caty are classified (up to equivalence) by certain kinds of fibrations € — D
(see Theorem 3.2.0.1 for a more precise statement). Roughly speaking, this
correspondence assigns to a fibration € — D the functor x given by the
formula x(D) = € xp{D}.

Classically, category theory is a useful tool not so much because of the light
it sheds on any particular mathematical discipline but instead because cat-
egories are so ubiquitous: mathematical objects in many different settings
(sets, groups, smooth manifolds, and so on) can be organized into cate-
gories. Moreover, many elementary mathematical concepts can be described
in purely categorical terms and therefore make sense in each of these settings.
For example, we can form products of sets, groups, and smooth manifolds:
each of these notions can simply be described as a Cartesian product in the
relevant category. Cartesian products are a special case of the more general
notion of limit, which plays a central role in classical category theory. In
Chapter 4, we will make a systematic study of limits (and the dual theory of
colimits) in the oco-categorical setting. We will also introduce the more gen-
eral theory of Kan extensions, in both absolute and relative versions; this
theory plays a key technical role throughout the later parts of the book.

In some sense, the material of Chapters 1 through 4 of this book should be
regarded as purely formal. Our main results can be summarized as follows:
there exists a reasonable theory of co-categories, and it behaves in more or
less the same way as the theory of ordinary categories. Many of the ideas
that we introduce are straightforward generalizations of their ordinary coun-
terparts (though proofs in the oo-categorical setting often require a bit of
dexterity in manipulating simplicial sets), which will be familiar to mathe-
maticians who are acquainted with ordinary category theory (as presented,
for example, in [52]). In Chapter 5, we introduce oo-categorical analogues
of more sophisticated concepts from classical category theory: presheaves,
Pro-categories and Ind-categories, accessible and presentable categories, and
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localizations. The main theme is that most of the co-categories which appear
“in nature” are large but are nevertheless determined by small subcategories.
Taking careful advantage of this fact will allow us to deduce a number of
pleasant results, such as an co-categorical version of the adjoint functor the-
orem (Corollary 5.5.2.9).

In Chapter 6 we come to the heart of the book: the study of co-topoi, the
oo-categorical analogues of Grothendieck topoi. The theory of co-topoi is our
answer to the question (@Q3) in the limiting case n = oo (we will also study
the analogous notion for finite values of n). Our main result is an analogue of
Giraud’s theorem, which asserts the equivalence of “extrinsic” and “intrinsic”
approaches to the subject (Theorem 6.1.0.6). Roughly speaking, an oo-topos
is an oo-category which “looks like” the oo-category of all homotopy types.
We will show that this intuition is justified in the sense that it is possible to
reconstruct a large portion of classical homotopy theory inside an arbitrary
oo-topos. In other words, an oco-topos is a world in which one can “do”
homotopy theory (much as an ordinary topos can be regarded as a world in
which one can “do” other types of mathematics).

In Chapter 7 we will discuss some relationships between our theory of
oo-topoi and ideas from classical topology. We will show that, if X is a para-
compact space, then the co-topos of “sheaves of homotopy types” on X can
be interpreted in terms of the classical homotopy theory of spaces over X.
Another main theme is that various ideas from geometric topology (such
as dimension theory and shape theory) can be described naturally using the
language of co-topoi. We will also formulate and prove “nonabelian” general-
izations of classical cohomological results, such as Grothendieck’s vanishing
theorem for the cohomology of Noetherian topological spaces and the proper
base change theorem.

Prerequisites and Suggested Reading

We have made an effort to keep this book as self-contained as possible.
The main prerequisite is familiarity with the classical homotopy theory of
simplicial sets (good references include [56] and [32]; we have also provided
a very brief review in §A.2.7). The remaining material that we need is either
described in the appendix or developed in the body of the text. However,
our exposition of this background material is often somewhat terse, and the
reader might benefit from consulting other treatments of the same ideas.
Some suggestions for further reading are listed below.

Warning. The list of references below is woefully incomplete. We have not
attempted, either here or in the body of the text, to give a comprehensive
survey of the literature on higher category theory. We have also not at-
tempted to trace all of the ideas presented to their origins or to present a
detailed history of the subject. Many of the topics presented in this book
have appeared elsewhere or belong to the mathematical folklore; it should
not be assumed that uncredited results are due to the author.
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Classical Category Theory: Large portions of this book are de-
voted to providing oo-categorical generalizations of the basic notions
of category theory. A good reference for many of the concepts we use
is MacLane’s book [52] (see also [1] and [54] for some of the more
advanced material of Chapter 5).

Classical Topos Theory: Our main goal in this book is to describe an
oo-categorical version of topos theory. Familiarity with classical topos
theory is not strictly necessary (we will define all of the relevant con-
cepts as we need them) but will certainly be helpful. Good references
include [2] and [53].

Model Categories: Quillen’s theory of model categories provides a
useful tool for studying specific examples of co-categories, including the
theory of oo-categories itself. We will summarize the theory of model
categories in §A.2; more complete references include [40], [38], and [32].

Higher Category Theory: There are many approaches to the theory
of higher categories, some of which look quite different from the ap-
proach presented in this book. Several other possibilities are presented
in the survey article [48]. More detailed accounts can be found in [49],
[71], and [75].

In this book, we consider only (oo, 1)-categories: that is, higher cate-
gories in which all k-morphisms are assumed to be invertible for k£ > 1.
There are a number of convenient ways to formalize this idea: via
simplicial categories (see, for example, [21] and [7]), via Segal cate-
gories ([71]), via complete Segal spaces ([64]), or via the theory of oco-
categories presented in this book (other references include [43], [44],
[60], and [10]). The relationship between these various approaches is
described in [8], and an axiomatic framework which encompasses all of
them is described in [76].

Higher Topos Theory: The idea of studying a topological space X
via the theory of sheaves of n-types (or n-stacks) on X goes back at
least to Grothendieck ([35]) and has been taken up a number of times
in recent years. For small values of n, we refer the reader to [31], [74],
[13], [45], and [61]. For the case n = oo, we refer the reader to [14],
[41], [39], and [77]. A very readable introduction to some of these ideas
can be found in [4].

Higher topos theory itself can be considered an abstraction of this
idea: rather than studying sheaves of n-types on a particular topo-
logical space X, we instead study general n-categories with the same
formal properties. This idea has been implemented in the work of Toén
and Vezzosi (see [78] and [79]), resulting in a theory which is essen-
tially equivalent to the one presented in this book. (A rather different
variation on this idea in the case n = 2 can be also be found in [11].)
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The subject has also been greatly influenced by the unpublished ideas
of Charles Rezk.

TERMINOLOGY

Here are a few comments on some of the terminology which appears in this
book:

e The word topos will always mean Grothendieck topos.

e We let Seta denote the category of simplicial sets. If J is a linearly
ordered set, we let A7 denote the simplicial set given by the nerve of
J, so that the collection of n-simplices of A7 can be identified with the
collection of all nondecreasing maps {0, ...,n} — J. We will frequently
apply this notation when J is a subset of {0,...,n}; in this case, we
can identify A’ with a subsimplex of the standard n-simplex A" (at
least if J # (); if J = (), then A” is empty).

o We will refer to a category C as accessible or presentable if it is locally
accessible or locally presentable in the terminology of [54].

e Unless otherwise specified, the term co-category will be used to indicate
a higher category in which all n-morphisms are invertible for n > 1.

e We will study higher categories using Joyal’s theory of quasi-categories.
However, we do not always follow Joyal’s terminology. In particular,
we will use the term oco-category to refer to what Joyal calls a quasi-
category (which are, in turn, the same as the weak Kan complex of
Boardman and Vogt); we will use the terms inner fibration and inner
anodyne map where Joyal uses mid-fibration and mid-anodyne map.

e Let n > 0. We will say that a homotopy type X (described by either
a topological space or a Kan complex) is n-truncated if the homo-
topy groups m;(X,x) vanish for every point z € X and every i > n.
By convention, we say that X is (—1)-truncated if it is either empty
or (weakly) contractible, and (—2)-truncated if X is (weakly) con-
tractible.

e Let n > 0. We will say that a homotopy type X (described either by a
topological space or a Kan complex) is n-connective if X is nonempty
and the homotopy groups m;(X, z) vanish for every point x € X and
every integer ¢ < n. By convention, we will agree that every homotopy
type X is (—1)-connective.

e More generally, we will say that a map of homotopy types f : X — Y is
n-truncated (n-connective) if the homotopy fibers of f are n-truncated
(n-connective).
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Remark. For n > 1, a homotopy type X is n-connective if and only if it is
(n—1)-connected (in the usual terminology). In particular, X is 1-connective
if and only if it is path-connected.

Warning. In this book, we will often be concerned with sheaves on a topo-
logical space X (or some Grothendieck site) taking values in an oco-category
C. The most “universal” case is that in which C is the oco-category of 8§ of
spaces. Consequently, the term “sheaf on X” without any other qualifiers
will typically refer to a sheaf of spaces on X rather than a sheaf of sets on X.
We will see that the collection of all 8-valued sheaves on X can be organized
into an oo-category, which we denote by Shv(X). In particular, Shv(X) will
not denote the ordinary category of set-valued sheaves on X; if we need to
consider this latter object, we will denote it by Shvget(X).
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Chapter One

An Overview of Higher Category Theory

This chapter is intended as a general introduction to higher category theory.
We begin with what we feel is the most intuitive approach to the subject
using topological categories. This approach is easy to understand but difficult
to work with when one wishes to perform even simple categorical construc-
tions. As a remedy, we will introduce the more suitable formalism of co-
categories (called weak Kan complexes in [10] and quasi-categories in [43]),
which provides a more convenient setting for adaptations of sophisticated
category-theoretic ideas. Our goal in §1.1.1 is to introduce both approaches
and to explain why they are equivalent to one another. The proof of this
equivalence will rely on a crucial result (Theorem 1.1.5.13) which we will
prove in §2.2.

Our second objective in this chapter is to give the reader an idea of how to
work with the formalism of co-categories. In §1.2, we will establish a vocab-
ulary which includes co-categorical analogues (often direct generalizations)
of most of the important concepts from ordinary category theory. To keep
the exposition brisk, we will postpone the more difficult proofs until later
chapters of this book. Our hope is that, after reading this chapter, a reader
who does not wish to be burdened with the details will be able to understand
(at least in outline) some of the more conceptual ideas described in Chapter
5 and beyond.

1.1 FOUNDATIONS FOR HIGHER CATEGORY THEORY

1.1.1 Goals and Obstacles
Recall that a category € consists of the following data:

(1) A collection {X,Y,Z,...} whose members are the objects of C. We
typically write X € € to indicate that X is an object of C.

(2) For every pair of objects X,Y € C, a set Home(X,Y) of morphisms
from X to Y. We will typically write f : X — Y to indicate that
f € Home(X,Y) and say that f is a morphism from X to Y.

(3) For every object X € €, an identity morphism idx € Home(X, X).

(4) For every triple of objects X,Y, Z € €, a composition map
Home(X,Y) x Home(Y, Z) — Home(X, Z).
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Given morphisms f: X — Y and g : Y — Z, we will usually denote
the image of the pair (f, g) under the composition map by gf or go f.

These data are furthermore required to satisfy the following conditions,
which guarantee that composition is unital and associative:

(5) For every morphism f : X — Y, we have idy of = f = foidx in
Home(X,Y).

(6) For every triple of composable morphisms
wixsyhyz
we have an equality ho (go f) = (hog)o f in Home(W, Z).

The theory of categories has proven to be a valuable organization tool in
many areas of mathematics. Mathematical structures of virtually any type
can be viewed as the objects of a suitable category €, where the morphisms
in € are given by structure-preserving maps. There is a veritable legion of
examples of categories which fit this paradigm:

e The category Set whose objects are sets and whose morphisms are
maps of sets.

e The category Grp whose objects are groups and whose morphisms are
group homomorphisms.

e The category Top whose objects are topological spaces and whose mor-
phisms are continuous maps.

e The category Cat whose objects are (small) categories and whose mor-
phisms are functors. (Recall that a functor F' from € to D is a map
which assigns to each object C' € C another object FFC € D, and to
each morphism f : C' — C’ in € a morphism F(f): FC — FC’ in D,
so that F(id¢) = idpe and F(go f) = F(g) o F(f).)

In general, the existence of a morphism f : X — Y in a category C
reflects some relationship that exists between the objects X, Y € C. In some
contexts, these relationships themselves become basic objects of study and
can be fruitfully organized into categories:

Example 1.1.1.1. Let Grp be the category whose objects are groups and
whose morphisms are group homomorphisms. In the theory of groups, one
is often concerned only with group homomorphisms up to conjugacy. The
relation of conjugacy can be encoded as follows: for every pair of groups
G,H € SGrp, there is a category Map(G, H) whose objects are group ho-
momorphisms from G to H (that is, elements of Homg,,(G, H)), where a
morphism from f : G — H to f' : G — H is an element h € H such
that hf(g)h=t = f'(g) for all g € G. Note that two group homomorphisms
fsf': G — H are conjugate if and only if they are isomorphic when viewed
as objects of Map(G, H).
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Example 1.1.1.2. Let X and Y be topological spaces and let fy, f1 : X —
Y be continuous maps. Recall that a homotopy from fj to fi is a continuous
map f: X x[0,1] — Y such that f|X x {0} coincides with fy and f|X x {1}
coincides with fi. In algebraic topology, one is often concerned not with
the category Top of topological spaces but with its homotopy category: that
is, the category obtained by identifying those pairs of morphisms fo, f1 :
X — Y which are homotopic to one another. For many purposes, it is better
to do something a little bit more sophisticated: namely, one can form a
category Map(X,Y’) whose objects are continuous maps f : X — Y and
whose morphisms are given by (homotopy classes of) homotopies.

Example 1.1.1.3. Given a pair of categories C and D, the collection of all
functors from € to D is itself naturally organized into a category Fun(C, D),
where the morphisms are given by natural transformations. (Recall that,
given a pair of functors F,G : € — D, a natural transformation o« : F' — G
is a collection of morphisms {ac : F(C) — G(C)}cee which satisfy the
following condition: for every morphism f : C' — C’ in €, the diagram

F(C) ﬂF(C/)

commutes in D.)

In each of these examples, the objects of interest can naturally be orga-
nized into what is called a 2-category (or bicategory): we have not only a
collection of objects and a notion of morphisms between objects but also
a notion of morphisms between morphisms, which are called 2-morphisms.
The vision of higher category theory is that there should exist a good notion
of n-category for all n > 0 in which we have not only objects, morphisms,
and 2-morphisms but also k-morphisms for all k& < n. Finally, in some sort
of limit we might hope to obtain a theory of co-categories, where there are
morphisms of all orders.

Example 1.1.1.4. Let X be a topological space and 0 < n < co. We can
extract an n-category m<,X (roughly) as follows. The objects of 7<, X are
the points of X. If z,y € X, then the morphisms from z to y in <, X
are given by continuous paths [0,1] — X starting at 2 and ending at y.
The 2-morphisms are given by homotopies of paths, the 3-morphisms by
homotopies between homotopies, and so forth. Finally, if n < co, then two
n-morphisms of m<, X are considered to be the same if and only if they are
homotopic to one another.

If n = 0, then <, X can be identified with the set moX of path components
of X. If n =1, then our definition of 7<,, X agrees with the usual definition
for the fundamental groupoid of X. For this reason, m<, X is often called the
fundamental n-groupoid of X. It is called an n-groupoid (rather than a mere
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n-category) because every k-morphism of m<;X has an inverse (at least up
to homotopy).

There are many approaches to realizing the theory of higher categories. We
might begin by defining a 2-category to be a “category enriched over Cat.”
In other words, we consider a collection of objects together with a category
of morphisms Hom(A, B) for any two objects A and B and composition
functors capc : Hom(A, B) x Hom(B, C') — Hom(A, C) (to simplify the dis-
cussion, we will ignore identity morphisms for a moment). These functors are
required to satisfy an associative law, which asserts that for any quadruple
(A, B,C, D) of objects, the diagram

Hom(A, B) x Hom(B, C) x Hom(C, D) — Hom(A, C') x Hom(C, D)

l |

Hom(A, B) x Hom(B, D) Hom(A, D)

commutes; in other words, one has an equality of functors

cacp © (cape x 1) =capp o (1 X cgep)

from Hom(A, B) x Hom(B, C) x Hom(C, D) to Hom(A, D). This leads to
the definition of a strict 2-category.

At this point, we should object that the definition of a strict 2-category
violates one of the basic philosophical principles of category theory: one
should never demand that two functors F' and F’ be equal to one another.
Instead one should postulate the existence of a natural isomorphism be-
tween F' and F’. This means that the associative law should not take the
form of an equation but of additional structure: a collection of isomorphisms
YaBeD i cacpo(cape x1) ~cappo(lXcpeop). We should further demand
that the isomorphisms y4pcp be functorial in the quadruple (A, B, C, D)
and satisfy certain higher associativity conditions, which generalize the “Pen-
tagon axiom” described in §A.1.3. After formulating the appropriate condi-
tions, we arrive at the definition of a weak 2-category.

Let us contrast the notions of strict 2-category and weak 2-category. The
former is easier to define because we do not have to worry about the higher
associativity conditions satisfied by the transformations yapcp. On the
other hand, the latter notion seems more natural if we take the philoso-
phy of category theory seriously. In this case, we happen to be lucky: the
notions of strict 2-category and weak 2-category turn out to be equivalent.
More precisely, any weak 2-category is equivalent (in the relevant sense) to
a strict 2-category. The choice of definition can therefore be regarded as a
question of aesthetics.

We now plunge onward to 3-categories. Following the above program, we
might define a strict 3-category to consist of a collection of objects together
with strict 2-categories Hom(A, B) for any pair of objects A and B, to-
gether with a strictly associative composition law. Alternatively, we could
seek a definition of weak 3-category by allowing Hom(A, B) to be a weak
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2-category, requiring associativity only up to natural 2-isomorphisms, which
satisfy higher associativity laws up to natural 3-isomorphisms, which in turn
satisfy still higher associativity laws of their own. Unfortunately, it turns out
that these notions are not equivalent.

Both of these approaches have serious drawbacks. The obvious problem
with weak 3-categories is that an explicit definition is extremely complicated
(see [33], where a definition is given along these lines), to the point where
it is essentially unusable. On the other hand, strict 3-categories have the
problem of not being the correct notion: most of the weak 3-categories which
occur in nature are not equivalent to strict 3-categories. For example, the
fundamental 3-groupoid of the 2-sphere S? cannot be described using the
language of strict 3-categories. The situation only gets worse (from either
point of view) as we pass to 4-categories and beyond.

Fortunately, it turns out that major simplifications can be introduced if
we are willing to restrict our attention to oo-categories in which most of
the higher morphisms are invertible. From this point forward, we will use
the term (oo, n)-category to refer to oo-categories in which all k-morphisms
are invertible for £k > n. The oo-categories described in Example 1.1.1.4
(when n = o0) are all (00, 0)-categories. The converse, which asserts that
every (oo, 0)-category has the form m<, X for some topological space X,
is a generally accepted principle of higher category theory. Moreover, the
oo-groupoid 7<., X encodes the entire homotopy type of X. In other words,
(00, 0)-categories (that is, oo-categories in which all morphisms are invert-
ible) have been extensively studied from another point of view: they are
essentially the same thing as “spaces” in the sense of homotopy theory, and
there are many equivalent ways to describe them (for example, we can use
CW complexes or simplicial sets).

Convention 1.1.1.5. We will sometimes refer to (oo, 0)-categories as oco-
groupoids and (oo, 2)-categories as co-bicategories. Unless we specify other-
wise, the generic term “co-category” will refer to an (0o, 1)-category.

In this book, we will restrict our attention almost entirely to the theory
of co-categories (in which we have only invertible n-morphisms for n > 2).
Our reasons are threefold:

(1) Allowing noninvertible n-morphisms for n > 1 introduces a number
of additional complications to the theory at both technical and con-
ceptual levels. As we will see throughout this book, many ideas from
category theory generalize to the co-categorical setting in a natural
way. However, these generalizations are not so straightforward if we
allow noninvertible 2-morphisms. For example, one must distinguish
between strict and lax fiber products, even in the setting of “classical”
2-categories.

(2) For the applications studied in this book, we will not need to consider
(00, n)-categories for n > 2. The case n = 2 is of some relevance
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because the collection of (small) co-categories can naturally be viewed
as a (large) oo-bicategory. However, we will generally be able to exploit
this structure in an ad hoc manner without developing any general
theory of co-bicategories.

(3) Forn > 1, the theory of (0o, n)-categories is most naturally viewed as a
special case of enriched (higher) category theory. Roughly speaking, an
n-category can be viewed as a category enriched over (n—1)-categories.
As we explained above, this point of view is inadequate because it
requires that composition satisfies an associative law up to equality,
while in practice the associativity holds only up to isomorphism or
some weaker notion of equivalence. In other words, to obtain the cor-
rect definition we need to view the collection of (n —1)-categories as an
n-category, not as an ordinary category. Consequently, the naive ap-
proach is circular: though it does lead to a good theory of n-categories,
we can make sense of it only if the theory of n-categories is already in
place.

Thinking along similar lines, we can view an (0o, n)-category as an
oo-category which is enriched over (oo,n — 1)-categories. The collec-
tion of (0o, n — 1)-categories is itself organized into an (co, n)-category
Cat(oo,n—1), SO at a first glance this definition suffers from the same
problem of circularity. However, because the associativity properties
of composition are required to hold up to equivalence, rather than up
to arbitrary natural transformation, the noninvertible k-morphisms in
Cat(so,n—1) are irrelevant for £ > 1. One can define an (oo, n)-category
to be a category enriched over Cat(,—1), where the latter is re-
garded as an oco-category by discarding noninvertible k-morphisms for
2 < k < n. In other words, the naive inductive definition of higher cat-
egory theory is reasonable provided that we work in the co-categorical
setting from the outset. We refer the reader to [75] for a definition of
n-categories which follows this line of thought.

The theory of enriched co-categories is a useful and important one but
will not be treated in this book. Instead we refer the reader to [50]
for an introduction using the same language and formalism we employ
here.

Though we will not need a theory of (oo, n)-categories for n > 1, the
case n = 1 is the main subject matter of this book. Fortunately, the above
discussion suggests a definition. Namely, an co-category € should consist of a
collection of objects and an co-groupoid Mape (X, Y') for every pair of objects
X,Y € C. These oco-groupoids can be identified with topological spaces,
and should be equipped with an associative composition law. As before, we
are faced with two choices as to how to make this precise: do we require
associativity on the nose or only up to (coherent) homotopy? Fortunately,
the answer turns out to be irrelevant: as in the theory of 2-categories, any
oo-category with a coherently associative multiplication can be replaced by
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an equivalent co-category with a strictly associative multiplication. We are
led to the following:

Definition 1.1.1.6. A topological category is a category which is enriched
over CG, the category of compactly generated (and weakly Hausdorff) topo-
logical spaces. The category of topological categories will be denoted by
Cattop.

More explicitly, a topological category € consists of a collection of objects
together with a (compactly generated) topological space Mape(X,Y) for any
pair of objects X,Y € €. These mapping spaces must be equipped with an
associative composition law given by continuous maps

Mape(Xo, X1) X Mape(X1, X2) X -+ x Mape(Xp—1, Xn) — Mape(Xo, X,)

(defined for all n > 0). Here the product is taken in the category of compactly
generated topological spaces.

Remark 1.1.1.7. The decision to work with compactly generated topolog-
ical spaces, rather than arbitrary spaces, is made in order to facilitate the
comparison with more combinatorial approaches to homotopy theory. This
is a purely technical point which the reader may safely ignore.

It is possible to use Definition 1.1.1.6 as a foundation for higher cate-
gory theory: that is, to define an oo-category to be a topological category.
However, this approach has a number of technical disadvantages. We will
describe an alternative (though equivalent) formalism in the next section.

1.1.2 oco-Categories

Of the numerous formalizations of higher category theory, Definition 1.1.1.6
is the quickest and most transparent. However, it is one of the most difficult
to actually work with: many of the basic constructions of higher category
theory give rise most naturally to (oo, 1)-categories for which the composi-
tion of morphisms is associative only up to (coherent) homotopy (for several
examples of this phenomenon, we refer the reader to §1.2). In order to re-
main in the world of topological categories, it is necessary to combine these
constructions with a “straightening” procedure which produces a strictly
associative composition law. Although it is always possible to do this (see
Theorem 2.2.5.1), it is much more technically convenient to work from the
outset within a more flexible theory of (0o, 1)-categories. Fortunately, there
are many candidates for such a theory, including the theory of Segal cate-
gories ([71]), the theory of complete Segal spaces ([64]), and the theory of
model categories ([40], [38]). To review all of these notions and their inter-
relationships would involve too great a digression from the main purpose of
this book. However, the frequency with which we will encounter sophisticated
categorical constructions necessitates the use of one of these more efficient
approaches. We will employ the theory of weak Kan complezes, which goes
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back to Boardman-Vogt ([10]). These objects have subsequently been stud-
ied more extensively by Joyal ([43], [44]), who calls them quasi-categories.
We will simply call them oo-categories.

To get a feeling for what an co-category € should be, it is useful to consider
two extreme cases. If every morphism in € is invertible, then € is equivalent
to the fundamental co-groupoid of a topological space X. In this case, higher
category theory reduces to classical homotopy theory. On the other hand, if €
has no nontrivial n-morphisms for n > 1, then C is equivalent to an ordinary
category. A general formalism must capture the features of both of these
examples. In other words, we need a class of mathematical objects which
can behave both like categories and like topological spaces. In §1.1.1, we
achieved this by “brute force”: namely, we directly amalgamated the theory
of topological spaces and the theory of categories by considering topological
categories. However, it is possible to approach the problem more directly
using the theory of simplicial sets. We will assume that the reader has some
familiarity with the theory of simplicial sets; a brief review of this theory is
included in §A.2.7, and a more extensive introduction can be found in [32].

The theory of simplicial sets originated as a combinatorial approach to
homotopy theory. Given any topological space X, one can associate a simpli-
cial set Sing X, whose n-simplices are precisely the continuous maps |A™| —
X, where |A"| = {(z0,...,2n) € [0,1]" 2o + ... + 2, = 1} is the stan-
dard n-simplex. Moreover, the topological space X is determined, up to weak
homotopy equivalence, by Sing X . More precisely, the singular complex func-
tor X — Sing X admits a left adjoint, which carries every simplicial set K to
its geometric realization | K|. For every topological space X, the counit map

| Sing X| — X is a weak homotopy equivalence. Consequently, if one is only
interested in studying topological spaces up to weak homotopy equivalence,
one might as well work with simplicial sets instead.

If X is a topological space, then the simplicial set Sing X has an important
property, which is captured by the following definition:

Definition 1.1.2.1. Let K be a simplicial set. We say that K is a Kan
complez if, for any 0 < ¢ < n and any diagram of solid arrows

7
7/
v
v

A",

there exists a dotted arrow as indicated rendering the diagram commutative.
Here A} C A™ denotes the ith horn, obtained from the simplex A™ by
deleting the interior and the face opposite the ith vertex.

The singular complex of any topological space X is a Kan complex: this
follows from the fact that the horn |A?| is a retract of the simplex |A”|
in the category of topological spaces. Conversely, any Kan complex K “be-
haves like” a space: for example, there are simple combinatorial recipes for
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extracting homotopy groups from K (which turn out be isomorphic to the
homotopy groups of the topological space |K|). According to a theorem of
Quillen (see [32] for a proof), the singular complex and geometric realiza-
tion provide mutually inverse equivalences between the homotopy category
of CW complexes and the homotopy category of Kan complexes.

The formalism of simplicial sets is also closely related to category theory.
To any category C, we can associate a simplicial set N(C) called the nerve
of €. For each n > 0, we let N(C),, = Mapg,, (A", N(C)) denote the set of
all functors [n] — €. Here [n] denotes the linearly ordered set {0,...,n},
regarded as a category in the obvious way. More concretely, N(€),, is the set
of all composable sequences of morphisms

ooz o,

having length n. In this description, the face map d; carries the above se-
quence to
CO ﬁ) P f:>1 0171 fi—)+10fi C’LJrI fj)Q oo E}

n

while the degeneracy s; carries it to
i id k3 k3 i n
ol Bo' oo, e,

Tt is more or less clear from this description that the simplicial set N(@) is
just a fancy way of encoding the structure of € as a category. More precisely,
we note that the category € can be recovered (up to isomorphism) from
its nerve N(C). The objects of C are simply the wvertices of N(C): that is,
the elements of N(€)g. A morphism from Cy to Cp is given by an edge
¢ € N(€); with di(¢) = Cy and dy(¢) = C;. The identity morphism from
an object C to itself is given by the degenerate simplex so(C). Finally, given
a diagram C 2, C1 Y, Cs, the edge of N(€) corresponding to ¢ o ¢ may be
uniquely characterized by the fact that there exists a 2-simplex o € N(€),
with d2(0) = ¢a dO(U) = ’l/}a and dl (U) = w © ¢

It is not difficult to characterize those simplicial sets which arise as the
nerve of a category:

Proposition 1.1.2.2. Let K be a simplicial set. Then the following condi-
tions are equivalent:

(1) There exists a small category C and an isomorphism K ~ N(C@).
(2) For each 0 < i < n and each diagram

1
v

e
7

A",

there exists a unique dotted arrow rendering the diagram commutative.
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Proof. We first show that (1) = (2). Let K be the nerve of a small category
C and let fy : A? — K be a map of simplicial sets, where 0 < i < n. We
wish to show that fy can be extended uniquely to a map f : A” — K. For
0 <k <n,let X;, € Cbe the image of the vertex {k} C A?. For 0 < k < n,
let gx : Xx—1 — Xi be the morphism in € determined by the restriction
fo\A{kfl’k}. The composable chain of morphisms

g1 g2 9n
X0_>X1_,..._,Xn

determines an n-simplex f : A" — K. We will show that f is the desired
solution to our extension problem (the uniqueness of this solution is evident:
if f/: A" — K is any other map with f/|A? = fo, then f’ must correspond
to the same chain of morphisms in €, so that f' = f). It will suffice to prove
the following for every 0 < j < n:

(%) If j # 4, then
flA{O,...,j—l,j—',-l,...,n} — fo|A{O,...,j—1,j+1,..4,n}.

To prove (x;), it will suffice to show that f and f; have the same restriction
to A{’“k/}, where k and k' are adjacent elements of the linearly ordered set
{0,...,7—1,j+1,....,n} C[n]. If k and k' are adjacent in [n], then this
follows by construction. In particular, () is automatically satisfied if j = 0
or j = n. Suppose instead that k =j — 1 and ¥ = j + 1, where 0 < j < n.
If n =2, then j = 1 =i and we obtain a contradiction. We may therefore
assume that n > 2, so that either j —1 > 0 or j + 1 < n. Without loss of
generality, j —1 > 0, so that AU=17+1} € Afl-n} The desired conclusion
now follows from ().

We now prove the converse. Suppose that the simplicial set K satisfies
(2); we claim that K is isomorphic to the nerve of a small category C. We
construct the category C as follows:

(i) The objects of € are the vertices of K.

(14) Given a pair of objects z,y € €, we let Home/(x, y) denote the collection
of all edges e : A’ — K such that e|{0} = z and e|{1} = y.

(7i7) Let = be an object of €. Then the identity morphism id, is the edge
of K defined by the composition

At - A" S K.

(iv) Let f: 2 — yand g : y — z be morphisms in €. Then f and g together
determine a map oo : A — K. In view of condition (2), the map og
can be extended uniquely to a 2-simplex o : A? — K. We define the
composition g o f to be the morphism from z to z in € corresponding
to the edge given by the composition

A~ A02 C A2 % i
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We first claim that C is a category. To prove this, we must verify the
following axioms:

(a) For every object y € C, the identity id, is a unit with respect to
composition. In other words, for every morphism f : z — y in € and
every morphism ¢ : y — 2 in €, we have idyof = f and goid, =
g. These equations are “witnessed” by the 2-simplices s1(f), so(g) €
Homget, (A%, K).

(b) Composition is associative. That is, for every sequence of composable
morphisms

f g h
w—=Tr—=Y— 2,

we have ho(go f) = (hog)o f. To prove this, let us first choose
2-simplices 012 and o123 as indicated below:

T Y
VN, SN
o ho
wg4f>y x4g>z.

Now choose a 2-simplex ogo3 corresponding to a diagram

Y
s
ho(gof)
w———————>Z.

These three 2-simplices together define a map 79 : A3 — K. Since K
satisfies condition (2), we can extend 7y to a 3-simplex 7 : A% — K.
The composition

A~ A0S C A3 T |

corresponds to the diagram

x
Vs
w ho(gof) z,

which witnesses the associativity axiom ho (go f) = (hog)o f.

It follows that C is a well-defined category. By construction, we have a
canonical map of simplicial sets ¢ : K — NC. To complete the proof, it
will suffice to show that ¢ is an isomorphism. We will prove, by induction on
n > 0, that ¢ induces a bijection Homget , (A", K) — Homget, (A, N €). For
n = 0 and n = 1, this is obvious from the construction. Assume therefore that
n > 2 and choose an integer ¢ such that 0 < 7 < n. We have a commutative
diagram

Homget . (A", K) — Homget, (A, N C)

| l

Homget . (AT, K) — Homget, (AT, N @).
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Since K and N € both satisty (2) (for N €, this follows from the first part of
the proof), the vertical maps are bijective. It will therefore suffice to show
that the lower horizontal map is bijective, which follows from the inductive
hypothesis. O

We note that condition (2) of Proposition 1.1.2.2 is very similar to Def-
inition 1.1.2.1. However, it is different in two important respects. First, it
requires the extension condition only for inner horns A} with 0 < 7 < n.
Second, the asserted condition is stronger in this case: not only does any
map A — K extend to the simplex A™, but the extension is unique.

Remark 1.1.2.3. It is easy to see that it is not reasonable to expect con-
dition (2) of Proposition 1.1.2.2 to hold for outer horns A? where i € {0,n}.
Consider, for example, the case where i = n = 2 and where K is the nerve
of a category €. Giving a map A3 — K corresponds to supplying the solid
arrows in the diagram

and the extension condition would amount to the assertion that one could
always find a dotted arrow rendering the diagram commutative. This is true
in general only when the category C is a groupoid.

We now see that the notion of a simplicial set is a flexible one: a simplicial
set K can be a good model for an oco-groupoid (if K is a Kan complex) or for
an ordinary category (if it satisfies the hypotheses of Proposition 1.1.2.2).
Based on these observations, we might expect that some more general class
of simplicial sets could serve as models for co-categories in general.

Consider first an arbitrary simplicial set K. We can try to envision K as a
generalized category whose objects are the vertices of K (that is, the elements
of Ky) and whose morphisms are the edges of K (that is, the elements of
K1). A 2-simplex o : A? — K should be thought of as a diagram

Y
77N
x— % 5

together with an identification (or homotopy) between 6 and ¢ o ¢ which
witnesses the “commutativity” of the diagram. (In higher category theory,
commutativity is not merely a condition: the homotopy 6 ~ 1) o ¢ is an addi-
tional datum.) Simplices of larger dimension may be thought of as verifying
the commutativity of certain higher-dimensional diagrams.

Unfortunately, for a general simplicial set K, the analogy outlined above
is not very strong. The essence of the problem is that, though we may refer
to the 1-simplices of K as morphisms, there is in general no way to compose
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them. Taking our cue from the example of N(C), we might say that a mor-
phism 0 : X — Z is a composition of morphisms ¢ : X - Y and¢:Y — Z
if there exists a 2-simplex o : A2 — K as in the diagram indicated above.
We must now consider two potential difficulties: the desired 2-simplex o may
not exist, and if it does it exist it may not be unique, so that we have more
than one choice for the composition 6.

The existence requirement for o can be formulated as an extension condi-
tion on the simplicial set K. We note that a composable pair of morphisms
(1, ¢) determines a map of simplicial sets A7 — K. Thus, the assertion
that o can always be found may be formulated as a extension property: any
map of simplicial sets A2 — K can be extended to AZ, as indicated in the
following diagram:

G J—

7
Ve
|
Ve
A2,

The uniqueness of # is another matter. It turns out to be unnecessary
(and unnatural) to require that 6 be uniquely determined. To understand
this point, let us return to the example of the fundamental groupoid of a
topological space X. This is a category whose objects are the points z € X.
The morphisms between a point z € X and a point y € X are given by
continuous paths p : [0,1] — X such that p(0) = x and p(1) = y. Two
such paths are considered to be equivalent if there is a homotopy between
them. Composition in the fundamental groupoid is given by concatenation
of paths. Given paths p,q : [0,1] — X with p(0) = z, p(1) = ¢(0) = y, and
q(1) = z, the composite of p and ¢ should be a path joining x to z. There
are many ways of obtaining such a path from p and g. One of the simplest

is to define
2t if 0
() = p(2t) ?1
q(2t —1) if 5

However, we could just as well use the formula

p(3t) ifo<t<i
g(¥Ft) ifg<t<l1

r'(t) =

to define the composite path. Because the paths r and r’ are homotopic to
one another, it does not matter which one we choose.

The situation becomes more complicated if we try to think 2-categorically.
We can capture more information about the space X by considering its fun-
damental 2-groupoid. This is a 2-category whose objects are the points of
X, whose morphisms are paths between points, and whose 2-morphisms are
given by homotopies between paths (which are themselves considered mod-
ulo homotopy). In order to have composition of morphisms unambiguously
defined, we would have to choose some formula once and for all. Moreover,
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there is no particularly compelling choice; for example, neither of the formu-
las written above leads to a strictly associative composition law.

The lesson to learn from this is that in higher-categorical situations, we
should not necessarily ask for a uniquely determined composition of two
morphisms. In the fundamental groupoid example, there are many choices for
a composite path, but all of them are homotopic to one another. Moreover,
in keeping with the philosophy of higher category theory, any path which is
homotopic to the composite should be just as good as the composite itself.
From this point of view, it is perhaps more natural to view composition
as a relation than as a function, and this is very efficiently encoded in the
formalism of simplicial sets: a 2-simplex o : A? — K should be viewed as
“evidence” that do(o) o d2(0) is homotopic to dq (o).

Exactly what conditions on a simplicial set K will guarantee that it be-
haves like a higher category? Based on the above argument, it seems reason-
able to require that K satisfy an extension condition with respect to certain
horn inclusions A}, as in Definition 1.1.2.1. However, as we observed in Re-
mark 1.1.2.3, this is reasonable only for the inner horns where 0 < i < n,
which appear in the statement of Proposition 1.1.2.2.

Definition 1.1.2.4. An oco-category is a simplicial set K which has the
following property: for any 0 < ¢ < n, any map fp : A} — K admits an
extension f: A" — K.

Definition 1.1.2.4 was first formulated by Boardman and Vogt ([10]). They
referred to oco-catgories as weak Kan complexes, motivated by the obvious
analogy with Definition 1.1.2.1. Our terminology places more emphasis on
the analogy with the characterization of ordinary categories given in Propo-
sition 1.1.2.2: we require the same extension conditions but drop the unique-
ness assumption.

Example 1.1.2.5. Any Kan complex is an oo-category. In particular, if X
is a topological space, then we may view its singular complex Sing X as an
oo-category: this is one way of defining the fundamental co-groupoid m<o X
of X introduced informally in Example 1.1.1.4.

Example 1.1.2.6. The nerve of any category is an oo-category. We will
occasionally abuse terminology by identifying a category € with its nerve
N(€); by means of this identification, we may view ordinary category theory
as a special case of the study of co-categories.

The weak Kan condition of Definition 1.1.2.4 leads to a very elegant and
powerful version of higher category theory. This theory has been developed
by Joyal in [43] and [44] (where simplicial sets satisfying the condition of
Definition 1.1.2.4 are called quasi-categories) and will be used throughout
this book.

Notation 1.1.2.7. Depending on the context, we will use two different
notations in connection with simplicial sets. When emphasizing their role as
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oo-categories, we will often denote them by calligraphic letters such as C, D,
and so forth. When casting simplicial sets in their different (though related)
role as representatives of homotopy types, we will employ capital Roman
letters. To avoid confusion, we will also employ the latter notation when we
wish to contrast the theory of co-categories with some other other approach
to higher category theory, such as the theory of topological categories.

1.1.3 Equivalences of Topological Categories

We have now introduced two approaches to higher category theory: one
based on topological categories and one based on simplicial sets. These two
approaches turn out to be equivalent to one another. However, the equiva-
lence itself needs to be understood in a higher-categorical sense. We take our
cue from classical homotopy theory, in which we can take the basic objects
to be either topological spaces or simplicial sets. It is not true that every
Kan complex is isomorphic to the singular complex of a topological space or
that every CW complex is homeomorphic to the geometric realization of a
simplicial set. However, both of these statements become true if we replace
the words “isomorphic to” by “homotopy equivalent to.” We would like to
formulate a similar statement regarding our approaches to higher category
theory. The first step is to find a concept which replaces homotopy equiva-
lence. If F': € — D is a functor between topological categories, under what
circumstances should we regard F' as an equivalence (so that € and D really
represent the same higher category)?

The most naive answer is that F' should be regarded as an equivalence if
it is an isomorphism of topological categories. This means that F' induces
a bijection between the objects of C and the objects of D, and a home-
omorphism Mape(X,Y) — Mapq (F(X), F(Y)) for every pair of objects
X,Y € C. However, it is immediately obvious that this condition is far
too strong; for example, in the case where € and D are ordinary categories
(which we may view also as topological categories where all morphism sets
are endowed with the discrete topology), we recover the notion of an isomor-
phism between categories. This notion does not play an important role in
category theory. One rarely asks whether or not two categories are isomor-
phic; instead, one asks whether or not they are equivalent. This suggests the
following definition:

Definition 1.1.3.1. A functor F' : € — D between topological categories
is a strong equivalence if it is an equivalence in the sense of enriched cate-
gory theory. In other words, F' is a strong equivalence if it induces home-
omorphisms Mape(X,Y) — Mapy (F(X), F(Y)) for every pair of objects
X,Y € €, and every object of D is isomorphic (in D) to F(X) for some
X ecC

The notion of strong equivalence between topological categories has the
virtue that, when restricted to ordinary categories, it reduces to the usual
notion of equivalence. However, it is still not the right definition: for a pair
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of objects X and Y of a higher category €, the morphism space Mape(X,Y)
should itself be well-defined only up to homotopy equivalence.

Definition 1.1.3.2. Let € be a topological category. The homotopy category
h€ is defined as follows:

e The objects of hC are the objects of C.
o If X\ Y € C, then we define Homype(X,Y) = mo Mape (X, Y).

e Composition of morphisms in h€ is induced from the composition of
morphisms in € by applying the functor m.

Example 1.1.3.3. Let C be the topological category whose objects are
CW complexes, where Mape(X,Y) is the set of continuous maps from X
to Y, equipped with the (compactly generated version of the) compact-open
topology. We will denote the homotopy category of € by H and refer to H
as the homotopy category of spaces.

There is a second construction of the homotopy category H which will play
an important role in what follows. First, we must recall a bit of terminology
from classical homotopy theory.

Definition 1.1.3.4. A map f: X — Y between topological spaces is said
to be a weak homotopy equivalence if it induces a bijection my X — 7Y, and
if for every point z € X and every ¢ > 1, the induced map of homotopy
groups

mi(X,x) — mi(Y, f(7))
is an isomorphism.

Given a space X € CG, classical homotopy theory ensures the existence of
a CW complex X’ equipped with a weak homotopy equivalence ¢ : X' —
X. Of course, X’ is not uniquely determined; however, it is unique up to
canonical homotopy equivalence, so that the assignment

X [X] =X

determines a functor 6 : C§ — H. By construction, 6 carries weak homotopy
equivalences in €S to isomorphisms in H. In fact, # is universal with respect
to this property. In other words, we may describe H as the category ob-
tained from C§G by formally inverting all weak homotopy equivalences. This
is one version of Whitehead’s theorem, which is usually stated as follows: ev-
ery weak homotopy equivalence between CW complexes admits a homotopy
inverse.

We can now improve upon Definition 1.1.3.2 slightly. We first observe that
the functor 0 : €§ — H preserves products. Consequently, we can apply the
construction of Remark A.1.4.3 to convert any topological category € into
a category enriched over H. We will denote this H-enriched category by hC
and refer to it as the homotopy category of C. More concretely, the homotopy
category hC may be described as follows:
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(1) The objects of hC are the objects of C.

(2) For X,Y € C, we have
Mapy,e(X,Y) = [Mape(X,Y)].

(3) The composition law on h€ is obtained from the composition law on
C by applying the functor 6 : €§ — X.

Remark 1.1.3.5. If € is a topological category, we have now defined hC
in two different ways: first as an ordinary category and later as a category
enriched over H. These two definitions are compatible with one another in
the sense that hC (regarded as an ordinary category) is the underlying cate-
gory of hC (regarded as an H-enriched category). This follows immediately
from the observation that for every topological space X, there is a canonical
bijection moX ~ Mapg(*, [X]).

If € is a topological category, we may imagine that hC is the object which
is obtained by forgetting the topological morphism spaces of € and remem-
bering only their (weak) homotopy types. The following definition codifies
the idea that these homotopy types should be “all that really matter.”

Definition 1.1.3.6. Let F': € — D be a functor between topological cate-
gories. We will say that F' is a weak equivalence, or simply an equivalence, if
the induced functor h€ — hD is an equivalence of H-enriched categories.

More concretely, a functor F' is an equivalence if and only if the following
conditions are satisfied:

e For every pair of objects X,Y € C, the induced map
Mape (X, Y) — Mapq (FI(X), F(Y))
is a weak homotopy equivalence of topological spaces.

e Every object of D is isomorphic in hD to F(X) for some X € C.

Remark 1.1.3.7. A morphism f: X — Y in D is said to be an equivalence
if the induced morphism in hD is an isomorphism. In general, this is much
weaker than the condition that f be an isomorphism in D; see Proposition
1.2.4.1.

It is Definition 1.1.3.6 which gives the correct notion of equivalence be-
tween topological categories (at least, when one is using them to describe
higher category theory). We will agree that all relevant properties of topo-
logical categories are invariant under this notion of equivalence. We say that
two topological categories are equivalent if there is an equivalence between
them, or more generally if there is a chain of equivalences joining them.
Equivalent topological categories should be regarded as interchangeable for
all relevant purposes.
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Remark 1.1.3.8. According to Definition 1.1.3.6, a functor F' : € — D is
an equivalence if and only if the induced functor h€ — hD is an equivalence.
In other words, the homotopy category hC (regarded as a category which is
enriched over H) is an invariant of € which is sufficiently powerful to detect
equivalences between oo-categories. This should be regarded as analogous to
the more classical fact that the homotopy groups m; (X, z) of a CW complex
X are homotopy invariants which detect homotopy equivalences between CW
complexes (by Whitehead’s theorem). However, it is important to remember
that hC does not determine C up to equivalence, just as the homotopy type
of a CW complex is not determined by its homotopy groups.

1.1.4 Simplicial Categories

In the previous sections we introduced two very different approaches to the
foundations of higher category theory: one based on topological categories,
the other on simplicial sets. In order to prove that they are equivalent to
one another, we will introduce a third approach which is closely related to
the first but shares the combinatorial flavor of the second.

Definition 1.1.4.1. A simplicial category is a category which is enriched
over the category Seta of simplicial sets. The category of simplicial cate-
gories (where morphisms are given by simplicially enriched functors) will be
denoted by Cata.

Remark 1.1.4.2. Every simplicial category can be regarded as a simplicial
object in the category Cat. Conversely, a simplicial object of Cat arises from
a simplicial category if and only if the underlying simplicial set of objects is
constant.

Like topological categories, simplicial categories can be used as models of
higher category theory. If € is a simplicial category, then we will generally
think of the simplicial sets Mape(X,Y") as encoding homotopy types or oco-
groupoids.

Remark 1.1.4.3. If C is a simplicial category with the property that each of
the simplicial sets Mape (X, Y) is an co-category, then we may view C itself as
a kind of co-bicategory. We will not use this interpretation of simplicial cate-
gories in this book. Usually we will consider only fibrant simplicial categories;
that is, simplicial categories for which the mapping objects Mape(X,Y) are
Kan complexes.

The relationship between simplicial categories and topological categories
is easy to describe. Let Seta denote the category of simplicial sets and CG
the category of compactly generated Hausdorff spaces. We recall that there
exists a pair of adjoint functors

Il
Seta=——=C§
Sing
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which are called the geometric realization and singular complex functors,
respectively. Both of these functors commute with finite products. Conse-
quently, if € is a simplicial category, we may define a topological category
| €| in the following way:

e The objects of | C| are the objects of C.
e If X,Y € C, then Map, ¢ ((X,Y) = [Mape(X,Y)|.

e The composition law for morphisms in | €| is obtained from the com-
position law on € by applying the geometric realization functor.

Similarly, if C is a topological category, we may obtain a simplicial cate-
gory Sing € by applying the singular complex functor to each of the morphism
spaces individually. The singular complex and geometric realization functors
determine an adjunction between Cata and Catiop. This adjunction should
be understood as determining an equivalence between the theory of simpli-
cial categories and the theory of topological categories. This is essentially a
formal consequence of the fact that the geometric realization and singular
complex functors determine an equivalence between the homotopy theory
of topological spaces and the homotopy theory of simplicial sets. More pre-
cisely, we recall that a map f : S — T of simplicial sets is said to be a weak
homotopy equivalence if the induced map |S| — |T| of topological spaces is
a weak homotopy equivalence. A theorem of Quillen (see [32] for a proof)
asserts that the unit and counit morphisms

S — Sing | S|
|Sing X| — X

are weak homotopy equivalences for every (compactly generated) topological
space X and every simplicial set .S. It follows that the category obtained from
C§ by inverting weak homotopy equivalences (of spaces) is equivalent to the
category obtained from Seta by inverting weak homotopy equivalences. We
use the symbol H to denote either of these (equivalent) categories.

If € is a simplicial category, we let hC denote the H-enriched category
obtained by applying the functor Seta — JH to each of the morphism spaces
of €. We will refer to hC as the homotopy category of €. We note that this is
the same notation that was introduced in §1.1.3 for the homotopy category
of a topological category. However, there is little risk of confusion: the above
remarks imply the existence of canonical isomorphisms

hC ~ h| €|
hD ~ hSing D
for every simplicial category € and every topological category D.

Definition 1.1.4.4. A functor € — € between simplicial categories is an
equivalence if the induced functor h@ — h€’ is an equivalence of H-enriched
categories.
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In other words, a functor € — €’ between simplicial categories is an equiv-
alence if and only if the geometric realization |€| — | €| is an equivalence
of topological categories. In fact, one can say more. It follows easily from the
preceding remarks that the unit and counit maps

C — Sing| €|

|SingD | — D
induce isomorphisms between homotopy categories. Consequently, if we are
working with topological or simplicial categories up to equivalence, we are
always free to replace a simplicial category C by | C | or a topological category
D by Sing D. In this sense, the notions of topological category and simplicial
category are equivalent, and either can be used as a foundation for higher
category theory.

1.1.5 Comparing co-Categories with Simplicial Categories

In §1.1.4, we introduced the theory of simplicial categories and explained
why (for our purposes) it is equivalent to the theory of topological cate-
gories. In this section, we will show that the theory of simplicial categories
is also closely related to the theory of oo-categories. Our discussion requires
somewhat more elaborate constructions than were needed in the previous
sections; a reader who does not wish to become bogged down in details is
urged to skip ahead to §1.2.1.

We will relate simplicial categories with simplicial sets by means of the
simplicial nerve functor

N : Cata — Seta,
originally introduced by Cordier (see [16]). The nerve of an ordinary category
C is characterized by the formula
Homget, (A", N(C)) = Homeat([n], C);

here [n] denotes the linearly ordered set {0,...,n} regarded as a category.
This definition makes sense also when C is a simplicial category but is clearly
not very interesting: it makes no use of the simplicial structure on C. In order
to obtain a more interesting construction, we need to replace the ordinary

category [n] by a suitable “thickening,” a simplicial category which we will
denote by €[A"].

Definition 1.1.5.1. Let J be a finite nonempty linearly ordered set. The
simplicial category €[A”] is defined as follows:

e The objects of €[A”] are the elements of J.
o Ifi,j € J, then
U if j <i
Ma (i, j) =
p@[A’](Z 7) {N(Pm») if i< .

Here P; ; denotes the partially ordered set {I C J : (i,5 € I) A (Vk €
Nl <k <jl}.
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o Ifig <iy <---<i,, then the composition

MapC[AJ](io,il) X -+ X Mapc[AJ](infl,in) — Mapc[AJ] (’io, ’Ln)
is induced by the map of partially ordered sets

Pigiy XX By, = Pig,

(Il,,In)HllLJUIn

In order to help digest Definition 1.1.5.1, let us analyze the structure of
the topological category | €[A™]|. The objects of this category are elements
of the set [n] = {0,...,n}. For each 0 < i < j < n, the topological space
Map, C[An]‘(i, Jj) is homeomorphic to a cube; it may be identified with the set
of all functions p : {k € [n] : i < k < j} — [0, 1] which satisfy p(i) = p(j) = 1.
The morphism space Map, Q[Anﬂ(i,j) is empty when j < ¢, and composition
of morphisms is given by concatenation of functions.

Remark 1.1.5.2. Let us try to understand better the simplicial category
C[A"] and its relationship to the ordinary category [n]. These categories have
the same objects: the elements of {0,...,n}. In the category [n], there is a
unique morphism ¢;; : i — j whenever ¢ < j. By virtue of the uniqueness,
these elements satisfy g;x © g;; = qix for i < j < k.

In the simplicial category €[A"], there is a vertex p;; € Mapg(an(4, ) for
each ¢ < j, given by the element {7, j} € P;;. We note that p;i o p;; # pix
(except in degenerate cases where i = j or j = k). Instead, the collection of
all compositions

Pipin_1 ©Pin_1in_2 © " °Piyigs

where i = ip < i1 < -+ < ip,—1 < i, = j constitute all of the different
vertices of the cube Mapg(an(4, 7). The weak contractibility of Mapg(an; (i, j)
expresses the idea that although these compositions do not coincide, they
are all canonically homotopic to one another. We observe that there is a
(unique) functor €[A™] — [n] which is the identity on objects. This functor
is an equivalence of simplicial categories. We can summarize the situation
informally as follows: the simplicial category €[A"] is a thickened version of
[n] where we have dropped the strict associativity condition

4k © 9ij = Yik
and instead have imposed associativity only up to (coherent) homotopy. (We
can formulate this idea more precisely by saying that €[A®] is a cofibrant

replacement for [#] with respect to a suitable model structure on the category
of cosimplicial objects of Cata.)

The construction J +— €[A”] is functorial in J, as we now explain.

Definition 1.1.5.3. Let f : J — J’ be a monotone map between linearly
ordered sets. The simplicial functor €[f] : €[A7] — €[A7] is defined as
follows:
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e For each object i € €[A], €[f](i) = f(i) € €[A7].

e If i < jin J, then the map Mapgas(4,J) — Mapgar)(f(4), f(4))
induced by f is the nerve of the map

Pij = Pray, )
I— f(I).

Remark 1.1.5.4. Using the notation of Remark 1.1.5.2, we note that Def-
inition 1.1.5.3 has been rigged so that the functor €[f] carries the vertex

pij € Mapg(as(4, j) to the vertex py) () € Mapeiar(f (i), f(4))-

It is not difficult to check that the construction described in Definition
1.1.5.3 is well-defined,and compatible with composition in f. Consequently,
we deduce that € determines a functor

A — Catp
A" — C[AT],

which we may view as a cosimplicial object of Cata.

Definition 1.1.5.5. Let € be a simplicial category. The simplicial nerve
N(€) is the simplicial set described by the formula

Homget, (A", N(€)) = Homeat , (€[A"], €).

If € is a topological category, we define the topological nerve N(C) of € to
be the simplicial nerve of Sing C.

Remark 1.1.5.6. If C is a simplicial (topological) category, we will often
abuse terminology by referring to the simplicial (topological) nerve of €
simply as the nerve of C.

Warning 1.1.5.7. Let € be a simplicial category. Then € can be regarded
as an ordinary category by ignoring all simplices of positive dimension in
the mapping spaces of C. The simplicial nerve of € does not coincide with
the nerve of this underlying ordinary category. Our notation is therefore po-
tentially ambiguous. We will adopt the following convention: whenever C is
a simplicial category, N(C) will denote the simplicial nerve of C unless we
specify otherwise. Similarly, if € is a topological category, then the topolog-
ical nerve of € does not generally coincide with the nerve of the underlying
category; the notation N(C) will be used to indicate the topological nerve
unless otherwise specified.

Example 1.1.5.8. Any ordinary category € may be considered as a simpli-
cial category by taking each of the simplicial sets Home (X, Y) to be constant.
In this case, the set of simplicial functors €[A"] — € may be identified with
the set of functors from [n] into €. Consequently, the simplicial nerve of €
agrees with the ordinary nerve of C as defined in §1.1.2. Similarly, the ordi-
nary nerve of € can be identified with the topological nerve of €, where C is
regarded as a topological category with discrete morphism spaces.
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In order to get a feel for what the nerve of a topological category € looks
like, let us explicitly describe its low-dimensional simplices:

e The 0-simplices of N(€) may be identified with the objects of C.
e The 1-simplices of N(C) may be identified with the morphisms of C.

e To give a map from the boundary of a 2-simplex into N(C) is to give a
diagram (not necessarily commutative)

Y
f)V \Yz
X$>Z.

To give a 2-simplex of N(€) having this specified boundary is equivalent
to giving a path from fxz to fyz o fxy in Mape(X, Z).

The category Cata of simplicial categories admits (small) colimits. Conse-
quently, by formal nonsense, the functor € : A — Cata extends uniquely (up
to unique isomorphism) to a colimit-preserving functor Seta — Cata, which
we will denote also by €. By construction, the functor € is left adjoint to the
simplicial nerve functor N. For each simplicial set S, we can view €[S] as
the simplicial category “freely generated” by S: every n-simplex o : A" — S
determines a functor €[A"] — €[S], which we can think of as a homotopy
coherent diagram [n] — €[S].

Example 1.1.5.9. Let A be a partially ordered set. The simplicial category
¢[N A] can be constructed using the following generalization of Definition
1.1.5.1:

e The objects of €[N A] are the elements of A.

e Given a pair of elements a,b € A, the simplicial set Mapgy 41(a, b) can
be identified with N P, ;, where P, ; denotes the collection of linearly
ordered subsets S C A with least element a and largest element b,
partially ordered by inclusion.

e Given a sequence of elements ag, ..., a, € A, the composition map
Mapen 4 (ag,ar) x -+ x Mapgy 4 (an-1,an) — Mape |y 4] (a0, an)
is induced by the map of partially ordered sets

Pag,al X X Pan,l,an —>Pao,an
(S1y.. ) Sn) > S1U---USp.

Proposition 1.1.5.10. Let C be a simplicial category having the property
that, for every pair of objects X,Y € C, the simplicial set Mape(X,Y) is a
Kan complex. Then the simplicial nerve N(C) is an oco-category.
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Proof. We must show that if 0 < ¢ < n, then N(C) has the right extension
property with respect to the inclusion A} C A™. Rephrasing this in the
language of simplicial categories, we must show that € has the right extension
property with respect to the simplicial functor €[A?] — €[A"]. To prove this,
we make use of the following observations concerning €[A”], which we view
as a simplicial subcategory of €[A"]:

e The objects of €[A}] are the objects of €[A"]: that is, elements of the
set [n].

e For 0 < j < k < n, the simplicial set Mapqm](j,k) coincides with
Mapg(ani (4, k) unless j = 0 and k = n (note that this condition fails
ifi=0o0ri=n).

Consequently, every extension problem

AT —ELN(e)
1
7

A’I’L
is equivalent to

Maqu?](O, n) —— Mape(F(0), F(n))

7
—
-
—
-~
-~
—~

Mape(an) (0, 7).

Since the simplicial set on the right is a Kan complex by assumption, it
suffices to verify that the left vertical map is anodyne. This follows by in-
spection: the simplicial set Mapg(an1(0,n) can be identified with the cube

(AY)1n=1} Under this identification, Mapgan)(0,7) corresponds to the
simplicial subset of (A!){1+n=1} gbtained by removing the interior of the
cube together with one of its faces. O

Remark 1.1.5.11. The proof of Proposition 1.1.5.10 actually provides a
slightly stronger result: if F' : € — D is a functor between simplicial cat-
egories which induces Kan fibrations Mape(C,C’') — Mapq (F(C), F(C"))
for every pair of objects C,C" € €, then the associated map N(C) — N(D)
is an inner fibration of simplicial sets (see Definition 2.0.0.3).

Corollary 1.1.5.12. Let C be a topological category. Then the topological
nerve N(C) is an oo-category.

Proof. This follows immediately from Proposition 1.1.5.10 (note that the
singular complex of any topological space is a Kan complex). O

We now cite the following theorem, which will be proven in §2.2.4 and
refined in §2.2.5:
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Theorem 1.1.5.13. Let C be a topological category and let X, Y € € be
objects. Then the counit map

| Mapc[N(e)] (X,Y)| — Mape(X,Y)
is a weak homotopy equivalence of topological spaces.

Using Theorem 1.1.5.13, we can explain why the theory of co-categories is
equivalent to the theory of topological categories (or equivalently, simplicial
categories). The adjoint functors N and | €[e]| are not mutually inverse equiv-
alences of categories. However, they are homotopy inverse to one another.
To make this precise, we need to introduce a definition.

Definition 1.1.5.14. Let S be a simplicial set. The homotopy category hS
is defined to be the homotopy category h&[S] of the simplicial category €[S].
We will often view hS as a category enriched over the homotopy category
H of spaces via the construction of §1.1.4: that is, for every pair of vertices
xz,y € S, we have Map, g(x,y) = [Mapqs] (,y)]. Amap f: S — T of
simplicial sets is a categorical equivalence if the induced map hS — h7T is an
equivalence of H-enriched categories.

Remark 1.1.5.15. In [44], Joyal uses the term “weak categorical equiva-
lence” for what we have called a categorical equivalence, and reserves the
term “categorical equivalence” for a stronger notion of equivalence.

Remark 1.1.5.16. We have introduced the term “categorical equivalence,”
rather than simply “equivalence” or “weak equivalence,” in order to avoid
confusing the notion of categorical equivalence of simplicial sets with the
(more classical) notion of weak homotopy equivalence of simplicial sets.

Remark 1.1.5.17. It is immediate from the definition that f : S — T is
a categorical equivalence if and only if €[S] — €[T] is an equivalence (of
simplicial categories) if and only if | €[S]| — |€[T]| is an equivalence (of
topological categories).

We now observe that the adjoint functors (| €[e]|,N) determine an equiv-
alence between the theory of simplicial sets (up to categorical equivalence)
and that of topological categories (up to equivalence). In other words, for
any topological category € the counit map | €[N(C)]| — € is an equivalence of
topological categories, and for any simplicial set S the unit map S — N | €[S]|
is a categorical equivalence of simplicial sets. In view of Remark 1.1.5.17, the
second assertion is a formal consequence of the first. Moreover, the first as-
sertion is merely a reformulation of Theorem 1.1.5.13.

Remark 1.1.5.18. The reader may at this point object that we have ob-
tained a comparison between the theory of topological categories and the
theory of simplicial sets but that not every simplicial set is an oco-category.
However, every simplicial set is categorically equivalent to an co-category.
In fact, Theorem 1.1.5.13 implies that every simplicial set S is categorically
equivalent to the nerve of the topological category |€[S]|, which is an oco-
category (Corollary 1.1.5.12).
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1.2 THE LANGUAGE OF HIGHER CATEGORY THEORY

One of the main goals of this book is to demonstrate that many ideas from
classical category theory can be adapted to the setting of higher categories.
In this section, we will survey some of the simplest examples.

1.2.1 The Opposite of an co-Category

If € is an ordinary category, then the opposite category C°? is defined in the
following way:

e The objects of C°P are the objects of C.

e For X|Y € €, we have Homeor(X,Y) = Home(Y, X). Identity mor-
phisms and composition are defined in the obvious way.

This definition generalizes without change to the setting of topological or
simplicial categories. Adapting this definition to the setting of co-categories
requires a few additional words. We may define more generally the opposite
of a simplicial set S as follows: for any finite nonempty linearly ordered set
J, we set S°P(J) = S(J°P), where J°P denotes the same set J endowed with
the opposite ordering. More concretely, we have S = S,,, but the face and
degeneracy maps on S°P are given by the formulas

(di : Szp — Sffil) = (dn_l : Sn — Sn—l)

(8i: 8P — SyP 1) = (Sp—i : Sn — Sng1).

The formation of opposite categories is fully compatible with all of the con-
structions we have introduced for passing back and forth between different
models of higher category theory.

It is clear from the definition that a simplicial set S is an co-category if and
only if its opposite S°P is an co-category: for 0 < ¢ < n, S has the extension
property with respect to the horn inclusion A} C A™ if and only if S°P has
the extension property with respect to the horn inclusion A]Y_, C A",

1.2.2 Mapping Spaces in Higher Category Theory

If X and Y are objects of an ordinary category C, then one has a well-defined
set Home(X,Y') of morphisms from X to Y. In higher category theory, one
has instead a morphism space Mape(X,Y). In the setting of topological or
simplicial categories, this morphism space (either a topological space or a
simplicial set) is an inherent feature of the formalism. It is less obvious how
to define Mape(X,Y) in the setting of co-categories. However, it is at least
clear what to do on the level of the homotopy category.

Definition 1.2.2.1. Let S be a simplicial set containing vertices z and y
and let H denote the homotopy category of spaces. We define Mapg(z,y) =
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Mapy,¢(z,y) € H to be the object of H representing the space of maps from
x to y in S. Here hS denotes the homotopy category of S regarded as a
H-enriched category (Definition 1.1.5.14).

Warning 1.2.2.2. Let S be a simplicial set. The notation Mapg(X,Y") has
two very different meanings. When X and Y are vertices of S, then our
notation should be interpreted in the sense of Definition 1.2.2.1, so that
Mapg(X,Y) is an object of H. If X and Y are objects of (Seta),s, then we
instead let Map¢(X,Y’) denote the simplicial mapping object

yX X gx {¢} € Seta,

where ¢ denotes the structural morphism X — S. We trust that it will
be clear from the context which of these two definitions applies in a given
situation.

We now consider the following question: given a simplicial set .S containing
a pair of vertices z and y, how can we compute Mapg(x,y)? We have defined
Mapg(z,y) as an object of the homotopy category H, but for many purposes
it is important to choose a simplicial set M which represents Mapg(x,y). The
most obvious candidate for M is the simplicial set Mapgg (z,y). The advan-
tages of this definition are that it works in all cases (that is, S does not need
to be an co-category) and comes equipped with an associative composition
law. However, the construction of the simplicial set Mapgg (z,y) is quite
complicated. Furthermore, Mapg(g;(z,y) is usually not a Kan complex, so
it can be difficult to extract algebraic invariants like homotopy groups even
when a concrete description of its simplices is known.

In order to address these shortcomings, we will introduce another simpli-
cial set which represents the homotopy type Mapg(z,y) € H, at least when
S is an oco-category. We define a new simplicial set Homg(x, y), the space of
right morphisms from z to y, by letting Homsgeq, (A", Homy (z,y)) denote
the set of all z : A" — S such that z|Al"*1} = y and z|A10") is a
constant simplex at the vertex x. The face and degeneracy operations on
Hom$ (x,), are defined to coincide with corresponding operations on S, ;.

We first observe that when S is an oco-category, Homg(;v,y) really is a
“space”:

Proposition 1.2.2.3. Let C be an co-category containing a pair of objects
x and y. The simplicial set Hom%(x,y) is a Kan complex.

Proof. Tt is immediate from the definition that if € is a oco-category, then
M = Hom§ (z,y) satisfies the Kan extension condition for every horn inclu-
sion A C A", where 0 < ¢ < n. This implies that M is a Kan complex
(Proposition 1.2.5.1). O

Remark 1.2.2.4. If S is a simplicial set and z,y, z € Sy, then there is no
obvious composition law

Hom$ (x,y) x Homg(y, z) — Homg (z, 2).
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We will later see that if S is an oco-category, then there is a composition law
which is well-defined up to a contractible space of choices. The absence of a
canonical choice for a composition law is the main drawback of Hom?(w, y) in
comparison with Mapg(g)(#, y). The main goal of §2.2 is to show that if S is

an oo-category, then there is a (canonical) isomorphism between Homg(:r, Y)
and Mapgg (z,y) in the homotopy category H. In particular, we will con-

clude that Homg‘(x, y) represents Mapg(z,y) whenever S is an co-category.

Remark 1.2.2.5. The definition of Hom%(z,y) is not self-dual: that is,
HomZ,, (z,y) # Homg(y,z) in general. Instead, we define Homk(x,y) =
Hom%., (y, ), so that Hom%(z,y), is the set of all z € S, such that
2|A10} = 2 and z|ATLm+1} is the constant simplex at the vertex .

Although the simplicial sets Hom%(z,y) and Hom’s (z, %) are generally not
isomorphic to one another, they are homotopy equivalent whenever S is an
oo-category. To prove this, it is convenient to define a third, self-dual, space
of morphisms: let Homg(z,y) = {2} x5 S2" x5 {y}. In other words, to give
an n-simplex of Homg(z,y), one must give a map f : A" x Al — S such
that f|A™ x {0} is constant at  and f|A™ x {1} is constant at y. We observe
that there exist natural inclusions

Hom?(m, y) — Homg(z,y) < Hom{;(;z:7 Y),

which are induced by retracting the cylinder A™ x A! onto certain maximal-
dimensional simplices. We will later show (Corollary 4.2.1.8) that these in-
clusions are homotopy equivalences provided that S is an oo-category.

1.2.3 The Homotopy Category

For every ordinary category €, the nerve N(C) is an co-category. Informally,
we can describe the situation as follows: the nerve functor is a fully faith-
ful inclusion from the bicategory of categories to the oco-bicategory of oo-
categories. Moreover, this inclusion has a left adjoint:

Proposition 1.2.3.1. The nerve functor Cat — Seta is right adjoint to
the functor h:8eta — Cat, which associates to every simplicial set S its
homotopy category hS (here we ignore the H-enrichment of h.S).

Proof. Let us temporarily distinguish between the nerve functor N : Cat —
Seta and the simplicial nerve functor N’ : Cata — Seta. These two functors
are related by the fact that N can be written as a composition
i N’
Cat C Catp — Setp .

The functor 7g : Seta — Set is a left adjoint to the inclusion functor Set —
Seta, so the functor

Cata — Cat

C—he
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is left adjoint to i. It follows that N = N’ oi has a left adjoint, given by the
composition

Seta elsl Cata 2 Cat,

which coincides with the homotopy category functor h : Setpa — Cat by
definition. O

Remark 1.2.3.2. The formation of the homotopy category is literally left
adjoint to the inclusion Cat C Cata. The analogous assertion is not quite true
in the setting of topological categories because the functor my : €§ — Set is
a left adjoint only when restricted to locally path-connected spaces.

Warning 1.2.3.3. If C is a simplicial category, then we do not necessarily
expect that h€ ~ hN(C). However, this is always the case when C is fibrant
in the sense that every simplicial set Mape(X,Y) is a Kan complex.

Remark 1.2.3.4. If S is a simplicial set, Joyal ([44]) refers to the category
hS as the fundamental category of S. This is motivated by the observation
that if S is a Kan complex, then hS is the fundamental groupoid of S in the
usual sense.

Our objective for the remainder of this section is to obtain a more explicit
understanding of the homotopy category hS of a simplicial set S. Proposition
1.2.3.1 implies that h.S admits the following presentation by generators and
relations:

e The objects of hiS are the vertices of S.
e For every edge ¢ : Al — S, there is a morphism ¢ from ¢(0) to ¢(1).
e For each o : A? — S, we have dy(0) o d2(0) = d1(0).

e For each vertex z of S, the morphism 5g7 is the identity id,.

If S is an oo-category, there is a much more satisfying construction of
the category hS. We will describe this construction in detail since it nicely
illustrates the utility of the weak Kan condition of Definition 1.1.2.4.

Let C be an co-category. We will construct a category m(€) (which we will
eventually show to be equivalent to the homotopy category hC). The objects
of (@) are the vertices of €. Given an edge ¢ : Al — €, we shall say that ¢
has source C = ¢(0) and target C' = ¢(1) and write ¢ : C — C’. For each
object C of C, we let id¢ denote the degenerate edge so(C) : C — C.

Let ¢ : C — C" and ¢' : C — C’ be a pair of edges of € having the same
source and target. We will say that ¢ and ¢’ are homotopic if there is a
2-simplex ¢ : A2 — @, which we depict as follows:

O/
y Y/
c ¢ .

In this case, we say that o is a homotopy between ¢ and ¢'.
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Proposition 1.2.3.5. Let C be an oo-category and let C' and C’ be objects of
m(C). Then the relation of homotopy is an equivalence relation on the edges
joining C to C”.

Proof. Let ¢ : A' — € be an edge. Then s1(¢) is a homotopy from ¢ to
itself. Thus homotopy is a reflexive relation.

Suppose next that ¢, ¢, ¢"” : C — C' are edges with the same source and
target. Let o be a homotopy from ¢ to ¢, and ¢’ a homotopy from ¢ to
¢". Let ¢’ : A? — C denote the constant map at the vertex C’. We have a
commutative diagram

A ————=¢

Since € is an co-category, there exists a 3-simplex 7 : A% — @ as indicated by
the dotted arrow in the diagram. It is easy to see that di(7) is a homotopy
from ¢’ to ¢”.

As a special case, we can take ¢ = ¢”; we then deduce that the relation
of homotopy is symmetric. It then follows immediately from the above that
the relation of homotopy is also transitive. O

Remark 1.2.3.6. The definition of homotopy that we have given is not
evidently self-dual; in other words, it is not immediately obvious that a
homotopic pair of edges ¢, ¢’ : C — C’ of an co-category € remain homotopic
when regarded as edges in the opposite oo-category C°?. To prove this, let o
be a homotopy from ¢ to ¢’ and consider the commutative diagram

Ag (0,51¢,8,500)

7
-
-
T
-
-
-

A3,

C

The assumption that € is an co-category guarantees a 3-simplex 7 rendering
the diagram commutative. The face dy7 may be regarded as a homotopy
from ¢’ to ¢ in C°P.

We can now define the morphism sets of the category 7(C): given vertices
X and Y of €, we let Hom,(e)(X,Y’) denote the set of homotopy classes of
edges ¢ : X — Y in €. For each edge ¢ : Al — €, we let [¢] denote the
corresponding morphism in 7(C).

We define a composition law on 7(€) as follows. Suppose that X, Y, and
Z are vertices of C and that we are given edges ¢ : X — Y, ¢ :Y — Z. The
pair (¢,1) determines a map A? — €. Since C is an oo-category, this map
extends to a 2-simplex o : A% — C. We now define [¢)] o [¢] = [d10].
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Proposition 1.2.3.7. Let C be an oo-category. The composition law on 7(C)
is well-defined. In other words, the homotopy class [1)] o [¢] does not depend
on the choice of 1 representing [], the choice of ¢ representing [¢], or the
choice of the 2-simplex o.

Proof. We begin by verifying the independence of the choice of . Suppose
that we are given two 2-simplices 0,0’ : A? — @, satisfying

doO’ = doO’l = ¢

dQO' = dQO'/ = ¢
Consider the diagram

(s1,0,0",0)

AP TR e

Since € is an oo-category, there exists a 3-simplex 7 as indicated by the
dotted arrow. It follows that d;7 is a homotopy from dic to dio’.

We now show that [1)] o [¢] depends only on ) and ¢ only up to homotopy.
In view of Remark 1.2.3.6, the assertion is symmetric with respect to ¥ and
¢; it will therefore suffice to show that [¢)] o [¢] does not change if we replace
¢ by a morphism ¢’ which is homotopic to ¢. Let o be a 2-simplex with
doo = 1 and deo = ¢, and let ¢’ be a homotopy from ¢ to ¢’. Consider the
diagram

(s0¢,e,0,0")

AP R e

Again, the hypothesis that € is an oco-category guarantees the existence of
a 3-simplex 7 as indicated in the diagram. Let ¢” = dy7. Then [¢] o [¢] =
[d10']. But dyo = dyo’ by construction, so that [¢)] o [¢p] = [¢] o [¢], as
desired. O

Proposition 1.2.3.8. If € is an co-category, then 7(C) is a category.

Proof. Let C be a vertex of C. We first verify that [id¢] is an identity with
respect to the composition law on 7(€). For every edge ¢ : ¢’ — C in C, the
2-simplex $1(¢) verifies the equation

ide] o [¢] = [4]-

This proves that id¢ is a left identity; the dual argument (Remark 1.2.3.6)
shows that [id¢] is a right identity.
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The only other thing we need to check is the associative law for composi-
tion in 7(€). Suppose we are given a composable sequence of edges

O f} C/ ﬂ O/l ﬂ Cl//

Choose 2-simplices o, ', 0" : A? — @ corresponding to diagrams

C/
N
¢t
C//
N
2

C > C/ll

respectively. Then [¢'] o [¢] = [¢], [¢"] o [¢] = [0], and [¢"] o [¢] = [¢'].

Consider the diagram

3
Af — e
NN
Since € is an oo-category, there exists a 3-simplex 7 rendering the diagram
commutative. Then dy(7) verifies the equation [¢)'] o [¢] = [6], so that
([¢"To¢]) o lo] = (0] = [¢"] o [¥] = [¢"] o ([¢'] o [¢]),
as desired. O

We now show that if € is an oo-category, then 7(C) is naturally equivalent
(in fact, isomorphic) to hC.

Proposition 1.2.3.9. Let C be an co-category. There exists a unique functor
F : hC — 7(C) with the following properties:

(1) On objects, F is the identity map.

(2) For every edge ¢ of C, F(¢) = [d].

Moreover, F' is an isomorphism of categories.
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Proof. The existence and uniqueness of F' follows immediately from our pre-
sentation of h€ by generators and relations. It is obvious that F' is bijective
on objects and surjective on morphisms. To complete the proof, it will suffice
to show that F' is faithful.

We first show that every morphism f : x — gy in hC may be written as
¢ for some ¢ € €. Since the morphisms in h€ are generated by morphisms
having the form ¢ under composition, it suffices to show that the set of such
morphisms contains all identity morphisms and is stable under composition.
The first assertion is clear since soz = id,. For the second, we note that if
¢:x — yand ¢’ : y — z are composable edges, then there exists a 2-simplex
o : A% — € which we may depict as follows:

Thus ¢’ 0 ¢ = ).

Now suppose that ¢, ¢’ : x — y are such that [¢p] = [¢']; we wish to show
that ¢ = ¢’. By definition, there exists a homotopy o : A? — € joining ¢
and ¢’. The existence of o entails the relation

id, op = ¢/
in the homotopy category hS, so that ¢ = ¢/, as desired. O

1.2.4 Objects, Morphisms, and Equivalences

As in ordinary category theory, we may speak of objects and morphisms in a
higher category C. If C is a topological (or simplicial) category, these should
be understood literally as the objects and morphisms in the underlying cat-
egory of C. We may also apply this terminology to co-categories (or even
more general simplicial sets): if S is a simplicial set, then the objects of S
are the vertices A? — S, and the morphisms of S are the edges Al — S. A
morphism ¢ : Al — S is said to have source X = ¢(0) and target Y = ¢(1);
we will often denote this by writing ¢ : X — Y. If X : A — S is an object
of S, we will write idx = so(X) : X — X and refer to this as the identity
morphism of X.

If f,g : X — Y are two morphisms in a higher category C, then f and
g are homotopic if they determine the same morphism in the homotopy
category hC. In the setting of co-categories, this coincides with the notion
of homotopy introduced in the previous section. In the setting of topological
categories, this simply means that f and g lie in the same path component
of Mape(X,Y). In either case, we will sometimes indicate this relationship
between f and g by writing f ~ g.

A morphism f: X — Y in an oo-category € is said to be an equivalence
if it determines an isomorphism in the homotopy category hC. We say that
X and Y are equivalent if there is an equivalence between them (in other
words, if they are isomorphic as objects of hC).
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If C is a topological category, then the requirement that a morphism f :
X — Y be an equivalence is quite a bit weaker than the requirement that f
be an isomorphism. In fact, we have the following:

Proposition 1.2.4.1. Let f : X — Y be a morphism in a topological cate-
gory. The following conditions are equivalent:

(1) The morphism f is an equivalence.

(2) The morphism f has a homotopy inverse g : Y — X: that is, a mor-
phism g such that f o g ~idy and go f ~idx.

(3) For every object Z € C, the induced map Mape(Z, X) — Mape(Z,Y)
is a homotopy equivalence.

(4) For every object Z € C, the induced map Mape(Z, X) — Mape(Z,Y)
is a weak homotopy equivalence.

(5) For every object Z € C, the induced map Mape (Y, Z) — Mape(X, Z)
is a homotopy equivalence.

(6) For every object Z € €, the induced map Mape (Y, Z) — Mape(X, Z)
1s a weak homotopy equivalence.

Proof. Tt is clear that (2) is merely a reformulation of (1). We will show that
(2) = (3) = (4) = (1); the implications (2) = (5) = (6) = (1) follow using
the same argument.

To see that (2) implies (3), we note that if g is a homotopy inverse to
f, then composition with g gives a map Mape(Z,Y) — Mape(Z, X) which
is homotopy inverse to composition with f. It is clear that (3) implies (4).
Finally, if (4) holds, then we note that X and Y represent the same functor
on hC so that f induces an isomorphism between X and Y in hC. O

Example 1.2.4.2. Let € be the category of CW complexes which we regard
as a topological category by endowing each of the sets Home(X,Y') with the
(compactly generated) compact open topology. A pair of objects X,Y € C
are equivalent (in the sense defined above) if and only if they are homotopy
equivalent (in the sense of classical topology).

If € is an oco-category (topological category, simplicial category), then we
shall write X € € to mean that X is an object of €. We will generally
understand that all meaningful properties of objects are invariant under
equivalence. Similarly, all meaningful properties of morphisms are invariant
under homotopy and under composition with equivalences.

In the setting of oo-categories, there is a very useful characterization of
equivalences which is due to Joyal.

Proposition 1.2.4.3 (Joyal [44]). Let € be an co-category and ¢ : Al — €
a morphism of C. Then ¢ is an equivalence if and only if, for everyn > 2 and

every map fo : Ay — C such that fo| A0} = ¢ there exists an extension of
fo to A™.
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The proof requires some ideas which we have not yet introduced and will
be given in §2.1.2.

1.2.5 oo-Groupoids and Classical Homotopy Theory

Let € be an oco-category. We will say that C is an co-groupoid if the homo-
topy category hC is a groupoid: in other words, if every morphism in € is an
equivalence. In §1.1.1, we asserted that the theory of co-groupoids is equiva-
lent to classical homotopy theory. We can now formulate this idea in a very
precise way:

Proposition 1.2.5.1 (Joyal [43]). Let C be a simplicial set. The following
conditions are equivalent:

(1) The simplicial set C is an oo-category, and its homotopy category hC
s a groupoid.

(2) The simplicial set C satisfies the extension condition for all horn in-
clusions A} C A™ for 0 <i<n.

(3) The simplicial set C satisfies the extension condition for all horn in-
clusions A7 C A" for 0 <i < n.

(4) The simplicial set C is a Kan complex; in other words, it satisfies the
extension condition for all horn inclusions A} C A™ for 0 <i < n.

Proof. The equivalence (1) < (2) follows immediately from Proposition
1.2.4.3. Similarly, the equivalence (1) < (3) follows by applying Proposi-
tion 1.2.4.3 to €°?. We conclude by observing that (4) < (2) A (3). O

Remark 1.2.5.2. The assertion that we can identify oco-groupoids with
spaces is less obvious in other formulations of higher category theory. For
example, suppose that C is a topological category whose homotopy category
hC is a groupoid. For simplicity, we will assume furthermore that C has
a single object X. We may then identify € with the topological monoid
M = Home(X, X). The assumption that hC is a groupoid is equivalent to
the assumption that the discrete monoid myM is a group. In this case, one
can show that the unit map M — QBM is a weak homotopy equivalence,
where BM denotes the classifying space of the topological monoid M. In
other words, up to equivalence, specifying € (together with the object X) is
equivalent to specifying the space BM (together with its base point).

Informally, we might say that the inclusion functor ¢ from Kan complexes
to oco-categories exhibits the oco-category of (small) co-groupoids as a full
subcategory of the oo-bicategory of (small) oo-categories. Conversely, ev-
ery oo-category € has an “underlying” oo-groupoid, which is obtained by
discarding the noninvertible morphisms of C:
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Proposition 1.2.5.3 ([44]). Let C be an co-category. Let € C € be the
largest simplicial subset of € having the property that every edge of € is
an equivalence in C. Then € is a Kan complex. It may be characterized by
the following universal property: for any Kan complex K, the induced map
Homge, (K, €") — Homget, (K, C) is a bijection.

Proof. Tt is straightforward to check that €’ is an oo-category. Moreover, if
f is a morphism in €, then f has a homotopy inverse ¢ € €. Since g is
itself an equivalence in €, we conclude that ¢ belongs to € and is therefore
a homotopy inverse to f in €. In other words, every morphism in € is an
equivalence, so that €' is a Kan complex by Proposition 1.2.5.1. To prove
the last assertion, we observe that if K is an oco-category, then any map of
simplicial sets ¢ : K — C carries equivalences in K to equivalences in €. In
particular, if K is a Kan complex, then ¢ factors (uniquely) through €. [

We can describe the situation of Proposition 1.2.5.3 by saying that €’
is the largest Kan complex contained in C. The functor € — € is right
adjoint to the inclusion functor from Kan complexes to co-categories. It is
easy to see that this right adjoint is an invariant notion: that is, a categorical
equivalence of co-categories € — D induces a homotopy equivalence @ — D’
of Kan complexes.

Remark 1.2.5.4. It is easy to give analogous constructions in the case of
topological or simplicial categories. For example, if € is a topological cate-
gory, then we can define €’ to be another topological category with the same
objects as €, where Mape/(X,Y) C Mape(X,Y) is the subspace consisting
of equivalences in Mape(X,Y), equipped with the subspace topology.

Remark 1.2.5.5. We will later introduce a relative version of the construc-
tion described in Proposition 1.2.5.3, which applies to certain families of
oo-categories (Corollary 2.4.2.5).

Although the inclusion functor from Kan complexes to co-categories does
not literally have a left adjoint, it does have such an in a higher-categorical
sense. This left adjoint is computed by any “fibrant replacement” functor
(for the usual model structure) from Seta to itself, for example, the functor
S + Sing|S|. The unit map v : S — Sing|S| is always a weak homotopy
equivalence but generally not a categorical equivalence. For example, if S is
an oo-category, then u is a categorical equivalence if and only if S is a Kan
complex. In general, Sing |S| may be regarded as the co-groupoid obtained
from S by freely adjoining inverses to all the morphisms in S.

Remark 1.2.5.6. The inclusion functor ¢ and its homotopy-theoretic left
adjoint may also be understood using the formalism of localizations of model
categories. In addition to its usual model category structure, the category
Seta of simplicial sets may be endowed with the Joyal model structure, which
we will define in §2.2.5. These model structures have the same cofibrations
(in both cases, the cofibrations are simply the monomorphisms of simpli-
cial sets). However, the Joyal model structure has fewer weak equivalences
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(categorical equivalences rather than weak homotopy equivalences) and con-
sequently more fibrant objects (all co-categories rather than only Kan com-
plexes). It follows that the usual homotopy theory of simplicial sets is a lo-
calization of the homotopy theory of co-categories. The identity functor from
Seta to itself determines a Quillen adjunction between these two homotopy
theories, which plays the role of ¢ and its left adjoint.

1.2.6 Homotopy Commutativity versus Homotopy Coherence

Let € be an co-category (topological category, simplicial category). To a first
approximation, working in C is like working in its homotopy category hC:
up to equivalence, € and hC have the same objects and morphisms. The
main difference between h€ and € is that in € one must not ask whether
or not morphisms are equal, instead one should ask whether or not they
are homotopic. If so, the homotopy itself is an additional datum which we
will need to consider. Consequently, the notion of a commutative diagram
in hC, which corresponds to a homotopy commutative diagram in C, is quite
unnatural and usually needs to be replaced by the more refined notion of a
homotopy coherent diagram in C.

To understand the problem, let us suppose that F' : J — H is a functor
from an ordinary category J into the homotopy category of spaces H. In
other words, F' assigns to each object X € J a space (say, a CW complex)
F(X), and to each morphism ¢ : X — Y in J a continuous map of spaces
F(¢): F(X) — F(Y) (well-defined up to homotopy), such that F(¢ o) is
homotopic to F(¢) o F(¢) for any pair of composable morphisms ¢, in J.
In this situation, it may or may not be possible to lift I to an actual functor
F from J to the ordinary category of topological spaces such that F induces
a functor J — 3 which is naturally isomorphic to F. In general, there are
obstructions to both the existence and the uniqueness of the lifting F', even
up to homotopy. To see this, let us suppose for a moment that F' exists, so
that there exist homotopies ky : F'(¢) ~ F'(¢). These homotopies determine
additional data on F': namely, one obtains a canonical homotopy h¢ 4 from

F(po) to F(¢)o F(¢p) by composing
F(¢09) = F(¢ov)=F(¢) o F(v) = F(¢) o F(¥).

The functor F' to the homotopy category H should be viewed as a first
approximation to F'; we obtain a second approximation when we take into
account the homotopies hg . These homotopies are not arbitrary: the asso-
ciativity of composition gives a relationship between hg v, he g, he wop, and
hgoy .0, for a composable triple of morphisms (¢,, ) in J. This relationship
may be formulated in terms of the existence of a certain higher homotopy,
which is once again canonically determined by F' (and the homotopies k).
To obtain the next approximation to ﬁ, we should take these higher ho-
motopies into account and formulate the associativity properties that they
enjoy, and so on. Roughly speaking, a homotopy coherent diagram in C is
a functor F' : J — hC together with all of the extra data that would be
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available if we were able to lift F' to a functor F': J — C.

The distinction between homotopy commutativity and homotopy coher-
ence is arguably the main difficulty in working with higher categories. The
idea of homotopy coherence is simple enough and can be made precise in
the setting of a general topological category. However, the amount of data
required to specify a homotopy coherent diagram is considerable, so the
concept is quite difficult to employ in practical situations.

Remark 1.2.6.1. Let J be an ordinary category and let € be a topological
category. Any functor F' : J — C determines a homotopy coherent diagram
in € (with all of the homotopies involved being constant). For many topolog-
ical categories C, the converse fails: not every homotopy-coherent diagram
in C can be obtained in this way, even up to equivalence. In these cases, it is
the notion of homotopy coherent diagram which is fundamental; a homotopy
coherent diagram should be regarded as “just as good” as a strictly commu-
tative diagram for oo-categorical purposes. As evidence for this, we remark
that given an equivalence € — G, a strictly commutative diagram F : J — €
cannot always be lifted to a strictly commutative diagram in €’; however, it

can always be lifted (up to equivalence) to a homotopy coherent diagram in
e

One of the advantages of working with co-categories is that the definition
of a homotopy coherent diagram is easy to formulate. We can simply define
a homotopy coherent diagram in an oo-category € to be a map of simplicial
sets f : N(J) — C. The restriction of f to simplices of low dimension encodes
the induced map on homotopy categories. Specifying f on higher-dimensional
simplices gives precisely the “coherence data” that the above discussion calls
for.

Remark 1.2.6.2. Another possible approach to the problem of homotopy
coherence is to restrict our attention to simplicial (or topological) categories
€ in which every homotopy coherent diagram is equivalent to a strictly com-
mutative diagram. For example, this is always true when € arises from a
simplicial model category (Proposition 4.2.4.4). Consequently, in the frame-
work of model categories, it is possible to ignore the theory of homotopy
coherent diagrams and work with strictly commutative diagrams instead.
This approach is quite powerful, particularly when combined with the ob-
servation that every simplicial category C admits a fully faithful embedding
into a simplicial model category (for example, one can use a simplicially en-
riched version of the Yoneda embedding). This idea can be used to show that
every homotopy coherent diagram in € can be “straightened” to a commuta-
tive diagram, possibly after replacing € by an equivalent simplicial category
(for a more precise version of this statement, we refer the reader to Corollary
4.2.4.7).
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1.2.7 Functors Between Higher Categories

The notion of a homotopy coherent diagram in an higher category C is a
special case of the more general notion of a functor F' : J — C between
higher categories (specifically, it is the special case in which J is assumed
to be an ordinary category). Just as the collection of all ordinary categories
forms a bicategory (with functors as morphisms and natural transformations
as 2-morphisms), the collection of all co-categories can be organized into an
oo-bicategory. In particular, for any oo-categories € and €', we expect to be
able to construct an co-category Fun(C, €’) of functors from € to €.

In the setting of topological categories, the construction of an appropriate
mapping object Fun(€, €') is quite difficult. The naive guess is that Fun(C, ')
should be a category of topological functors from € to €: that is, functors
which induce continuous maps between morphism spaces. However, we saw
in §1.2.6 that this notion is generally too rigid, even in the special case where
€ is an ordinary category.

Remark 1.2.7.1. Using the language of model categories, one might say
that the problem is that not every topological category is cofibrant. If C
is a cofibrant topological category (for example, if € = | €[S]|, where S is
a simplicial set), then the collection of topological functors from € to €
is large enough to contain representatives for every oco-categorical functor
from € to €. Most ordinary categories are not cofibrant when viewed as
topological categories. More importantly, the property of being cofibrant is
not stable under products, so that naive attempts to construct a mapping
object Fun(€,€’) need not give the correct answer even when C itself is
assumed cofibrant (if € is cofibrant, then we are guaranteed to have “enough”
topological functors € — € to represent all functors between the underlying
oo-categories but not necessarily enough natural transformations between
them; note that the product € x[1] is usually not cofibrant, even in the
simplest nontrivial case where € = [1].) This is arguably the most important
technical disadvantage of the theory of topological (or simplicial) categories
as an approach to higher category theory.

The construction of functor categories is much easier to describe in the
framework of co-categories. If € and D are oco-categories, then we can simply
define a functor from C to D to be a map p: € — D of simplicial sets.

Notation 1.2.7.2. Let € and D be simplicial sets. We let Fun(€, D) denote
the simplicial set Mapg,, (C, D) parametrizing maps from € to D. We will
use this notation only when D is an co-category (the simplicial set € will of-
ten, but not always, be an co-category as well). We will refer to Fun(@, D) as
the co-category of functors from € to D (see Proposition 1.2.7.3 below). We
will refer to morphisms in Fun(C, D) as natural transformations of functors,
and equivalences in Fun(C, D) as natural equivalences.

Proposition 1.2.7.3. Let K be an arbitrary simplicial set.

(1) For every oo-category C, the simplicial set Fun(K, C) is an co-category.
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(2) Let € — D be a categorical equivalence of oo-categories. Then the
induced map Fun(K, C) — Fun(K,D) is a categorical equivalence.

(3) Let C be an co-category and K — K’ a categorical equivalence of sim-
plicial sets. Then the induced map Fun(K’, C) — Fun(K, C) is a cate-
gorical equivalence.

The proof makes use of the Joyal model structure on Seta and will be
given in §2.2.5.

1.2.8 Joins of co-Categories

Let € and @ be ordinary categories. We will define a new category € C’,
called the join of @ and €. An object of @ €’ is either an object of € or an
object of €. The morphism sets are given as follows:

Home(X,Y) if X, Y el

Home (X,Y) if X,V €€

) ifxXec,vyee

* ifXeCvYed.

Home* @/(X, Y) =

Composition of morphisms in C* €’ is defined in the obvious way.

The join construction described above is often useful when discussing di-
agram categories, limits, and colimits. In this section, we will introduce a
generalization of this construction to the co-categorical setting.

Definition 1.2.8.1. If S and S’ are simplicial sets, then the simplicial set
S % S’ is defined as follows: for each nonempty finite linearly ordered set J,
we set
(S *S")( H S(I) x S'(I'),
J=1ur

where the union is taken over all decompositions of J into disjoint subsets
I and I, satisfying ¢ < ¢’ for all i € I, i’ € I'. Here we allow the possibility
that either I or I’ is empty, in which case we agree to the convention that

S(0) = 5'(0) = .

More concretely, we have

(S+S)m=8uS,u |J Sixs
itj=n—1

The join operation endows Seta with the structure of a monoidal category
(see §A.1.3). The identity for the join operation is the empty simplicial set
) = A~!. More generally, we have natural isomorphisms ¢;; : A1 x AT~ ~
AN for all 4,5 > 0.
Remark 1.2.8.2. The operation * is essentially determined by the isomor-

phisms ¢;;, together with its behavior under the formation of colimits: for
any fixed simplicial set .S, the functors

T—Tx%xS
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T— SxT

commute with colimits when regarded as functors from Seta to the under-
category (Seta)g, of simplicial sets under S.

Passage to the nerve carries joins of categories into joins of simplicial sets.
More precisely, for every pair of categories € and €', there is a canonical
isomorphism

N(€*€") ~ N(C) x N(€").
(The existence of this isomorphism persists when we allow € and € to be
simplicial or topological categories and apply the appropriate generalization
of the nerve functor.) This suggests that the join operation on simplicial sets
is the appropriate co-categorical analogue of the join operation on categories.

We remark that the formation of joins does not commute with the functor
C[e]. However, the simplicial category €[S * S’] contains €[S] and €[S’] as
full (topological) subcategories and contains no morphisms from objects of
€[S’] to objects of €[S]. Consequently, there is unique map ¢ : €[S * S'] —
€[S] x €[S’] which reduces to the identity on €[S] and €[S’]. We will later
show that ¢ is an equivalence of simplicial categories (Corollary 4.2.1.4).

We conclude by recording a pleasant property of the join operation:

Proposition 1.2.8.3 (Joyal [44)). If S and S’ are co-categories, then S S’
18 an oo-category.

Proof. Let p: AT — Sx S’ be a map, with 0 < i < n. If p carries A} entirely
into S € SxS" orinto S’ C S5, then we deduce the existence of an
extension of p to A™ using the assumption that S and S’ are co-categories.

Otherwise, we may suppose that p carries the vertices {0, ...,j} into S, and
the vertices {j + 1,...,n} into S’. We may now restrict p to obtain maps
A0} g

Ali+L.n} S,
which together determine a map A™ — S x S’ extending p. O
Notation 1.2.8.4. Let K be a simplicial set. The left cone K9 is defined
to be the join A® x K. Dually, the right cone K> is defined to be the join

KA. Either cone contains a distinguished vertex (belonging to A°), which
we will refer to as the cone point.

1.2.9 Overcategories and Undercategories

Let € be an ordinary category and X € € an object. The overcategory C,x
is defined as follows: the objects of C,x are morphisms ¥ — X in € having
target X. Morphisms are given by commutative triangles

Y —7

N



42 CHAPTER 1

and composition is defined in the obvious way.

One can rephrase the definition of the overcategory as follows. Let [0]
denote the category with a single object possessing only an identity mor-
phism. Then specifying an object X € C is equivalent to specifying a functor
x : [0] — C. The overcategory C,x may then be described by the following
universal property: for any category €', we have a bijection

Hom(€', € /x)~ Hom,, (€' x[0], ),

where the subscript on the right hand side indicates that we consider only
those functors €' x[0] — € whose restriction to [0] coincides with x.

Our goal in this section is to generalize the construction of overcategories
to the oo-categorical setting. Let us begin by working in the framework of
topological categories. In this case, there is a natural candidate for the rele-
vant overcategory. Namely, if C is a topological category containing an object
X, then the overcategory €, x (defined as above) has the structure of a topo-
logical category where each morphism space Mape Ix (Y, Z) is topologized as
a subspace of Mape(Y, Z) (here we are identifying an object of C,x with its
image in C). This topological category is usually not a model for the correct
oo-categorical slice construction. The problem is that a morphism in €, x
consists of a commutative triangle

of objects over X. To obtain the correct notion, we should also allow triangles
which commute only up to homotopy.

Remark 1.2.9.1. In some cases, the naive overcategory C,x is a good
approximation to the correct construction: see Lemma 6.1.3.13.

In the setting of co-categories, Joyal has given a much simpler description
of the desired construction (see [43]). This description will play a vitally
important role throughout this book. We begin by noting the following:

Proposition 1.2.9.2 ([43]). Let S and K be simplicial sets, and p : K —
S an arbitrary map. There exists a simplicial set S;, with the following
universal property:

Homsges, (Y, S/p) = Hom, (Y x K, S),

where the subscript on the right hand side indicates that we consider only
those morphisms f : Y x K — S such that f|K = p.

Proof. One defines (S/,), to be Hom,(A” x K, S). The universal property
holds by definition when Y is a simplex. It holds in general because both
sides are compatible with the formation of colimits in Y. O
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Let p : K — S be as in Proposition 1.2.9.2. If S is an oco-category, we
will refer to S/, as an overcategory of S or as the co-category of objects of
S over p. The following result guarantees that the operation of passing to
overcategories is well-behaved:

Proposition 1.2.9.3. Letp: K — € be a map of simplicial sets and suppose
that C is an oco-category. Then €, is an co-category. Moreover, if ¢ : € — e
is a categorical equivalence of co-categories, then the induced map €, —
G'/qp is a categorical equivalence as well.

The proof requires a number of ideas which we have not yet introduced
and will be postponed (see Proposition 2.1.2.2 for the first assertion, and
§2.4.5 for the second).

Remark 1.2.9.4. Let C be an oco-category. In the particular case where
p: A" — C classifies an n-simplex o € C,,, we will often write C/, in place of
C/p- In particular, if X is an object of €, we let €, x denote the overcategory
€/p, where p : AY — € has image X.

Remark 1.2.9.5. Let p: K — € be a map of simplicial sets. The preceding
discussion can be dualized, replacing Y x K by K xY’; in this case we denote
the corresponding simplicial set by C,/, which (if C is an oo-category) we
will refer to as an undercategory of C. In the special case where K = A™ and
p classifies a simplex o € C,,, we will also write C,, for C,/; in particular, we
will write Cx, when X is an object of C.

Remark 1.2.9.6. If C is an ordinary category and X € €, then there is a
canonical isomorphism N(C),x ~ N(€,x). In other words, the overcategory
construction for oco-categories can be regarded as a generalization of the
relevant construction from classical category theory.

1.2.10 Fully Faithful and Essentially Surjective Functors

Definition 1.2.10.1. Let F': € — D be a functor between topological cate-
gories (simplicial categories, simplicial sets). We will say that F' is essentially
surjective if the induced functor hF : h€C — hD is essentially surjective (that
is, if every object of D is equivalent to F'(X) for some X € C).

We will say that F is fully faithful if hF is a fully faithful functor of
H-enriched categories. In other words, F' is fully faithful if and only if,
for every pair of objects X,Y € €, the induced map Map,e(X,Y) —
Mapy (FI(X), F(Y)) is an isomorphism in the homotopy category .

Remark 1.2.10.2. Because Definition 1.2.10.1 makes reference only to the
homotopy categories of € and D, it is invariant under equivalence and under
operations which pass between the various models for higher category theory
that we have introduced.

Just as in ordinary category theory, a functor F' is an equivalence if and
only if it is fully faithful and essentially surjective.
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1.2.11 Subcategories of co-Categories

Let € be an co-category and let (h€)’ C h€ be a subcategory of its homotopy
category. We can then form a pullback diagram of simplicial sets:

¢ —¢C

.

N(h€)’ — > N(Le).

We will refer to € as the subcategory of C spanned by (hC)’. In general, we
will say that a simplicial subset €' C @ is a subcategory of € if it arises via
this construction.

)

Remark 1.2.11.1. We use the term “subcategory,” rather than “sub-co-
category,” in order to avoid awkward language. The terminology is not meant
to suggest that € is itself a category or is isomorphic to the nerve of a
category.

In the case where (h€)’ is a full subcategory of hC, we will say that €
is a full subcategory of C. In this case, €' is determined by the set C; of
those objects X € € which belong to €. We will then say that € is the full
subcategory of C spanned by €.

It follows from Remark 1.2.2.4 that the inclusion €' C @ is fully faithful.
In general, any fully faithful functor f : € — @ factors as a composition

G”AG’—ZG,

where f’ is an equivalence of co-categories and f” is the inclusion of the full
subcategory €’ C @ spanned by the set of objects f(Cy) C €.

1.2.12 Initial and Final Objects

If € is an ordinary category, then an object X € C is said to be final if
Home (Y, X) consists of a single element for every Y € €. Dually, an object
X € @ is initial if it is final when viewed as an object of C°”. The goal of
this section is to generalize these definitions to the oo-categorical setting.

If C is a topological category, then a candidate definition immediately
presents itself: we could ignore the topology on the morphism spaces and
consider those objects of € which are final when € is regarded as an ordinary
category. This requirement is unnaturally strong. For example, the category
C§G of compactly generated Hausdorff spaces has a final object: the topolog-
ical space *, consisting of a single point. However, there are objects of C§
which are equivalent to * (any contractible space) but not isomorphic to *
(and therefore not final objects of €3G, at least in the classical sense). Since
any reasonable oco-categorical notion is stable under equivalence, we need to
find a weaker condition.

Definition 1.2.12.1. Let € be a topological category (simplicial category,
simplicial set). An object X € Cis final if it is final in the homotopy category
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hC, regarded as a category enriched over H. In other words, X is final if and
only if for each Y € €, the mapping space Mapy, ¢ (Y, X) is weakly contractible
(that is, a final object of H).

Remark 1.2.12.2. Since Definition 1.2.12.1 makes reference only to the
homotopy category hC, it is invariant under equivalence and under passing
between the various models for higher category theory.

In the setting of oco-categories, it is convenient to employ a slightly more
sophisticated definition, which we borrow from [43].

Definition 1.2.12.3. Let C be a simplicial set. A vertex X of C is strongly
final if the projection €,x — € is a trivial fibration of simplicial sets.

In other words, a vertex X of C is strongly final if and only if any map
fo: 0A™ — € such that fo(n) = X can be extended to a map f: A™ — S.

Proposition 1.2.12.4. Let € be an oo-category containing an object Y.
The object Y is strongly final if and only if, for every object X € C, the Kan
complex Homg (X,Y) is contractible.

Proof. The “only if” direction is clear: the space Homg (X,Y) is the fiber
of the projection p : €/y — C over the vertex X. If p is a trivial fibration,
then the fiber is a contractible Kan complex. Since p is a right fibration
(Proposition 2.1.2.1), the converse holds as well (Lemma 2.1.3.4). O

Corollary 1.2.12.5. Let C be a simplicial set. Every strongly final object of
C is a final object of C. The converse holds if C is an co-category.

Proof. Let [0] denote the category with a single object and a single mor-
phism. Suppose that Y is a strongly final vertex of €. Then there exists a
retraction of C” onto C carrying the cone point to Y. Consequently, we ob-
tain a retraction of (H-enriched) homotopy categories from hC % [0] to h€
carrying the unique object of [0] to Y. This implies that Y is final in hC, so
that Y is a final object of C.

To prove the converse, we note that if € is an oo-category, then the Kan
complex Hom{y(X,Y) represents the homotopy type Mape(X,Y) € H; by
Proposition 1.2.12.4 this space is contractible for all X if and only if Y is
strongly final. O

Remark 1.2.12.6. The above discussion dualizes in an evident way, so that
we have a notion of initial objects of an oco-category C.

Example 1.2.12.7. Let € be an ordinary category containing an object X.
Then X is a final (initial) object of the oo-category N(C) if and only if it is
a final (initial) object of € in the usual sense.

Remark 1.2.12.8. Definition 1.2.12.3 is only natural in the case where C is
an oo-category. For example, if C is not an oo-category, then the collection
of strongly final vertices of € need not be stable under equivalence.
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An ordinary category € may have more than one final object, but any
two final objects are uniquely isomorphic to one another. In the setting of
oo-categories, an analogous statement holds but is slightly more complicated
because the word “unique” needs to be interpreted in a homotopy-theoretic
sense:

Proposition 1.2.12.9 (Joyal). Let € be a oo-category and let C' be the full
subcategory of C spanned by the final vertices of C. Then €' either is empty
or is a contractible Kan complez.

Proof. We wish to prove that every map p : 9 A™ — €' can be extended to
an n-simplex of €. If n = 0, this is possible unless €’ is empty. For n > 0,
the desired extension exists because p carries the nth vertex of 9 A™ to a
final object of C. O

1.2.13 Limits and Colimits

An important consequence of the distinction between homotopy commuta-
tivity and homotopy coherence is that the appropriate notions of limit and
colimit in a higher category € do not coincide with the notions of limit and
colimit in the homotopy category h€ (where limits and colimits often do not
exist). Limits and colimits in € are often referred to as homotopy limits and
homotopy colimits to avoid confusing them with ordinary limits and colimits.

Homotopy limits and colimits can be defined in a topological category, but
the definition is rather complicated. We will review a few special cases here
and discuss the general definition in the Appendix (§A.2.8).

Example 1.2.13.1. Let {X,} be a family of objects in a topological cat-
egory C. A homotopy product X =[], X, is an object of C equipped with
morphisms f, : X — X, which induce a weak homotopy equivalence

Mape (Y, X) — | [ Mape (Y, Xa)

for every object Y € C.
Passing to path components and using the fact that my commutes with
products, we deduce that

Hompe (Y, X) ~ | [ Hompe (Y, Xa),
«

so that any product in € is also a product in h€. In particular, the object X
is determined up to canonical isomorphism in hC.

In the special case where the index set is empty, we recover the notion
of a final object of C: an object X for which each of the mapping spaces
Mape(Y, X) is weakly contractible.

Example 1.2.13.2. Given two morphisms 7 : X — Z and ¢ : ¥ — Z
in a topological category €, let us define Mape(W, X x% Y) to be the
space cousisting of points p € Mape(W, X) and ¢ € Mape(W,Y) together



AN OVERVIEW OF HIGHER CATEGORY THEORY 47

with a path r : [0,1] — Mape(W, Z) joining 7 o p to ¥ o g. We endow
Mape (W, X x% V') with the obvious topology, so that X x% Y can be viewed
as a presheaf of topological spaces on C. A homotopy fiber product for X
and Y over Z is an object of € which represents this presheaf up to weak
homotopy equivalence. In other words, it is an object P € C equipped with
a point p € Mape(P, X x% Y) which induces weak homotopy equivalences
Mape (W, P) — Mape(W, X x2Y) for every W € €.

We note that if there exists a fiber product (in the ordinary sense) X xzY
in the category €, then this ordinary fiber product admits a (canonically de-
termined) map to the homotopy fiber product (if the homotopy fiber product
exists). This map need not be an equivalence, but it is an equivalence in many
good cases. We also note that a homotopy fiber product P comes equipped
with a map to the fiber product X xz Y taken in the category hC (if this
fiber product exists); this map is usually not an isomorphism.

Remark 1.2.13.3. Homotopy limits and colimits in general may be de-
scribed in relation to homotopy limits of topological spaces. The homotopy
limit X of a diagram of objects {X,} in an arbitrary topological category
C is determined, up to equivalence, by the requirement that there exists a
natural weak homotopy equivalence

Mape (Y, X) ~ holim{Map, (Y, X,)}.
Similarly, the homotopy colimit of the diagram is characterized by the exis-
tence of a natural weak homotopy equivalence

Mape(X,Y) ~ holim{Mape (X, Y)}.
For a more precise discussion, we refer the reader to Remark A.3.3.13.

In the setting of co-categories, limits and colimits are quite easy to define:

Definition 1.2.13.4 (Joyal [43]). Let C be an co-category and let p : K — C
be an arbitrary map of simplicial sets. A colimit for p is an initial object of
Cp/, and a limit for p is a final object of C,,.

Remark 1.2.13.5. According to Definition 1.2.13.4, a colimit of a diagram
p : K — Cis an object of C,,. We may identify this object with a map
p: K* — @ extending p. In general, we will say that a map p: K* — Cis a
colimit diagram if it is a colimit of p = p|K. In this case, we will also abuse
terminology by referring to p(oo) € € as a colimit of p, where oo denotes the
cone point of K”.

If p: K — € is a diagram, we will sometimes write h_H)l(p) to denote
a colimit of p (considered either as an object of €, or of €), and lim(p)
to denote a limit of p (as either an object of €/, or an object of €). This
notation is slightly abusive since lim(p) is not uniquely determined by p.
This phenomenon is familiar in classical category theory: the colimit of a
diagram is not unique but is determined up to canonical isomorphism. In
the oo-categorical setting, we have a similar uniqueness result: Proposition
1.2.12.9 implies that the collection of candidates for li_H)l(p), if nonempty, is
parametrized by a contractible Kan complex.
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Remark 1.2.13.6. In §4.2.4, we will show that Definition 1.2.13.4 agrees
with the classical theory of homotopy (co)limits when we specialize to the
case where C is the nerve of a topological category.

Remark 1.2.13.7. Let C be an oo-category, €’ C € a full subcategory, and
p: K — € adiagram. Then G;/ =C xe Cp,- In particular, if p has a colimit
in € and that colimit belongs to €', then the same object may be regarded
as a colimit for p in €.

Let f : @€ — € be a map between oo-categories. Let p : K — € be a
diagram in € having a colimit x € C,,. The image f(z) € G'fp/ may or may
not be a colimit for the composite map f o p. If it is, we will say that f
preserves the colimit of the diagram p. Often we will apply this terminology
not to a particular diagram p but to some class of diagrams: for example,
we may speak of maps f which preserve coproducts, pushouts, or filtered
colimits (see §4.4 for a discussion of special classes of colimits). Similarly, we
may ask whether or not a map f preserves the limit of a particular diagram
or various families of diagrams.

We conclude this section by giving a simple example of a colimit-preserving
functor.

Proposition 1.2.13.8. Let € be an oco-category and let ¢ : T — C and
p: K — €y be two diagrams. Let py denote the composition of p with the
projection €,, — C. Suppose that po has a colimit in C. Then

(1) The diagram p has a colimit in C,,, and that colimit is preserved by
the projection C,, — C.

(2) An estension p : K® — €/, is a colimit of p if and only if the compo-
sition
K> —¢,y—¢C
s a colimit of pg.

Proof. We first prove the “if” direction of (2). Let p : K* — €/, be such
that the composite map pg : K* — € is a colimit of py. We wish to show
that p is a colimit of p. We may identify p with a map K « A xT — €. For
this, it suffices to show that for any inclusion A C B of simplicial sets, it is
possible to solve the lifting problem depicted in the following diagram:

(KxBxT) I snsr(K* A% AxT) —= @

—
—
—
—
—
—

KxAYxBxT.
Because pg is a colimit of pg, the projection
Co5/ = Cooy
is a trivial fibration of simplicial sets and therefore has the right lifting
property with respect to the inclusion AxT C BxT.
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We now prove (1). Let pp : K” — € be a colimit of pg. Since the projection
Cps) — €, is atrivial fibration, it has the right lifting property with respect
to T: this guarantees the existence of an extension p : K* — C lifting po.
The preceding analysis proves that p is a colimit of p.

Finally, the “only if” direction of (2) follows from (1) since any two colimits
of p are equivalent. O

1.2.14 Presentations of co-Categories

Like many other types of mathematical structures, co-categories can be de-
scribed by generators and relations. In particular, it makes sense to speak of
a finitely presented oo-category C. Roughly speaking, € is finitely presented
if it has finitely many objects and its morphism spaces are determined by
specifying a finite number of generating morphisms, a finite number of rela-
tions among these generating morphisms, a finite number of relations among
the relations, and so forth (a finite number of relations in all).

Example 1.2.14.1. Let € be the free higher category generated by a single
object X and a single morphism f : X — X. Then C is a finitely presented
oo-category with a single object and Home (X, X) = {1, f, f2,...} is infinite
and discrete. In particular, we note that the finite presentation of € does not
guarantee finiteness properties of the morphism spaces.

Example 1.2.14.2. If we identify oco-groupoids with spaces, then giving a
presentation for an co-groupoid corresponds to giving a cell decomposition
of the associated space. Consequently, the finitely presented oo-groupoids
correspond precisely to the finite cell complexes.

Example 1.2.14.3. Suppose that C is a higher category with only two
objects X and Y, that X and Y have contractible endomorphism spaces,
and that Home(X,Y) is empty. Then € is completely determined by the
morphism space Home(Y, X), which may be arbitrary. In this case, C is
finitely presented if and only if Home(Y, X) is a finite cell complex (up to
homotopy equivalence).

The idea of giving a presentation for an oo-category is very naturally
encoded in Joyal’s model structure on the category of simplicial sets, which
we will discuss in §2.2.4). This model structure can be described as follows:

e The fibrant objects of Seta are precisely the oco-categories.

e The weak equivalences in Seta are precisely those maps p : S — S
which induce equivalences €[S] — €[S’] of simplicial categories.

If S is an arbitrary simplicial set, we can choose a “fibrant replacement”
for S: that is, a categorical equivalence S — €, where C is an co-category. For
example, we can take € to be the nerve of the topological category | €[S]|.
The oo-category € is well-defined up to equivalence, and we may regard it as
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an oo-category “generated by” S. The simplicial set S itself can be thought
of as a “blueprint” for building €. We may view S as generated from the
empty (simplicial) set by adjoining nondegenerate simplices. Adjoining a 0-
simplex to S has the effect of adding an object to the oco-category €, and
adjoining a 1-simplex to S has the effect of adjoining a morphism to C.
Higher-dimensional simplices can be thought of as encoding relations among
the morphisms.

1.2.15 Set-Theoretic Technicalities

In ordinary category theory, one frequently encounters categories in which
the collection of objects is too large to form a set. Generally speaking, this
does not create any difficulties so long as we avoid doing anything which is
obviously illegal (such as considering the “category of all categories” as an
object of itself).

The same issues arise in the setting of higher category theory and are
in some sense even more of a nuisance. In ordinary category theory, one
generally allows a category € to have a proper class of objects but still
requires Home(X,Y) to be a set for fixed objects X,Y € €. The formalism
of co-categories treats objects and morphisms on the same footing (they are
both simplices of a simplicial set), and it is somewhat unnatural (though
certainly possible) to directly impose the analogous condition; see §5.4.1 for
a discussion.

There are several means of handling the technical difficulties inherent in
working with large objects (in either classical or higher category theory):

(1) One can employ some set-theoretic device that enables one to distin-
guish between “large” and “small”. Examples include:

— Assuming the existence of a sufficient supply of (Grothendieck)
universes.

— Working in an axiomatic framework which allows both sets and
classes (collections of sets which are possibly too large for them-
selves to be considered sets).

— Working in a standard set-theoretic framework (such as Zermelo-
Frankel) but incorporating a theory of classes through some ad
hoc device. For example, one can define a class to be a collection
of sets which is defined by some formula in the language of set
theory.

(2) One can work exclusively with small categories, and mirror the dis-
tinction between large and small by keeping careful track of relative
sizes.

(3) One can simply ignore the set-theoretic difficulties inherent in dis-
cussing large categories.
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Needless to say, approach (2) yields the most refined information. How-
ever, it has the disadvantage of burdening our exposition with an additional
layer of technicalities. On the other hand, approach (3) will sometimes be
inadequate because we will need to make arguments which play off the dis-
tinction between a large category and a small subcategory which determines
it. Consequently, we shall officially adopt approach (1) for the remainder
of this book. More specifically, we assume that for every cardinal kg, there
exists a strongly inaccessible cardinal k > kg. We then let U(x) denote the
collection of all sets having rank < k, so that U(k) is a Grothendieck uni-
verse: in other words, U(k) satisfies all of the usual axioms of set theory.
We will refer to a mathematical object as small if it belongs to U(x) (or is
isomorphic to such an object), and essentially small if it is equivalent (in
whatever relevant sense) to a small object. Whenever it is convenient to do
so, we will choose another strongly inaccessible cardinal k' > k to obtain a
larger Grothendieck universe U(x") in which U(x) becomes small.

For example, an oco-category C is essentially small if and only if it satisfies
the following conditions:

e The set of isomorphism classes of objects in the homotopy category hC
has cardinality < k.

e For every morphism f: X — Y in C and every ¢ > 0, the homotopy
set m;(Homg (X,Y), f) has cardinality < &.

For a proof and further discussion, we refer the reader to §5.4.1.

Remark 1.2.15.1. The existence of the strongly inaccessible cardinal
cannot be proven from the standard axioms of set theory, and the assumption
that k exists cannot be proven consistent with the standard axioms for set
theory. However, it should be clear that assuming the existence of k is merely
the most convenient of the devices mentioned above; none of the results
proven in this book will depend on this assumption in an essential way.

1.2.16 The oco-Category of Spaces

The category of sets plays a central role in classical category theory. The
main reason is that every category C is enriched over sets: given a pair of
objects X,Y € C, we may regard Home(X,Y) as an object of Set. In the
higher-categorical setting, the proper analogue of Set is the co-category 8 of
spaces, which we will now introduce.

Definition 1.2.16.1. Let Kan denote the full subcategory of Seta spanned
by the collection of Kan complexes. We will regard Kan as a simplicial
category. Let 8§ = N(Kan) denote the (simplicial) nerve of Kan. We will
refer to 8 as the co-category of spaces.

Remark 1.2.16.2. For every pair of objects X,Y € Kan, the simplicial set
Mapgc,,(X,Y) = YX is a Kan complex. It follows that § is an oo-category
(Proposition 1.1.5.10).
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Remark 1.2.16.3. There are many other ways to construction a suitable
“oo-category of spaces.” For example, we could instead define S to be the
(topological) nerve of the category of CW complexes and continuous maps.
All that really matters is that we have a oo-category which is equivalent to
8§ = N(Kan). We have selected Definition 1.2.16.1 for definiteness and to
simplify our discussion of the Yoneda embedding in §5.1.3.

Remark 1.2.16.4. We will occasionally need to distinguish between large
and small spaces. In these contexts, we will let § denote the oco-category of
small spaces (defined by taking the simplicial nerve of the category of small
Kan complexes), and S the oo-category of large spaces (defined by taking
the simplicial nerve of the category of all Kan complexes). We observe that
8 is a large oco-category and that S is even bigger.



Chapter Two

Fibrations of Simplicial Sets

Many classes of morphisms which play an important role in the homotopy
theory of simplicial sets can be defined by their lifting properties (we refer
the reader to §A.1.2 for a brief discussion and a summary of the terminology
employed below).

Example 2.0.0.1. A morphism p: X — S of simplicial sets which has the
right lifting property with respect to every horn inclusion A} C A™ is called
a Kan fibration. A morphism i : A — B which has the left lifting property
with respect to every Kan fibration is said to be anodyne.

Example 2.0.0.2. A morphism p: X — S of simplicial sets which has the
right lifting property with respect to every inclusion 9 A™ C A" is called a
trivial fibration. A morphism i : A — B has the left lifting property with
respect to every trivial Kan fibration if and only if it is a cofibration: that
is, if and only if 4 is a monomorphism of simplicial sets.

By definition, a simplicial set S is a oco-category if it has the extension
property with respect to all horn inclusions A C A™ with 0 < ¢ < n. As in
classical homotopy theory, it is convenient to introduce a relative version of
this condition.

Definition 2.0.0.3 (Joyal). A morphism f: X — S of simplicial sets is

e a left fibration if f has the right lifting property with respect to all
horn inclusions A} C A™, 0 < i < n.

e a right fibration if f has the right lifting property with respect to all
horn inclusions A} C A", 0 < i <n.

e an inner fibration if f has the right lifting property with respect to all
horn inclusions A} C A", 0 < i< n.

A morphism of simplicial sets i : A — B is

e left anodyne if i has the left lifting property with respect to all left
fibrations.

e right anodyne if i has the left lifting property with respect to all right
fibrations.

e inner anodyne if 7 has the left lifting property with respect to all inner
fibrations.
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Remark 2.0.0.4. Joyal uses the terms “mid-fibration” and “mid-anodyne
morphism” for what we have chosen to call inner fibrations and inner ano-
dyne morphisms.

The purpose of this chapter is to study the notions of fibration defined
above, which are basic tools in the theory of co-categories. In §2.1, we study
the theory of right (left) fibrations p : X — S, which can be viewed as
the oo-categorical analogue of categories (co)fibered in groupoids over S. We
will apply these ideas in §2.2 to show that the theory of oco-categories is
equivalent to the theory of simplicial categories.

There is also an analogue of the more general theory of (co)fibered cat-
egories whose fibers are not necessarily groupoids: this is the theory of
(co) Cartesian fibrations, which we will introduce in §2.4. Cartesian and co-
Cartesian fibrations are both examples of inner fibrations, which we will
study in §2.3.

Remark 2.0.0.5. To help orient the reader, we summarize the relation-
ship between many of the classes of fibrations which we will study in this
book. If f : X — S is a map of simplicial sets, then we have the following
implications:

f is a trivial

fibration
f is a Kan
/ fibration \
fis a left f is a right
fibration fibration
f is a coCartesian f is a Cartesian
fibration fibration
fisa
categorical
fibration

ﬂ

f is an inner
fibration.

In general, none of these implications is reversible.

Remark 2.0.0.6. The small object argument (Proposition A.1.2.5) shows
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that every map X — Z of simplicial sets admits a factorization
X2y 4z
where p is anodyne (left anodyne, right anodyne, inner anodyne, a cofibra-

tion) and ¢ is a Kan fibration (left fibration, right fibration, inner fibration,
trivial fibration).

Remark 2.0.0.7. The theory of left fibrations (left anodyne maps) is dual
to the theory of right fibrations (right anodyne maps): a map S — T is a left
fibration (left anodyne map) if and only if the induced map S°? — T°P is a
right fibration (right anodyne map). Consequently, we will generally confine
our remarks in §2.1 to the case of left fibrations; the analogous statements
for right fibrations will follow by duality.

2.1 LEFT FIBRATIONS

In this section, we will study the class of left fibrations between simplicial
sets. We begin in §2.1.1 with a review of some classical category theory:
namely, the theory of categories cofibered in groupoids (over another cate-
gory). We will see that the theory of left fibrations is a natural co-categorical
generalization of this idea. In §2.1.2, we will show that the class of left fibra-
tions is stable under various important constructions, such as the formation
of slice co-categories.

It follows immediately from the definition that every Kan fibration of
simplicial sets is a left fibration. The converse is false in general. However,
it is possible to give a relatively simple criterion for testing whether or not
a left fibration f: X — S is a Kan fibration. We will establish this criterion
in §2.1.3 and deduce some of its consequences.

The classical theory of Kan fibrations has a natural interpretation in the
language of model categories: a map p : X — S is a Kan fibration if and
only if X is a fibrant object of (Seta),s, where the category (Seta),s is
equipped with its usual model structure. There is a similar characterization
of left fibrations: a map p : X — S is a left fibration if and only if X is a
fibrant object of (Seta),s with respect to a certain model structure which
we will refer to as the covariant model structure. We will define the covariant
model structure in §2.1.4 and give an overview of its basic properties.

2.1.1 Left Fibrations in Classical Category Theory

Before beginning our study of left fibrations, let us recall a bit of classical
category theory. Let D be a small category and suppose we are given a
functor

x:D — §pd,
where Gpd denotes the category of groupoids (where the morphisms are given

by functors). Using the functor x, we can extract a new category C, via the
classical Grothendieck construction:
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o The objects of €, are pairs (D,n), where D € D and 7 is an object of
the groupoid (D).

e Given a pair of objects (D,n), (D’,n’) € €y, a morphism from (D, n) to
(D’,n’) in €, is given by a pair (f, o), where f : D — D’ is a morphism
in D and a : x(f)(n) ~n' is an isomorphism in the groupoid x(D').

e Composition of morphisms is defined in the obvious way.

There is an evident forgetful functor F': €, — D, which carries an object
(D,n) € €y to the underlying object D € D. Moreover, it is possible to
reconstruct x from the category €, (together with the forgetful functor F') at
least up to equivalence; for example, if D is an object of D, then the groupoid
X (D) is canonically equivalent to the fiber product C, xo{D}. Consequently,
the Grothendieck construction sets up a dictionary which relates functors
X : D — Gpd with categories €, admitting a functor F' : €, — D. However,
this dictionary is not perfect; not every functor F' : € — D arises via the
Grothendieck construction described above. To clarify the situation, we recall
the following definition:

Definition 2.1.1.1. Let F': € — D be a functor between categories. We
say that C is cofibered in groupoids over D if the following conditions are
satisfied:

(1) For every object C' € € and every morphism 7 : F(C') — D in D, there
exists a morphism 77 : C'— D such that F (1) = n.

(2) For every morphism n : C — C’ in € and every object C” € €, the
map

Home(C', C")

|

Home (C, C") XHomy, (F(0),F(crry) Home (F(C'), F(C"))
is bijective.

Example 2.1.1.2. Let x : D — Gpd be a functor from a category D to the
category of groupoids. Then the forgetful functor €, — D exhibits C, as
fibered in groupoids over D.

Example 2.1.1.2 admits a converse: suppose we begin with a category C
fibered in groupoids over D. Then, for every every object D € D, the fiber
Cp = Cxp{D} is a groupoid. Moreover, for every morphism f : D — D’
in D, it is possible to construct a functor f,: Cp — Cpr as follows: for each
C € Cp, choose a morphism f : C — C’ covering the map D — D’ and set
fi(C) = C". The map f may not be uniquely determined, but it is unique
up to isomorphism and depends functorially on C'. Consequently, we obtain



FIBRATIONS OF SIMPLICIAL SETS 57

a functor fi, which is well-defined up to isomorphism. We can then try to
define a functor x : D — Gpd by the formulas

D’—>€D

[ fi.

Unfortunately, this does not quite work: since the functor f; is determined
only up to canonical isomorphism by f, the identity (f o g)1 = fi o g1 holds
only up to canonical isomorphism rather than up to equality. This is merely
a technical inconvenience; it can be addressed in (at least) two ways:

e The groupoid x(D) = € xp{D} can be described as the category of
functors G fitting into a commutative diagram
e
7

s
~ F

)

If we replace the one-point category {D} with the overcategory Dp,
in this definition, then we obtain a groupoid equivalent to x (D) which
depends on D in a strictly functorial fashion.

e Without modifying the definition of x(D), we can realize x as a functor
from D to an appropriate bicategory of groupoids.

We may summarize the above discussion informally by saying that the
Grothendieck construction establishes an equivalence between functors x :
D — Spd and categories fibered in groupoids over D.

The theory of left fibrations should be regarded as an oco-categorical gen-
eralization of Definition 2.1.1.1. As a preliminary piece of evidence for this
assertion, we offer the following:

Proposition 2.1.1.3. Let F' : € — D be a functor between categories.
Then C is cofibered in groupoids over D if and only if the induced map
N(F) : N(C) — N(D) is a left fibration of simplicial sets.

Proof. Proposition 1.1.2.2 implies that N(F') is an inner fibration. It follows
that N(F') is a left fibration if and only if it has the right lifting property
with respect to Aff C A" for all n > 0. When n = 1, the relevant lifting
property is equivalent to (1) of Definition 2.1.1.1. When n = 2 (n = 3), the
relevant lifting property is equivalent to the surjectivity (injectivity) of the
map described in (2). For n > 3, the relevant lifting property is automatic
(since a map A} — S extends uniquely to A™ when S is isomorphic to the
nerve of a category). O

Let us now consider the structure of a general left fibration p : X — S.
In the case where S consists of a single vertex, Proposition 1.2.5.1 asserts
that p is a left fibration if and only if X is a Kan complex. Since the class of
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left fibrations is stable under pullback, we deduce that for any left fibration
p: X — S and any vertex s of S, the fiber X, = X xg {s} is a Kan
complex (which we can think of as the oo-categorical analogue of a groupoid).
Moreover, these Kan complexes are related to one another. More precisely,
suppose that f : s — s’ is an edge of the simplicial set S and consider the
inclusion i : X ~ X x {0} C X, x Al. In §2.1.2, we will prove that i is left
anodyne (Corollary 2.1.2.7). It follows that we can solve the lifting problem

>
{0} x X, =X

—
—
—
- p
—
—
—

AlxXSHA1L>S.

Restricting the dotted arrow to {1} x X, we obtain a map f : X; — X .
Of course, fi is not unique, but it is uniquely determined up to homotopy.

Lemma 2.1.1.4. Let g : X — S be a left fibration of simplicial sets. The
assignment

s€ Sy — X,

fesSi—f

determines a (covariant) functor from the homotopy category hS into the
homotopy category H of spaces.

Proof. Let f : s — s’ be an edge of S. We note the following characterization
of the morphism f, in H. Let K be any simplicial set and suppose we are
given homotopy classes of maps n € Homg¢ (K, X;), n° € Homg (K, Xy).
Then 7' = fy on if and only if there exists a map p : K x A! — X such that
q o p is given by the composition

KxAl -AlL g
7 is the homotopy class of p| K x {0}, and 7’ is the homotopy class of p|K x

{1}.

Now consider any 2-simplex o : A2 — S, which we will depict as

v
N
h
U
We note that the inclusion X, x {0} C X, x A? is left anodyne (Corollary
2.1.2.7). Consequently there exists a map p : X, x A? — X such that
p| X, x {0} is the inclusion X,, C X and gop is the composition X, x A? —

A? % S. Then fi ~ p| X, x {1}, by = p| X, x {2}, and the map p| X, x A{L2}
verifies the equation

w.

hy=gio fi
in Homg (X, Xy ). O
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We can summarize the situation informally as follows. Fix a simplicial set
S. To give a left fibration ¢ : X — S, one must specify a Kan complex X
for each “object” of S, a map fi : Xy — X for each “morphism” f:s — s
of S, and “coherence data” for these morphisms for each higher-dimensional
simplex of S. In other words, giving a left fibration ought to be more or less
equivalent to giving a functor from .S to the oo-category 8 of spaces. Lemma
2.1.1.4 can be regarded as a weak version of this assertion; we will prove
something considerably more precise in §2.1.4 (see Theorem 2.2.1.2).

We close this section by establishing two simple properties of left fibra-
tions, which will be needed in the proof of Proposition 1.2.4.3:

Proposition 2.1.1.5. Let p: C — D be a left fibration of co-categories and
let f: X — Y be a morphism in C such that p(f) is an equivalence in D.
Then f is an equivalence in C.

Proof. Let g be a homotopy inverse to p(f) in D so that there exists a
2-simplex of D depicted as follows:

p(Y)
p(f) g
idp(x)
p(X) p(X).

Since p is a left fibration, we can lift this to a diagram

Y
7N
idx

X—X

in C. It follows that g o f ~ idx, so that f admits a left homotopy inverse.
Since p(g) = g is an equivalence in D, the same argument proves that g has
a left homotopy inverse. This left homotopy inverse must coincide with f
since f is a right homotopy inverse to g. Thus f and g are homotopy inverse
in the co-category C, so that f is an equivalence, as desired. O

Proposition 2.1.1.6. Let p: C — D be a left fibration of co-categories, let
Y be an object of €, and let f : X — p(Y) be an equivalence in D. Then
there exists a morphism f: X —Y in C such that p(f) = f (automatically
an equivalence in view of Proposition 2.1.1.5).

Proof. Let g : p(Y) — X be a homotopy inverse to f in C. Since p is a left
fibration, there exists a morphism g : ¥ — X such that § = p(g). Since f
and g are homotopy inverse to one another, there exists a 2-simplex of D
which we can depict as follows:

p(X)

2
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Applying the assumption that p is a left fibration once more, we can lift this

to a diagram
X
VX
idy

Y —— Y,

which proves the existence of f. O

2.1.2 Stability Properties of Left Fibrations

The purpose of this section is to show that left fibrations of simplicial sets ex-
ist in abundance. Our main results are Proposition 2.1.2.1 (which is our basic
source of examples for left fibrations) and Corollary 2.1.2.9 (which asserts
that left fibrations are stable under the formation of functor categories).

Let € be an oco-category and let 8§ denote the oco-category of spaces. One
can think of a functor from € to § as a “cosheaf of spaces” on C. By analogy
with ordinary category theory, one might expect that the basic example of
such a cosheaf would be the cosheaf corepresented by an object C' of C;
roughly speaking this should be given by the functor

D — Mape(C, D).

As we saw in §2.1.1, it is natural to guess that such a functor can be en-
coded by a left fibration € — €. There is a natural candidate for C: the
undercategory Cc,. Note that the fiber of the map

f:Ccy—¢C

over the object D € € is the Kan complex Hom§(C, D). The assertion that
f is a left fibration is a consequence of the following more general result:

Proposition 2.1.2.1 (Joyal). Suppose we are given a diagram of simplicial
sets

KiCK2x2%g,

where q is an inner fibration. Let r = qop : K — S, po = p|Ko, and
ro = r|Ko. Then the induced map

Xp/ — XPO/ XSTQ/ ST/

is a left fibration. If the map q is already a left fibration, then the induced
map

Xyp = Xypy X8,y S/r
is a left fibration as well.

Proposition 2.1.2.1 immediately implies the following half of Proposition
1.2.9.3, which we asserted earlier without proof:
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Corollary 2.1.2.2 (Joyal). Let C be an co-category and p : K — C an arbi-
trary diagram. Then the projection C,, — C is a left fibration. In particular,
Cp, is itself an oco-category.

Proof. Apply Proposition 2.1.2.1 in the case where X = €, S = %, A = 0),
and B = K. O

We can also use Proposition 2.1.2.1 to prove Proposition 1.2.4.3, which
was stated without proof in §1.2.4.

Proposition. Let C be an oco-category and ¢ : A' — € a morphism of C.
Then ¢ is an equivalence if and only if, for every n > 2 and every map
fo: AZ — C such that fo| A%} = ¢, there exists an extension of fy to A™.

Proof. Suppose first that ¢ is an equivalence and let f; be as above. To
find the desired extension of fy, we must produce the dotted arrow in the
associated diagram

{0} —— C€/an

7
-
- q
-
e ’

Alﬂe/aAn72.

The projection map p : €,9an-—> — Cis a right fibration (Proposition
2.1.2.1). Since ¢’ is a preimage of ¢ under p, Proposition 2.1.1.5 implies
that ¢’ is an equivalence. Because ¢ is a right fibration (Proposition 2.1.2.1
again), the existence of the dotted arrow follows from Proposition 2.1.1.6.

We now prove the converse. Let ¢ : X — Y be a morphism in € and
consider the map A3 — € indicated in the following diagram:

id
X——=X.
The assumed extension property ensures the existence of the dotted mor-
phism v : Y — X and a 2-simplex o which verifies the identity ¢ o ¢ ~ idx.
We now consider the map
(0,50¢,51%,0)
TO:A§4>SO e C.
Once again, our assumption allows us to extend 7q to a 3-simplex 7 : A3 — €,

and the face dy7 verifies the identity ¢ o+ = idy. It follows that % is a
homotopy inverse to ¢, so that ¢ is an equivalence in C. O

We now turn to the proof of Proposition 2.1.2.1. It is an easy consequence
of the following more basic observation:
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Lemma 2.1.2.3 (Joyal [44]). Let f: Ag C A and g : By C B be inclusions
of simplicial sets. Suppose either that f is right anodyne or that g is left
anodyne. Then the induced inclusion

h:(Ag*B) [] (AxBy) CAxB
AoxBo

is inner anodyne.

Proof. We will prove that h is inner anodyne whenever f is right anodyne;
the other assertion follows by a dual argument.

Consider the class of all morphisms f for which the conclusion of the
lemma holds (for any inclusion g). This class of morphisms is weakly satu-
rated; to prove that it contains all right anodyne morphisms, it suffices to
show that it contains each of the inclusions f: A7 C A" for 0 < j < n. We
may therefore assume that f is of this form.

Now consider the collection of all inclusions g for which A is inner anodyne
(where f is now fixed). This class of morphisms is also weakly saturated;
to prove that it contains all inclusions, it suffices to show that the lemma
holds when g is of the form 9 A™ C A™. In this case, h can be identified
with the inclusion A}”mﬂ C A™T™m+1l which is inner anodyne because
0<j<n<n+m+1. O

The following result can be proven by exactly the same argument:

Lemma 2.1.2.4 (Joyal). Let f: Ag — A and g : By — B be inclusions of
simplicial sets. Suppose that f is left anodyne. Then the induced inclusion

(AgB) ] (AxBy) CAxB
AoxBg

is left anodyne.

Proof of Proposition 2.1.2.1. After unwinding the definitions, the first as-
sertion follows from Lemma 2.1.2.3 and the second from Lemma 2.1.2.4. [

For future reference, we record the following counterpart to Proposition
2.1.2.1:

Proposition 2.1.2.5 (Joyal). Let m : S — T be an inner fibration, p :
B — S a map of simplicial sets, i : A C B an inclusion of simplicial sets,
po =plA, p' =mop, and p[, = wopy = p'|A. Suppose either that i is right
anodyne or that 7 is a left fibration. Then the induced map

¢ : Sp/ — S;Do/ XT%/ Tp//

s a trivial Kan fibration.
Proof. Consider the class of all cofibrations ¢ : A — B for which ¢ is a

trivial fibration for every inner fibration (right fibration) p : S — T. It is
not difficult to see that this is a weakly saturated class of morphisms; thus,
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it suffices to consider the case where A = A" and B = A" for 0 <i <m
(0<i<m).

Let ¢ : 9A™ — S5,/ be a map and suppose we are given an extension of
¢ oq to A". We wish to find a compatible extension of q. Unwinding the
definitions, we are given a map

re(Amx0A") J] (AP *A") - S,
AT%d AT
which we wish to extend to A™ x A" in a manner that is compatible with a
given extension A™ x A” — T of the composite map 7 o r. The existence of
such an extension follows immediately from the assumption that p has the

right lifting property with respect to the horn inclusion A?””H C Antmtl
O

The remainder of this section is devoted to the study of the behavior of
left fibrations under exponentiation. Our goal is to prove an assertion of the
following form: if p : X — S is a left fibration of simplicial sets, then so
is the induced map X% — SK_ for every simplicial set K (this is a special
case of Corollary 2.1.2.9 below). This is an easy consequence of the following
characterization of left anodyne maps, which is due to Joyal:

Proposition 2.1.2.6 (Joyal [44]). The following collections of morphisms
generate the same weakly saturated class of morphisms of Seta:

(1) The collection Ay of all horn inclusions A} C A™, 0<1i<n.

(2) The collection Az of all inclusions

(Amx {0y JI @AamxAh)camxaAl
dA™x{0}

(3) The collection Az of all inclusions
(8" x{o}) JJ (sxAh)cs xAl
Sx{0}
where S C S'.

Proof. Let S C S be as in (3). Working cell by cell on S, we deduce that
every morphism in A3 can be obtained as an iterated pushout of morphisms
belonging to As. Conversely, As is contained in Aj, which proves that they
generate the same weakly saturated collection of morphisms.

To proceed with the proof, we must first introduce a bit of notation. The
(n + 1)-simplices of A™ x Al are indexed by order-preserving maps

[n+1) = [0,...,n] x [0,1].
We let o), denote the map

~ ) (m,0) ifm <k
ok(m) = (m—1,1) ifm>k.
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We will also denote by o the corresponding (n + 1)-simplex of A™ x Al
We note that {0y }o<k<n are precisely the nondegenerate (n + 1)-simplices
of A" x Al
We define a collection {X (k) }o<k<nt1 of simplicial subsets of A™ x Al by
descending induction on k. We begin by setting
X(n+1)=(A"x{0}) J] @A"xAh).
o A™x {0}
Assuming that X (k + 1) has been defined, we let X (k) C A™ x A® be the

union of X (k+1) and the simplex oy, (together with all the faces of o). We
note that this description exhibits X (k) as a pushout

X(k+1) JT A
ATt
and also that X(0) = A™ x Al. Tt follows that each step in the chain of
inclusions

X(n+1)CX(n)C---CX(1) CX(0)

is contained in the class of morphisms generated by Ay, so that the inclusion
X(n+1) C X(0) is generated by A;.

To complete the proof, we show that each inclusion in A; is a retract of
an inclusion in Asz. More specifically, the inclusion A} C A™ is a retract of
(A" x{0}) [ (A7 xAh) A xAl

A7 x {0}

so long as 0 < ¢ < n. We will define the relevant maps
A" L AT X AL AT

and leave it to the reader to verify that they are compatible with the relevant
subobjects. The map j is simply the inclusion A™ ~ A" x {1} C A" x Al
The map r is induced by a map of partially ordered sets, which we will also
denote by r. It may be described by the formulas

(m, 0) m ifm#i+1
r(m =
’ i ifm=i+1

r(m,1) =m.
O

Corollary 2.1.2.7. Leti: A — A’ be left anodyne and let j : B — B’ be a
cofibration. Then the induced map
(AxB) [[ (A xB)— A" x B
AxB

is left anodyne.
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Proof. This follows immediately from Proposition 2.3.2.1, which character-
izes the class of left anodyne maps as the class generated by Az (which is
stable under smash products with any cofibration). O

Remark 2.1.2.8. A basic fact in the homotopy theory of simplicial sets
is that the analogue of Corollary 2.1.2.7 also holds for the class of anodyne
maps of simplicial sets. Since the class of anodyne maps is generated (as a
weakly saturated class of morphisms) by the class of left anodyne maps and
the class of right anodyne maps, this classical fact follows from Corollary
2.1.2.7 (together with the dual assertion concerning right anodyne maps).

Corollary 2.1.2.9. Let p: X — S be a left fibration and let i : A — B be
any cofibration of simplicial sets. Then the induced map q: XB — X4 xga
SEB is a left fibration. If i is left anodyne, then q is a trivial Kan fibration.

Corollary 2.1.2.10 (Homotopy Extension Lifting Property). Letp: X —
S be a map of simplicial sets. Then p is a left fibration if and only if the
induced map

XA 5 X0 g S2
is a trivial Kan fibration of simplicial sets.

For future use, we record the following criterion for establishing that a
morphism is left anodyne:

Proposition 2.1.2.11. Let p : X — S be a map of simplicial sets, let
s:S — X be a section of p, and let h € Homg(X x Al X) be a (fiberwise)
simplicial homotopy from sop = h|X x {0} to idx = h|X x {1}. Then s is
left anodyne.

Proof. Consider a diagram
oy

S
7
-
/ ’

g9

where q is a left fibration. We must show that it is possible to find a map f
rendering the diagram commutative. Define Fy : (S x Al) [T g0 (X x {0})
to be the composition of g with the projection onto S. Now consider the
diagram

F
(8 % A Loy (X f0) 2y
X x Al goh z.

Since ¢ is a left fibration and the left vertical map is left anodyne, it is
possible to supply the dotted arrow F' as indicated. Now we observe that
f = F|X x {1} has the desired properties. O
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2.1.3 A Characterization of Kan Fibrations

Let p: X — S be a left fibration of simplicial sets. As we saw in §2.1.1,
p determines for each vertex s of S a Kan complex X, and for each edge
f:s— s amap of Kan complexes f) : X; — Xy (which is well-defined up
to homotopy). If p is a Kan fibration, then the same argument allows us to
construct a map Xy — X, which is a homotopy inverse to f;. Our goal in
this section is to prove the following converse:

Proposition 2.1.3.1. Let p: S — T be a left fibration of simplicial sets.
The following conditions are equivalent:

(1) The map p is a Kan fibration.

(2) For every edge f :t — t' inT, the map fi : St — Sy is an isomorphism
in the homotopy category H of spaces.

Lemma 2.1.3.2. Letp: S — T be a left fibration of simplicial sets. Suppose
that S and T are Kan complezxes and that p is a homotopy equivalence. Then
p induces a surjection from Sy to Tj.

Proof. Fix a vertex t € Tj. Since p is a homotopy equivalence, there exists a
vertex s € Sy and an edge e joining p(s) to t. Since p is a left fibration, this
edge lifts to an edge €’ : s — s’ in S. Then p(s’) = t. O

Lemma 2.1.3.3. Letp: S — T be a left fibration of simplicial sets. Suppose
that T is a Kan complex. Then p is a Kan fibration.

Proof. We note that the projection S — %, being a composition of left fibra-
tions S — T and T — x, is a left fibration, so that S is also a Kan complex.
Let A C B be an anodyne inclusion of simplicial sets. We must show that
the map p : SB — S4 x4 TP is surjective on vertices. Since S and T are
Kan complexes, the maps T8 — T4 and S® — S4 are trivial fibrations. It
follows that p is a homotopy equivalence and a left fibration. Now we simply
apply Lemma 2.1.3.2. O

Lemma 2.1.3.4. Letp: S — T be a left fibration of simplicial sets. Suppose
that for every vertex t € T, the fiber Sy is contractible. Then p is a trivial
Kan fibration.

Proof. It will suffice to prove the analogous result for right fibrations (we do
this in order to keep the notation we use below consistent with that employed
in the proof of Proposition 2.1.2.6).

Since p has nonempty fibers, it has the right lifting property with respect
to the inclusion ) = 9A? C A% Let n > 0, let f : 9 A™ — S be any map,
and let g : A™ — T be an extension of po f. We must show that there exists
an extension f: A" — S with g=po f.

Pulling back via the map G, we may suppose that T = A™ and g is the
identity map, so that S is an oo-category. Let ¢ denote the initial vertex of



FIBRATIONS OF SIMPLICIAL SETS 67

T. There is a unique map g’ : A™ x A! — T such that ¢'|A" x {1} = g and
g'|A™ x {0} is constant at the vertex ¢.

Since the inclusion 9 A™ x {1} C 9 A™ x Al is right anodyne, there exists
an extension f’ of f to @ A™ x Al which covers ¢’| 9 A™ x Al. To complete
the proof, it suffices to show that we can extend f’ to a map f’ AT X A —
S (such an extension is automatically compatible with ¢’ in view of our
assumptions that 7' = A™ and n > 0). Assuming this has been done, we
simply define f = f/|A™ x {1}.

Recall the notation of the proof of Proposition 2.1.2.6 and filter the sim-
plicial set A™ x A! by the simplicial subsets

X(n+1)C - C X(0) = A" x AL,

We extend the definition of f’ to X(m) by a descending induction on m.
When m = n + 1, we note that X (n + 1) is obtained from 9 A" x Al by
adjoining the interior of the simplex @ A™ x {0}. Since the boundary of this
simplex maps entirely into the contractible Kan complex Sy, it is possible to
extend f’ to X(n+1).

Now suppose the definition of f’ has been extended to X (i + 1). We note
that X (i) is obtained from X (i + 1) by pushout along a horn inclusion
A?'H C A" If § > 0, then the assumption that S is an oco-category
guarantees the existence of an extension of f’ to X (7). When ¢ = 0, we note
that f’ carries the initial edge of oy into the fiber S;. Since S; is a Kan
complex, f’ carries the initial edge of oy to an equivalence in S, and the
desired extension of f’ exists by Proposition 1.2.4.3. O

Proof of Proposition 2.1.3.1. Suppose first that (1) is satisfied and let f :
t — t' be an edge in T. Since p is a right fibration, the edge f induces a
map f*: Sy — S; which is well-defined up to homotopy. It is not difficult
to check that the maps f* and f; are homotopy inverse to one another; in
particular, fi is a homotopy equivalence. This proves that (1) = (2).

Assume now that (2) is satisfied. A map of simplicial sets is a Kan fibration
if and only if it is both a right fibration and a left fibration; consequently,
it will suffice to prove that p is a right fibration. According to Corollary
2.1.2.10, it will suffice to show that

q: SAl — S{l} Xp{1} TAl

is a trivial Kan fibration. Corollary 2.1.2.9 implies that ¢ is a left fibration.
By Lemma 2.1.3.4, it suffices to show that the fibers of ¢ are contractible.

Fix an edge f : t — ¢ in T. Let X denote the simplicial set of sections
of the projection S x7 A! — Al where A' maps into T via the edge f.
Consider the fiber ¢ : X — Sy of ¢ over the edge f. Since g and ¢’ have the
same fibers (over points of ST} x (1 TA" whose second projection is the
edge f), it will suffice to show that ¢’ is a trivial fibration for every choice
of f.

Consider the projection r : X — S;. Since p is a left fibration, r is a trivial
fibration. Because S; is a Kan complex, so is X. Lemma 2.1.3.3 implies that
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q' is a Kan fibration. We note that fi is obtained by choosing a section of
r and then composing with ¢’. Consequently, assumption (2) implies that ¢’
is a homotopy equivalence and thus a trivial fibration, which completes the
proof. O

Remark 2.1.3.5. Lemma 2.1.3.4 is an immediate consequence of Proposi-
tion 2.1.3.1 since any map between contractible Kan complexes is a homotopy
equivalence. Lemma 2.1.3.3 also follows immediately (if T is a Kan complex,
then its homotopy category is a groupoid, so that any functor hT — H
carries edges of T to invertible morphisms in ).

2.1.4 The Covariant Model Structure

In §2.1.2) we saw that a left fibration p : X — S determines a functor y
from hS to the homotopy category H, carrying each vertex s to the fiber
Xs = X xg {s}. We would like to formulate a more precise relationship
between left fibrations over S and functors from S into spaces. For this, it is
convenient to employ Quillen’s language of model categories. In this section,
we will show that the category (Seta),s can be endowed with the structure
of a simplicial model category whose fibrant objects are precisely the left
fibrations X — S. In §2.2, we will describe an co-categorical version of the
Grothendieck construction which is implemented by a right Quillen functor

(SetA)c[S] — (SetA)/s,
which we will eventually prove to be a Quillen equivalence (Theorem 2.2.1.2).

Warning 2.1.4.1. We will assume throughout this section that the reader
is familiar with the theory of model categories as presented in §A.2. We will
also assume familiarity with the model structure on the category Cata of
simplicial categories (see §A.3.2).

Definition 2.1.4.2. Let f : X — S be a map of simplicial sets. The left
cone of f is the simplicial set S]]y X We will denote the left cone of
f by CU(f). Dually, we define the right cone of f to be the simplicial set
C™(f)=STlxX".

Remark 2.1.4.3. Let f : X — S be a map of simplicial sets. There is a
canonical monomorphism of simplicial sets S — C9(f). We will generally
identify S with its image under this monomorphism and thereby regard S as
a simplicial subset of C?(f). We note that there is a unique vertex of C7(f)
which does not belong to S. We will refer to this vertex as the cone point of

()

Example 2.1.4.4. Let S be a simplicial set and let idg denote the identity
map from S to itself. Then CY(ids) and C*(idg) can be identified with S<
and S¥, respectively.

Definition 2.1.4.5. Let S be a simplicial set. We will say that a map
f:X =Y in (Seta),g is a



FIBRATIONS OF SIMPLICIAL SETS 69
(C) covariant cofibration if it is a monomorphism of simplicial sets.

(W) covariant equivalence if the induced map
xI[s—-vIIs
X Y
is a categorical equivalence.

(F) covariant fibration if it has the right lifting property with respect to
every map which is both a covariant cofibration and a covariant equiv-
alence.

Lemma 2.1.4.6. Let S be a simplicial set. Then every left anodyne map in
(8eta),s is a covariant equivalence.

Proof. By general nonsense, it suffices to prove the result for a generating
left anodyne inclusion of the form A7 C A™, where 0 < ¢ < n. In other
words, we must show any map
i (A IS — @M ]]s
AT A
is a categorical equivalence. We now observe that ¢ is a pushout of the inner
anodyne inclusion A?fll C AL O

Proposition 2.1.4.7. Let S be a simplicial set. The covariant cofibrations,
covariant equivalences, and covariant fibrations determine a left proper com-
binatorial model structure on (Seta)/s.

Proof. Tt suffices to show that conditions (1), (2), and (3) of Proposition
A.2.6.13 are met. We consider each in turn:

(1) The class (W) of weak equivalences is perfect. This follows from Corol-
lary A.2.6.12 since the functor X — X<][ S commutes with filtered
colimits.

(2) Tt is clear that the class (C) of cofibrations is generated by a set.
We must show that weak equivalences are stable under pushouts by
cofibrations. In other words, suppose we are given a pushout diagram

jl
X/ > Y/
in (8eta),s, where ¢ is a covariant cofibration and j is a covariant

equivalence. We must show that j’ is a covariant equivalence. We obtain
a pushout diagram in Cata:

CX[Ix 5] Y1y Sl

| l

C[(X)* [x, §] —€[(Y) [Ty 5.
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This diagram is homotopy coCartesian because Cata is a left proper
model category. Since the upper horizontal map is an equivalence, so
is the bottom horizontal map; thus j’ is a covariant equivalence.

(3) We must show that a map p : X — Y in Seta, which has the right
lifting property with respect to every map in (C), belongs to (W). We
note in that case that p is a trivial Kan fibration and therefore admits a
section s : Y — X. We will show that p and s induce mutually inverse
isomorphisms between €[X <[] S] and €[Y ][, S| in the homotopy
category hCata; it will then follow that p is a covariant equivalence.
Let f: X — X denote the composition so p; we wish to show that the
map C[X][ S] induced by f is equivalent to the identity in hCata.
We observe that f is homotopic to the identity idx via a homotopy
h:A' x X — X. It will therefore suffice to show that h is a covariant
equivalence. But h admits a left inverse

X~{0}x X CA'x X,

which is left anodyne (Corollary 2.1.2.7) and therefore a covariant
equivalence by Lemma 2.1.4.6.

O

Proposition 2.1.4.8. The category (Seta),s is a simplicial model cate-
gory (with respect to the covariant model structure and the natural simplicial
structure).

Proof. We will deduce this from Proposition A.3.1.7. The only nontrivial
point is to verify that for any X € (8eta),/s, the projection X x A" — X
is a covariant equivalence. But this map has a section X x {0} — X x A",
which is left anodyne and therefore a covariant equivalence (Proposition
2.1.4.9). O

We will refer to the model structure of Proposition 2.1.4.7 as the covari-
ant model structure on (Seta),s. We will prove later that the covariantly
fibrant objects of (Seta) s are precisely the left fibrations X — S (Corol-
lary 2.2.3.12). For the time being, we will be content to make a much weaker
observation:

Proposition 2.1.4.9. Let S be a simplicial set.

(1) Every left anodyne map in (Seta),s is a trivial cofibration with respect
to the covariant model structure.

(2) Every covariant fibration in (Seta),s is a left fibration of simplicial
sets.

(3) Ewery fibrant object of (Seta),s determines a left fibration X — S.

Proof. Assertion (1) follows from Lemma 2.1.4.6, and the implications (1) =
(2) = (3) are obvious. O
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Our next result expresses the idea that the covariant model structure on
eta)/s depends functorially on S:
Seta)/s d ds functoriall S

Proposition 2.1.4.10. Let j : S — S’ be a map of simplicial sets. Let
Jr: (8eta) /s — (Seta) s be the forgetful functor (given by composition with
J) and let j* : (8eta),s — (Seta) s be its right adjoint, which is given by
the formula

j*X/ =X’ X gt S.

Then we have a Quillen adjunction
Ji
(Seta) s =—==(Seta) /s
J

(with the covariant model structures).

Proof. Tt is clear that ji preserves cofibrations. For X € (8eta)s, the pushout
diagram

S— Y9

| |

X[y S —= X4 &

is a homotopy pushout (with respect to the Joyal model structure). Thus j

preserves covariant equivalences. It follows that (j,7*) is a Quillen adjunc-
tion. O

Remark 2.1.4.11. Let j : S — S’ be as in Proposition 2.1.4.10. If j is
a categorical equivalence, then the Quillen adjunction (ji,j*) is a Quillen

equivalence. This follows from Theorem 2.2.1.2 and Proposition A.3.3.8.

Remark 2.1.4.12. Let S be a simplicial set. The covariant model structure
on (8eta)/s is usually not self-dual. Consequently, we may define a new
model structure on (Seta),s as follows:

(C) Amap fin (Seta),s is a contravariant cofibration if it is a monomor-
phism of simplicial sets.

(W) A map fin (Seta),s is a contravariant equivalence if f°7 is a covariant
equivalence in (Seta)/gor.

(F) A map f in (8eta)/s is a contravariant fibration if f°P is a covariant
fibration in (Seta)/gor.

We will refer to this model structure on (8eta),g as the contravariant model
structure. Propositions 2.1.4.8, 2.1.4.9, and 2.1.4.10 have evident analogues
in the contravariant setting.
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2.2 SIMPLICIAL CATEGORIES AND co-CATEGORIES

For every topological category € and every pair of objects X, Y € €, Theorem
1.1.5.13 asserts that the counit map

u: |M3P€[N(e)] (X,Y)| — Mape(X,Y)

is a weak homotopy equivalence of topological spaces. This result is the main
ingredient needed to establish the equivalence between the theory of topo-
logical categories and the theory of co-categories. The goal of this section is
to give a proof of Theorem 1.1.5.13 and to develop some of its consequences.

We first replace Theorem 1.1.5.13 by a statement about simplicial cate-
gories. Consider the composition

Mapep (e (X, V) -5 Sing Map; ep ey (X, Y) 5" Sing Mape (X, V).
Classical homotopy theory ensures that v is a weak homotopy equivalence.
Moreover, u is a weak homotopy equivalence of topological spaces if and only
if Sing(u) is a weak homotopy equivalence of simplicial sets. Consequently, u
is a weak homotopy equivalence of topological spaces if and only if Sing(u)ov
is a weak homotopy equivalence of simplicial sets. It will therefore suffice to
prove the following simplicial analogue of Theorem 1.1.5.13:

Theorem 2.2.0.1. Let C be a fibrant simplicial category (that is, a simplicial
category in which each mapping space Mape(x,y) is a Kan complez) and let
xz,y € C be a pair of objects. The counit map

u : Mapg ey (z,y) — Mape(z,y)

is a weak homotopy equivalence of simplicial sets.

The proof will be given in §2.2.4 (see Proposition 2.2.4.1). Our strategy is
as follows:

(1) We will show that, for every simplicial set S, there is a close rela-
tionship between right fibrations S’ — S and simplicial presheaves
F: €[S]°P — Seta. This relationship is controlled by the straightening
and unstraightening functors which we introduce in §2.2.1.

(2) Suppose that S is an oo-category. Then, for each object y € S, the
projection S, — S is a right fibration, which corresponds to a simpli-
cial presheaf F : €[S]°P — Seta. This simplicial presheaf F is related
to Sy, in two different ways:

(i) As a simplicial presheaf, F is weakly equivalent to the functor
x +— Mapgs) (7, ).

(it) For each object x of S, there is a canonical homotopy equiva-
lence F(z) — S/, xg {v} ~ HomZ (x,y). Here the Kan complex
HomZ® (z,%) is defined as in §1.2.2.
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(3) Combining observations (¢) and (i¢), we will conclude that the map-
ping spaces Homgl(ac7 y) are homotopy equivalent to the corresponding
mapping spaces Homeg)(,y).

(4) In the special case where S is the nerve of a fibrant simplicial category
@, there is a canonical map Home(z,y) — Hom$ (z,y), which we will
show to be a homotopy equivalence in §2.2.2.

(5) Combining (3) and (4), we will obtain a canonical isomorphism

Mape (7, y) ~ Mapen(e)y (2, y)

in the homotopy category of spaces. We will then show that this iso-
morphism is induced by the unit map appearing in the statement of
Theorem 2.2.0.1.

We will conclude this section with §2.2.5, where we apply Theorem 2.2.0.1
to construct the Joyal model structure on Set A and to establish a more refined
version of the equivalence between oco-categories and simplicial categories.

2.2.1 The Straightening and Unstraightening Constructions (Un-
marked Case)

In §2.1.1, we asserted that a left fibration X — S can be viewed as a functor
from S into a suitable co-category of Kan complexes. Our goal in this section
is to make this idea precise. For technical reasons, it will be somewhat more
convenient to phrase our results in terms of the dual theory of right fibrations
X — S. Given any functor ¢ : €[S]°? — € between simplicial categories, we
will define an unstraightening functor Ung : Setg — (Seta)s. HF : C —
Seta is a diagram taking values in Kan complexes, then the associated map
Uny F — S is a right fibration whose fiber at a point s € S is homotopy
equivalent to the Kan complex F(¢(s)).

Fix a simplicial set S, a simplicial category €, and a functor ¢ : €[S] — C°P.
Given an object X € (8eta)/s, let v denote the cone point of X*. We can
view the simplicial category

M=ex"] [] e”
¢[X]

as a correspondence from C° to {v}, which we can identify with a simplicial
functor

Sty X : € — Seta .
This functor is described by the formula
(Ste X)(C) = Mapy (C, v).

We may regard Sty as a functor from (Seta);s to (Seta)®. We refer to
Sty as the straightening functor associated to ¢. In the special case where
C = ¢[S]°? and ¢ is the identity map, we will write Stg instead of St,.
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By the adjoint functor theorem (or by direct construction), the straight-
ening functor St, associated to ¢ : €[S] — C° has a right adjoint, which
we will denote by Ung and refer to as the unstraightening functor. We now
record the obvious functoriality properties of this construction.

Proposition 2.2.1.1. (1) Let p : S — S be a map of simplicial sets,
C a simplicial category, and ¢ : €[S] — C°P a simplicial functor,
and let ¢ : €[S'] — €% denote the composition ¢ o &€[p]. Let p :
(Seta);sr — (8eta),s denote the forgetful functor given by composi-
tion with p. There is a natural isomorphism of functors

Sty op >~ Sty
from (Seta) /s to Set.

(2) Let S be a simplicial set, 7 : C — € a simplicial functor between
simplicial categories, and ¢ : €[S] — C°P a simplicial functor. Then
there is a natural isomorphism of functors

Strovoy ~ m 0 Sty

from (8eta),s to Setg. Here m : Setq — Setg is the left adjoint to

the functor * : Setg — Setg given by composition with .
Our main result is the following:

Theorem 2.2.1.2. Let S be a simplicial set, C a simplicial category, and
¢ : €[S] — C a simplicial functor. The straightening and unstraightening
functors determine a Quillen adjunction
St¢
(8eta)/s=—=8et§,
Ung
where (8eta) /s is endowed with the contravariant model structure and Setg
with the projective model structure. If ¢ is an equivalence of simplicial cate-
gories, then (Sty, Ung) is a Quillen equivalence.

Proof. 1t is easy to see that Sty preserves cofibrations and weak equiva-
lences, so that the pair (Sty, Uny) is a Quillen adjunction. The real content
of Theorem 2.2.1.2 is the final assertion. Suppose that ¢ is an equivalence
of simplicial categories; then we wish to show that (Sts, Ung) is a Quillen
equivalence. We will prove this result in §2.2.3 as a consequence of Proposi-
tion 2.2.3.11. O

2.2.2 Straightening Over a Point

In this section, we will study the behavior of the straightening functor Stx
in the case where the simplicial set X = {z} consists of a single vertex. In
this case, we can view Stx as a colimit-preserving functor from the category
of simplicial sets to itself. We begin with a few general remarks about such
functors.
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Let A denote the category of combinatorial simplices and Seta the cat-
egory of simplicial sets, so that Seta may be identified with the category
of presheaves of sets on A. If € is any category which admits small co-
limits, then any functor f : A — C extends to a colimit-preserving functor
F : S8eta — € (which is unique up to unique isomorphism). We may regard
f as a cosimplicial object C'* of C. In this case, we shall denote the functor
F by

S |S|ce.

Remark 2.2.2.1. Concretely, one constructs |S|cs by taking the disjoint
union of S, x C™ and making the appropriate identifications along the
“boundaries.” In the language of category theory, the geometric realization

is given by the coend
/ S, x C".
[nleA

The functor S + |S|ce has a right adjoint which we shall denote by
Sing .. It may be described by the formula

Singce (X)n, = Home(C™, X).

Example 2.2.2.2. Let C be the category CG of compactly generated Haus-
dorff spaces and let C'® be the cosimplicial space defined by
C" = {(xg,...,2,) €[0,1]" " s g +--- 42, =1}

Then |S|ce is the usual geometric realization |S| of the simplicial set S, and
Sing~. = Sing is the functor which assigns to each topological space X its
singular complex.

Example 2.2.2.3. Let C be the category Seta and let C'* be the standard

simplex (the cosimplicial object of Seta given by the Yoneda embedding):
Cn — A'n,.

Then ||¢e and Sing. are both (isomorphic to) the identity functor on Seta.

Example 2.2.2.4. Let C = Cat and let f : A — Cat be the functor which
associates to each finite nonempty linearly ordered set J the corresponding
category. Then Sing~. = N is the functor which associates to each category

its nerve, and ||ce associates to each simplicial set S the homotopy category
hS as defined in §1.2.3.

Example 2.2.2.5. Let € = Cata and let C*® be the cosimplicial object of €
given in Definitions 1.1.5.1 and 1.1.5.3. Then Sing.. is the simplicial nerve
functor, and ||¢s is its left adjoint

S — €[9].
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Let us now return to the case of the straightening functor Stx, where
X = {z} consists of a single vertex. The above remarks show that we can
identify Stx with the geometric realization functor ||ge : 8eta — Seta for
some cosimplicial object Q°® in Seta. To describe Q°® more explicitly, let us
first define a cosimplicial simplicial set J® by the formula

7= (A" fyh [ e
An

The cosimplical simplicial set Q°® can then be described by the formula Q™ =
Mapg sni(z,9y).

In order to proceed with our analysis, we need to understand better the
cosimplicial object Q°® of Seta. It admits the following description:

e For each n > 0, let P, denote the partially ordered set of nonempty
subsets of [n], and K[, the simplicial set N(P) (which may be identified
with a simplicial subset of the (n + 1)-cube (A!)"*1). The simplicial
set Q" is obtained by collapsing, for each 0 < ¢ < n, the subset

(Al){j:OSJ‘@‘} x {1} x (Al){j:i<j§n} C Ky
to its quotient (A®){ii<isn},

e Amap f:[n] — [m] determines a map Py : P,) — Ppy,) by setting
P;(I) = f(I). The map Py in turn induces a map of simplicial sets
K, — Ky, which determines a map of quotients Q" — Q™ when f
is order-preserving.

Remark 2.2.2.6. Let Q° = |Q®| denote the cosimplicial space obtained
by applying the (usual) geometric realization functor to @Q°®. The space Q"
may be described as a quotient of the cube of all functions p : [n] — [0, 1]
satisfying p(0) = 1. This cube is to be divided by the following equiva-
lence relation: p ~ p’ if there exists a nonnegative integer i < n such that
pl{i,...n} =p'|{i,...,n} and p(i) = p'(3) = 1.

Each Q" is homeomorphic to an n-simplex, and these homeomorphisms
may be chosen to be compatible with the face maps of the cosimplicial space
Q°. However, Q° is not isomorphic to the standard simplex because it has
very different degeneracies. For example, the product of the degeneracy map-
pings Q" — (Ql)" is not injective for n > 2.

Our goal for the remainder of this section is to study the functors Sing,.
and ||ge and to prove that they are “close” to the identity functor. More
precisely, there is a map 7 : Q°* — A® of cosimplicial objects of Seta. It is
induced by a map K, — A", which is the nerve of the map of partially
ordered sets Py,,; — [n] that carries each nonempty subset of [n] to its largest
element.

Proposition 2.2.2.7. Let S be a simplicial set. Then the map pg : |S|ge —
S induced by w is a weak homotopy equivalence.
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Proof. Consider the collection A of simplicial sets S for which the assertion
of Proposition 2.2.2.7 holds. Since A is stable under filtered colimits, it will
suffice to prove that every simplicial set S having only finitely many nonde-
generate simplices belongs to A. We prove this by induction on the dimension
n of S and the number of nondegenerate simplices of S of dimension n. If
S = (), there is nothing to prove; otherwise we may write

S~s J] an
aAn

Slge = 18"l [T 1A"Iqe-
‘SAH‘Q.

Since both of these pushouts are homotopy pushouts, it suffices to show that
Pps’, Paan, and pan are weak homotopy equivalences. For ps: and pg a», this
follows from the inductive hypothesis; for pa», we need only observe that
both A™ and |A™|gs = Q™ are weakly contractible. O

Remark 2.2.2.8. The strategy used to prove Proposition 2.2.2.7 will reap-
pear frequently throughout this book: it allows us to prove theorems about
arbitrary simplicial sets by reducing to the case of simplices.

llqe
Proposition 2.2.2.9. The adjoint functors 8etA§:> Seta determine a
ingge

Quillen equivalence from the category Seta (endowed with the Kan model
structure) to itself.

Proof. We first show that the functors (|[gs,Singg.) determine a Quillen
adjunction from Seta to itself. For this, it suffices to prove that the func-
tor S — |S|ge preserves cofibrations and weak equivalences. The case of
cofibrations is easy, and the second case follows from Proposition 2.2.2.7.
To complete the proof, it will suffice to show that the left derived functor
L||ge determines an equivalence from the homotopy category H to itself.
This follows immediately from Proposition 2.2.2.7, which implies that L||ge
is equivalent to the identity functor. O

Corollary 2.2.2.10. Let X be a Kan complex. Then the counit map
v |Singge X|ge — X
is a weak homotopy equivalence.

Remark 2.2.2.11. Let S be a simplicial set containing a vertex s. Let € be
a simplicial category, ¢ : €[S]°? — € a simplicial functor, and C' = ¢(s) € C.
For every simplicial functor ¥ : € — Seta, there is a canonical isomorphism

(Ung F) x5 {s} =~ Singg. F(C).

In particular, we have a canonical map from F(C) to the fiber (Ung F)s,
which is a homotopy equivalence if F(C') is fibrant.
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Remark 2.2.2.12. Let € and € be simplicial categories. Given a pair of
simplicial functors F : € — Seta, F' : €' — Seta, we let FRTF' : Cx € —
Seta denote the functor described by the formula

(FRF)(C,C") = F(C) x F(C").

Given a pair of simplicial functors ¢ : €[S]P — €, ¢’ : €[S']°? — €, we let
#X ¢ denote the induced map €[S x S’] — € x €'. We observe that there is
a canonical isomorphism of functors

UII¢|Z|¢/(3~&3~/) ~ Un¢(ff) X Ul’l¢./ (g/)

Restricting our attention to the case where S’ = AY and ¢’ is an isomor-
phism, we obtain an isomorphism

Ung(FXK) ~ Uny(F) x Singge K

for every simplicial set K. In particular, for every pair of functors F,G €
Setg7 we have a chain of maps

Homget, (K, Mapge (F, 9)) ~ Homg e (FRK, §)
— Homger, ), s (Ung (FXK), Uny §)
~ Hom(set,) 5 (Ung(F) x Singge K, Uny G)
— Homset ), 5 (Uny(F) x K,Uny 9)
~ Homget, (K, Map(set, ), (Ung(F), Ung(9)).

This construction is natural in K and therefore determines a map of simpli-
cial sets

MapSetg (Stv 9) - Map(SetA)/S (Un¢ F, Un¢ 9)

Together, these maps endow the unstraightening functor Un, with the struc-
ture of a simplicial functor from Set§ to (Seta)/s-

The cosimplicial object Q°® of Seta will play an important role in our proof
of Theorem 1.1.5.13. To explain this, let us suppose that C is a simplicial
category and S = N(C) is its simplicial nerve. For every pair of vertices
Z,7 € S, we can consider the right mapping space Hom® (Z, 7). By definition,
giving an n-simplex of HomIS{(f, 7) is equivalent to giving a map of simplicial
sets J® — S, which carries  to T and y to y. Using the identification
S ~ N(@), we see that this is equivalent to giving a map €[J"] into €, which
again carries x to T and y to §. This is simply the data of a map of simplicial
sets @™ — Mape(T, 7). Moreover, this identification is natural with respect
to [n]; we therefore have the following result:

Proposition 2.2.2.13. Let C be a simplicial category and let X,Y € C be
two objects. There is a natural isomorphism of simplicial sets

Homg(e)(X, Y) ~ Singge Mape (X, Y).
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2.2.3 Straightening of Right Fibrations
Our goal in this section is to prove Theorem 2.2.1.2, which asserts that the
Quillen adjunction

(8eta) s=—=8et§
Ung
is a Quillen equivalence when ¢ : €[S] — €° is an equivalence of simplicial
categories. We first treat the case where S is a simplex.

Lemma 2.2.3.1. Let n be a nonnegative integer, let [n] denote the linearly
ordered set {0,...,n}, regarded as a (discrete) simplicial category, and let
¢ : C[A"] — [n] be the canonical functor. Then the Quillen adjunction
Sty
(8eta)/an === Set ™
Ung

is a Quillen equivalence.

Proof. Tt follows from the definition of the contravariant model structure
that the left derived functor LSty : h(8eta) an — hSet[X] is conservative. It
will therefore suffice to show that the counit map LSt, o RUng — id is an

isomorphism of functors from hSet[A"] to itself. For this, we must show that
if F: [n] — Seta is projectively fibrant, then the counit map

St¢UH¢3‘~*> F

is an equivalence in Set[g]. In other words, we may assume that F(4) is a Kan
complex for ¢ € [n], and we wish to prove that each of the induced maps
v; - (St¢ Un¢ 3:)(2) — 97(2)

is a weak homotopy equivalence of simplicial sets.
Let ¢ : [n] — [1] be defined by the formula

0 if0<j<i
1(sY >J >
Vi) {1 otherwise.
Then, for every object X € (Seta) /an, we have isomorphisms
(St X)(i) = (StpopX)(0) = | X x an Aln=tmb| o,

where the twisted geometric realization functor ||gs is as defined in §2.2.2.
Taking X = Ung J, we see that v; fits into a commutative diagram

X xan Aln=iom}| o0 2o (G,

Here the upper horizontal map is an isomorphism supplied by Corollary
2.2.2.11, and the right vertical map is a weak homotopy equivalence by
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Proposition 2.2.2.10. Consequently, to prove that the map v; is a weak homo-
topy equivalence, it will suffice to show that the left vertical map is a weak
homotopy equivalence. In view of Proposition 2.2.2.7, it will suffice to show
that the inclusion

X xan {n —i} C X xan Aln=bon}

is a weak homotopy equivalence. In fact, X xan {n — i} is a deformation
retract of X xan AlP=n}: this follows from the observation that the
projection X — A™ is a right fibration (Proposition 2.1.4.9). O

It will be convenient to restate Lemma 2.2.3.1 in a slightly modified form.
First, we need to introduce a bit of terminology.

Definition 2.2.3.2. Suppose we are given a commutative diagram of sim-
plicial sets

where p and ¢ are right fibrations. We will say that f is a pointwise equiv-
alence if, for each vertex s € S, the induced map X, — Y; is a homotopy
equivalence of Kan complexes.

Remark 2.2.3.3. In the situation of Definition 2.2.3.2, the following con-
ditions are equivalent:

(a) The map f is a pointwise equivalence of right fibrations over S.
(b) The map f is a contravariant equivalence in (Seta)/g.
(¢) The map f is a categorical equivalence of simplicial sets.

The equivalence (a) < (b) follows from Corollary 2.2.3.13 (see below), and
the equivalence (a) < (c¢) from Proposition 3.3.1.5.

Lemma 2.2.3.4. Let S’ C S be simplicial sets. Let p: X — S be any map
andlet q: Y — S be a right fibration. Let X' = X xS’ andletY' =Y xg5'.
The restriction map

¢ : Map(SetA)/S (X, Y) — Map(getA)/s/ ()(’7 Y/)
is a Kan fibration.

Proof. We first show that ¢ is a right fibration. It will suffice to show that ¢
has the right lifting property with respect to every right anodyne inclusion
A C B. This follows from the fact that ¢ has the right lifting property with
respect to the induced inclusion

i:(BxS") H(AXS)QBXS
AxS'



FIBRATIONS OF SIMPLICIAL SETS 81

since 7 is again right anodyne (Corollary 2.1.2.7).
Applying the preceding argument to the inclusion @) C S’, we deduce that
the projection map
Map(SCtA)/S, (X/, Y/) — AO
is a right fibration. Proposition 1.2.5.1 implies that Map(setA)/S/ (X",Y') is
a Kan complex. Lemma 2.1.3.3 now implies that ¢ is a Kan fibration, as
desired. t

Lemma 2.2.3.5. Let U be a collection of simplicial sets. Suppose that the
following conditions are satisfied:

(i) The collection U is stable under isomorphism. That is, if S € U and
S'~ S, then S" € U.

(i) The collection U is stable under the formation of disjoint unions.
(i4i) Every simplex A™ belongs to U.
(iv) Suppose we are given a pushout diagram
X—X'
o
Y —Y’
in which X, X', and'Y belong to U. If the map [ is a monomorphism,
then Y' belongs to U.
(v) Suppose we are given a sequence of monomorphisms of simplicial sets
X(0)— X(1)—---
If each X (i) belongs to U, then the colimit lim X (i) belongs to U.

Then every simplicial set belongs to U.

Proof. Let S be a simplicial set; we wish to show that S € U. In view of
(v), it will suffice to show that each skeleton sk™ .S belongs to U. We may
therefore assume that S is finite dimensional. We now proceed by induction
on the dimension n of S. Let A denote the set of nondegenerate n-simplexes
of S, so that we have a pushout diagram

[Hocn0A" —=sk"1 g

L

HozeA TANG S.

Invoking assumption (iv), we are reduced to proving that the simplicial sets
sk" 1S, [Hoca @A™, and [T, 4 A™ belong to U. For the first two this follows
from the inductive hypothesis, and for the last it follows from assumptions
(#i) and (ii7). O
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Lemma 2.2.3.6. Suppose we are given a commutative diagram of simplicial

sets
f
X—Y
P
q
5,
where p and q are right fibrations. The following conditions are equivalent:

(a) The map f is a pointwise equivalence.

(b) The map f is an equivalence in the simplicial category (Seta),s (that
is, f admits a homotopy inverse).

(c) For every object A € (Seta),s, composition with f induces a homotopy
equivalence of Kan complexes

Map(set,) o (A X) = Map(geq,y, 4 (4,Y).

Proof. The implication (b) = (a) is clear (any homotopy inverse to f deter-
mines homotopy inverses for the maps f; : X — Y; for each vertex s € S),
and the implication (¢) = (b) follows from Proposition 1.2.4.1. We will prove
that (a) = (c). Let U denote the collection of all simplicial sets A such that,
for every map A — S, composition with f induces a homotopy equivalence

of Kan complexes
Map(setA)/S (A7 X) — Map(setA)/s (A, Y)

We will show that U satisfies the hypotheses of Lemma 2.2.3.5 and therefore
contains all simplicial sets. Conditions () and (i) are obvious, and con-
ditions (iv) and (v) follow from Lemma 2.2.3.4. It will therefore suffice to
show that every simplex A" belongs to U. For every map A™ — S, we have
a commutative diagram

Map(SctA)/S (An’ X) I Ma‘p(SctA)/s (An’ Y)

l |

Map(ser,), s ({7}, X) —— Mapsei ), ({n}, Y).

Since the inclusion {n} C A™ is right anodyne, the vertical maps are trivial
Kan fibrations. It will therefore suffice to show that the bottom horizontal
map is a homotopy equivalence, which follows immediately from (a). O

Lemma 2.2.3.7. Let ¢ : €[A"] — [n] be as in Lemma 2.2.3.1. Suppose we
are given a right fibration X — A™, a projectively fibrant diagram F € Set[g],
and a weak equivalence of diagrams o : Sty X — F. Then the adjoint map
X — Uny J is a pointwise equivalence of left fibrations over A™.
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Proof. For 0 < i < n, let X(i) = X xan Atn=i..n} C X We observe
that (StsX)(7) is canonically isomorphic to the twisted geometric realization
| X (7)| e, where Q° is defined as in §2.2.2. Since X — A™ is a right fibration,
the fiber X xan {i} is a deformation retract of X(¢). Using Proposition
2.2.2.7, we conclude that the induced inclusion | X xan {n—i}|ge — |X(7)|qe
is a weak homotopy equivalence. Since « is a weak equivalence, we get weak
equivalences | X X an {n—1i}|ge — F(¢) for each 0 < i < n. Using Proposition
2.2.2.9, we deduce that the adjoint maps X xan {n —i} — Singg. F(i) are
again weak homotopy equivalences. The desired result now follows from the
observation that Singge F(i) ~ (Ung F) x an {n — i} (Remark 2.2.2.11). O

Notation 2.2.3.8. For every simplicial set S, we let RFib(S) denote the
full subcategory of (Seta),s spanned by those maps X — S which are right
fibrations.

Proposition 2.1.4.9 implies that if p : X — S exhibits X as a fibrant object
of the contravariant model category (Seta),g, then p is a right fibration. We
will prove the converse below (Corollary 2.2.3.12). For the moment, we will
be content with the following weaker result:

Lemma 2.2.3.9. For every integer n > 0, the inclusion i : (SetA)‘;An -
RFib(A™) is an equivalence of simplicial categories.

Proof. 1t is clear that ¢ is fully faithful. To prove that ¢ is essentially surjec-
tive, consider any left fibration X — A™. Let ¢ : €[A"] — [n] be defined as in
Lemma 2.2.3.1 and choose a weak equivalence St, X — F, where J € Set[g]
is a projectively fibrant diagram. Lemma 2.2.3.7 implies that the adjoint map
X — Uny ¥ is a pointwise equivalence of right fibrations in A™ and there-
fore a homotopy equivalence in RFib(A™) (Lemma 2.2.3.6). It now suffices
to observe that Ung F € (SetA)7A,,L. O

Lemma 2.2.3.10. For each integer n > 0, the unstraightening functor

Unan : (Seti[An])" — RFib(A"™) is an equivalence of simplicial categories.

Proof. In view of Lemma 2.2.3.9 and Proposition A.3.1.10, it will suffice
to show that the Quillen adjunction (Stan,Unan) is a Quillen equivalence.
This follows immediately from Lemma 2.2.3.1 and Proposition A.3.3.8. O

Proposition 2.2.3.11. For every simplicial set S, the unstraightening func-
tor Ung induces an equivalence of simplicial categories

(8etSF)° — RFib(S).

Proof. For each simplicial set S, let (Seti[s]op) ¢ denote the category of pro-

jectively fibrant objects of Seti[s]op and let Wy be the class of weak equiva-

lences in (Setgs]op) 7. Let W be the collection of pointwise equivalences in
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RFib(S). We have a commutative diagram of simplicial categories:

op Un .
(Set 5o S s RFib(S)

| |-

op d) —
(Set ™) s [Wg ') = RFib[W'5"]

(see Notation A.3.5.1). Lemma A.3.6.17 implies that the left vertical map is
an equivalence. Using Lemma 2.2.3.6 and Remark A.3.2.14, we deduce that
the right vertical map is also an equivalence. It will therefore suffice to show
that ¢g is an equivalence.

Let U denote the collection of simplicial sets S for which ¢g is an equiv-
alence. We will show that U satisfies the hypotheses of Lemma 2.2.3.5 and
therefore contains every simplicial set S. Conditions (¢) and (i¢) are obviously
satisfied, and condition (ii7) follows from Lemma 2.2.3.10 and Proposition
A.3.1.10. We will verify condition (iv); the proof of (v) is similar.

Applying Corollary A.3.6.18, we deduce:

op

() The functor S +— (Seti[s] )¢[Wg'] carries homotopy colimit diagrams
indexed by a partially ordered set to homotopy limit diagrams in Cata .

Suppose we are given a pushout diagram
X—X
I
Y ——Y'

in which X, X", Y € U, where f is a cofibration. We wish to prove that
Y’ € U. We have a commutative diagram

]°?

)Wy 2 REib(Y") W51 — RFib(Y)[ W3]

o

RFib(X)[W' %] — RFib(X)[W'y'].

(Seti[y,

Using (%) and Corollary A.3.2.28, we deduce that ¢y is an equivalence if
and only if, for every pair of objects z,y € RFib(Y’)[W’;,l], the diagram of
simplicial sets

Mapggipy w21 (@ Y) ——— Mabgg, v (w(@), u())
Mapgpip(xn w1 (0(2), V() —— Mapgp, w1 (w(@), w(y))

is homotopy Cartesian. Since 1y is a weak equivalence of simplicial cate-
gories, we may assume without loss of generality that = ¥y (Z) and that
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y = Yy (y) for some T,y € (SetA)/Y, It will therefore suffice to prove that
the equivalent diagram

Mapgpiby) (Z: Y) Mapgpin(yv) (W(@), u(Y))

l l

Mapgpinx ) (0(F), 2(9)) s Mapgpin(x) (@(T), W(Y))
is homotopy Cartesian. But this diagram is a pullback square, and the map
g is a Kan fibration by Lemma 2.2.3.4. O

We can now complete the proof of Theorem 2.2.1.2. Suppose that ¢ :
€[S] — € is an equivalence of simplicial categories; we wish to show that
the adjoint functors (Sts,Ung) determine a Quillen equivalence between
(Seta),s and Setg. Using Proposition A.3.3.8, we can reduce to the case
where ¢ is an isomorphism. In view of Proposition A.3.1.10, it will suffice to
show that Ung induces an equivalence of simplicial categories (Setqs] )°
(Seta )]s, which follows immediately from Proposition 2.2.3.11.

Corollary 2.2.3.12. Let p: X — S be a map of simplicial sets. The fol-
lowing conditions are equivalent:

(1) The map p is a right fibration.

(2) The map p exhibits X as a fibrant object of (Seta),s (with respect to
the contravariant model structure).

Proof. The implication (2) = (1) follows from Proposition 2.1.4.9. For the
converse, let us suppose that p is a right fibration. Proposition 2.2.3.11 im-
plies that the unstraightening functor Ung : (Setgs]op)O — Fun®(9) is es-
sentially surjective. Since Ung factors through the inclusion i : (SetA)7 g C
Fun®(S), we deduce that i is essentially surjective. Consequently, we can
choose a simplicial homotopy equivalence f : X — Y in (8eta),s, where YV’
is fibrant. Let g be a homotopy inverse to X so that there exists a homotopy
h:X x Al - X from idx to go f.
To prove that X is fibrant, we must show that every lifting problem

A—2s X

7
it J{p
Ve
B——S
has a solution, provided that j is a trivial cofibration in the contravariant
model category (Seta),g. Since Y is fibrant, the map foeg can be extended
toamape: B — Y in (Seta),s. Let ¢’ = goe. The maps € and ho(eg xida1)

determine another lifting problem
(A x A Ly 1y (B x {1} —x

bk

Bx Al ——— 8.
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Proposition 2.1.2.6 implies that j’ is right anodyne. Since p is a right fibra-
tion, there exists an extension F as indicated in the diagram. The restriction
e = E|B x {0} is then a solution the original problem. O

Corollary 2.2.3.13. Suppose we are given a diagram of simplicial sets

X\_/y

where p and q are right fibrations. Then f is a contravariant equivalence in
(8eta),s if and only if f is a pointwise equivalence.

Proof. Since (8eta);s is a simplicial model category, this follows immedi-
ately from Corollary 2.2.3.12 and Lemma 2.2.3.6. O

Corollary 2.2.3.12 admits the following generalization:

Corollary 2.2.3.14. Suppose we are given a diagram of simplicial sets

X\iy

where p and q are right fibrations. Then f is a contravariant fibration in
(Seta),s if and only if f is a right fibration.

Proof. The map f admits a factorization
Xﬂxﬂx

where f’ is a contravariant equivalence and f” is a contravariant fibration
(in (Seta),s). Proposition 2.1.4.9 implies that f” is a right fibration, so the
composition g o f” is a right fibration. Invoking Corollary 2.2.3.13, we con-
clude that for every vertex s € S, the map f’ induces a homotopy equivalence
of fibers X; — X.. Consider the diagram

i

NS

Y..

X

X/

The vertical maps in this diagram are right fibrations between Kan com-
plexes and therefore Kan fibrations (Lemma 2.1.3.3). Since f5 is a homotopy
equivalence, we conclude that the induced map of fibers f; Xy — Xz// is a
homotopy equivalence for each vertex y € Y. Invoking Lemma 2.2.3.6, we
deduce that f’ is an equivalence in the simplicial category (Seta ),y
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We can now repeat the proof of Corollary 2.2.3.12. Let g be a homotopy
inverse to f’ in the simplicial category (Seta);y and let h: X x Al — X
be a homotopy from idx to g o f’ (which projects to the identity on Y). To
prove that f is a covariant fibration, we must show that every lifting problem

A—2s X

. k4
it lf
s/

B——Y

has a solution provided that j is a trivial cofibration in the contravariant
model category (Seta),s. Since f” is a contravariant fibration, the map
J' o€ can be extended to a map € : B — X' in (Seta),y. Let ¢’ = goe.
The maps € and h o (¢p X ida1) determine another lifting problem

(A % AY TLa (B x {1}) — x

] E -~
i’ - f
~
~

B x Al Y.

Proposition 2.1.2.6 implies that j is right anodyne. Since f is a right fibra-
tion, there exists an extension E as indicated in the diagram. The restriction
e = E|B x {0} is then a solution to the original problem. O

We conclude this section with one more result which will be useful in
studying the Joyal model structure on Seta. Suppose that f : X — S is
any map of simplicial sets and that {s} is a vertex of S. Let Q* denote the
cosimplicial object of Seta defined in §2.2.2. Then we have a canonical map

| Xslge = (St Xs)(s) — (StsX)(s).

Proposition 2.2.3.15. Suppose that f : X — S is a right fibration of
simplicial sets. Then for each vertex s of S, the canonical map ¢ : | Xs|gs —
(StsX)(s) is a weak homotopy equivalence of simplicial sets.

Proof. Choose a weak equivalence StgX — F, where F : €[S]°? — 8eta is a
projectively fibrant diagram. Theorem 2.2.1.2 implies that the adjoint map
X — Ung(J) is a contravariant equivalence in (Seta),s. Applying the “only
if” direction of Corollary 2.2.3.12, we conclude that each of the induced maps

X, — (Ung F)s =~ Singge F(s)

is a homotopy equivalence of Kan complexes. Using Proposition 2.2.2.9, we
deduce that the adjoint map | X|ge — F(s) is a weak homotopy equivalence.
It follows from the two-out-of-three property that ¢ is also a weak homotopy
equivalence. O
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2.2.4 The Comparison Theorem

Let S be an oo-category containing a pair of objects = and y and let Q°® de-
note the cosimplicial object of Seta described in §2.2.2. We have a canonical
map of simplicial sets

f | Homg(z, y)lgs — Mapes)(x,y)-
Moreover, in the special case where S is the nerve of a fibrant simplicial
category C, the composition

f
| Hom (2, y)| g+ > Mapg)(z,y) — Mape(, y)
can be identified with the counit map
| Singge Mape (2, y)|ge — Mape(X,Y)
and is therefore a weak equivalence (Proposition 2.2.2.10). Consequently, we
may reformulate Theorem 2.2.0.1 in the following way:

Proposition 2.2.4.1. Let S be an oo-category containing a pair of objects
x and y. Then the natural map

f [ Hom§ (z,y)lqs — Mape(s)(z,y)
is a weak homotopy equivalence of simplicial sets.

Proof. Let C' = S'/>y 11 S, S and let v denote the image in C of the cone point
of S‘/>y. There is a canonical projection 7 : C' — S, which induces a map of
simplicial sets

f": (StsS)y)(x) — Mapg(g(, ).
The map f can be identified with the composition f” o f’, where f’ is the
map

| Homg (2, y)l e = (St} Sy xs {a})(x) = (StsS,)(x).
Since the projection S;, — S is a right fibration, the map f’ is a weak homo-
topy equivalence (Proposition 2.2.3.15). It will therefore suffice to show that
S is a weak homotopy equivalence. To see this, we consider the commutative
diagram

(StsS/y)(x)

/ !

(Sts{y})(z) L Mapyg) (2, 7).

The inclusion i : {y} C 5/, is a retract of the inclusion

(S x {11 JT (id,} x AY) € S, x A,
{ypx{1}
which is right anodyne by Corollary 2.1.2.7. It follows that ¢ is a contravari-
ant equivalence in (8eta),s (Proposition 2.1.4.9), so the map g is a weak
homotopy equivalence of simplicial sets. Since the map h is an isomorphism,
the map f” is also a weak homotopy equivalence by virtue of the two-out-
of-three property. O




FIBRATIONS OF SIMPLICIAL SETS 89

2.2.5 The Joyal Model Structure

The category of simplicial sets can be endowed with a model structure for
which the fibrant objects are precisely the oco-categories. The original con-
struction of this model structure is due to Joyal, who uses purely combinato-
rial arguments ([44]). In this section, we will exploit the relationship between
simplicial categories and oo-categories to give an alternative description of
this model structure. Our discussion will make use of a model structure on
the category Cata of simplicial categories, which we review in §A.3.2.

Theorem 2.2.5.1. There exists a left proper combinatorial model structure
on the category of simplicial sets with the following properties:

(C) Amapp:S— S of simplicial sets is a cofibration if and only if it is
a monomorphism.

(W) A map p: S — S is a categorical equivalence if and only if the in-
duced simplicial functor €[S] — €[S'] is an equivalence of simplicial
categories.

Moreover, the adjoint functors (€,N) determine a Quillen equivalence be-
tween Seta (with the model structure defined above) and Cata .

Our proof will make use of the theory of inner anodyne maps of simplicial
sets, which we will study in detail in §2.3. We first establish a simple lemma.

Lemma 2.2.5.2. Fvery inner anodyne map f : A — B of simplicial sets is
a categorical equivalence.

Proof. Tt will suffice to prove that if f is inner anodyne, then the associated
map €[f] is a trivial cofibration of simplicial categories. The collection of all
morphisms f for which this statement holds is weakly saturated (Definition
A.1.2.2). Consequently, we may assume that f is an inner horn inclusion
AP C A" 0 < i < n. We now explicitly describe the map €[f]:

e The objects of €[0A?] are the objects of €[A"]: namely, elements of
the linearly ordered set [n] = {0,...,n}.

e For 0 < j < k < n, the simplicial set Mapg(ni(j, k) is equal to
Mapg(an)(f; k) unless j = 0 and k = n. In the latter case,

Mapean (j: k) = K C (A1) =~ Mape(an (7, k),

where K is the simplicial subset of the cube (A!)"~! obtained by
removing the interior and a single face.

We observe that €[f] is a pushout of the inclusion Ex C Ea1yn—1 (see
§A.3.2 for an explanation of this notation). It now suffices to observe that
the inclusion K C (A!)"~! is a trivial fibration of simplicial sets (with
respect to the usual model structure on Seta). O



90 CHAPTER 2

Proof of Theorem 2.2.5.1. We first show that € carries cofibrations of simpli-
cial sets to cofibrations of simplicial categories. Since the class of all cofibra-
tions of simplicial sets is generated by the inclusions 9 A™ C A™, it suffices
to show that each map €[0 A"] — €[A"] is a cofibration of simplicial cat-
egories. If n = 0, then the inclusion €[0 A"] C €[A"] is isomorphic to the
inclusion ) C x of simplicial categories, which is a cofibration. In the case
where n > 0, we make use of the following explicit description of €[0 A"] as
a subcategory of €[A"]:

e The objects of €[0 A™] are the objects of €[A™]: namely, elements of
the linearly ordered set [n] = {0,...,n}.

e For 0 < j < k < n, the simplicial set Home[gan)(j, k) is equal to
Homean)(j, k) unless j = 0 and k = n. In the latter case, the simplicial
set Homey an(J, k) consists of the boundary of the cube

(AN~ =~ Homegan (4, k).

In particular, the inclusion €[0 A™] C €[A"] is a pushout of the inclusion
Eoaryn—1 € Earyn—1, which is a cofibration of simplicial categories (see
§A.3.2 for an explanation of our notation).

We now declare that a map p : S — S’ of simplicial sets is a categorical
fibration if it has the right lifting property with respect to all maps which are
cofibrations and categorical equivalences. We now claim that the cofibrations,
categorical equivalences, and categorical fibrations determine a left proper
combinatorial model structure on Seta. To prove this, it will suffice to show
that the hypotheses of Proposition A.2.6.13 are satisfied:

(1) The class of categorical equivalences in Seta is perfect. This follows
from Corollary A.2.6.12 since the functor € preserves filtered colimits
and the class of equivalences between simplicial categories is perfect.

(2) The class of categorical equivalences is stable under pushouts by cofi-
brations. Since € preserves cofibrations, this follows immediately from
the left properness of Cata.

(3) A map of simplicial sets which has the right lifting property with re-
spect to all cofibrations is a categorical equivalence. In other words,
we must show that if p : S — S is a trivial fibration of simplicial
sets, then the induced functor €[p] : €[S] — €[S'] is an equivalence of
simplicial categories.

Since p is a trivial fibration, it admits a section s : S — S. It is clear
that €[p] o €[s] is the identity; it therefore suffices to show that

€[s] o €[p] : €[S] — €[9]
is homotopic to the identity.

Let K denote the simplicial set Mapg, (.5, S). Then K is a contractible
Kan complex containing vertices z and y which classify s o p and idg.
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We note the existence of a natural “evaluation map” e : K x S — S
such that sop = eo ({z} x idg), ids = e o ({y} x idg). It therefore
suffices to show that the functor € carries {z} xidg and {y} xidg into
homotopic morphisms. Since both of these maps section the projection
K x S — S, it suffices to show that the projection €[K x S] — €[S] is
an equivalence of simplicial categories. Replacing S by S x K and S’
by S, we are reduced to the special case where S = S’ x K and K is
a contractible Kan complex.

By the small object argument, we can find an inner anodyne map S’ —
V', where V is an oo-category. The corresponding map S’ x K — V x K
is also inner anodyne (Proposition 2.3.2.1), so the maps €[S'] — €[V]
and €[S’ x K] — €[V x K| are both trivial cofibrations (Lemma 2.2.5.2).
It follows that we are free to replace S’ by V and S by V x K. In other
words, we may suppose that S’ is an co-category (and now we will have
no further need of the assumption that S is isomorphic to the product
S' x K).

Since p is surjective on vertices, it is clear that €[p] is essentially
surjective. It therefore suffices to show that for every pair of ver-
tices x,y € Sy, the induced map of simplicial sets Mapg (g (x,y) —
Mapc[s,}(p(z),p(y)) is a weak homotopy equivalence. Using Proposi-
tions 2.2.4.1 and 2.2.2.7, it suffices to show that the map Hom®% (z,y) —
HomY, (p(z), p(y)) is a weak homotopy equivalence. This map is obvi-
ously a trivial fibration if p is a trivial fibration.

By construction, the functor € preserves weak equivalences. We verified
above that € preserves cofibrations as well. It follows that the adjoint func-
tors (€, N) determine a Quillen adjunction

[
SetAW eatA .

To complete the proof, we wish to show that this Quillen adjunction is a
Quillen equivalence. According to Proposition A.2.5.1, we must show that
for every simplicial set S and every fibrant simplicial category €, a map

u: S — N(C)
is a categorical equivalence if and only if the adjoint map

v:CS]—¢
is an equivalence of simplicial categories. We observe that v factors as a
composition

¢

 eNe)] S e,

By definition, u is a categorical equivalence if and only if €[u] is an equiva-
lence of simplicial categories. We now conclude by observing that the counit
map w is an equivalence of simplicial categories (Theorem 2.2.0.1). O

¢[9]
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We now establish a few pleasant properties enjoyed by the Joyal model
structure on Seta. We first note that every object of Seta is cofibrant; in
particular, the Joyal model structure is left proper (Proposition A.2.4.2).

Remark 2.2.5.3. The Joyal model structure is not right proper. To see
this, we note that the inclusion A? C A? is a categorical equivalence, but it
does not remain so after pulling back via the fibration A102} C A2

Corollary 2.2.5.4. Let f : A — B be a categorical equivalence of simplicial
sets and K an arbitrary simplicial set. Then the induced map AX K — BxXK
is a categorical equivalence.

Proof. Choose an inner anodyne map B — @, where @ is an oco-category.
Then B x K — @ x K is also inner anodyne, hence a categorical equivalence
(Lemma 2.2.5.2). It therefore suffices to prove that A x K — Q x K is a
categorical equivalence. In other words, we may suppose to begin with that
B is an oo-category.

Now choose a factorization A &> R L B , where f’ is an inner anodyne map
and f” is an inner fibration. Since B is an co-category, R is an oo-category.
The map A x K — R x K is inner anodyne (since f’ is) and therefore a
categorical equivalence; consequently, it suffices to show that Rx K — Bx K
is a categorical equivalence. In other words, we may reduce to the case where
A is also an oco-category.

Choose an inner anodyne map K — S, where S is an oco-category. Then
Ax K — Ax S and Bx K — B x S are both inner anodyne and therefore
categorical equivalences. Thus, to prove that A x K — B x K is a cate-
gorical equivalence, it suffices to show that A x S — B x S is a categorical
equivalence. In other words, we may suppose that K is an oo-category.

Since A, B, and K are oo-categories, we have canonical isomorphisms

h(Ax K)~hAxhK  h(BxK)~hBxhK.

It follows that A x K — B x K is essentially surjective provided that f is
essentially surjective. Furthermore, for any pair of vertices (a, k), (a/, k') €
(A x K)o, we have

Hom%, , ((a, k), (d/, k")) ~ Hom% (a, a’) x Hom% (k, k')

Hom3, s ((f(a), k), (f(a"), K')) ~ Homi5 (f(a), f(a')) x Homi (k, K').
This shows that A x K — B x K is fully faithful provided that f is fully
faithful, which completes the proof. O

Remark 2.2.5.5. Since every inner anodyne map is a categorical equiva-
lence, it follows that every categorical fibration p : X — S'is a inner fibration
(see Definition 2.0.0.3). The converse is false in general; however, it is true
when S is a point. In other words, the fibrant objects for the Joyal model
structure on Seta are precisely the co-categories. The proof will be given in
§2.4.6 as Theorem 2.4.6.1. We will assume this result for the remainder of
the section. No circularity will result from this because the proof of Theorem
2.4.6.1 will not use any of the results proven below.
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The functor €[e] does not generally commute with products. However,
Corollary 2.2.5.4 implies that € commutes with products in the following
weak sense:

Corollary 2.2.5.6. Let S and S’ be simplicial sets. The natural map
¢S x 8] — €[9] x €[Y]
is an equivalence of simplicial categories.

Proof. Suppose first that there are fibrant simplicial categories €, @ with
S =N(€), S’ = N(€). In this case, we have a diagram
€[S x L e[s) x e[s] Lexe.
By the two-out-of-three property, it suffices to show that g and g o f are
equivalences. Both of these assertions follow immediately from the fact that
the counit map €[N(D)] — D is an equivalence for any fibrant simplicial
category D (Theorem 2.2.5.1).
In the general case, we may choose categorical equivalences S — T, S’ —
T’, where T and T" are nerves of fibrant simplicial categories. Since S x S’ —
T x T’ is a categorical equivalence, we reduce to the case treated above. [

Let K be a fixed simplicial set and let € be a simplicial set which is
fibrant with respect to the Joyal model structure. Then C has the extension
property with respect to all inner anodyne maps and is therefore an oco-
category. It follows that Fun(K,C) is also an oco-category. We might call
two morphisms f,g : K — C homotopic if they are equivalent when viewed
as objects of Fun(K,C). On the other hand, the general theory of model
categories furnishes another notion of homotopy: f and g are left homotopic

if the map
flJo:K]][K—e¢
can be extended over a mapping cylinder I for K.

Proposition 2.2.5.7. Let C be a oco-category and K an arbitrary simplicial
set. A pair of morphisms f,g: K — C are homotopic if and only if they are
left-homotopic.

Proof. Choose a contractible Kan complex S containing a pair of distinct
vertices,  and y. We note that the inclusion

K[[K~Kx{z,y} CKxS

exhibits K x S as a mapping cylinder for K. It follows that f and g are left
homotopic if and only if the map f[[g: K[] K — € admits an extension
to K x S. In other words, f and g are left homotopic if and only if there
exists a map h : S — CF such that h(z) = f and h(y) = g. We note that
any such map factors through Z, where Z C Fun(K,C) is the largest Kan
complex contained in K. Now, by classical homotopy theory, the map h
exists if and only if f and g belong to the same path component of Z. It is
clear that this holds if and only if f and g are equivalent when viewed as
objects of the oco-category Fun (K, C). O
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We are now in a position to prove Proposition 1.2.7.3, which was asserted
without proof in §1.2.7. We first recall the statement.

Proposition. Let K be an arbitrary simplicial set.
(1) For every oco-category C, the simplicial set Fun(K, C) is an oo-category.

(2) Let € — D be a categorical equivalence of oco-categories. Then the
induced map Fun(K, C) — Fun(K, D) is a categorical equivalence.

(3) Let C be an co-category and K — K’ a categorical equivalence of sim-
plicial sets. Then the induced map Fun(K',C) — Fun(K,C) is a cate-
gorical equivalence.

Proof. We first prove (1). To show that Fun(K, ) is an co-category, it suf-
fices to show that it has the extension property with respect to every inner
anodyne inclusion A C B. This is equivalent to the assertion that C has the
right lifting property with respect to the inclusion A x K C B x K. But €
is an oco-category and A x K C B x K is inner anodyne (Corollary 2.3.2.4).

Let hS8eta denote the homotopy category of Seta taken with respect to
the Joyal model structure. For each simplicial set X, we let [X] denote
the same simplicial set considered as an object of h8eta. For every pair of
objects X,Y € Seta, [X x Y] is a product of [X] and [Y] in hSeta. This is a
general fact when X and Y are fibrant; in the general case, we choose fibrant
replacements X — X', Y — Y’ and apply the fact that the canonical map
X xY — X' x Y’ is a categorical equivalence (Corollary 2.2.5.4).

If € is an co-category, then C is a fibrant object of Seta (Theorem 2.4.6.1).
Proposition 2.2.5.7 allows us to identify Hompget, ([X], [€]) with the set of
equivalence classes of objects in the co-category Fun(X, €). In particular, we
have canonical bijections

Hompser o ([X] X [K], [C]) ~ Hompser, ([X x K], [€])
~ Hompget, ([X], [Fun(K, C)]).
It follows that [Fun(k, €)] is determined up to canonical isomorphism by [K]

and [€] (more precisely, it is an ezponential [C]I] in the homotopy category
h8eta), which proves (2) and (3). O

Our description of the Joyal model structure on Seta is different from the
definition given in [44]. Namely, Joyal defines a map f : A — B to be a weak
categorical equivalence if, for every oo-category €, the induced map

hFun(B, €) — hFun(4, C)

is an equivalence (of ordinary categories). To prove that our definition agrees
with his, it will suffice to prove the following.

Proposition 2.2.5.8. Let f : A — B be a map of simplicial sets. Then f is
a categorical equivalence if and only if it is a weak categorical equivalence.
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Proof. Suppose first that f is a categorical equivalence. If € is an arbitrary
oo-category, Proposition 1.2.7.3 implies that the induced map Fun(B, C) —
Fun(A4,C) is a categorical equivalence, so that hFun(B,C) — hFun(4,C)
is an equivalence of categories. This proves that f is a weak categorical
equivalence.

Conversely, suppose that f is a weak categorical equivalence. We wish to
show that f induces an isomorphism in the homotopy category of Seta with
respect to the Joyal model structure. It will suffice to show that for any
fibrant object C, f induces a bijection [B, C] — [A, €], where [X, €] denotes
the set of homotopy classes of maps from X to €. By Proposition 2.2.5.7,
[X, €] may be identified with the set of isomorphism classes of objects in the
category hFun(X, €). By assumption, f induces an equivalence of categories
hFun(B, C) — hFun(A, C) and therefore a bijection on isomorphism classes
of objects. O

Remark 2.2.5.9. The proof of Proposition 1.2.7.3 makes use of Theo-
rem 2.4.6.1, which asserts that the (categorically) fibrant objects of Seta
are precisely the oco-categories. Joyal proves the analogous assertion for his
model structure in [44]. We remark that one cannot formally deduce Theo-
rem 2.4.6.1 from Joyal’s result since we need Theorem 2.4.6.1 to prove that
Joyal’s model structure coincides with the one we have defined above. On
the other hand, our approach does give a new proof of Joyal’s theorem.

Remark 2.2.5.10. Proposition 2.2.5.8 permits us to define the Joyal model
structure without reference to the theory of simplicial categories (this is
Joyal’s original point of view [44]). Our approach is less elegant but allows
us to easily compare the theory of co-categories with other models of higher
category theory, such as simplicial categories. There is another approach to
obtaining comparison results, due to Toén. In [76], he shows that if C is
a model category equipped with a cosimplicial object C'® satisfying certain
conditions, then € is (canonically) Quillen equivalent to Rezk’s category of
complete Segal spaces. Toén’s theorem applies in particular when C is the
category of simplicial sets and C* is the “standard simplex” C™ = A™. In
fact, Seta is in some sense universal with respect to this property because it
is generated by C*® under colimits and the class of categorical equivalences
is dictated by Toén’s axioms. We refer the reader to [76] for details.

2.3 INNER FIBRATIONS

In this section, we will study the theory of inner fibrations between simplicial
sets. The meaning of this notion is somewhat difficult to explain because it
has no counterpart in classical category theory: Proposition 1.1.2.2 implies
that every functor between ordinary categories € — D induces an inner
fibration of nerves N(€) — N(D).

In the case where S is a point, a map p : X — S is an inner fibration
if and only if X is an oco-category. Moreover, the class of inner fibrations is
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stable under base change: if
X —X

b
s ——8

is a pullback diagram of simplicial sets and p is an inner fibration, then so is
p'. It follows that if p : X — S is an arbitrary inner fibration, then each fiber
Xs = X Xg {s} is an oco-category. We may therefore think of p as encoding
a family of oco-categories parametrized by S. However, the fibers X, depend
functorially on s only in a very weak sense.

Example 2.3.0.1. Let I : € — @ be a functor between ordinary categories.
Then the map N(C) — N(€') is an inner fibration. Yet the fibers N(€)c =
N(€ xe {C}) and N(C)p = N(€ xe{D}) over objects C,D € € can have
wildly different properties even if C' and D are isomorphic objects of €.

In order to describe how the different fibers of an inner fibration are related
to one another, we will introduce the notion of a correspondence between oo-
categories. We review the classical theory of correspondences in §2.3.1 and
explain how to generalize this theory to the co-categorical setting.

In §2.3.2, we will prove that the class of inner anodyne maps is stable
under smash products with arbitrary cofibrations between simplicial sets.
As a consequence, we will deduce that the class of inner fibrations (and
hence the class of oo-categories) is stable under the formation of mapping
spaces.

In §2.3.3, we will study the theory of minimal inner fibrations, a general-
ization of Quillen’s theory of minimal Kan fibrations. In particular, we will
define a class of minimal oco-categories and show that every oo-category C
is (categorically) equivalent to a minimal co-category €', where €' is well-
defined up to (noncanonical) isomorphism. We will apply this theory in §2.3.4
to develop a theory of n-categories for n < co.

2.3.1 Correspondences

Let € and € be categories. A correspondence from € to €' is a functor
M :CP? x € — Set.
If M is a correspondence from C to €', we can define a new category Cx

as follows. An object of Cx™ €’ is either an object of € or an object of €.
For morphisms, we take

MG/

Home(X,Y) if X, Y €@
Home (X,Y) if X, Y €€
M(X,Y) if XeeYvYecd
0 if Xe@,Yecq.

Composition of morphisms is defined in the obvious way, using the compo-
sition laws in € and €' and the functoriality of M(X,Y) in X and Y.

Hom@ *M @/ (X, Y) =
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Remark 2.3.1.1. In the special case where F : C°” x ¢’ — 8et is the con-
stant functor taking the value %, the category €x¥ €' coincides with the
ordinary join Cx €.

For any correspondence M : € — €', there is an obvious functor F :
CxM " — [1] (here [1] denotes the linearly ordered set {0, 1} regarded as a
category in the obvious way) which is uniquely determined by the condition
that F~1{0} = € and F~'{1} = €. Conversely, given any category M
equipped with a functor F' : M — [1], we can define € = F~1{0}, €' =
F~'{1}, and a correspondence M : C — €' by the formula M(X,Y) =
Homy(X,Y). We may summarize the situation as follows:

Fact 2.3.1.2. Giving a pair of categories C, €' and a correspondence between
them is equivalent to giving a category M equipped with a functor M — [1].

Given this reformulation, it is clear how to generalize the notion of a
correspondence to the oco-categorical setting.

Definition 2.3.1.3. Let C and €' be oo-categories. A correspondence from
€ to @ is a oo-category M equipped with a map F : M — A' and identifi-
cations € ~ F~1{0}, €' ~ F~1{1}.

Remark 2.3.1.4. Let € and € be oo-categories. Fact 2.3.1.2 generalizes to
the co-categorical setting in the following way: there is a canonical bijection
between equivalence classes of correspondences from € to €’ and equivalence
classes of functors € x €’ — 8, where § denotes the oo-category of spaces.
In fact, it is possible to prove a more precise result (a Quillen equivalence
between certain model categories), but we will not need this.

To understand the relevance of Definition 2.3.1.3, we note the following:

Proposition 2.3.1.5. Let C be an ordinary category and let p : X — N(C)
be a map of simplicial sets. Then p is an inner fibration if and only if X is
an o0o-category.

Proof. This follows from the fact that any map A? — N(€), 0 < i < n,
admits a unique extension to A™. O

It follows readily from the definition that an arbitrary map of simplicial
sets p : X — S is an inner fibration if and only if the fiber of p over any
simplex of S is an co-category. In particular, an inner fibration p associates
to each vertex s of S an oo-category X, and to each edge f:s— s in S a
correspondence between the oo-categories X, and X,/. Higher-dimensional
simplices give rise to what may be thought of as compatible “chains” of
correspondences.

Roughly speaking, we might think of an inner fibration p : X — S as
a functor from S into some kind of co-category of oco-categories where the
morphisms are given by correspondences. However, this description is not
quite accurate because the correspondences are required to “compose” only
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in a weak sense. To understand the issue, let us return to the setting of
ordinary categories. If C and € are two categories, then the correspondences
from € to € themselves constitute a category, which we may denote by
M (€@, €. There is a natural “composition” defined on correspondences. If we
view an object F' € M(C,€) as a functor C% x € — Set and G € M (€', "),
then we can define (G o F')(C,C") to be the coend

/ F(C,C) x G(C, C™).
cree’

If we view F as determining a category Cx €' and G as determining a
category € «& @”, then C+%°F €” is obtained by forming the pushout

e« en e «“en
o
and then discarding the objects of €.

Now, giving a category equipped with a functor to [2] is equivalent to
giving a triple of categories C, €', €” together with correspondences F €
M(C,e"),GeM(€,e"), He M(C,C"), and amap a: GoF — H. But the
map « need not be an isomorphism. Consequently, the above data cannot
literally be interpreted as a functor from [2] into a category (or even a higher
category) in which the morphisms are given by correspondences.

If C and € are categories, then a correspondence from € to €’ can be
regarded as a kind of generalized functor from € to €. More specifically,
for any functor f : € — €', we can define a correspondence M, by the for-
mula M;(X,Y) = Home (f(X),Y). This construction gives a fully faithful
embedding Mape,,(C,C) — M(C,€"). Similarly, any functor g : ¢ — €
determines a correspondence M, given by the formula

Mg(Xv Y) = HomG(ng(Y));

we observe that My ~ M, if and only if the functors f and g are adjoint to
one another.

If an inner fibration p : X — S corresponds to a “functor” from S to a
higher category of co-categories with morphisms given by correspondences,
then some special class of inner fibrations should correspond to functors
from S into an co-category of oo-categories with morphisms given by actual
functors. This is indeed the case, and the appropriate notion is that of a
(co) Cartesian fibration which we will study in §2.4.

2.3.2 Stability Properties of Inner Fibrations

Let € be an oco-category and K an arbitrary simplicial set. In §1.2.7, we
asserted that Fun(K, €) is an co-category (Proposition 1.2.7.3). In the course
of the proof, we invoked certain stability properties of the class of inner
anodyne maps. The goal of this section is to establish the required properties
and deduce some of their consequences. Our main result is the following
analogue of Proposition 2.1.2.6:
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Proposition 2.3.2.1 (Joyal [44]). The following collections all generate the
same class of morphisms of Seta:

(1) The collection Ay of all horn inclusions A} C A™, 0 < i <mn.
(2) The collection As of all inclusions

(A" x Ay [ (@A™ x A%) C A™ x A%
dA™ X A2
(3) The collection Az of all inclusions
(8" x A}) ] (S xA%) C 8 x A2
Sx A2
where S C S'.
Proof. We will employ the strategy that we used to prove Proposition 2.1.2.6,
though the details are slightly more complicated. Working cell by cell, we
conclude that every morphism in A3 belongs to the weakly saturated class
of morphisms generated by Ay. We next show that every morphism in A; is
a retract of a morphism belonging to As. More precisely, we will show that
for 0 < 4 < n, the inclusion A? C A™ is a retract of the inclusion
(A" x AY) ] (A} x A%) C A" x A%,
AT XAZ2
To prove this, we embed A" into A™ x A? via the map of partially ordered
sets s : [n] — [n] x [2] given by

(j,0) if j <i
s(j) = (G, 1) ifj=i
(j,2) ifj >

and consider the retraction A” x A%2 — A" given by the map

7 [n] x 2] = [n]

j ifj<ik=0
r(j,k) =<4 ifj>i, k=2
i otherwise.

We now show that every morphism in A, is inner anodyne (that is, it lies
in the weakly saturated class of morphisms generated by A;). Choose m > 0.
For each 0 < i < j < m, we let 0;; denote the (m + 1)-simplex of A™ x A?
corresponding to the map

(k,0) fo<k<i
fiik) =S (k=1,1) ifi+1<k<j+1
(k—1,2) ifj+2<k<m+1
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For each 0 <i < j < m, we let 7;; denote the (m + 2)-simplex of A™ x A?
corresponding to the map

gij : [m+ 2] — [m] x [2]

(k,0) Ho<k<i
(k—2,2) ifj+2<k<m+2.
Let X(0) = (A™ x A%)HaAmXA%(aAm x A?). For 0 < j < m, we let
X(j+1) :X(j)UO'ojU“-UO'jj.
We have a chain of inclusions

X(j) S X(j)Uog; C---C X(j)Uao; U---Uaj; = X(j + 1),

each of which is a pushout of a morphism in A; and therefore inner anodyne.
It follows that each inclusion X (j) C X (j + 1) is inner anodyne. Set Y (0) =
X (m) so that the inclusion X(0) C Y (0) is inner anodyne. We now set
Y(i+1)=Y()Um,; U---UTy; for 0 < j < m. As before, we have a chain
of inclusions
Y(j) CY(@) U C--- CYjUT U--- Uy =Y (G +1),

each of which is a pushout of a morphism belonging to A;. It follows that
each inclusion Y (5) C Y (j+1) is inner anodyne. By transitivity, we conclude

that the inclusion X (0) C Y (m+2) is inner anodyne. We conclude the proof
by observing that Y (m + 2) = A™ x A2 O

Corollary 2.3.2.2 (Joyal [44]). A simplicial set C is an co-category if and
only if the restriction map

Fun(A?, @) — Fun(A%,€)
is a trivial fibration.

Proof. By Proposition 2.3.2.1, € — x is an inner fibration if and only if S
has the extension property with respect to each of the inclusions in the class
As. O

Remark 2.3.2.3. In §1.1.2, we asserted that the main function of the weak
Kan condition on a simplicial set € is that it allows us to compose the edges
of €. We can regard Corollary 2.3.2.2 as an affirmation of this philosophy:
the class of oo-categories € is characterized by the requirement that one
can compose morphisms in €, and the composition is well-defined up to a
contractible space of choices.

Corollary 2.3.2.4 (Joyal [44]). Leti: A — A’ be an inner anodyne map of
simplicial sets and let j : B — B’ be a cofibration. Then the induced map
(Ax B H(A’XB)—>A’><B’
AxB

is inmer anodyne.
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Proof. This follows immediately from Proposition 2.3.2.1, which character-
izes the class of inner anodyne maps as the class generated by As (which is
stable under smash products with any cofibration). O

Corollary 2.3.2.5 (Joyal [44]). Let p : X — S be an inner fibration and
let i : A — B be any cofibration of simplicial sets. Then the induced map
q: X8 — XA xga 8B is an inner fibration. If i is inner anodyne, then q is
a trivial fibration. In particular, if X is an oo-category, then so is XB for
any simplicial set B.

2.3.3 Minimal Fibrations

One of the aims of homotopy theory is to understand the classification of
spaces up to homotopy equivalence. In the setting of simplicial sets, this
problem admits an attractive formulation in terms of Quillen’s theory of
minimal Kan complexes. Every Kan complex X is homotopy equivalent to
a minimal Kan complex, and a map X — Y of minimal Kan complexes is a
homotopy equivalence if and only if it is an isomorphism. Consequently, the
classification of Kan complexes up to homotopy equivalence is equivalent to
the classification of minimal Kan complexes up to isomorphism. Of course, in
practical terms, this is not of much use for solving the classification problem.
Nevertheless, the theory of minimal Kan complexes (and, more generally,
minimal Kan fibrations) is a useful tool in the homotopy theory of simplicial
sets. The purpose of this section is to describe a generalization of the theory
of minimal models in which Kan fibrations are replaced by inner fibrations.
An exposition of this theory can also be found in [44].
We begin by introducing a bit of terminology. Suppose we are given a

commutative diagram

A

li

B

of simplicial sets, where p is an inner fibration, and suppose also that we
have a pair f, f' : B — X of candidates for the dotted arrow which render
the diagram commutative. We will say that f and f’ are homotopic relative
to A over S if they are equivalent when viewed as objects in the co-category
given by the fiber of the map
XB & X4 xqa SB.

Equivalently, f and f’ are homotopic relative to A over S if there exists a
map F : BxA! — X such that F|Bx{0} = f, F|Bx{1} = f/, poF = vorp,
Fo(ixida1) =uoma, and F|{b} x Al is an equivalence in the co-category
Xy for every vertex b of B.

Yo x

7
7 p
v

v/
s
— 9

Definition 2.3.3.1. Let p: X — S be an inner fibration of simplicial sets.
We will say that p is minimal if f = f’ for every pair of maps f, f' : A" — X
which are homotopic relative to 9 A™ over S.
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We will say that an oco-category C is minimal if the associated inner fibra-
tion € — % is minimal.

Remark 2.3.3.2. In the case where p is a Kan fibration, Definition 2.3.3.1
recovers the usual notion of a minimal Kan fibration. We refer the reader to
[32] for a discussion of minimal fibrations in this more classical setting.

Remark 2.3.3.3. Let p : X — A™ be an inner fibration. Then X is an
oo-category. Moreover, p is a minimal inner fibration if and only if X is a
minimal oco-category. This follows from the observation that for any pair
of maps f, f : A™ — X, a homotopy between f and f’ is automatically
compatible with the projection to A™.

Remark 2.3.3.4. If p: X — S is a minimal inner fibration and 7' — S is an
arbitrary map of simplicial sets, then the induced map X7 = X xgT — T
is a minimal inner fibration. Conversely, if p : X — S is an inner fibration
and if X xg A" — A" is minimal for every map ¢ : A" — S, then p
is minimal. Consequently, for many purposes the study of minimal inner
fibrations reduces to the study of minimal oco-categories.

Lemma 2.3.3.5. Let C be a minimal oco-category and let f : € — C be a
functor which is homotopic to the identity. Then f is a monomorphism of
simplicial sets.

Proof. Choose a homotopy h : Al x € — € from ide to f. We prove by
induction on n that the map f induces an injection from the set of n-simplices
of € to itself. Let 0,0’ : A™ — € be such that foo = foo’. By the inductive
hypothesis, we deduce that o| 9 A™ = ¢’| @ A™ = 0. Consider the diagram

n n Go
(A?x9A )HA%XBAH(AgXA ) zC

—

A2 x A",

where Go|A3 x A" is given by amalgamating ho (ida1 o) with ho(ida: xo”)
and Go|A? x 9 A" is given by the composition

A2x A" S Al x A" B AL xe e,

Since h|A! x {X} is an equivalence for every object X € €, Proposition
2.4.1.8 implies the existence of the map G indicated in the diagram. The
restriction G|A! x A™ is a homotopy between o and o’ relative to 9 A”.
Since € is minimal, we deduce that o = o”. O

Lemma 2.3.3.6. Let C be a minimal oco-category and let f : C — C be a
functor which is homotopic to the identity. Then f is an isomorphism of
simplicial sets.
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Proof. Choose a homotopy h : Al x € — € from ide to f. We prove by
induction on n that the map f induces a bijection from the set of n-simplices
of € to itself. The injectivity follows from Lemma 2.3.3.5, so it will suffice to
prove the surjectivity. Choose an n-simplex o : A" — C. By the inductive
hypothesis, we may suppose that o| d A™ = foog{, for some map o{, : 0 A" —
C. Consider the diagram

(A" x DA [Ty o an ({1} x A7) SLE—

—
—

Al x A™

where Go|A! x §A™ = ho (idar xaf)) and Go|{1} x A" = . If n > 0,
then the existence of the map G as indicated in the diagram follows from
Proposition 2.4.1.8; if n = 0, it is obvious. Now let ¢/ = G|{0} x A™. To
complete the proof, it will suffice to show that f oo’ = 0.

Consider now the diagram

n n Ho
(AF x A )HAgxaAn(A2xaA ) —=C
N

where Ho|A101} x A" = ho (idar xo’), Ho| A2 x A" = G, and Hy|(A? x
0 A™) is given by the composition

AZx A" - Al x A" B Al xe e,

The existence of the dotted arrow H follows once again from Proposition
2.4.1.8. The restriction H|A{12} x A™ is a homotopy from foo’ to o relative
to & A™. Since € is minimal, we conclude that f o o’ = o, as desired. O

Proposition 2.3.3.7. Let f : € — D be an equivalence of minimal co-
categories. Then f is an isomorphism.

Proof. Since f is a categorical equivalence, it admits a homotopy inverse
g:D — C. Now apply Lemma 2.3.3.6 to the compositions fog and go f. O

The following result guarantees a good supply of minimal oco-categories:

Proposition 2.3.3.8. Letp: X — S be an inner fibration of simplicial sets.
Then there exists a retraction v : X — X onto a simplicial subset X' C X
with the following properties:

(1) The restriction p| X' : X' — S is a minimal inner fibration.

(2) The retraction v is compatible with the projection p in the sense that
por=p.
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(3) The map r is homotopic over S to idx relative to X'.

(4) For every map of simplicial sets T — S, the induced inclusion
X’ Xg T - X X T
s a categorical equivalence.

Proof. For every n > 0, we define a relation on the set of n-simplices of X:
given two simplices 0,0’ : A™ — X, we will write o ~ ¢’ if ¢ is homotopic to
o' relative to 9 A™. We note that o ~ ¢’ if and only if 0| 0 A™ = ¢/| 9 A™ and
o is equivalent to ¢’, where both are viewed as objects in the oco-category
given by a fiber of the map

XA" 5 X908 xgoan S8

n

Consequently, ~ is an equivalence relation.

Suppose that o and ¢’ are both degenerate and o ~ ¢’. From the equality
o0 A™ = ¢'| 0 A", we deduce that ¢ = ¢’. Consequently, there is at most
one degenerate n-simplex of X in each ~-class. Let Y (n) C X,, denote a set
of representatives for the ~-classes of n-simplices in X, which contains all
degenerate simplices. We now define the simplicial subset X’ C X recursively
as follows: an n-simplex o : A™ — X belongs to X' if o € Y'(n) and 0| 0 A"
factors through X'.

Let us now prove (1). To show that p|X’ is an inner fibration, it suffices
to prove that every lifting problem of the form

o]

A" — S,

with 0 < 7 < n has a solution f in X’. Since p is an inner fibration, this
lifting problem has a solution ¢’ : A™ — X in the original simplicial set X.
Let o) = d;o : A" 1 — X be the induced map. Then of| d A"~ factors
through X’. Consequently, o, is homotopic (over S and relative to & A"~ 1)
to some map og : A" — X' Let gg : A x A""! — X be a homotopy
from o) to o and let g; : Al x 9 A™ — X be the result of amalgamating go
with the identity homotopy from s to itself. Let o1 = g1|{1} x 0 A™. Using
Proposition 2.4.1.8, we deduce that g; extends to a homotopy from ¢’ to
some other map ¢” : A™ — X with ¢”|90A™ = o;. It follows that ¢ is
homotopic over S relative to 0 A™ to a map o : A" — X with the desired
properties. This proves that p|X’ is an inner fibration. It is immediate from
the construction that p|X’ is minimal.

We now verify (2) and (3) by constructing a map h : X x Al — X such
that h| X x {0} is the identity, h|X x {1} is a retraction r : X — X with image
X', and h is a homotopy over S and relative to X’. Choose an exhaustion
of X by a transfinite sequence of simplicial subsets

X=x"cx'c...,



FIBRATIONS OF SIMPLICIAL SETS 105

where each X¢ is obtained from

x<o=Jx”"
B<a
by adjoining a single nondegenerate simplex, provided that such a simplex
exists. We construct h, = h|X* x A! by induction on «. By the inductive hy-
pothesis, we may suppose that we have already defined h., = h|X<*xAl. If
X = X <% then we are done. Otherwise, we can write X* = X <[], An A"
corresponding to some nondegenerate simplex 7 : A" — X, and it suffices
to define h,|A™ x AL, If 7 factors through X', we define h,|A™ x Al to be
the composition

A" x A' - A" % X,

Otherwise, we use Proposition 2.4.1.8 to deduce the existence of the dotted
arrow h’ in the diagram

n n (th<a)
(A" x {0}) [T anx g0y (DA™ x A1) ——=X
ho _ - -7 l
- P
A" x Al T i S.

Let 7/ = W|A™ x {1}. Then 7'|0 A™ factors through X'. It follows that
there is a homotopy A" : A™ x A{L2} — X from 7/ to 7, which is over S
and relative to  A™ and such that 7 factors through X’. Now consider the
diagram

n n H,
(A XA%)H@A"XA%(aA x A?) - —= X

A" x A2 = s,

where Hy|A™ x AU = p/) Hy|A™ x ATM2E = B and Hy|d A™ x A? is
given by the composition

DA™ x A2 = 9A™ x AV "= X
Using the fact that p is an inner fibration, we deduce that there exists a
dotted arrow H rendering the diagram commutative. We may now define
ha|A™ x A' = H|A™ x A{92}; it is easy to see that this extension has all
the desired properties.

We now prove (4). Using Proposition 3.2.2.8, we can reduce to the case
where T' = A™. Without loss of generality, we can replace S by T = A",
so that X and X’ are co-categories. The above constructions show that
r: X — X’ is a homotopy inverse of the inclusion ¢ : X’ — X, so that i is
an equivalence, as desired. O

We conclude by recording a property of minimal co-categories which makes
them very useful for certain applications.
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Proposition 2.3.3.9. Let C be a minimal co-category and let o : A™ — @
be an n-simplex of C such that o| Al 1} =idy : C — C is a degenerate
edge. Then o = s;0¢ for some o : A" 1 — €.

Proof. We work by induction on n. Let og = d;110 and let o/ = s;009. We
will prove that o = o’. Our first goal is to prove that | 9 A™ = ¢/| 9 A™; in
other words, that djo = d;jo’ for 0 < j < n.If j = i+1, this is obvious; if j ¢
{i,7+ 1}, then it follows from the inductive hypothesis. Let us consider the
case 1 = j, and set o1 = d*o. We need to prove that oy = o;. The argument
above establishes that og| 9 A"~ = 51| 9 A"7L. Since € is minimal, it will
suffice to show that o9 and ¢ are homotopic relative to 8 A»~1. We now
observe that

(Sn—1005 50200, - -, $i+100,0, 8§i—101, . .., 5001)

provides the desired homotopy A"~ x Al — €.
Since o and ¢’ coincide on 0 A™, to prove that o = ¢’ it will suffice to
prove that o and ¢’ are homotopic relative to 9 A™. We now observe that

/ ! !
(SnO',...,SH,QO' , S$i0 ,SiU,SiflU,...,SQU)

is a homotopy A" x A! — € with the desired properties. O

We can interpret Proposition 2.3.3.9 as asserting that in a minimal oo-
category C, composition is “strictly unital.” For example, in the special case
where n = 2 and ¢ = 1, Proposition 2.3.3.9 asserts that if f : X — Y is a
morphism in an oco-category C, then f is the unique composition idy of.

2.3.4 n-Categories

The theory of oco-categories can be regarded as a generalization of classi-
cal category theory: if € is an ordinary category, then its nerve N(C) is
an oo-category which determines € up to canonical isomorphism. Moreover,
Proposition 1.1.2.2 provides a precise characterization of those co-categories
which can be obtained from ordinary categories. In this section, we will ex-
plain how to specialize the theory of co-categories to obtain a theory of
n-categories for every nonnegative integer n. (However, the ideas described
here are appropriate for describing only those n-categories which have only
invertible k-morphisms for k > 2.)

Before we can give the appropriate definition, we need to introduce a bit
of terminology. Let f, f/ : K — € be two diagrams in an oco-category € and
suppose that K’ C K is a simplicial subset such that f|K' = f/|K’' = f,. We
will say that f and f’ are homotopic relative to K' if they are equivalent when
viewed as objects of the co-category Fun (K, €) Xpun(x+,¢) { fo}. Equivalently,
f and f’ are homotopic relative to K’ if there exists a homotopy

h:KxA' =@

with the following properties:
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(i) The restriction h|K’ x A coincides with the composition
K'xA' =K fe.
(#4) The restriction h|K x {0} coincides with f.
(7i7) The restriction h|K x {1} coincides with f’.

(iv) For every vertex x of K, the restriction h|{z} x Al is an equivalence
in C.

We observe that if K’ contains every vertex of K, then condition (iv)
follows from condition (7).

Definition 2.3.4.1. Let C be a simplicial set and let n > —1 be an integer.
We will say that C is an n-category if it is an oo-category and the following
additional conditions are satisfied:

(1) Given a pair of maps f, f’ : A™ — @, if f and f’ are homotopic relative
to & A™, then f = f'.

(2) Given m > n and a pair of maps f, f' : A™ — C,if f|OA™ = /|9 A™,
then f = f'.

It is sometimes convenient to extend Definition 2.3.4.1 to the case where
n = —2: we will say that a simplicial set C is a (—2)-category if it is a final
object of Seta: in other words, if it is isomorphic to A°.

Example 2.3.4.2. Let C be a (—1)-category. Using condition (2) of Defini-
tion 2.3.4.1, one shows by induction on m that C has at most one m-simplex.
Consequently, we see that up to isomorphism there are precisely two (—1)-
categories: A7! ~ ) and A,

Example 2.3.4.3. Let C be a 0-category and let X = €y denote the set of
objects of €. Let us write x < y if there is a morphism ¢ from z to y in C.
Since € is an oco-category, this relation is reflexive and transitive. Moreover,
condition (2) of Definition 2.3.4.1 guarantees that the morphism ¢ is unique
if it exists. If x <y and y < z, it follows that the morphisms relating « and
y are mutually inverse equivalences. Condition (1) then implies that z = y.
We deduce that (X, <) is a partially ordered set. It follows from Proposition
2.3.4.5 below that the map € — N(X) is an isomorphism.

Conversely, it is easy to see that the nerve of any partially ordered set
(X, <) is a O-category in the sense of Definition 2.3.4.1. Consequently, the
full subcategory of Seta spanned by the O-categories is equivalent to the
category of partially ordered sets.

Remark 2.3.4.4. Let C be an n-category and let m > n + 1. Then the
restriction map

0 : Homget , (A™, C) — Homget, (0 A™, C)
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is bijective. If n = —1, this is clear from Example 2.3.4.2; let us therefore
suppose that n > 0, so that m > 2. The injectivity of 8 follows immediately
from part (2) of Definition 2.3.4.1. To prove the surjectivity, we consider an
arbitrary map fo : 9A™ — C. Let f : A™ — € be an extension of fo|A]
(which exists since € is an co-category and 0 < 1 < m). Using condition (2)
again, we deduce that 0(f) = fo.

The following result shows that, in the case where n = 1, Definition 2.3.4.1
recovers the usual definition of a category:

Proposition 2.3.4.5. Let S be a simplicial set. The following conditions
are equivalent:

(1) The unit map u: S — N(hS) is an isomorphism of simplicial sets.

(2) There exists a small category C and an isomorphism S ~ N(C) of
simplicial sets.

(3) The simplicial set S is a 1-category.

Proof. The implications (1) = (2) = (3) are clear. Let us therefore assume
that (3) holds and show that f : S — N(hS) is an isomorphism. We will
prove, by induction on n, that the map wu is bijective on n-simplices.

For n = 0, this is clear. If n = 1, the surjectivity of u obvious. To prove
the injectivity, we note that if f(¢) = f(¢), then the edges ¢ and ¢ are
homotopic in S. A simple application of condition (2) of Definition 2.3.4.1
then shows that ¢ = .

Now suppose n > 1. The injectivity of u on n-simplices follows from
condition (3) of Definition 2.3.4.1 and the injectivity of u on (n—1)-simplices.
To prove the surjectivity, let us suppose we are given a map s : A" —
N(hS). Choose 0 < 4 < n. Since u is bijective on lower-dimensional simplices,
the map s|A? factors uniquely through S. Since S is an co-category, this
factorization extends to a map §: A™ — S. Since N(hS) is the nerve of a
category, a pair of maps from A™ into N(hS) which agree on A? must be
the same. We deduce that u o § = s, and the proof is complete. O

Remark 2.3.4.6. The condition that an co-category € be an n-category is
not invariant under categorical equivalence. For example, if D is a category
with several objects, all of which are uniquely isomorphic to one another,
then N(D) is categorically equivalent to A® but is not a (—1)-category.
Consequently, there can be no intrinsic characterization of the class of n-
categories itself. Nevertheless, there does exist a convenient description for
the class of oco-categories which are equivalent to n-categories; see Proposi-
tion 2.3.4.18.

Our next goal is to establish that the class of n-categories is stable under
the formation of functor categories. In order to do so, we need to refor-
mulate Definition 2.3.4.1 in a more invariant manner. Recall that for any
simplicial set X, the n-skeleton sk™ X is defined to be the simplicial subset
of X generated by all the simplices of X having dimension < n.
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Proposition 2.3.4.7. Let € be an co-category and let n > —1. The following
are equivalent:

(1) The co-category C is an n-category.

(2) For every simplicial set K and every pair of maps f, f' : K — C such
that f|sk™ K and f'|sk™ K are homotopic relative to sk™ ' K, we have

f=1

Proof. The implication (2) = (1) is obvious. Suppose that (1) is satisfied
and let f, f’ : K — C be as in the statement of (2). To prove that f = f,
it suffices to show that f and f’ agree on every nondegenerate simplex of
K. We may therefore reduce to the case where K = A™. We now work
by induction on m. If m < n, there is nothing to prove. In the case where
m = n, the assumption that C is an n-category immediately implies that
f=f".If m > n, the inductive hypothesis implies that |9 A™ = f'| 9 A™,
so that (1) implies that f = f'. O

Corollary 2.3.4.8. Let C be an n-category and X a simplicial set. Then
Fun(X, €) is an n-category.

Proof. Proposition 1.2.7.3 asserts that Fun(X, €) is an co-category. We will
show that Fun(X, C) satisfies condition (2) of Proposition 2.3.4.7. Suppose
we are given a pair of maps f, f' : K — Fun(X, C) such that f|sk™ K and
f'| sk™ K are homotopic relative to f|sk™ ' K. We wish to show that f = f'.
We may identify f and f’ with maps F,F’ : K x X — C. Since € is an n-
category, to prove that F' = F” it suffices to show that F'|sk" (K x X) and
F'|sk™(K x X) are homotopic relative to sk” ' (K x X). This follows at once
because sk? (K x X) C (sk” K) x X for every integer p. O

When n = 1, Proposition 1.1.2.2 asserts that the class of n-categories can
be characterized by the uniqueness of certain horn fillers. We now prove a
generalization of this result.

Proposition 2.3.4.9. Let n > 1 and let C be an co-category. Then C is an
n-category if and only if it satisfies the following condition:

e For every m > n and every diagram

IV

4
f -

/

Am

where 0 < i < m, there exists a unique dotted arrow f as indicated

which renders the diagram commutative.

Proof. Suppose first that € is an n-category. Let f,f' : A™ — € be two
maps with f|A7" = f/|A7", where 0 < ¢ < m and m > n. We wish to prove
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that f = f’. Since A" contains the (n — 1)-skeleton of A™, it will suffice (by
Proposition 2.3.4.7) to show that f and f’ are homotopic relative to A™.
This follows immediately from the fact that the inclusion A7* C A™ is a
categorical equivalence.

Now suppose that every map fp : A]* — €, where 0 < ¢ < m and n <
m, extends uniquely to an m-simplex of €. We will show that C satisfies
conditions (1) and (2) of Definition 2.3.4.1. Condition (2) is obvious: if f, " :
A™ — € are two maps which coincide on d A™, then they coincide on A}
and are therefore equal to one another (here we use the fact that m > 1
because of our assumption that n > 1). Condition (1) is a bit more subtle.
Suppose that f, f/ : A® — € are homotopic via a homotopy h : A" x Al — €
which is constant on 9 A™ x Al. For 0 < i < n, let o; denote the (n + 1)-
simplex of € obtained by composing h with the map

[n+ 1] — [n] x [1]

jH{mm ifj <

(G—1,1) ifj>i.

If i < n, then we observe that ai|A;‘j'11 is equivalent to the restriction
(sidiai)|A;f11. Applying our hypothesis, we conclude that o; = s;d;o;, so
that d;o; = d;110;. A dual argument establishes the same equality for 0 < 4.
Since n > 0, we conclude that d;o; = d;110; for all i. Consequently, we have
a chain of equalities

[ =doog = diog = dyoy = dsoy = -+ = dpoy, = dpg10, = [,

so that f/ = f, as desired. O

Corollary 2.3.4.10. Let € be an n-category and letp : K — C be a diagram.
Then C,, is an n-category.

Proof. If n < 0, this follows easily from Examples 2.3.4.2 and 2.3.4.3. We
may therefore suppose that n > 1. Proposition 1.2.9.3 implies that €/, is
an oo-category. According to Proposition 2.3.4.9, it suffices to show that for
every m > n, 0 < i < m, and every map fo : A]" — €/, there exists a
unique map f : A™ — €/, extending f. Equivalently, we must show that
there is a unique map g rendering the diagram

go
7
g -
s
-

Ve

A" x K
commutative. The existence of g follows from the fact that C,, is an oo-
category. Suppose that ¢’ : A™ x K — € is another map which extends gg.
Proposition 1.1.2.2 implies that ¢'|A™ = g|A™. We conclude that g and ¢’

coincide on the n-skeleton of A™ x K. Since € is an n-category, we deduce
that g = ¢/, as desired. O
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We conclude this section by introducing a construction which allows us
to pass from an arbitrary oco-category C to its “underlying” n-category by
discarding information about k-morphisms for k£ > n. In the case where
n = 1, we have already introduced the relevant construction: we simply
replace C by (the nerve of) its homotopy category.

Notation 2.3.4.11. Let C be an oco-category and let n > 1. For every
simplicial set K, let [K, C],, C Fun(sk™ K, €) be the subset consisting of those
diagrams sk K — € which extend to the (n + 1)-skeleton of K (in other
words, the image of the restriction map Fun(sk"™' K, €) — Fun(sk" K, €)).
We define an equivalence relation ~ on [K, €], as follows: given two maps
f,g :1sk"K — C, we write f ~ g if f and g are homotopic relative to
sk" 7" K.

Proposition 2.3.4.12. Let C be an co-category and n > 1.

(1) There exists a simplicial set h,C with the following universal mapping
property: Fun(K, h,C) = [K, €,/ ~.

(2) The simplicial set h,C is an n-category.

(3) If C is an n-category, then the natural map 0 : € — h,C is an isomor-
phism.

(4) For every n-category D, composition with 6 induces an isomorphism
of simplicial sets

¥ : Fun(h,€, D) — Fun(C, D).

Proof. To prove (1), we begin by defining h,C([m]) = [A™, €],/ ~, so that
the desired universal property holds by definition whenever K is a simplex.
Unwinding the definitions, to check the universal property for a general
simplicial set K we must verify the following fact:

(x) Given two maps f,g : 9A"T! — € which are homotopic relative to
sk™ "1 AnFLif f extends to an (n + 1)-simplex of €, then g extends to
an (n + 1)-simplex of C.

This follows easily from Proposition A.2.3.1.

We next show that h,C is an oco-category. Let ny : A]* — h,€ be a mor-
phism, where 0 < ¢ < m. We wish to show that 7y extends to an m-simplex
n:A™ — C.If m < n+2, then A7 = sk ™! A", so that 7o can be written
as a composition

A" e e,

(3

The existence of n now follows from our assumption that € is an co-category.
If m > n+2, then Homget, (A", hyC) >~ Homget, (A™, hy C) by construction,
so there is nothing to prove.

We next prove that h, € is an n-category. It is clear from the construction
that for m > n, any two m-simplices of h,,C with the same boundary must
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coincide. Suppose next that we are given two maps f, f' : A™ — h,€ which
are homotopic relative to O A". Let F : A x A' — h,€ be a homotopy
from f to f’. Using (%), we deduce that F is the image under 6 of a map
F:A"x Al - h,C, where ﬁ|8A" x Al factors through the projection
0 A™ x Al — 0 A™. Since n > 0, we conclude that Fisa homotopy from
F|A™ x {0} to F]A™ x {1}, so that f = f’. This completes the proof of (2).

To prove (3), let us suppose that C is an n-category; we prove by induction
on m that the map € — h,C is bijective on m-simplices. For m < n, this
is clear. When m = n, it follows from part (1) of Definition 2.3.4.1. When
m = n + 1, surjectivity follows from the construction of h, € and injectivity
from part (2) of Definition 2.3.4.1. For m > n + 1, we have a commutative
diagram

Homget, (A™, C) Homget, (A™, h,,C)

l l

Homget, (0 A™, @) —— Homget, (0 A™, h,,C),

where the bottom horizontal map is an isomorphism by the inductive hy-
pothesis, the left vertical map is an isomorphism by construction, and the
right vertical map is an isomorphism by Remark 2.3.4.4; it follows that the
upper horizontal map is an isomorphism as well.

To prove (4), we observe that if D is an n-category, then the composition

Fun(€, D) — Fun(h,C, h,D) ~ Fun(h,C, D)

is an inverse to ¢, where the second isomorphism is given by (3). O

Remark 2.3.4.13. The construction of Proposition 2.3.4.12 does not quite
work if n < 0 because there may exist equivalences in h,, € which do not arise
from equivalences in €. However, it is a simple matter to give an alternative
construction in these cases which satisfies conditions (2), (3), and (4); we
leave the details to the reader.

Remark 2.3.4.14. In the case n = 1, the oo-category h;C constructed in
Proposition 2.3.4.12 is isomorphic to the nerve of the homotopy category hC.

We now apply the theory of minimal oo-categories (§2.3.3) to obtain
a characterization of the class of oco-categories which are equivalent to n-
categories. First, we need a definition from classical homotopy theory.

Definition 2.3.4.15. Let £k > —1 be an integer. A Kan complex X is k-
truncated if, for every i > k and every point « € X, we have

(X, x) = *.
By convention, we will also say that X is (—2)-truncated if X is contractible.
Remark 2.3.4.16. If X and Y are homotopy equivalent Kan complexes,
then X is k-truncated if and only if Y is k-truncated. In other words, we may

view k-truncatedness as a condition on objects in the homotopy category H
of spaces.
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Example 2.3.4.17. A Kan complex X is (—1)-truncated if it is either empty
or contractible. It is O-truncated if the natural map X — mpX is a homotopy
equivalence (equivalently, X is O-truncated if it is homotopy equivalent to a
discrete space).

Proposition 2.3.4.18. Let C be an oo-category and let n > —1. The fol-
lowing conditions are equivalent:

(1) There exists a minimal model C' C € such that €' is an n-category.
(2) There exists a categorical equivalence D ~ €, where D is an n-category.

(3) For every pair of objects X,Y € C, the mapping space Mape(X,Y) €
H is (n — 1)-truncated.

Proof. Tt is clear that (1) implies (2). Suppose next that (2) is satisfied;
we will prove (3). Without loss of generality, we may replace € by D and
thereby assume that C is an n-category. If n = —1, the desired result fol-
lows immediately from Example 2.3.4.2. Choose m > n and an element
n € mm(Mape(X,Y), f). We can represent 7 by a commutative diagram of
simplicial sets

aAm {r}

]

A" ——> Hom§ (X,Y).

We can identify s with a map A™*! — @ whose restriction to 0 A™+! is
specified. Since € is an n-category, the inequality m + 1 > n shows that s is
uniquely determined. This proves that m,,(Mape(X,Y), f) = *, so that (3)
is satisfied.

To prove that (3) implies (1), it suffices to show that if C is a minimal
oo-category which satisfies (3), then C is an n-category. We must show that
the conditions of Definition 2.3.4.1 are satisfied. The first of these conditions
follows immediately from the assumption that € is minimal. For the second,
we must show that if m > n and f, f' : 9 A™ — C are such that f|0A™ =
f'10A™ then f = f’. Since € is minimal, it suffices to show that f and f’ are
homotopic relative to & A™. We will prove that there is a map g : A™*! — @
such that dy,119 = f, dmg = f', and d;jg = disp [ = dism [’ for 0 < i < m.
Then the sequence (sof, s1f,...,8m_1f,g) determines a map A™ x Al — €
which gives the desired homotopy between f and f’ (relative to 9 A™).

To produce the map g, it suffices to solve the lifting problem depicted in
the diagram

g
m—+1
0A — e

e
Ve
e
e

Am+1



114 CHAPTER 2

Choose a fibrant simplicial category D and an equivalence of oco-categories
€ — N(D). According to Proposition A.2.3.1, it will suffice to prove that we
can solve the associated lifting problem

co A

7
7
-
-

@[Amjtl}.
Let X and Y denote the initial and final vertices of A™*!, regarded as
objects of €[0 A™*1]. Note that Gy determines a map
eo: O(ANH™ ~ Mapgg am+17(X,Y) — Map, (Go(X), Go(Y))

and that giving the desired extension G is equivalent to extending ey to a
map

€. (Al)m ~ MapQ[AmH](X, Y) — MapD(GO(X), Go(Y))
The obstruction to constructing e lies in m,—1(Mapg (Go(X), Go(Y)), p) for
an appropriately chosen base point p. Since (m — 1) > (n — 1), condition (3)
implies that this homotopy set is trivial, so that the desired extension can
be found. O

Corollary 2.3.4.19. Let X be a Kan complex. Then X is (categorically)
equivalent to an n-category if and only if it is n-truncated.

Proof. For n = —2 this is obvious. If n > —1, this follows from characteriza-
tion (3) of Proposition 2.3.4.18 and the following observation: a Kan complex
X is n-truncated if and only if, for every pair of vertices x,y € X, the Kan
complex

1
{z} xx X* xx {y}
of paths from z to y is (n — 1)-truncated. O

Corollary 2.3.4.20. Let C be an co-category and K a simplicial set. Sup-
pose that, for every pair of objects C; D € C, the space Mape(C, D) is n-
truncated. Then the oo-category Fun(K, C) has the same property.

Proof. This follows immediately from Proposition 2.3.4.18 and Corollary
2.3.4.8 because the functor

C+— Fun(K, Q)

preserves categorical equivalences between co-categories. O

2.4 CARTESIAN FIBRATIONS

Let p : X — S be an inner fibration of simplicial sets. Each fiber of p is an oco-
category, and each edge f : s — s’ of S determines a correspondence between
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the fibers X, and Xy . In this section, we would like to study the case in
which each of these correspondences is associated to a functor f* : X, — X,.
Roughly speaking, we can attempt to construct f* as follows: for each vertex
y € X, we choose an edge f : x — y lifting f, and set f*y = x. However,
this recipe does not uniquely determine x, even up to equivalence, since there
might be many different choices for f. To get a good theory, we need to make
a good choice of f. More precisely, we should require that f be a p-Cartesian
edge of X. In §2.4.1, we will introduce the definition of p-Cartesian edges
and study their basic properties. In particular, we will see that a p-Cartesian
edge f is determined up to equivalence by its target y and its image in S.
Consequently, if there is a sufficient supply of p-Cartesian edges of X, then
we can use the above prescription to define the functor f* : Xy — X. This
leads us to the notion of a Cartesian fibration, which we will study in §2.4.2.

In §2.4.3, we will establish a few basic stability properties of the class of
Cartesian fibrations (we will discuss other results of this type in Chapter 3
after we have developed the language of marked simplicial sets). In §2.4.4,
we will show that if p : € — D is a Cartesian fibration of co-categories, then
we can reduce many questions about € to similar questions about the base
D and about the fibers of p. This technique has many applications, which we
will discuss in §2.4.5 and §2.4.6. Finally, in §2.4.7, we will study the theory of
biftbrations, which is useful for constructing examples of Cartesian fibrations.

2.4.1 Cartesian Morphisms

Let © and @ be ordinary categories and let M : C° x €’ — Set be a corre-
spondence between them. Suppose that we wish to know whether or not M
arises as the correspondence associated to some functor g : @ — €. This is
the case if and only if, for each object C’ € €', we can find an object C € C
and a point € M(C,C") having the property that the “composition with
n?? map
¢ : Home(D,C) — M(D,C")

is bijective for all D € €. Note that n may be regarded as a morphism in the
category C«M @'. We will say that 7 is a Cartesian morphism in €+ € if ¢

is bijective for each D € C. The purpose of this section is to generalize this
notion to the co-categorical setting and to establish its basic properties.

Definition 2.4.1.1. Let p: X — S be an inner fibration of simplicial sets.
Let f: 2 — y be an edge in X. We shall say that f is p-Cartesian if the
induced map

X15 = Xy X800 Srp()
is a trivial Kan fibration.
Remark 2.4.1.2. Let M be an ordinary category, let p : N(M) — Al be
a map (automatically an inner fibration), and let f : # — y be a morphism
in M which projects isomorphically onto Al. Then f is p-Cartesian in the
sense of Definition 2.4.1.1 if and only if it is Cartesian in the classical sense.
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We now summarize a few of the formal properties of Definition 2.4.1.1:

Proposition 2.4.1.3. (1) Letp: X — S be an isomorphism of simplicial
sets. Then every edge of X is p-Cartesian.

(2) Suppose we are given a pullback diagram

X’*q>X
b
S — 5

of simplicial sets, where p (and therefore also p') is an inner fibration.
Let f be an edge of X'. If q(f) is p-Cartesian, then f is p'-Cartesian.

(3) Let p: X =Y and q : Y — Z be inner fibrations and let f : 2’ — x
be an edge of X such that p(f) is q-Cartesian. Then f is p-Cartesian
if and only if f is (q o p)-Cartesian.

Proof. Assertions (1) and (2) follow immediately from the definition. To
prove (3), we consider the commutative diagram

(4

X w//

X/I X Y/ p(a) Yyp(f) :

Xy X/e X2 gom@) Z/(aop)()

The map " is a pullback of

Yiotr) = Yrn(@) X2/ 000m ) Z/(a0p)(F)

and therefore a trivial fibration in view of our assumption that p(f) is ¢-
Cartesian. If ¢/ is a trivial fibration, it follows that v is a trivial fibration as
well, which proves the “only if” direction of (3).

For the converse, suppose that v is a trivial fibration. Proposition 2.1.2.1
implies that v’ is a right fibration. According to Lemma 2.1.3.4, it will
suffice to prove that the fibers of ¢’ are contractible. Let ¢ be a vertex of
X /e Xy, Yyp(p) and let K = (¢)~1{4"(t)}. Since 4" is a trivial fibration,
K is a contractible Kan complex. Since v is a trivial fibration, the simplicial
set (v')"K = 9" ()} is also a contractible Kan complex. It follows
that the fiber of ¢’ over the point ¢ is weakly contractible, as desired. O

Remark 2.4.1.4. Let p : X — S be an inner fibration of simplicial sets.
Unwinding the definition, we see that an edge f : A! — X is p-Cartesian if
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and only if for every n > 2 and every commutative diagram

there exists a dotted arrow as indicated, rendering the diagram commutative.

In particular, we note that Proposition 1.2.4.3 may be restated as follows:

(x) Let C be a oo-category and let p : € — AP denote the projection from
C to a point. A morphism ¢ of € is p-Cartesian if and only if ¢ is an
equivalence.

In fact, it is possible to strengthen assertion (x) as follows:

Proposition 2.4.1.5. Let p : C — D be an inner fibration between oo-
categories and let f : C — C' be a morphism in C. The following conditions
are equivalent:

(1) The morphism f is an equivalence in C.
(2) The morphism f is p-Cartesian, and p(f) is an equivalence in D.

Proof. Let q denote the projection from D to a point. We note that both (1)
and (2) imply that p(f) is an equivalence in D and therefore g-Cartesian by
(*). The equivalence of (1) and (2) now follows from () and the third part
of Proposition 2.4.1.3. O

Corollary 2.4.1.6. Let p : C — D be an inner fibration between oo-
categories. Every identity morphism of C (in other words, every degenerate
edge of C) is p-Cartesian.

We now study the behavior of Cartesian edges under composition.

Proposition 2.4.1.7. Letp: C — D be an inner fibration between simplicial
sets and let o : A? — C be a 2-simplex of C, which we will depict as a diagram

N

Suppose that g is p-Cartesian. Then f is p-Cartesian if and only if h is
p-Cartesian.

Co

Cs.
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Proof. We wish to show that the map

i : e/h - G/CQ XD /pcy) D/:D(h)

is a trivial fibration if and only if

iy e/f - 6/01 XD /pcy) ®/P(f)

is a trivial fibration. The dual of Proposition 2.1.2.1 implies that both maps
are right fibrations. Consequently, by (the dual of) Lemma 2.1.3.4, it suffices
to show that the fibers of i¢ are contractible if and only if the fibers of i; are
contractible.

For any simplicial subset B C A2, let Xp = €/o|B XD, 5 D)y We note
that X g is functorial in B in the sense that an inclusion A C B induces a map
ja.p : Xp — X4 (which is a right fibration, again by Proposition 2.1.2.1).
Observe that ja{2y ato.2; is the base change of ig by the map D /(o) — D /()
and that ja(1} at0.1) is the base change of i; by the map D/, — D/,(f). The
maps

Doy < Dypioy = Dypiy

are both surjective on objects (in fact, both maps have sections). Conse-
quently, it suffices to prove that ja(} sty has contractible fibers if and
only if j AL2} AL0.2) has contractible fibers. Now we observe that the compo-
sitions

XAz — XA{O,Q} — XA{Q}

XA2 — XA% — XA{W} — XA{Q}

coincide. By Proposition 2.1.2.5, j4 p is a trivial fibration whenever the
inclusion A C B is left anodyne. We deduce that ja(2; a2y is a trivial
fibration if and only if ja (1.2} 42 is a trivial fibration. Consequently, it suffices
to show that jA{l,Q},A% is a trivial fibration if and only if JAy atony 1S a
trivial fibration.

Since jA{l,z}J@ is a pullback of JAty a0y, the “if” direction is obvious.
For the converse, it suffices to show that the natural map

€lg XD, Do) = €/cy XD pey) D/p(o)

is surjective on vertices. But this map is a trivial fibration because the in-
clusion {1} € A{1:2} is left anodyne. O

Our next goal is to reformulate the notion of a Cartesian morphism in a
form which will be useful later. For convenience of notation, we will prove
this result in a dual form. If p : X — S is an inner fibration and f is an edge
of X, we will say that f is p-coCartesian if it is Cartesian with respect to
the morphism p°P : X°P — S°P,
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Proposition 2.4.1.8. Letp:Y — S be an inner fibration of simplicial sets
and let e : A — 'Y be an edge. Then e is p-coCartesian if and only if for
each n > 1 and each diagram

{0} x Al
(A" x {0}) ITp an x (o3 (O A™ X Al —=Y
-
/// P
A" x Al = g s

there exists a map h as indicated, rendering the diagram commutative.

Proof. Let us first prove the “only if” direction. We recall a bit of the nota-
tion used in the proof of Proposition 2.1.2.6; in particular, the filtration

X(n+1)C---C X(0)=A" x Al

of A™ x A'. We construct h| X (m) by descending induction on m. To begin,
we set h|X(n+ 1) = f. Now, for each m the space X (m) is obtained from
X (m + 1) by pushout along a horn inclusion A% C A™+L If m > 0, the
desired extension exists because p is an inner fibration. If m = 0, the desired
extension exists because of the hypothesis that e is a p-coCartesian edge.

We now prove the “if” direction. Suppose that e satisfies the condition in
the statement of Proposition 2.4.1.8. We wish to show that e is p-coCartesian.
In other words, we must show that for every n > 2 and every diagram

A{01}

|

Al — > X
f / l

- P

Ve
e
A" —— 8,
there exists a dotted arrow as indicated, rendering the diagram commutative.
Replacing S by A™ and Y by Y x g A™, we may reduce to the case where S is
an oo-category. We again make use of the notation (and argument) employed
in the proof of Proposition 2.1.2.6. Namely, the inclusion Aj C A™ is aretract
of the inclusion
(Af xAY T (A™x{o}) c A" x AL
Ay x{0}
The retraction is implemented by maps
A" L AT AV L AT,

which were defined in the proof of Proposition 2.1.2.6. We now set F' = for,
G=gor.
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Let K = AtL2n} C A" Then

Fl(0K xAY) [ (& x Al
9 K x{0}

carries {1} x A! into e. By assumption, there exists an extension of F to
K x Al which is compatible with G. In other words, there exists a compatible
extension I of F to
oAam x At T A" x{o}.
oA x {0}

Moreover, F’ carries {0} x Al to a degenerate edge; such an edge is auto-
matically coCartesian (this follows from Corollary 2.4.1.6 because S is an
oo-category), and therefore there exists an extension of F” to all of A™ x Al
by the first part of the proof. O

Remark 2.4.1.9. Let p: X — S be an inner fibration of simplicial sets, let
x be a vertex of X, and let f : ¥ — p(x) be an edge of S ending at p(z).
There may exist many p-Cartesian edges f : ' — z of X with p(f) = f.
However, there is a sense in which any two such edges having the same target
x are equivalent to one another. Namely, any p-Cartesian edge f : 2’ — x

lifting f can be regarded as a final object of the oo-category Xz X8 {f}
and is therefore determined up to equivalence by f and x.

We now spell out the meaning of Definition 2.4.1.1 in the setting of sim-
plicial categories.

Proposition 2.4.1.10. Let F : C — D be a functor between simplicial
categories. Suppose that C and D are fibrant and that for every pair of objects
C,C’" € @, the associated map

Mape(C, C") — Mapq, (F(C), F(C"))
is a Kan fibration. Then the following assertions hold:

(1) The associated map q : N(C) — N(D) is an inner fibration between
00-categories.

(2) A morphism f:C" — C"” in C is qg-Cartesian if and only if, for every
object C' € C, the diagram of simplicial sets

Mape(C,C") Mape(C, C")

i i

Mapy, (F(C), F(C')) —— Mapy (F(C), F(C"))

is homotopy Cartesian.

Proof. Assertion (1) follows from Remark 1.1.5.11. Let f be a morphism in
C. By definition, f : C’ — C” is g-Cartesian if and only if

9 : N(G)/f — N(G)/C// XN(D)/F(C”) N(D)/F(f)
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is a trivial fibration. Since 6 is a right fibration between right fibrations over
G, f is g-Cartesian if and only if for every object C € C, the induced map

Oc : {C} xne) N(€) /5 — {C} xn(e) N(C)jorr Xn(D) oy N(D) /()

is a homotopy equivalence of Kan complexes. This is equivalent to the as-
sertion that the diagram

N(€),s xe {C} ———— N(€)c» xn(e) {C}

i !

N(D)/rs) *ny {F(C)} —— N(D) /r(cry Xnepy {F(C)}

is homotopy Cartesian. In view of Theorem 1.1.5.13, this diagram is equiv-
alent to the diagram of simplicial sets

Mape(C, C") —————— Mape/(C, C")

C), F(C")) — Mapy, (F(C), F(C")).
This proves (2). O

Mapo, (F'(

In some contexts, it will be convenient to consider a slightly larger class
of edges:

Definition 2.4.1.11. Let p: X — S be an inner fibration and let e : Al —
X be an edge. We will say that e is locally p-Cartesian if it is a p’-Cartesian
edge of the fiber product X xg A', where p’ : X xg Al — Al denotes the
projection.

Remark 2.4.1.12. Suppose we are given a pullback diagram

X/#X

Pk
s ——>S$

of simplicial sets, where p (and therefore also p') is an inner fibration. An
edge e of X’ is locally p’-Cartesian if and only if its image f(e) is locally
p-Cartesian.

We conclude with a somewhat technical result which will be needed in
83.1.1:

Proposition 2.4.1.13. Let p : X — S be an inner fibration of simplicial
sets and let f : x — y be an edge of X. Suppose that there is a 3-simplex
o: A% — X such that dyo = sof and doo = s1f. Suppose furthermore that
there exists a p-Cartesian edge f : T — y such that p(f) = p(f). Then f is
p-Cartesian.
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Proof. We have a diagram of simplicial sets

A2 (f,f9) X

_ 7
£ /T/ ] \Lp
A2 -~ sop(f) S

Because fis p-Cartesian, there exists a map 7 rendering the diagram com-
mutative. Let ¢ = do(7), which we regard as a morphism z — 7 in the
oo-category Xp(z) = X xg {p(z)}. We will show that g is an equivalence in
Xp(x)- It will follow that g is p-Cartesian and that f, being a composition of
p-Cartesian edges, is p-Cartesian (Proposition 2.4.1.7).

Now consider the diagram

A? (dodszo,e,g) X

7
\[\ /T/ ] ‘Lp
A2 ~ " dszp(o) g

The map 7’ exists since p is an inner fibration. Let ¢’ = d;7’. We will show
that ¢’ : ¥ — x is a homotopy inverse to g in the oo-category X, ).
Using 7 and 7/, we construct a new diagram

7',dzo,e,T)

Ay TR

/7
// p
A3 ———> S

- /Sodsp(U)

Since p is an inner fibration, we deduce the existence of § : A3 — X, ren-
dering the diagram commutative. The simplex ds(#) exhibits id, as a com-
position g’ o g in the oo-category X, ). It follows that ¢’ is a left homotopy
inverse to g.

We now have a diagram

(g,9,9")
A3 Xp()
i\ 7_// - 1
A2

The indicated 2-simplex 7" exists since X),(,) is an co-category and exhibits
dy (") as a composition g o g’. To complete the proof, it will suffice to show
that di(7") is an equivalence in X, ).

Consider the diagrams

A3 (doo,e,s1f,7") o, di0',7"")
1

5 (T,
X A3

X
£ , /l J p /l
0 - 0" -
~ P - r
e P
-
- o )

AB g A3 Leerd) o
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Since p is an inner fibration, there exist 3-simplices 6’, 0" : A> — X with the
indicated properties. The 2-simplex d; (6") identifies d1 (7"") as a map between
two p-Cartesian lifts of p(f); it follows that d;(7") is an equivalence, which
completes the proof. O

2.4.2 Cartesian Fibrations

In this section, we will introduce the study of Cartesian fibrations between
simplicial sets. The theory of Cartesian fibrations is a generalization of the
theory of right fibrations studied in §2.1. Recall that if f: X — S is a right
fibration of simplicial sets, then the fibers { X }sc g are Kan complexes, which
depend in a (contravariantly) functorial fashion on the choice of vertex s € S.
The condition that f be a Cartesian fibration has a similar flavor: we still
require that X, depend functorially on s but weaken the requirement that
X, be a Kan complex; instead, we merely require that it be an co-category.

Definition 2.4.2.1. We will say that a map p: X — S of simplicial sets is
a Cartesian fibration if the following conditions are satisfied:

(1) The map p is an inner fibration.

(2) For every edge f:x — y of S and every vertex ¢ of X with p(y) =y,
there exists a p-Cartesian edge f : T — y with p(f) = f.

We say that p is a coCartesian fibration if the opposite map p°? : XP —
S°P is a Cartesian fibration.

If a general inner fibration p : X — S associates to each vertex s € S an
oo-category X, and to each edge s — s’ a correspondence from X, to X/,
then p is Cartesian if each of these correspondences arises from a (canonically
determined) functor Xy — X;. In other words, a Cartesian fibration with
base S ought to be roughly the same thing as a contravariant functor from
S into an oo-category of oco-categories, where the morphisms are given by
functors. One of the main goals of Chapter 3 is to give a precise formulation
(and proof) of this assertion.

Remark 2.4.2.2. Let F' : € — €' be a functor between (ordinary) cate-
gories. The induced map of simplicial sets N(F) : N(€) — N(€') is auto-
matically an inner fibration; it is Cartesian if and only if F' is a fibration of
categories in the sense of Grothendieck.

The following formal properties follow immediately from the definition:

Proposition 2.4.2.3. (1) Any isomorphism of simplicial sets is a Carte-
sian fibration.

(2) The class of Cartesian fibrations between simplicial sets is stable under
base change.

(3) A composition of Cartesian fibrations is a Cartesian fibration.
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Recall that an co-category € is a Kan complex if and only if every mor-
phism in € is an equivalence. We now establish a relative version of this
statement:

Proposition 2.4.2.4. Let p : X — S be an inner fibration of simplicial
sets. The following conditions are equivalent:

(1) The map p is a Cartesian fibration, and every edge in X is p-Cartesian.
(2) The map p is a right fibration.

(3) The map p is a Cartesian fibration, and every fiber of p is a Kan
complez.

Proof. In view of Remark 2.4.1.4, the assertion that every edge of X is p-
Cartesian is equivalent to the assertion that p has the right lifting property
with respect to A} C A" for all n > 2. The requirement that p be a Cartesian
fibration further imposes the right lifting property with respect to A} C Al
This proves that (1) & (2).

Suppose that (2) holds. Since we have established that (2) implies (1), we
know that p is Cartesian. Furthermore, we have already seen that the fibers
of a right fibration are Kan complexes. Thus (2) implies (3).

We complete the proof by showing that (3) implies that every edge f :
x — y of X is p-Cartesian. Since p is a Cartesian fibration, there exists a
p-Cartesian edge f' : 2’ — y with p(f’) = p(f). Since f’ is p-Cartesian, there
exists a 2-simplex o : A? — X which we may depict as a diagram

x/
7N
x 4f> Y,
where p(0) = sop(f). Then g lies in the fiber X, ;) and is therefore an
equivalence (since X,y is a Kan complex). It follows that f is equivalent to

[ as objects of X, xs5, - {p(f)}, so that f is p-Cartesian, as desired. [

Corollary 2.4.2.5. Let p : X — S be a Cartesian fibration. Let X' C X
consist of all those simplices o of X such that every edge of o is p-Cartesian.
Then p| X' is a right fibration.

Proof. We first show that p|X’ is an inner fibration. It suffices to show that
p| X’ has the right lifting property with respect to every horn inclusion A?,
0 < i< mn If n> 2 then this follows immediately from the fact that p
has the appropriate lifting property. If n = 2, then we must show that if
f: A% — X is such that f|A? factors through X', then f factors through
X'. This follows immediately from Proposition 2.4.1.7.

We now wish to complete the proof by showing that p is a right fibration.
According to Proposition 2.4.2.4, it suffices to prove that every edge of X’
is p|X’-Cartesian. This follows immediately from the characterization given
in Remark 2.4.1.4 because every edge of X’ is p-Cartesian (when regarded
as an edge of X). O
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In order to verify that certain maps are Cartesian fibrations, it is often
convenient to work in a slightly more general setting.

Definition 2.4.2.6. A map p : X — S of simplicial sets is a locally Cartesian
fibration if it is an inner fibration and, for every edge A' — S, the pullback
X xg Al — Al is a Cartesian fibration.

In other words, an inner fibration p : X — S is a locally Cartesian fibration
if and only if, for every vertex € X and every edge e : s — p(x) in S, there
exists a locally p-Cartesian edge s — x which lifts e.

Let p : X — S be an inner fibration of simplicial sets. It is clear that
every p-Cartesian morphism of X is locally p-Cartesian. Moreover, Proposi-
tion 2.4.1.7 implies that the class of p-Cartesian edges of X is stable under
composition. Then following result can be regarded as a sort of converse:

Lemma 2.4.2.7. Letp: X — S be a locally Cartesian fibration of simplicial
sets and let f : ' — x be an edge of X. The following conditions are
equivalent:

(1) The edge e is p-Cartesian.

(2) For every 2-simplex o

7N

// > T

in X, the edge g is locally p-Cartesian if and only if the edge h is locally
p-Cartesian.

(3) For every 2-simplex o

/ \f\
.T/I h > T

in X, if g is locally p-Cartesian, then h is locally p-Cartesian.

Proof. We first show that (1) = (2). Pulling back via the composition poo :
A? — S, we can reduce to the case where S = A2, In this case, g is locally p-
Cartesian if and only if it is p-Cartesian, and likewise for h. We now conclude
by applying Proposition 2.4.1.7.

The implication (2) = (3) is obvious. We conclude by showing that (3) =
(1). We must show that n: X,; — X/, Xs,, ., S/p(s) is a trivial fibration.
Since 7 is a right fibration, it will suffice to show that the fiber of ) over any
vertex is contractible. Any such vertex determines a map o : A2 — S with
o|ATH2Y = p(f). Pulling back via o, we may suppose that S = A2

It will be convenient to introduce a bit of notation: for every map ¢ : K —
X let V), C X/, denote the full simplicial subset spanned by those vertices
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of X, which map to the initial vertex of S. We wish to show that the natural
map Y,; — Y/, is a trivial fibration. By assumption, there exists a locally
p-Cartesian morphism ¢ : 2" — 2’ in X covering the edge A{%1} C §. Since
X is an oco-category, there exists a 2-simplex 7 : A2 — X with dy(7) = g and
do(7) = f. Then h = dy(7) is a composite of f and g, and assumption (3)
guarantees that h is locally p-Cartesian. We have a commutative diagram

Y, Y,
\ /
Y5

Moreover, all of the maps in this diagram are trivial fibrations except possibly
¢, which is known to be a right fibration. It follows that ( is a trivial fibration
as well, which completes the proof. O

Yiriaz

In fact, we have the following:

Proposition 2.4.2.8. Let p: X — S be a locally Cartesian fibration. The
following conditions are equivalent:

(1) The map p is a Cartesian fibration.

(2) Given a 2-simplex

X %f l‘l
h
g
Z’
if f and g are locally p-Cartesian, then h is locally p-Cartesian.

(3) Ewery locally p-Cartesian edge of X is p-Cartesian.

Proof. The equivalence (2) < (3) follows from Lemma 2.4.2.7, and the im-
plication (3) = (1) is obvious. To prove that (1) = (3), let us suppose
that e : * — y is a locally p-Cartesian edge of X. Choose a p-Cartesian
edge ¢’ : 2/ — y lifting p(e). The edges e and e’ are both p/-Cartesian in
X' = X xg A, where p’ : X’ — A! denotes the projection. It follows that
e and ¢’ are equivalent in X’ and therefore also equivalent in X. Since €’ is
p-Cartesian, we deduce that e is p-Cartesian as well. O

Remark 2.4.2.9. If p: X — S is a locally Cartesian fibration, then we can
associate to every edge s — s’ of S a functor Xy — X, which is well-defined
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up to homotopy. A 2-simplex

S ——> 5/
S/,
determines a triangle of co-categories

Xg=——""—Xo
F
G
H
_XSN

which commutes up to a (generally noninvertible) natural transformation
«a: F oG — H. Proposition 2.4.2.8 implies that p is a Cartesian fibration if
and only if every such natural transformation is an equivalence of functors.

Corollary 2.4.2.10. Let p : X — S be an inner fibration of simplicial
sets. Then p is Cartesian if and only if every pullback X xg A" — A" is a
Cartesian fibration for n < 2.

One advantage the theory of locally Cartesian fibrations holds over the
theory of Cartesian fibrations is the following “fiberwise” existence criterion:

Proposition 2.4.2.11. Suppose we are given a commutative diagram of
simplicial sets

satisfying the following conditions:

(1) The maps p and q are locally Cartesian fibrations, and r is an inner
fibration.

(2) The map r carries locally p-Cartesian edges of X to locally q-Cartesian
edges of Y.

(3) For every vertex s of S, the induced map rs : X5 — Y, is a locally
Cartesian fibration.

Then r is a locally Cartesian fibration. Moreover, an edge e of X is locally
r-Cartesian if and only if there exists a 2-simplex o

2
/ \\”
e e
T € > !

with the following properties:
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(i) In the simplicial set S, we have p(c) = s°(p(e)).

(i3) The edge € is locally p-Cartesian.

(iii) The edge e’ is locally Tp(y)-Cartesian.

Proof. Suppose we are given a vertex z” € X and an edge ¢g : y — p(a”)
in Y. It is clear that we can construct a 2-simplex ¢ in X satisfying (4)
through (#47), with p(e) = g(eg). Moreover, o is uniquely determined up to
equivalence. We will prove that e is locally r-Cartesian. This will prove that
r is a locally Cartesian fibration and the “if” direction of the final assertion.
The converse will then follow from the uniqueness (up to equivalence) of
locally r-Cartesian lifts of a given edge (with specified terminal vertex).

To prove that e is locally r-Cartesian, we are free to pull back by the
edge p(e) : Al — S and thereby reduce to the case S = Al. Then p and
q are Cartesian fibrations. Since e’ is p-Cartesian and r(e”) is ¢g-Cartesian,
Proposition 2.4.1.3 implies that e” is r-Cartesian. Remark 2.4.1.12 implies
that €’ is locally p-Cartesian. It follows from Lemma 2.4.2.7 that e is locally
p-Cartesian as well. O

Remark 2.4.2.12. The analogue of Proposition 2.4.2.11 for Cartesian fi-
brations is false.

2.4.3 Stability Properties of Cartesian Fibrations

In this section, we will prove the class of Cartesian fibrations is stable un-
der the formation of overcategories and undercategories. Since the definition
of a Cartesian fibration is not self-dual, we must treat these results sepa-
rately, using slightly different arguments (Propositions 2.4.3.2 and 2.4.3.3).
We begin with the following simple lemma.

Lemma 2.4.3.1. Let A C B be an inclusion of simplicial sets. Then the
inclusion

({1}xB) J] (A'xA)cA'xB
{1}xA
is inner anodyne.
Proof. Working by transfinite induction, we may reduce to the case where B
is obtained from A by adjoining a single nondegenerate simplex and therefore

to the universal case B = A", A = 9 A™. Now the inclusion in question is
isomorphic to A’fJr2 C A"t2, O

Proposition 2.4.3.2. Let p: C — D be a Cartesian fibration of simplicial
sets and let q : K — C be a diagram. Then

(1) The induced map p’ : C/q — D pq is a Cartesian fibration.

(2) An edge f of €, is p'-Cartesian if and only if the image of f in C is
p-Cartesian.
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Proof. Proposition 2.1.2.5 implies that p’ is an inner fibration. Let us call an
edge f of €, special if its image in C is p-Cartesian. To complete the proof,
we will verify the following assertions:

i) Given a vertex g € C,, and an edge fir = p'(q), there exists a special
/a
edge f:7 — g with p/(f) = f.
(ii) Every special edge of €/, is p’-Cartesian.

To prove (i), let f’ denote the image of ]? in D and c the image of § in
C. Using the assumption that p is a coCartesian fibration, we can choose a
p-coCartesian edge f’ : ¢ — d lifting f’. To extend this data to the desired
edge f of C/,, it suffices to solve the lifting problem depicted in the diagram

({1} x K) H{1} Al —=C

-~
i _ 7 P
-
-

A« K D.
This lifting problem has a solution because p is an inner fibration and 7 is
inner anodyne (Lemma 2.4.3.1).
To prove (ii), it will suffice to show that if n > 2, then any lifting problem
of the form

Arx K2 ¢

7
a - l
- p

Ve
Ve

A"x K —7D
has a solution provided that e = g(A{"~17}) is a p-Cartesian edge of €.
Consider the set P of pairs (K',Gg/), where K’ C K and G fits in a
commutative diagram
e
ip
A" x K D.

(A2 5 K) TLyy g (A" % K7)

Because e is p-Cartesian, there exists an element (0, Gy) € P. We regard P
as partially ordered, where (K',Gg/) < (K",Gg») if K/ C K" and Gk
is a restriction of G k. Invoking Zorn’s lemma, we deduce the existence of
a maximal element (K’ , Gg) of P. If K’ = K, then the proof is complete.
Otherwise, it is possible to enlarge K’ by adjoining a single nondegenerate m-
simplex of K. Since (K', Gk~ ) is maximal, we conclude that the associated
lifting problem

G

(A7 < A™) HAg*a an(A"*xOA™) — ¢




130 CHAPTER 2

has no solution. The left vertical map is equivalent to the inclusion A7 7"+ C
A"+ which is inner anodyne. Since p is an inner fibration by assumption,
we obtain a contradiction. O

Proposition 2.4.3.3. Letp: C — D be a coCartesian fibration of simplicial
sets and let q : K — C be a diagram. Then

(1) The induced map p' : Cq — D /pq is a coCartesian fibration.

(2) An edge f of €4 is p'-coCartesian if and only if the image of f in C
is p-coCartesian.

Proof. Proposition 2.1.2.5 implies that p’ is an inner fibration. Let us call
an edge f of €/, special if its image in € is p-coCartesian. To complete the
proof, it will suffice to verify the following assertions:

(1) Given a vertex g € C/, and an edge f: p'(q) — 7, there exists a special
edge f:q— 7 with p/'(f) = f
(i1) Every special edge of €/, is p’-coCartesian.

To prove (i), we begin with a commutative diagram

Ny e —

,

A« K——=D.

Let C € € denote the image under g of the cone point of A% x K and choose
a p-coCartesian morphism u : C — C’ lifting f|Al. We now consider the
collection P of all pairs (L, f1,), where L is a simplicial subset of K and f,
is a map fitting into a commutative diagram

fr

(AO * K) HAO*L(AI * L) C
f |
Al * K D7

where fr|A! = u and fr|A? x K = . We partially order the set P as
follows: (L, fr) < (L', fr,) if L C L' and fr, is equal to the restriction of fr.
The partially ordered set P satisfies the hypotheses of Zorn’s lemma and
therefore contains a maximal element (L, f). If L # K, then we can choose
a simplex o : A™ — K of minimal dimension which does not belong to L.
By maximality, we obtain a diagram

AP ——c¢

L

A2 — D
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in which the indicated dotted arrow cannot be supplied. This is a contra-
diction since the upper horizontal map carries the initial edge of Ag’+2 to a
p-coCartesian edge of C. It follows that L = K, and we may take f = fr.
This completes the proof of (7).

The proof of (i) is similar. Suppose we are given n > 2 and let

Ag*K%e

7
Ve
e
7.9

A"x K ——=D

be a commutative diagram, where fo| K = ¢ and fo|A{%1} is a p-coCartesian
edge of C. We wish to prove the existence of the dotted arrow f indicated in
the diagram. As above, we consider the collection P of all pairs (L, f1,), where
L is a simplicial subset of K and [}, extends fy and fits into a commutative
diagram

(Af * K) HAg*L(An * L) e e
A" x K ? D.

We partially order P as follows: (L, fr) < (L', fr/) if L € L' and f is
a restriction of fr,. Using Zorn’s lemma, we conclude that P contains a
maximal element (L, fr,). If L # K, then we can choose a simplex o : A™ —
K which does not belong to L, where m is as small as possible. Invoking the
maximality of (L, f1.), we obtain a diagram

h
AT s

[

An+m+1 S D7

where the indicated dotted arrow cannot be supplied. However, the map
h carries the initial edge of A"*™*1 to a p-coCartesian edge of G, so we
obtain a contradiction. It follows that L = K, so that we can take f = f,
to complete the proof. O

2.4.4 Mapping Spaces and Cartesian Fibrations

Let p : € — D be a functor between oco-categories and let X and Y be
objects of C. Then p induces a map

¢ : Mape(X,Y) — Mapgp (p(X), p(Y)).

Our goal in this section is to understand the relationship between the fibers
of p and the homotopy fibers of ¢.
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Lemma 2.4.4.1. Let p: C — D be an inner fibration of co-categories and
let X,Y € C. The induced map ¢ : Homg(X,Y) — Homts (p(X),p(Y)) is a
Kan fibration.

Proof. Since p is an inner fibration, the induced map (5 1€/ x = Dypxy xp C

is a right fibration by Proposition 2.1.2.1. We note that ¢ is obtained from ¢
by restricting to the fiber over the vertex Y of €. Thus ¢ is a right fibration;
since the target of ¢ is a Kan complex, ¢ is a Kan fibration by Lemma
2.1.3.3. O

Suppose the conditions of Lemma 2.4.4.1 are satisfied. Let us consider
the problem of computing the fiber of ¢ over a vertex € : p(X) — p(Y) of
Hom[ (X, Y). Suppose that there is a p-Cartesian edge e : X' — Y lifting e.
By definition, we have a trivial fibration

’Lﬁ : G/e — (‘E/Y X@/p(y) ‘D/g.

Consider the 2-simplex o = s1(€) regarded as a vertex of D z. Passing to
the fiber, we obtain a trivial fibration

F — ¢_1(e)7

where I’ denotes the fiber of €, — Dz xp € over the point (o, X). On
the other hand, we have a trivial fibration €/ — DjeXp,,«, C/x/ by
Proposition 2.1.2.5. Passing to the fiber again, we obtain a trivial fibration
F— Hom}ép(x) (X, X"). We may summarize the situation as follows:

Proposition 2.4.4.2. Let p: C — D be an inner fibration of co-categories.
Let X,Y € @, lete : p(X) — p(Y) be a morphism in D, and lete : X' — 'Y be
a locally p-Cartesian morphism of C lifting €. Then in the homotopy category
H of spaces, there is a fiber sequence

Mape, (X, X") = Mape(X,Y) — Mapy (p(X), p(Y)).
Here the fiber is taken over the point classified by e : p(X) — p(Y).

Proof. The edge € defines a map A' — D. Note that the fiber of the Kan
fibration Homg(X, Y) — Hom’ (pX,pY) does not change if we replace p by
the induced projection € xpA! — Al. We may therefore assume without
loss of generality that e is p-Cartesian, and the desired result follows from
the above analysis. O

A similar assertion can be taken as a characterization of Cartesian mor-
phisms:

Proposition 2.4.4.3. Let p: C — D be an inner fibration of co-categories
and let f:Y — Z be a morphism in C. The following are equivalent:

(1) The morphism f is p-Cartesian.
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(2) For every object X of €, composition with f gives rise to a homotopy
Cartesian diagram

Mape(X,Y) ———— Mape(X, Z)

| |

Mapq, (p(X),p(Y)) —— Maps (p(X), p(2))-

Proof. Let ¢ : €y — €z X, , D/p(s) be the canonical map; then (1) is
equivalent to the assertion that ¢ is a trivial fibration. According to Propo-
sition 2.1.2.1, ¢ is a right fibration. Thus, ¢ is a trivial fibration if and only
if the fibers of ¢ are contractible Kan complexes. For each object X € C, let

Ox 1 Crpxe{X} = €z xp,, 0, Dypipy xe{X}

be the induced map. Then ¢x is a right fibration between Kan complexes
and therefore a Kan fibration; it has contractible fibers if and only if it is a
homotopy equivalence. Thus (1) is equivalent to the assertion that ¢x is a
homotopy equivalence for every object X of C.

We remark that (2) is somewhat imprecise: although all the maps in the
diagram are well-defined in the homotopy category I of spaces, we need to
represent this by a commutative diagram in the category of simplicial sets
before we can ask whether or not the diagram is homotopy Cartesian. We
therefore rephrase (2) more precisely: it asserts that the diagram of Kan
complexes

G/f X@{X} 4>G/Z XQ{X}

| |

D p(p) *p{p(X)} —— D /p(z) X {p(X)}

is homotopy Cartesian. Lemma 2.4.4.1 implies that the right vertical map
is a Kan fibration, so the homotopy limit in question is given by the fiber
product

€1z XD,z Dypisy Xe{ X}

Consequently, assertion (2) is also equivalent to the condition that ¢x be a
homotopy equivalence for every object X € C. O

Corollary 2.4.4.4. Suppose we are given maps € 2 D % & of co-categories
such that both q and q o p are locally Cartesian fibrations. Suppose that p
carries locally (q o p)-Cartesian edges of C to locally q-Cartesian edges of D
and that for every object Z € &, the induced map Cz — Dy is a categorical
equivalence. Then p is a categorical equivalence.

Proof. Proposition 2.4.4.2 implies that p is fully faithful. If Y is any object of
D, then Y is equivalent in the fiber Dy to the image under p of some vertex
of Cy(y)- Thus p is essentially surjective, and the proof is complete. O
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Corollary 2.4.4.5. Let p: C — D be a Cartesian fibration of co-categories.
Letq: D" — D be a categorical equivalence of co-categories. Then the induced
map ¢ : € =D x5 C — C is a categorical equivalence.

Proof. Proposition 2.4.4.2 immediately implies that ¢’ is fully faithful. We
claim that ¢ is essentially surjective. Let X be any object of €. Since ¢ is fully
faithful, there exists an object y of 77 and an equivalence € : ¢(Y) — p(X).
Since p is Cartesian, we can choose a p-Cartesian edge e : Y/ — X lifting
€. Since e is p-Cartesian and p(e) is an equivalence, e is an equivalence. By
construction, the object Y/ of S lies in the image of ¢'. O

Corollary 2.4.4.6. Let p: C — D be a Cartesian fibration of co-categories.
Then p is a categorical equivalence if and only if p is a trivial fibration.

Proof. The “if” direction is clear. Suppose then that p is a categorical equiva-
lence. We first claim that p is surjective on objects. The essential surjectivity
of p implies that for each Y € D, there is an equivalence Y — p(X) for some
object X of C. Since p is Cartesian, this equivalence lifts to a p-Cartesian
edge Y — X of S, so that p(Y) =Y.

Since p is fully faithful, the map Mape (X, X’) — Mapg (p(X),p(X))
is a homotopy equivalence for any pair of objects X, X’ € €. Suppose
that p(X) = p(X’). Then, applying Proposition 2.4.4.2, we deduce that
Mape . (X, X') is contractible. It follows that the oco-category C,(x) is
nonempty with contractible morphism spaces; it is therefore a contractible
Kan complex. Proposition 2.4.2.4 now implies that p is a right fibration.
Since p has contractible fibers, it is a trivial fibration by Lemma 2.1.3.4. [

We have already seen that if an co-category S has an initial object, then
that initial object is essentially unique. We now establish a relative version
of this result.

Lemma 2.4.4.7. Let p : € — D be a Cartesian fibration of co-categories
and let C be an object of C. Suppose that D = p(C) is an initial object of D
and that C is an initial object of the oo-category Cp = Cxp{D}. Then C
is an initial object of C.

Proof. Let C' be any object of € and set D’ = p(C”). Since D is an initial
object of D, the space Map (D, D’) is contractible. In particular, there
exists a morphism f : D — D’ in D. Let f : D — C’ be a p-Cartesian lift
of f. According to Proposition 2.4.4.2, there exists a fiber sequence in the
homotopy category H:

MapCD (07 jj) - Map@(ca C/) - Map@ (Da D/)

Since the first and last spaces in this sequence are contractible, we deduce
that Mape(C, C") is contractible as well, so that C' is an initial object of
C. O
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Lemma 2.4.4.8. Suppose we are given a diagram of simplicial sets

1.7
7 g

A" ——— 5,
where p is a Cartesian fibration and n > 0. Suppose that fo(0) is an initial
object of the oo-category Xg) = X xg {g(0)}. Then there ewists a map
[ A" = S as indicated by the dotted arrow in the diagram, which renders
the diagram commutative.

Proof. Pulling back via g, we may replace S by A™ and thereby reduce to the
case where S is an co-category and ¢(0) is an initial object of S. It follows
from Lemma 2.4.4.7 that fo(v) is an initial object of S, which implies the
existence of the desired extension f. O

Proposition 2.4.4.9. Letp: X — S be a Cartesian fibration of simplicial
sets. Assume that for each vertex s of S, the co-category Xs = X xg{s} has
an initial object.

(1) Let X' C X denote the full simplicial subset of X spanned by those
vertices x which are initial objects of X,). Then p|X' is a trivial
fibration of simplicial sets.

(2) Let © = Mapg(S, X) be the co-category of sections of p. An arbitrary
section q : S — X is an initial object of C if and only if q factors
through X'.

Proof. Since every fiber X has an initial object, the map p|X’ has the
right lifting property with respect to the inclusion ) C A% If n > 0, then
Lemma 2.4.4.8 shows that p|X’ has the right lifting property with respect
to @A™ C A™. This proves (1). In particular, we deduce that there exists
amap q : S — X’ which is a section of p. In view of the uniqueness of
initial objects, (2) will follow if we can show that ¢ is an initial object of €.
Unwinding the definitions, we must show that for n > 0, any lifting problem

sxoarlx
P l
- d 1
’e
Sx A" —— §
can be solved provided that f|S x {0} = ¢. The desired extension can be
constructed simplex by simplex using Lemma 2.4.4.8. O
2.4.5 Application: Invariance of Undercategories

Our goal in this section is to complete the proof of Proposition 1.2.9.3 by
proving the following assertion:
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(*) Let p: € — D be an equivalence of oco-categories and let j : K — € be
a diagram. Then the induced map

i/ — Dpj/
is a categorical equivalence.
We will need a lemma.

Lemma 2.4.5.1. Let p: C — D be a fully faithful map of co-categories and
let j : K — € be any diagram in C. Then, for any object x of C, the map of
Kan complexes

(‘Zj/ Xe{x} — Dpj/ x@{p(x)}

is a homotopy equivalence.

Proof. For any map r : K’ — K of simplicial sets, let C, = €., xe{x} and
D, = D,;r) xpip(x)}.

Choose a transfinite sequence of simplicial subsets K, of K such that
K41 is the result of adjoining a single nondegenerate simplex to K, and
Ky = Uy Ko whenever A is a limit ordinal (we include the case where
A =0, so that Ky = (). Let i, : K, — K denote the inclusion. We claim
the following:

(1) For every ordinal «, the map ¢,, : C;, — D;_ is a homotopy equivalence
of simplicial sets.

(2) For every pair of ordinals 3 < a, the maps C;, — C;; and D;, — D;,
are Kan fibrations of simplicial sets.

We prove both of these claims by induction on . When a = 0, (2) is
obvious and (1) follows since both sides are isomorphic to AY. If « is a
limit ordinal, (2) is again obvious, while (1) follows from the fact that both
C;, and D, are obtained as the inverse limits of transfinite sequences of
fibrations, and the map ¢, is an inverse limit of maps which are individually
homotopy equivalences.

Assume that o = 341 is a successor ordinal, so that K, ~ Kg[[5a. A™.
Let f: A™ — K, be the induced map, so that

Cion =Ciy Xy pan O

Dia = Diﬁ XDf\aAn Df.

We note that the projections Cy — Dygan and Cy — Dygan are left
fibrations by Proposition 2.1.2.1 and therefore Kan fibrations by Lemma
2.1.3.3. This proves (2) since the class of Kan fibrations is stable under
pullback. We also note that the pullback diagrams defining X;_ and Y;_ are
also homotopy pullback diagrams. Thus, to prove that ¢, is a homotopy
equivalence, it suffices to show that ¢3 and the maps

Cf‘aAn — Df|[‘)A”
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are homotopy equivalences. In other words, we may reduce to the case where
K is a finite complex.

We now work by induction on the dimension of K. Suppose that the
dimension of K is n and that the result is known for all simplicial sets
having smaller dimensions. Running through the above argument again, we
can reduce to the case where K = A™. Let v denote the final vertex of A™.
By Proposition 2.1.2.5, the maps

Cj = Cjjfw}

Dj — Djj10y

are trivial fibrations. Thus, it suffices to consider the case where K is a
single point {v}. In this case, we have C; = Homg(j(v),z) and Y; =
Hom?% (p(j(v)), p(z)). It follows that the map ¢ is a homotopy equivalence
since p is assumed to be fully faithful. O

Proof of (x). Let p : € — D be a categorical equivalence of oco-categories
and j : K — € any diagram. We have a factorization

Gj/ LDLDJ'/ xDGiDpj/.

Lemma 2.4.5.1 implies that C; / and D,; /XD @ are fiberwise equivalent left
fibrations over C, so that f is a categorical equivalence by Corollary 2.4.4.4
(we note that the map f automatically carries coCartesian edges to coCarte-
sian edges because all edges of the target D,,;, xp C are coCartesian). The
map ¢ is a categorical equivalence by Corollary 2.4.4.5. It follows that g o f
is a categorical equivalence, as desired. U

2.4.6 Application: Categorical Fibrations over a Point
Our main goal in this section is to prove the following result:

Theorem 2.4.6.1. Let C be a simplicial set. Then C is fibrant for the Joyal
model structure if and only if C is an co-category.

The proof will require a few technical preliminaries.

Lemma 2.4.6.2. Let p: C — D be a categorical equivalence of co-categories
and let m > 2 be an integer. Suppose we are given maps fo : 9 Allmb — @
and ho : A" — D with ho| @ Allomb = o fo. Suppose further that the
restriction of h to A%} s an equivalence in D. Then there exist maps f
Almb 5 @ ks A™ — D such that h| AT = pof, fo = f| O AtL-m},
and hg = h|AT".

Proof. We may regard hg as a point of the simplicial set D .z, . Since p is a
categorical equivalence, Proposition 1.2.9.3 implies that p’ : C/z) — D /po,
is a categorical equivalence. It follows that hg lies in the essential image
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of p’. Consider the linearly ordered set {0 < 0’ < 1 < --- < n} and the
corresponding simplex A{%:0"--n} By hypothesis, we can extend fy to a
map f{ Aé?l"”’m} — € and hg to a map hj : A0 g AlLm} D such
that hy|AL00'} is an equivalence and hg\AéOl"" "™ = po 15

Since h)| ALt and hy| A%} are both equivalences in D, we deduce that
h6|A{0"1} is an equivalence in D. Since p is a categorical equivalence, it
follows that f§|A{0"1} is an equivalence in €. Proposition 1.2.4.3 implies

that f; extends to a map f’ : A{0-m} _ @ The union of po f’ and hj

. 0,0,..., . . .
determines a map Aé, m, D; since D is an oco-category, this extends

to a map h' : At00mb . D We may now take f = f/|Allm} and
h= h|A™, O

Lemma 2.4.6.3. Let p: € — D be a categorical equivalence of co-categories
and let A C B be an inclusion of simplicial sets. Let fo: A—C,g: B— D
be any maps and let ho : A x A — D be an equivalence from g|A to po fo.
Then there exists a map f : B — C and an equivalence h : B x A" — D
from g to po f such that fo = f|A and hg = h|A x A®.

Proof. Working simplex by simplex with the inclusion A C B, we may re-
duce to the case where B = A", A = 9 A™. If n = 0, the existence of the
desired extensions is a reformulation of the assumption that p is essentially
surjective. Let us assume therefore that n > 1.

We consider the task of constructing h : A™ x A' — D. Consider the
filtration

X(n+1)C---CX(0)=A" x A!

described in the proof of Proposition 2.1.2.6. We note that the value of
h on X(n + 1) is uniquely prescribed by ho and g. We extend the defi-
nition of h to X (i) by descending induction on i. We note that X (i) ~
X(i+1) HAZ“ A" For i > 0, the existence of the required extension is
guaranteed by the assumption that D is an co-category. Since n > 1, Lemma
2.4.6.2 allows us to extend h over the simplex oy and to define f so that the
desired conditions are satisfied. O

Lemma 2.4.6.4. Let C C D be an inclusion of simplicial sets which is also
a categorical equivalence. Suppose further that C is an oco-category. Then C
s a retract of D.

Proof. Enlarging D by an inner anodyne extension if necessary, we may
suppose that D is an oo-category. We now apply Lemma 2.4.6.3 in the case
where A=C, B=1D. O

Proof of Theorem 2.4.6.1. The “only if” direction has already been estab-
lished (Remark 2.2.5.5). For the converse, we must show that if C is an
oo-category, then € has the extension property with respect to every inclu-
sion of simplicial sets A C B which is a categorical equivalence. Fix any
map A — C. Since the Joyal model structure is left proper, the inclusion
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€ C CJ],4 B is a categorical equivalence. We now apply Lemma 2.4.6.4 to
conclude that C is a retract of CJ], B. O

We can state Theorem 2.4.6.1 as follows: if S is a point, then p: X — §
is a categorical fibration (in other words, a fibration with respect to the
Joyal model structure on §8) if and only if it is an inner fibration. However,
the class of inner fibrations does not coincide with the class of categorical
fibrations in general. The following result describes the situation when 7T is
an oo-category:

Corollary 2.4.6.5 (Joyal). Let p : C — D be a map of simpicial sets,
where D is an oco-category. Then p is a categorical fibration if and only if
the following conditions are satisfied:

(1) The map p is an inner fibration.

(2) For every equivalence f : D — D" in D and every object C' € C with
p(C) = D, there exists an equivalence f : C — C' in C with p(f) = f.

Proof. Suppose first that p is a categorical fibration. Then (1) follows im-
mediately (since the inclusions A} C A™ are categorical equivalences for
0 < i < n). To prove (2), we let D® denote the largest Kan complex con-
tained in D, so that the edge f belongs to D. There exists a contractible
Kan complex K containing an edge f : D — D’ and a map ¢ : K — D such
that ¢(f) = f. Since the inclusion {D} C K is a categorical equivalence,
our assumption that p is a categorical fibration allows us to lift ¢ to a map
q : K — C such that ¢(D) = C. We can now take f = ¢(f); since f is an
equivalence in K, f is an equivalence in €.

Now suppose that (1) and (2) are satisfied. We wish to show that p is a
categorical fibration. Consider a lifting problem

Ai>€

0 7
i//lp

7 h
B—>D,

where i is a cofibration and a categorical equivalence; we wish to show that
there exists a morphism ¢ as indicated which renders the diagram commuta-
tive. We first observe that condition (1), together with our assumption that
D is an oco-category, guarantees that C is an co-category. Applying Theorem
2.4.6.1, we can extend gg to a map ¢’ : B — € (not necessarily satisfying
h=pog'). The maps h and p o ¢’ have the same restriction to A. Let

Hy:(BxoAY) J[ (AxAa)—D
Axd AL

be given by (po g’,h) on B x Al and by the composition
AxA' S ACBLD
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on Ax Al. Applying Theorem 2.4.6.1 once more, we deduce that Hy extends
toamap H : B x Al — D. The map H carries {a} x A! to an equivalence
in D for every vertex a of A. Since the inclusion A C B is a categorical
equivalence, we deduce that H carries {b} x Al to an equivalence for every
be B.

Let

Go:(Bx{0}) J] (Axah)—e
Ax{0}

be the composition of the projection to B with the map ¢’. We have a
commutative diagram

(B x {0} [Las oy (4 x A) —5 ¢

i a -~
- p
~
~
~

B x Al " D.

To complete the proof, it will suffice to show that we can supply a map G
as indicated, rendering the diagram commutative; in this case, we can solve
the original lifting problem by defining g = G|B x {1}.

We construct the desired extension G working simplex by simplex on B.
We start by applying assumption (2) to construct the map G|{b} x Al for
every vertex b of B (that does not already belong to A); moreover, we ensure
that G|{b} x Al is an equivalence in C.

To extend Gq to simplices of higher dimension, we encounter lifting prob-
lems of the type

(A™ x {0}) HBA"x{O}(a A" x Al %; ¢

—
-
—
-
_ p
-
—

—

A" x Al D.

According to Proposition 2.4.1.8, these lifting problems can be solved pro-
vided that e carries {0} x Al to a p-coCartesian edge of €. This follows
immediately from Proposition 2.4.1.5. O

2.4.7 Bifibrations

As we explained in §2.1.2, left fibrations p : X — S can be thought of as
covariant functors from S into an oco-category of spaces. Similarly, right fi-
brations ¢ : Y — T can be thought of as contravariant functors from 7' into
an oo-category of spaces. The purpose of this section is to introduce a con-
venient formalism which encodes covariant and contravariant functoriality
simultaneously.

Remark 2.4.7.1. The theory of bifibrations will not play an important role
in the remainder of the book. In fact, the only result from this section that
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we will actually use is Corollary 2.4.7.12, whose statement makes no mention
of bifibrations. A reader who is willing to take Corollary 2.4.7.12 on faith,
or supply an alternative proof, may safely omit the material covered in this
section.

Definition 2.4.7.2. Let S, T, and X be simplicial sets and let p: X — SxT
be a map. We shall say that p is a bifibration if it is an inner fibration having
the following properties:

e For every n > 1 and every diagram of solid arrows
Afg — X

7
v
v
-
s

A”*f>5><T

such that 77 o f maps A%} C A”™ to a degenerate edge of T, there
exists a dotted arrow as indicated, rendering the diagram commutative.
Here 7w denotes the projection S x T'— T.

e For every n > 1 and every diagram of solid arrows

AZ%—X

L]

A”*JLSXT

such that 7g o f maps A{"=17} C A" to a degenerate edge of T, there
exists a dotted arrow as indicated, rendering the diagram commutative.
Here g denotes the projection S x T'— S.

Remark 2.4.7.3. The condition that p be a bifibration is not a condition on
p alone but also refers to a decomposition of the codomain of p as a product
S xT. We note also that the definition is not symmetric in S and 7" instead,
p: X — S x T is a bifibration if and only if p°? : X°P — TP x S is a
bifibration.

Remark 2.4.7.4. Let p: X — S x T be a map of simplicial sets. If T' = x,
then p is a bifibration if and only if it is a left fibration. If S = %, then p is
a bifibration if and only if it is a right fibration.

Roughly speaking, we can think of a bifibration p : X — S x T as a
bifunctor from S xT to an co-category of spaces; the functoriality is covariant
in S and contravariant in 7T'.

Lemma 2.4.7.5. Let p : X — S X T be a bifibration of simplicial sets.
Suppose that S is an oo-category. Then the composition ¢ = mp op is a
Cartesian fibration of simplicial sets. Furthermore, an edge e of X is q-
Cartesian if and only if ms(p(e)) is an equivalence.
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Proof. The map ¢ is an inner fibration because it is a composition of inner
fibrations. Let us say that an edge e : * — y of X is quasi-Cartesian if
ms(p(e)) is degenerate in S. Let y € X be any vertex of X and let €:7 —
q(y) be an edge of S. The pair (€, soq(y)) is an edge of S x T' whose projection
to T is degenerate; consequently, it lifts to a (quasi-Cartesian) edge e : @ — y
in X. It is immediate from Definition 2.4.7.2 that any quasi-Cartesian edge
of X is g-Cartesian. Thus ¢ is a Cartesian fibration.

Now suppose that e is a g-Cartesian edge of X. Then e is equivalent to a
quasi-Cartesian edge of X; it follows easily that ms(p(e)) is an equivalence.
Conversely, suppose that e : © — y is an edge of X and that wg(p(e))
is an equivalence. We wish to show that e is ¢-Cartesian. Choose a quasi-
Cartesian edge €' : 2/ — y with ¢(e’) = g(e). Since e’ is g-Cartesian, there
exists a simplex o € Xy with doo = €/, djo = e, and q(0) = spq(e). Let
f = da(0), so that mg(p(e’)) o ms(p(f)) = msp(e) in the oo-category S. We
note that f lies in the fiber X, which is left fibered over S; since f maps
to an equivalence in S, it is an equivalence in X,). Consequently, f is
g-Cartesian, so that e = ¢’ o f is g-Cartesian as well. O

Proposition 2.4.7.6. Let X % Y L S x T be a diagram of simplicial
sets. Suppose that q and qop are bifibrations and that p induces a homotopy
equivalence X s ) — Y(s 1) of fibers over each vertex (s,t) of S x T. Then p
s a categorical equivalence.

Proof. By means of a standard argument (see the proof of Proposition
2.2.2.7), we may reduce to the case where S and T are simplices; in par-
ticular, we may suppose that S and T are oo-categories. Fix t € Ty and
consider the map of fibers p; : X; — Y;. Both sides are left fibered over
S x {t}, so that p; is a categorical equivalence by (the dual of) Corollary
2.4.4.4. We may then apply Corollary 2.4.4.4 again (along with the charac-
terization of Cartesian edges given in Lemma 2.4.7.5) to deduce that p is a
categorical equivalence. O

Proposition 2.4.7.7. Let p : X — S x T be a bifibration, let f : S' —
S, g : T — T be categorical equivalences between oo-categories, and let
X' = X Xgur (8" x T"). Then the induced map X' — X is a categorical
equivalence.

Proof. We will prove the result assuming that f is an isomorphism. A dual
argument will establish the result when ¢ is an isomorphism and applying
the result twice we will deduce the desired statement for arbitrary f and g.

Given a map i : A — S, let us say that i is good if the induced map
X xgx7 (AXT") — X xgx1 (A XT") is a categorical equivalence. We wish
to show that the identity map S — S is good; it will suffice to show that all
maps A — S are good. Using the argument of Proposition 2.2.2.7, we can
reduce to showing that every map A™ — S is good. In other words, we may
assume that S = A™, and in particular that S is an co-category. By Lemma
2.4.7.5, the projection X — T is a Cartesian fibration. The desired result
now follows from Corollary 2.4.4.5. O
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We next prove an analogue of Lemma 2.4.6.3.

Lemma 2.4.7.8. Let X 5 Y % S x T satisfy the hypotheses of Proposition
2.4.7.6. Let A C B be a cofibration of simplicial sets over S x T. Let fy :
A— X, g:B—Y be morphisms in (Seta),sxr and let hg : A x Al =Y
be a homotopy (again over S x T') from g|A to po fo.

Then there exists a map [ : B — X (of simplicial sets over S x T) and a
homotopy h: B x A' — T (over S x T) from g to po f such that fo = f|A
and hg = h|A x Al

Proof. Working simplex by simplex with the inclusion A C B, we may reduce
to the case where B = A™, A = 9A™. If n = 0, we may invoke the fact
that p induces a surjection moX (s — moY(,,+) on each fiber. Let us assume
therefore that n > 1. Without loss of generality, we may pull back along the
maps B — S, B — T and reduce to the case where S and T are simplices.

We consider the task of constructing h : A™ x A! — T. We now employ
the filtration

X(n+1)C---C X(0)

described in the proof of Proposition 2.1.2.6. We note that the value of
h on X(n + 1) is uniquely prescribed by hg and g. We extend the defi-
nition of h to X (i) by descending induction on i. We note that X (i) ~
X(@{+1) HAZ‘H A"TL For i > 0, the existence of the required extension is
guaranteed by the assumption that Y is inner-fibered over S x T.

We note that, in view of the assumption that S and T are simplices, any
extension of h over the simplex g is automatically a map over S x T. Since
S and T are co-categories, Proposition 2.4.7.6 implies that p is a categorical
equivalence of co-categories; the existence of the desired extension of h (and
the map f) now follows from Lemma 2.4.6.2. O

Proposition 2.4.7.9. Let X > Y L §xT satisfy the hypotheses of Propo-
sition 2.4.7.6. Suppose that p is a cofibration. Then there exists a retraction
r:Y — X (as a map of simplicial sets over S x T') such that rop =idx.

Proof. Apply Lemma 2.4.7.8 in the case where A= X and B=Y. O

Let ¢ : M — A! be an inner fibration, which we view as a correspondence
from C = ¢~ 1{0} to D = ¢~ 1{1}. Evaluation at the endpoints of Al induces
maps Mapai (AL, M) — €, Mapa: (AL, M) — D.

Proposition 2.4.7.10. For every inner fibration ¢ : M — Al as above, the
map p : Map a1 (AL, M) — C x D is a bifibration.

Proof. We first show that p is an inner fibration. It suffices to prove that ¢
has the right lifting property with respect to
(Ap x A [ (amxoah)cAr x A
AT X9 Al
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for any 0 < ¢ < n. But this is a smash product of 9 A! C Al with the inner
anodyne inclusion A} C A™.

To complete the proof that p is a bifibration, we verify that for every n > 1,
fo: A% — X, and g: A® — S x T with g|A} = po fo, if (75 0 g)|ALO} is
degenerate, then there exists f : A" — X with g = po f and fo = f|A].
(The dual assertion, regarding extensions of maps A” — X, is verified in the
same way.) The pair (fo, g) may be regarded as a map

ho: (A" x{0,1}) ] (Afx Al =M,
AR x{0,1}
and our goal is to prove that hy extends to a map h : A" x Al — M.

Let {0;}o<i<n be the maximal-dimensional simplices of A™ x A, as in
the proof of Proposition 2.1.2.6. We set

K(0)=(A"x{o,1}) J] (AfxAh
Apx{0,1}

and, for 0 < ¢ < n, let K(i +1) = K(i) U o;. We construct maps h; :

K; — M, with h; = h;11|K;, by induction on i. We note that for i <

n, K(i +1) >~ K(i)[[jn+1 A", so that the desired extension exists by
i+1

virtue of the assumption that M is an co-category. If ¢ = n, we have instead
an isomorphism A" x A = K(n + 1) ~ K(n) HAg+1 A"t The desired

extension of h,, can be found using Proposition 1.2.4.3 because ho|A{%1} x
{0} is an equivalence in € C M by assumption. O

Corollary 2.4.7.11. Let C be an oco-category. Evaluation at the endpoints
gives a bifibration Fun(A!, €) — € x C.

Proof. Apply Proposition 2.4.7.10 to the correspondence € x Al. O

Corollary 2.4.7.12. Let f : € — D be a functor between co-categories. The
projection

p: Fun(Al,D) X Fun({1},D) € — Fun({0}, D)

is a Cartesian fibration. Moreover, a morphism of Fun(A', D) XFun({1},0) €
is p-Cartesian if and only if its image in C is an equivalence.

Proof. Combine Corollary 2.4.7.11 with Lemma 2.4.7.5. O



Chapter Three

The oco-Category of oo-Categories

The power of category theory lies in its role as a unifying language for math-
ematics: nearly every class of mathematical structures (groups, manifolds,
algebraic varieties, and so on) can be organized into a category. This lan-
guage is somewhat inadequate in situations where the structures need to be
classified up to some notion of equivalence less rigid than isomorphism. For
example, in algebraic topology one wishes to study topological spaces up
to homotopy equivalence; in homological algebra one wishes to study chain
complexes up to quasi-isomorphism. Both of these examples are most natu-
rally described in terms of higher category theory (for example, the theory
of co-categories developed in this book).

Another source of examples arises in category theory itself. In classical
category theory, it is generally regarded as unnatural to ask whether two
categories are isomorphic; instead, one asks whether or not they are equiv-
alent. The same phenomenon arises in higher category theory. Throughout
this book, we generally regard two oco-categories € and D as the same if
they are categorically equivalent, even if they are not isomorphic to one an-
other as simplicial sets. In other words, we are not interested in the ordinary
category of co-categories (a full subcategory of 8eta) but in an underlying
oo-category which we now define.

Definition 3.0.0.1. The simplicial category Gatvo is defined as follows:
(1) The objects of Cat2 are (small) co-categories.

(2) Given oo-categories € and D, we define Mape,.a (€, D) to be the largest
Kan complex contained in the co-category Fun(C, D).

We let Cato, denote the simplicial nerve N(Cat% ). We will refer to Catu,
as the co-category of (small) co-categories.

Remark 3.0.0.2. By construction, Cat., arises as the nerve of a simpli-
cial category Gatvo, where composition is strictly associative. This is one
advantage of working with oo-categories: the correct notion of functor is en-
coded by simply considering maps of simplicial sets (rather than homotopy

coherent diagrams, say), so there is no difficulty in composing them.

Remark 3.0.0.3. The mapping spaces in CatOAO are Kan complexes, so that
Cateo is an co-category (Proposition 1.1.5.10) as suggested by the terminol-
ogy.
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Remark 3.0.0.4. By construction, the objects of Cat., are co-categories,
morphisms are given by functors, and 2-morphisms are given by homotopies
between functors. In other words, Cat., discards all information about non-
invertible natural transformations between functors. If necessary, we could
retain this information by forming an co-bicategory of (small) co-categories.
We do not wish to become involved in any systematic discussion of oo-
bicategories, so we will be content to consider only Caty.

Our goal in this chapter is to study the oo-category Cat.,. For exam-
ple, we would like to show that Cat., admits limits and colimits. There
are two approaches to proving this assertion. We can attack the problem
directly by giving an explicit construction of the limits and colimits in ques-
tion: see §3.3.3 and §3.3.4. Alternatively, we can try to realize Cat., as the
oo-category underlying a (simplicial) model category A and deduce the ex-
istence of limits and colimits in Cat., from the existence of homotopy limits
and homotopy colimits in A (Corollary 4.2.4.8). The objects of Cat., can
be identified with the fibrant-cofibrant objects of Seta with respect to the
Joyal model structure. However, we cannot apply Corollary 4.2.4.8 directly
because the Joyal model structure on Seta is not compatible with the (usual)
simplicial structure. We will remedy this difficulty by introducing the cat-
egory SetX of marked simplicial sets. We will explain how to endow SetJAr
with the structure of a simplicial model category in such a way that there
is an equivalence of simplicial categories Cats =~ (Set})°. This will allow
us to identify Cat,, with the co-category underlying SetX, so that Corollary
4.2.4.8 can be invoked.

We will introduce the formalism of marked simplicial sets in §3.1. In par-
ticular, we will explain the construction of a model structure not only on
Setz itself but also for the category (SetX) /s of marked simplicial sets over
a given simplicial set S. The fibrant objects of (Setz) /s can be identified
with Cartesian fibrations X — S, which we can think of as contravariant
functors from S into Caty. In §3.2, we will justify this intuition by introduc-
ing the straightening and unstraightening functors which will allow us to pass
back and forth between Cartesian fibrations over S and functors from S°? to
Cato,. This correspondence has applications both to the study of Cartesian
fibrations and to the study of the oco-category Catoo; we will survey some of
these applications in §3.3.

Remark 3.0.0.5. In the later chapters of this book, it will be necessary
to undertake a systematic study of oo-categories which are not small. For
this purpose, we introduce the following notational conventions: Cats, /lvill
denote the simplicial nerve of the category of small co-categories, while Cat
denotes the simplicial nerve of the category of co-categories which are not
necessarily small.
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3.1 MARKED SIMPLICIAL SETS

The Joyal model structure on Seta is a powerful tool in the study of oco-
categories. Nevertheless, in relative situations it is somewhat inconvenient.
Roughly speaking, a categorical fibration p : X — S determines a family
of oco-categories X, parametrized by the vertices s of S. However, we are
generally more interested in those cases where X, can be regarded as a
functor of s. As we explained in §2.4.2, this naturally translates into the
assumption that p is a Cartesian (or coCartesian) fibration. According to
Proposition 3.3.1.7, every Cartesian fibration is a categorical fibration, but
the converse is false. Consequently, it is natural to try to endow (Seta),s
with some other model structure in which the fibrant objects are precisely
the Cartesian fibrations over S.

Unfortunately, this turns out to be an unreasonable demand. In order to
have a model category, we need to be able to form fibrant replacements: in
other words, we need the ability to enlarge an arbitrary map p : X — S into
a commutative diagram

where ¢ is a Cartesian fibration generated by p. A question arises: for which
edges f of X should ¢(f) be a ¢g-Cartesian edge of Y'? This sort of information
is needed for the construction of Y; consequently, we need a formalism in
which certain edges of X have been distinguished.

Definition 3.1.0.1. A marked simplicial set is a pair (X, &), where X is a
simplicial set and € is a set of edges of X which contains every degenerate
edge. We will say that an edge of X will be called marked if it belongs to &.

A morphism f : (X,€) — (X', &) of marked simplicial sets is a map
f: X — X’ having the property that f(€) C &'. The category of marked
simplicial sets will be denoted by Set}.

Every simplicial set S may be regarded as a marked simplicial set, usually
in many different ways. The two extreme cases deserve special mention: if
S is a simplicial set, we let S* = (5,S;) denote the marked simplicial set
in which every edge of S has been marked and let S* = (S, s0(Sp)) denote
the marked simplicial set in which only the degenerate edges of S have been
marked.

Notation 3.1.0.2. Let S be a simplicial set. We let (SetX),s denote the
category of marked simplicial sets equipped with a map to S (which might
otherwise be denoted as (Set{),s:).

Our goal in this section is to study the theory of marked simplicial sets
and, in particular, to endow each (Setz) /s with the structure of a model cat-
egory. We will begin in §3.1.1 by introducing the notion of a marked anodyne



148 CHAPTER 3

morphism in 8et{. In §3.1.2, we will establish a basic stability property of
the class of marked anodyne maps, which implies the stability of Cartesian
fibrations under exponentiation (Proposition 3.1.2.1). In §3.1.3, we will in-
troduce the Cartesian model structure on (SetJAr) /s for every simplicial set S.
In §3.1.4, we will study these model categories; in particular, we will see that
each (SetX) /s is a simplicial model category whose fibrant objects are pre-
cisely the Cartesian fibrations X — S (with Cartesian edges of X marked).
Finally, we will conclude with §3.1.5, where we compare the Cartesian model
structure on (Set}) /s with other model structures considered in this book
(such as the Joyal and contravariant model structures).

3.1.1 Marked Anodyne Morphisms

In this section, we will introduce the class of marked anodyne morphisms in
8et{. The definition is chosen so that the condition that a map X — S have
the right lifting property with respect to all marked anodyne morphisms is
closely related to the condition that the underlying map of simplicial sets
X — S be a Cartesian fibration (we refer the reader to Proposition 3.1.1.6
for a more precise statement). The theory of marked anodyne maps is a
technical device which will prove useful when we discuss the Cartesian model
structure in §3.1.3: every marked anodyne morphism is a trivial cofibration
with respect to the Cartesian model structure, but not conversely. In this
respect, the class of marked anodyne morphisms of SetJAr is analogous to the
class of inner anodyne morphisms of Seta.

Definition 3.1.1.1. The class of marked anodyne morphisms in Setz is the
smallest weakly saturated (see §A.1.2) class of morphisms with the following
properties:

(1) For each 0 < i < n, the inclusion (A7)’ C (A™)” is marked anodyne.

(2) For every n > 0, the inclusion
(A5, EN(AL) € (A™,€)
is marked anodyne, where & denotes the set of all degenerate edges of
A" together with the final edge A{?=17},
(3) The inclusion
(ADF TT (a%) — (2%
(A
is marked anodyne.

(4) For every Kan complex K, the map K — K* is marked anodyne.

Remark 3.1.1.2. The definition of a marked simplicial set is self-dual.
However, Definition 3.1.1.1 is not self-dual: if A — B is marked anodyne,
then the opposite morphism A°? — B°P need not be marked anodyne. This
reflects the fact that the theory of Cartesian fibrations is not self-dual.
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Remark 3.1.1.3. In part (4) of Definition 3.1.1.1, it suffices to allow K
to range over a set of representatives for all isomorphism classes of Kan
complexes with only countably many simplices. Consequently, we deduce
that the class of marked anodyne morphisms in Setg is of small generation,
so that the small object argument applies (see §A.1.2). We will refine this
observation further: see Corollary 3.1.1.8 below.

Remark 3.1.1.4. In Definition 3.1.1.1, we are free to replace (1) by

(1") For every inner anodyne map A — B of simplicial sets, the induced
map A® — B’ is marked anodyne.

o . . . . . + .
Proposition 3.1.1.5. Consider the following classes of morphisms in Setx :

(2) All inclusions
(An, €N(AL)1) € (A", €),
wheren > 0 and € denotes the set of all degenerate edges of A™ together
with the final edge AT"=1n},
(2") All inclusions
(@Aam > (Aahh T (A™ x {1}F) < (A™)" x (AN
(8 Am)> x{1}*

(2") All inclusions

(A @ahh T B x{1}F) € B> x (AN,
Abx {1}#

where A C B is an inclusion of simplicial sets.

The classes (2') and (2") generate the same weakly saturated class of mor-
phisms of Setz which contains the weakly saturated class generated by (2).

Conversely, the weakly saturated class of morphisms generated by (1) and
(2) from Definition 3.1.1.1 contains (2") and (2").

Proof. To see that each of the morphisms specified in (2”) is contained in
the weakly saturated class generated by (2'), it suffices to work simplex by
simplex with the inclusion A C B. The converse is obvious since the class
of morphisms of type (2’) is contained in the class of morphisms of type
(2"). To see that the weakly saturated class generated by (2”) contains (2),
it suffices to show that every morphism in (2) is a retract of a morphism in
(2"). For this, we consider maps

A L AT AT A,
Here j is the composition of the identification A™ ~ A™ x {0} with the

inclusion A" x {0} C A”™ x A!, and r may be identified with the map of
partially ordered sets

(m, i) n ifm=n—-1,i=1
r(m,i) = )
m  otherwise.
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Now we simply observe that j and r exhibit the inclusion
(An, EN(A7)o) € (A, €)
as a retract of
(A" x(AhHH T (A™ x {13%) C (A" x (AN
(Ap)Px{1}*

To complete the proof, we must show that each of the inclusions

(@A™ > (Aah)  TT (@A™’ x {1} c (A" x (AN

(8 Am)P x {1}

of type (2') belongs to the weakly saturated class generated by (1) and (2).
To see this, consider the filtration

Yn+1g---gYO:A"xA1

which is the opposite of the filtration defined in the proof of Proposition
2.1.2.6. We let &; denote the class of all edges of Y; which are marked in
(A™)> x (AY)E. It will suffice to show that each inclusion f; : (Yij1, Eir1) C
(Y3, &;) lies in the weakly saturated class generated by (1) and (2). For ¢ # 0,
the map f; is a pushout of (A?T]_,)* C (A"*1)*. For i = 0, f; is a pushout
of

(A:zli%’ & ﬂ(AZi%)l) - (An+1’ 8)’

where € denotes the set of all degenerate edges of A"l together with
A{n,n-{-l}. 0

We now characterize the class of marked anodyne maps:

Proposition 3.1.1.6. A map p : X — S in SetX has the right lifting
property with respect to all marked anodyne maps if and only if the following
conditions are satisfied:

(A) The map p is an inner fibration of simplicial sets.

(B) An edge e of X is marked if and only if p(e) is marked and e is p-
Cartesian.

(C) For every object y of X and every marked edge e : T — p(y) in S, there
exists a marked edge e : x — y of X with p(e) =e.

Proof. We first prove the “only if” direction. Suppose that p has the right
lifting property with respect to all marked anodyne maps. By considering
maps of the form (1) from Definition 3.1.1.1, we deduce that (A) holds.
Considering (2) in the case n = 0, we deduce that (C') holds. Considering
(2) for n > 0, we deduce that every marked edge of X is p-Cartesian. For
the converse, let us suppose that e : * — y is a p-Cartesian edge of X
and that p(e) is marked in S. Invoking (C), we deduce that there exists a
marked edge ¢ : ' — y with p(e) = p(¢’). Since ¢’ is Cartesian, we can
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find a 2-simplex o of X with do(0) = ¢/, di(0) = e, and p(o) = s1p(e).
Then dy(0) is an equivalence between = and ' in the co-category Xz
Let K denote the largest Kan complex contained in Xj,,). Since p has the
right lifting property with respect to K» — K*, we deduce that every edge
of K is marked; in particular, d2(o) is marked. Since p has the right lifting
property with respect to the morphism described in (3) of Definition 3.1.1.1,
we deduce that d; (o) = e is marked.

Now suppose that p satisfies the hypotheses of the proposition. We must
show that p has the right lifting property with respect to the classes of
morphisms (1), (2), (3), and (4) of Definition 3.1.1.1. For (1), this follows
from the assumption that p is an inner fibration. For (2), this follows from
(C) and from the assumption that every marked edge is p-Cartesian. For
(3), we are free to replace S by (A2)%; then p is a Cartesian fibration over
an oo-category S, and we can apply Proposition 2.4.1.7 to deduce that the
class of p-Cartesian edges is stable under composition.

Finally, for (4), we may replace S by K*: then S is a Kan complex and
p is a Cartesian fibration, so the p-Cartesian edges of X are precisely the
equivalences in X. Since K is a Kan complex, any map K — X carries the
edges of K to equivalences in X. U

By Quillen’s small object argument, we deduce that a map j: A — B in
et is marked anodyne if and only if it has the left lifting property with
respect to all morphisms p : X — S satisfying the hypotheses of Proposition
3.1.1.6. From this, we deduce:

Corollary 3.1.1.7. The inclusion
i (A)F [T (4% < (A%
(A3
is marked anodyne.

Proof. 1t will suffice to show that ¢ has the left lifting property with respect to
any of the morphisms p : X — S described in Proposition 3.1.1.6. Without
loss of generality, we may replace S by (A2)%; we now apply Proposition
2.4.1.7. O

The following somewhat technical corollary will be needed in §3.1.3:

Corollary 3.1.1.8. In Definition 3.1.1.1, we can replace the class of mor-
phisms (4) by

(4") the map j : A* — (A, s0A40U{f}), where A is the quotient of A* which

corepresents the functor
Homget, (4, X) = {0 € X5,e € X; : dio = spe,dao = s1e}
and f € Ay is the image of A0} C A3 in A.
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Proof. We first show that for every Kan complex K, the map i : K* — K!
lies in the weakly saturated class of morphisms generated by (4’). We note
that 7 can be obtained as an iterated pushout of morphisms having the form
K* — (K, s0KoU/{e}), where e is an edge of K. It therefore suffices to show
that there exists a map p : A — K such that p(f) = e. In other words, we
must prove that there exists a 3-simplex o : A% — K with dyo = sge and
dyo = sie. This follows immediately from the Kan extension condition.

To complete the proof, it will suffice to show that the map j is marked
anodyne. To do so, it suffices to prove that for any diagram

Ab

7
-
-
~ p
~

(4, 5040 U{f}) — > §

for which p satisfies the conditions of Proposition 3.1.1.6, there exists a dot-
ted arrow as indicated, rendering the diagram commutative. This is simply
a reformulation of Proposition 2.4.1.13. O

Definition 3.1.1.9. Let p: X — S be a Cartesian fibration of simplicial
sets. We let X7 denote the marked simplicial set (X, &), where & is the set
of p-Cartesian edges of X.

Remark 3.1.1.10. Our notation is slightly abusive because X? depends
not only on X but also on the map X — S.

Remark 3.1.1.11. According to Proposition 3.1.1.6, amap (Y, €) — S* has
the right lifting property with respect to all marked anodyne maps if and
only if the underlying map ¥ — S is a Cartesian fibration and (Y, &) = Y4,

We conclude this section with the following easy result, which will be
needed later:

Proposition 3.1.1.12. Let p : X — S be an inner fibration of simplicial
sets, let f : A — B be a marked anodyne morphism in SetX, letq: B — X be
map of simplicial sets which carries each marked edge of B to a p-Cartesian
edge of X, and set gy = qo f. Then the induced map

X/q = X/ao XS040 S/pa
s a trivial fibration of simplicial sets.

Proof. Tt is easy to see that the class of all morphisms f of Setz which satisfy
the desired conclusion is weakly saturated. It therefore suffices to prove that
this class contains a collection of generators for the weakly saturated class
of marked anodyne morphisms. If f induces a left anodyne map on the
underlying simplicial sets, then the desired result is automatic. It therefore
suffices to consider the case where f is the inclusion

(A7, €N(AL)1) € (A", €)
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as described in (2) of Definition 3.1.1.1. In this case, a lifting problem

dA ——=Xq

7
-
-
-
-~
~

Am - X/CIO XS/qu S/Pq
can be reformulated as an equivalent lifting problem

n+m+1 90
An+m+1 X

7
v
- p
v
-

Amtmtl —— g,

This lifting problem admits a solution since the hypothsis on ¢ guarantees
that o carries A{ntmntm+1} ¢4 5 p Cartesian edge of X. O

3.1.2 Stability Properties of Marked Anodyne Morphisms
Our main goal in this section is to prove the following stability result:

Proposition 3.1.2.1. Letp: X — S be a Cartesian fibration of simplicial
sets and let K be an arbitrary simplicial set. Then

(1) The induced map p¥ : XX — SK is a Cartesian fibration.

(2) An edge A' — XE is pK_Cartesian if and only if, for every vertex k
of K, the induced edge A' — X is p-Cartesian.

We could easily have given an ad hoc proof of this result in §2.4.3. However,
we have opted instead to give a proof using the language of marked simplicial
sets.

Definition 3.1.2.2. A morphism (X, &) — (X', &’) in Set} is a cofibration
if the underlying map X — X'’ of simplicial sets is a cofibration.

The main ingredient we will need to prove Proposition 3.1.2.1 is the fol-
lowing:

Proposition 3.1.2.3. The class of marked anodyne maps in Setz is stable
under smash products with arbitrary cofibrations. In other words, if f : X —
X' is marked anodyne and g : Y — Y is a cofibration, then the induced map
X xY) [T (X' xY) - X' <Y’
XxXY
is marked anodyne.

Proof. The argument is tedious but straightforward. Without loss of gener-
ality we may suppose that f belongs either to the class (2") of Proposition
3.1.1.5, or to one of the classes specified in (1), (3), or (4) of Definition 3.1.1.1.
The class of cofibrations is generated by the inclusions (9 A™)* C (A™)” and
(A1)’ C (A%, thus we may suppose that g : Y — Y is one of these maps.
There are eight cases to consider:
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(A1)

(B2)

(C1)

(C2)

(D1)
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Let f be the inclusion (A?)” C (A™)” and let g be the inclusion
(OA™)” — (A™)?, where 0 < i < n. Since the class of inner anodyne
maps between simplicial sets is stable under smash products with in-

clusions, the smash product of f and g is marked anodyne (see Remark
3.1.1.4).

Let f be the inclusion (A?)” — (A™)’, and let g be the map (A')” —
(AY)f) where 0 < i < n. Then the smash product of f and g is an
isomorphism (since A7 contains all vertices of A™).

Let f be the inclusion
{1 @am)  JT «ah x@ary)c@ahx@an)
{1}#x (8 Am)°
and let g be the inclusion (9 A?)” — (A™)°. Then the smash product
of f and g belongs to the class (2”) of Proposition 3.1.1.5.

Let f be the inclusion

{1 @) JI  «ah x(@ary)c(ahx @an)
{1}x(0Am)?
and let g denote the map (A')> — (AME If n > 0, then the smash
product of f and g is an isomorphism. If n = 0, then the smash product
may be identified with the map (A x Al &) — (A! x A% where €
consists of all degenerate edges together with {0} x Al, {1} x Al and
A x {1}. This map may be obtained as a composition of two marked
anodyne maps: the first is of type (3) in Definition 3.1.1.1 (adjoining

the “diagonal” edge to &), and the second is the map described in
Corollary 3.1.1.7 (adjoining the edge Al x {0} to ).

Let f be the inclusion
(ADF TT (a%) — (&%)
(AP

and let g be the inclusion (9 A™)” C (A™)°. Then the smash product of
f and g is an isomorphism for n > 0 and is isomorphic to f for n = 0.

Let f be the inclusion
(ADF TT (a%) — (&%)
(AP

and let g be the canonical map (A!)” — (A)%. Then the smash prod-
uct of f and g is a pushout of the map f.

Let f be the map K” — K*, where K is a Kan complex, and let g be
the inclusion (9 A™)” C (A™)". Then the smash product of f and g is
an isomorphism for n > 0, and isomorphic to f for n = 0.
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(D2) Let f be the map K” — K* where K is a Kan complex, and let g
be the map (A')” — (A')f. The smash product of f and g can be
identified with the inclusion

(K x A1, &) C (K x AY),
where € denotes the class of all edges e = (¢’,¢”) of K x Al for which
either ¢/ : A' — K or e’ : A — Al is degenerate. This inclusion can
be obtained as a transfinite composition of pushouts of the map
(ADF T (A% — (a2,
(

AZ)b

We now return to our main objective:

Proof of Proposition 3.1.2.1. Since p is a Cartesian fibration, it induces a
map X7 — Sf which has the right lifting property with respect to all marked
anodyne maps. By Proposition 3.1.2.3, the induced map

(X = ($H = (59!
has the right lifting property with respect to all marked anodyne morphisms.
The desired result now follows from Remark 3.1.1.11. O

3.1.3 The Cartesian Model Structure

Let S be a simplicial set. Our goal in this section is to introduce the Cartesian
model structure on the category (SetX) /s of marked simplicial sets over S. We
will eventually show that the fibrant objects of (Set}) /s correspond precisely
to Cartesian fibrations X — S and that they encode (contravariant) functors
from S into the co-category Catys.

The category SetJAr is Cartesian-closed; that is, for any two objects X,Y €
Setz, there exists an internal mapping object Y equipped with an “evalu-
ation map” YX x X — Y which induces bijections

Homg, (Z2,YX) - HomsetX(Z x X,Y)

for every Z € Setz We let Map"(X ,Y') denote the underlying simplicial set
of YX and Map(X,Y) C Mapb(X,Y) the simplicial subset consisting of
all simplices o C Manpb (X,Y) such that every edge of ¢ is a marked edge
of YX. Equivalently, we may describe these simplicial sets by the mapping
properties

Homge . (K, Map®(X,Y)) ~ Homg, ¢ (K x X,Y)
Homser (K, Map(X, Y)) =~ Homg, ¢ (K* x X,Y).
If X and Y are objects of (SetZ)/S, then we let Maupﬁs(X7 Y)C Mapu(X, Y)

and Mapg(X ) C Mapb(X ,Y) denote the simplicial subsets classifying
those maps which are compatible with the projections to S.
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Remark 3.1.3.1. If X € (Setf),s and p: Y — S is a Cartesian fibration,
then Map?;(X, Y") is an oo-category and Mapg(X,Yh) is the largest Kan
complex contained in Map’s (X, Y?).

Lemma 3.1.3.2. Let f : C — D be a functor between oo-categories. The
following are equivalent:

(1) The functor f is a categorical equivalence.

(2) For every simplicial set K, the induced map Fun(K, C) — Fun(K, D)
is a categorical equivalence.

(3) For every simplicial set K, the functor Fun(K,€C) — Fun(K,D) in-
duces a homotopy equivalence from the largest Kan complex contained
in Fun(K, C) to the largest Kan complex contained in Fun(K,D).

Proof. The implications (1) = (2) = (3) are obvious. Suppose that (3) is
satisfied. Let K = D. According to (3), there exists an object x of Fun(K, €)
whose image in Fun(K, D) is equivalent to the identity map K — D. We
may identify x with a functor g : D — € having the property that f o g is
homotopic to the identity idp. It follows that g also has the property asserted
by (3), so the same argument shows that there is a functor f’': € — D such
that go f’ is homotopic to ide. It follows that fogo f/ is homotopic to both
f and f’, so that f is homotopic to f’. Thus g is a homotopy inverse to f,
which proves that f is an equivalence. O

Proposition 3.1.3.3. Let S be a simplicial set and let p : X — Y be a
morphism in (Set),s. The following are equivalent:

(1) For every Cartesian fibration Z — S, the induced map
Mapy(Y, Z%) — Map(X, Z*)
s an equivalence of co-categories.
(2) For every Cartesian fibration Z — S, the induced map
Map (Y, 2%) — Map}(X, %)
is a homotopy equivalence of Kan complexes.

Proof. Since Map% (M, Z%) is the largest Kan complex contained in the oo-
category Map’ (M, Z%), it is clear that (1) implies (2). Suppose that (2) is
satisfied and let Z — S be a Cartesian fibration. We wish to show that

Map? (Y, Z%) — Map (X, Z%)

is an equivalence of co-categories. According to Lemma 3.1.3.2, it suffices to
show that

Map’(Y, Z5)K — Map (X, Z%)K
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induces a homotopy equivalence on the maximal Kan complexes contained in
each side. Let Z(K) = Z x 4« S. Proposition 3.1.2.1 implies that Z(K) — S
is a Cartesian fibration and that there is a natural identification

Map} (M, Z(K)f) ~ Maps(M, Z(K)?).

We observe that the largest Kan complex contained in the right hand side
is MapﬁS(M, Z(K)%). On the other hand, the natural map

Map§(Y, Z(K)*) — Map} (X, Z(K)")
is a homotopy equivalence by assumption (2). O

We will say that a map X — Y in (SetZ)/S is a Cartesian equivalence if
it satisfies the equivalent conditions of Proposition 3.1.3.3.

Remark 3.1.3.4. Let f : X — Y be a morphism in (SetZ)/s which is
marked anodyne when regarded as a map of marked simplicial sets. Since
the smash product of f with any inclusion A” C B’ is also marked anodyne,
we deduce that the map

¢ : Map(Y, Z%) — Map}(X, Z°)

is a trivial fibration for every Cartesian fibration Z — S. Consequently, f is
a Cartesian equivalence.

Let S be a simplicial set and let X,Y € (SetX)/S. We will say a pair of
morphisms f,g : X — Y are strongly homotopic if there exists a contractible
Kan complex K and a map K — Map’s(X,Y) whose image contains both
of the vertices f and ¢g. If Y = Z% where Z — S is a Cartesian fibration,
then this simply means that f and g are equivalent when viewed as objects
of the oo-category Mapg(X, Y).

Proposition 3.1.3.5. Let X 5> Y % S be a diagram of simplicial sets,
where both q¢ and qop are Cartesian fibrations. The following assertions are
equivalent:

(1) The map p induces a Cartesian equivalence X* — Y in (Set})s.

(2) There exists a map r :' Y — X which is a strong homotopy inverse to
p, in the sense that por and r o p are both strongly homotopic to the
identity.

(3) The map p induces a categorical equivalence X, — Yy for each vertex

s of S.

Proof. The equivalence between (1) and (2) is easy, as is the assertion that
(2) implies (3). It therefore suffices to show that (3) implies (2). We will
construct r and a homotopy from r o p to the identity. It then follows that
the map r satisfies (3), so the same argument will show that r has a right
homotopy inverse; by general nonsense this right homotopy inverse will au-
tomatically be homotopic to p, and the proof will be complete.
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Choose a transfinite sequence of simplicial subsets S(«) C S, where each
S(a) is obtained from (J,;_,, S(3) by adjoining a single nondegenerate sim-
plex (if such a simplex exists). We construct 7o, : Y xg S(a) — X and an
equivalence h, : (X x5 S(a)) x A — X xg S(a) from 7, o p to the identity
by induction on «. By this device we may reduce to the case where S = A",
and the maps

Y S X

X' x At - X

are already specified, where Y =Y xan 0A" CY and X' = X xan O A™ C
X. We may regard r’ and h’ together as defining a map 1 : Z' — X, where

z =y J] x'xay ] x.

X’x{0} X% {1}

Let Z = YHXx{o} X x A'; then our goal is to solve the lifting problem
depicted in the diagram
Yo

Z/ >

|

Z — A"

in such a way that 1 carries {x} x Al to an equivalence in X for every object
x of X. We note that this last condition is vacuous for n > 0.

If n = 0, the problem amounts to constructing a map ¥ — X which is
homotopy inverse to p: this is possible in view of the assumption that p is
a categorical equivalence. For n > 0, we note that any map ¢ : 7 — X
extending ¢q is automatically compatible with the projection to S (since S
is a simplex and Z’ contains all vertices of Z). Since the inclusion Z’ C Z is
a cofibration between cofibrant objects in the model category Seta (with the
Joyal model structure) and X is a co-category (since ¢ is an inner fibration
and A™ is an oco-category), Proposition A.2.3.1 asserts that it is sufficient
to show that the extension ¢ exists up to homotopy. Since Corollary 2.4.4.4
implies that p is an equivalence, we are free to replace the inclusion Z’ C Z
with the weakly equivalent inclusion

(X x {1}) 11 (X xan A" x {1}) C X x AL.
XX aAand A" x AL

Since ¢q carries {z} x Al to a (g o p)-Cartesian edge of X, for every vertex
x of X, the existence of ¢ follows from Proposition 3.1.1.5. O

Lemma 3.1.3.6. Let S be a simplicial set, leti: X — Y be a cofibration in
(SetZ)/S, and let Z — S be a Cartesian fibration. Then the associated map

p: Mapg(Y, Z% — Mapg(X, Z%) is a Kan fibration.
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Proof. Let A C B be an anodyne inclusion of simplicial sets. We must show
that p has the right lifting property with respect to p. Equivalently, we must
show that Z% — S has the right lifting property with respect to the inclusion

(B*x X) J] (A*xY)C B xY.
At x X

This follows from Proposition 3.1.2.3 since the inclusion A* C B¥ is marked
anodyne. U

Proposition 3.1.3.7. Let S be a simplicial set. There exists a left proper
combinatorial model structure on (SetZ)/S which may be described as follows:

(C) The cofibrations in (SetZ)/S are those morphisms p : X — Y in
(SetX)/S which are cofibrations when regarded as morphisms of sim-
plicial sets.

(W) The weak equivalences in (Set}) s are the Cartesian equivalences.

(F) The fibrations in (Setf), s are those maps which have the right lifting
property with respect to every map which is simultaneously a cofibration
and a Cartesian equivalence.

Proof. Tt suffices to show that the hypotheses of Proposition A.2.6.13 are
satisfied by the class (C) of cofibrations and the class (W).

(1) The class (W) of Cartesian equivalences is perfect (in the sense of
Definition A.2.6.10). To prove this, we first observe that the class of
marked anodyne maps is generated by the classes of morphisms (1),
(2), and (3) of Definition 3.1.1.1 and class (4") of Corollary 3.1.1.8. By
Proposition A.1.2.5, there exists a functor 7' from (SetZ)/S to itself
and a (functorial) factorization

X3 7(X)8 5%,
where iy is marked anodyne (and therefore a Cartesian equivalence)
and jx has the right lifting property with respect to all marked an-
odyne maps and therefore corresponds to a Cartesian fibration over
S. Moreover, the functor T" commutes with filtered colimits. Accord-
ing to Proposition 3.1.3.5, a map X — Y in (SetZ)/S is a Cartesian
equivalence if and only if, for each vertex s € S, the induced map

T(X)s — T(Y)s is a categorical equivalence. It follows from Corollary
A.2.6.12 that (W) is a perfect class of morphisms.

(2) The class of weak equivalences is stable under pushouts by cofibrations.
Suppose we are given a pushout diagram

X —2 sy

b,

X/pHY/
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where i is a cofibration and p is a Cartesian equivalence. We wish to
show that p’ is also a Cartesian equivalence. In other words, we must
show that for any Cartesian fibration Z — S, the associated map
Mapg(Y’7Zh) — MapﬁS(X',Z“) is a homotopy equivalence. Consider
the pullback diagram

Maph (Y, Z%) — Map (X', Z%)

| i

Maph (Y, Z8) — Map (X, Z°).

Since p is a Cartesian equivalence, the bottom horizontal arrow is a
homotopy equivalence. According to Lemma 3.1.3.6, the right verti-
cal arrow is a Kan fibration; it follows that the diagram is homotopy
Cartesian, so that the top horizontal arrow is an equivalence as well.

(3) Amapp: X - Yin (SetZ)/S which has the right lifting property with
respect to every map in (C') belongs to (W). Unwinding the definition,
we see that p is a trivial fibration of simplicial sets and that an edge
e of X is marked if and only if p(e) is a marked edge of Y. It follows
that p has a section s with sop fiberwise homotopic to idx. From this,
we deduce easily that p is a Cartesian equivalence.

O

Warning 3.1.3.8. Let S be a simplicial set. We must be careful to distin-
guish between Cartesian fibrations of simplicial sets (in the sense of Defi-
nition 2.4.2.1) and fibrations with respect to the Cartesian model structure
on (Setf),s (in the sense of Proposition 3.1.3.7). Though distinct, these
notions are closely related: for example, the fibrant objects of (SetZ) /s are

precisely those objects of the form X%, where X — S is a Cartesian fibration
(Proposition 3.1.4.1).

Remark 3.1.3.9. The definition of the Cartesian model structure on the
category (Set}) /s is not self-opposite. Consequently, we can define another
model structure on (Set}) s as follows:

(C) The cofibrations in (Set), g are precisely the monomorphisms.

(W) The weak equivalences in (Set}) /s are precisely the coCartesian equiv-
alences: that is, those morphisms f : X — Y such that the induced
79 x70P . . . .
map f: X © — Y is a Cartesian equivalence in (Setk)son-

(F) The fibrations in (Set}),s are those morphisms which have the right
lifting property with respect to every morphism satisfying both (C)
and ().

We will refer to this model structure on (Set}),s as the coCartesian model
structure.
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3.1.4 Properties of the Cartesian Model Structure

In this section, we will establish some of the basic properties of Cartesian
model structures on (Set} ) /s which was introduced in §3.1.3. In particular,
we will show that each (Setz) /5 1s a simplicial model category and charac-
terize its fibrant objects.

Proposition 3.1.4.1. An object X € (Set}),s is fibrant (with respect to
the Cartesian model structure) if and only if X ~ Y, where Y — S is a
Cartesian fibration.

Proof. Suppose first that X is fibrant. The small object argument implies
that there exists a marked anodyne map j : X — Z9 for some Cartesian
fibration Z — S. Since j is marked anodyne, it is a Cartesian equivalence.
Since X is fibrant, it has the extension property with respect to the trivial
cofibration j; thus X is a retract of Z!. It follows that X is isomorphic to
Y, where Y is a retract of Z.

Now suppose that Y — S is a Cartesian fibration; we claim that Y has
the right lifting property with respect to any trivial cofibration j : A — B
in (SetZ)/S. Since j is a Cartesian equivalence, the map 7 : MapﬁS(B, Y —
Mapg(A, Y?) is a homotopy equivalence of Kan complexes. Hence, for any
map f: A — Z% there is a map g : B — Z% such that g|4 and f are joined
by an edge e of MapﬁS(A,Zh). Let M = (A x (Al)ﬁ)]_[AX{l}n(B x {1}%) C

x (AN)%. We observe that e and g together determine a map M — Z°.
Consider the diagram

]
x (A1) — g,

The left vertical arrow is marked anodyne by Proposition 3.1.2.3. Conse-
quently, there exists a dotted arrow F as indicated. We note that F|B x {0}
is an extension of f to B, as desired. O

We now study the behavior of the Cartesian model structures with respect
to products.

Proposition 3.1.4.2. Let S and T be simplicial sets and let Z be an object
of (Setz)/T. Then the functor

(8etR)/s — (Setk) sxr
X—XxZ
preserves Cartesian equivalences.

Proof. Let f : X — Y be a Cartesian equivalence in (8et}),s. We wish to
show that f x idz is a Cartesian equivalence in (SetX)/SxT. Let X — X'
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be a marked anodyne map, where X’ € (Set}) /s is fibrant. Now choose a
marked anodyne map X’ [[y Y — Y’, where Y’ € (8et}) s is fibrant. Since
the product maps X X Z — X' x Z and Y x Z — Y’ x Z are also marked
anodyne (by Proposition 3.1.2.3), it suffices to show that X' x Z - Y’ x Z
is a Cartesian equivalence. In other words, we may reduce to the situation
where X and Y are fibrant. By Proposition 3.1.3.5, f has a homotopy inverse
g; then g x idy is a homotopy inverse to f x idy. O

Corollary 3.1.4.3. Let f : A — B be a cofibration in (Set}),s and f’ :
A" — B’ a cofibration in (Setz)/T. Then the smash product map
(AxB") J[] (A xB)— A x B
AxXB
is a cofibration in (SetZ)/SxT, which is trivial if either f or g is trivial.

Corollary 3.1.4.4. Let S be a simplicial set and regard (Set}),s as a sim-
plicial category with mapping objects given by MapuS(X,Y). Then (8et}) /s
is a simplicial model category.

Proof. Unwinding the definitions, we are reduced to proving the following:
given a cofibration i : X — X’ in (Set}),s and a cofibration j : ¥ — Y” in
Seta, the induced cofibration
(X' xvH J] (X xY*) C X' xy"
XxYt

in (SetX) /s is trivial if either i is a Cartesian equivalence or j is a weak
homotopy equivalence. If i is trivial, this follows immediately from Corollary
3.1.4.3. If j is trivial, the same argument applies provided that we can verify
that Y¥ — Y"* is a Cartesian equivalence in Setz. Unwinding the definitions,
we must show that for every oo-category Z, the restriction map

0 : Map?(Y"*, Z%) — Map®(Y'*, Z")
is a homotopy equivalence of Kan complexes. Let K be the largest Kan
complex contained in Z, so that 6 can be identified with the restriction map
Ma’pSetA (Y/? K) - Ma‘pSetA (}/’ K) .
Since j is a weak homotopy equivalence, this map is a trivial fibration. [

Remark 3.1.4.5. There is a second simplicial structure on (Set}) /s, where
the simplicial mapping spaces are given by Mapr(X ,Y). This simplicial
structure is not compatible with the Cartesian model structure: for fixed
X € (8et}),s the functor
A A x X

does not carry weak homotopy equivalences (in the A-variable) to Cartesian
equivalences. It does, however, carry categorical equivalences (in A) to Carte-
sian equivalences, and consequently (SetJAr) /s is endowed with the structure
of a Seta-enriched model category, where we regard Seta as equipped with
the Joyal model structure. This second simplicial structure reflects the fact
that (Set}) /s is really a model for an oco-bicategory.
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Remark 3.1.4.6. Suppose S is a Kan complex. A map p : X — S is a
Cartesian fibration if and only if it is a coCartesian fibration (this follows
in general from Proposition 3.3.1.8; if S = A% the main case of interest for
us, it is obvious). Moreover, the class of p-coCartesian edges of X coincides
with the class of p-Cartesian edges of X: both may be described as the class
of equivalences in X. Consequently, if A € (Set{),s, then

Map’ (A, X¥) ~ Map’., (AP, (XP))°P,

where A°P is regarded as a marked simplicial set in the obvious way. It
follows that a map A — B is a Cartesian equivalence in (Setz) /s if and only
if A°? — B°P is a Cartesian equivalence in (Setz)/sop. In other words, the
Cartesian model structure on (Set}) /s is self-dual when S is a Kan complex.
In particular, if S = A% we deduce that the functor

A AP

determines an autoequivalence of the model category Set{ =~ (Set}) JAO-

3.1.5 Comparison of Model Categories

Let S be a simplicial set. We now have a plethora of model structures on
categories of simplicial sets over S:

(0) Let Co denote the category (Seta) s of simplicial sets over S endowed
with the Joyal model structure defined in §2.2.5: the cofibrations are
monomorphisms of simplicial sets, and the weak equivalences are cat-
egorical equivalences.

(1) Let C; denote the category (Set}) /s of marked simplicial sets over
S endowed with the marked model structure of Proposition 3.1.3.7:
the cofibrations are maps (X, Ex) — (Y, y) which induce monomor-
phisms X — Y, and the weak equivalences are the Cartesian equiva-
lences.

(2) Let Cy denote the category (Set}),s of marked simplicial sets over S
endowed with the following localization of the Cartesian model struc-
ture: a map f : (X,€x) — (Y,€y) is a cofibration if the under-
lying map X — Y is a monomorphism, and a weak equivalence if
f: X% = Y*is a marked equivalence in (SetZ)/S.

(3) Let €3 denote the category (Seta),s of simplicial sets over S, which
is endowed with the contravariant model structure described in §2.1.4:
the cofibrations are the monomorphisms, and the weak equivalences
are the contravariant equivalences.

(4) Let C4 denote the category (Seta) s of simplicial sets over S endowed
with the usual homotopy-theoretic model structure: the cofibrations
are the monomorphisms of simplicial sets, and the weak equivalences
are the weak homotopy equivalences of simplicial sets.
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The goal of this section is to study the relationship between these five
model categories. We may summarize the situation as follows:

Theorem 3.1.5.1. There exists a sequence of Quillen adjunctions
€t e e ey ey
e fe e P,

which may be described as follows:

(A0) The functor Gy is the forgetful functor from (8etf) s to (Seta);s,
which ignores the collection of marked edges. The functor Fy is the
left adjoint to Go, which is given by X — X". The Quillen adjunction
(Fo, Go) 1s a Quillen equivalence if S is a Kan complex.

(A1) The functors Fy and Gy are the identity functors on (Set})s.

(A2) The functor Fy is the forgetful functor from (8etX) s to (Seta) s which
ignores the collection of marked edges. The functor Gy is the right
adjoint to Fy, which is given by X — X*'. The Quillen adjunction
(Fy,G2) is a Quillen equivalence for every simplicial set S.

(A3) The functors F3 and Gs are the identity functors on (Set}),s. The
Quillen adjunction (F3,G3) is a Quillen equivalence whenever S is a
Kan complex.

The rest of this section is devoted to giving a proof of Theorem 3.1.5.1. We
will organize our efforts as follows. First, we verify that the model category
Cz is well-defined (the analogous results for the other model structures have
already been established). We then consider each of the adjunctions (F;, G;)
in turn and show that it has the desired properties.

Proposition 3.1.5.2. Let S be a simplicial set. There exists a left proper
combinatorial model structure on the category (SetZ)/S which may be de-
scribed as follows:

(C) Amap f:(X,Ex) — (Y,Ey) is a cofibration if and only if the under-
lying map X — 'Y is a monomorphism of simplicial sets.

(W) Amap f:(X,Ex) — (Y,Ey) is a weak equivalence if and only if the
induced map X% — Yt is a Cartesian equivalence in (Setg)/s.

(F) Amap f:(X,Ex) — (Y,Ey) is a fibration if and only if it has the
right lifting property with respect to all trivial cofibrations.

Proof. Tt suffices to show that the conditions of Proposition A.2.6.13 are
satisfied. We check them in turn:

(1) The class (W) of Cartesian equivalences is perfect (in the sense of
Definition A.2.6.10). This follows from Corollary A.2.6.12, since the
class of Cartesian equivalences is perfect and the functor (X, € y) — X*
commutes with filtered colimits.
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(2) The class of weak equivalences is stable under pushouts by cofibrations.
This follows from the analogous property of the Cartesian model struc-
ture because the functor (X, Ex) +— X! preserves pushouts.

(3) Amap p: (X,Ex) — (Y, Ey) which has the right lifting property with
respect to every cofibration is a weak equivalence. In this case, the
underlying map of simplicial sets is a trivial fibration, so the induced
map X — Y has the right lifting property with respect to all trivial
cofibrations and is a Cartesian equivalence (as observed in the proof
of Proposition 3.1.3.7).

O

Proposition 3.1.5.3. Let S be a simplicial set. Consider the adjoint func-
tors

Fo n
(SetA)/S%gch}) (SetA)/S

described by the formulas
Fo(X) = X"

Go(X, &) = X.

The adjoint functors (Fy,Go) determine a Quillen adjunction between the
category (Seta) /s (with the Joyal model structure) and the category (Set}) /s
(with the Cartesian model structure). If S is a Kan complex, then (Fy, Go)
is a Quillen equivalence.

Proof. To prove that (Fy, Go) is a Quillen adjunction, it will suffice to show
that Fy preserves cofibrations and trivial cofibrations. The first claim is ob-
vious. For the second, we must show that if X C Y is a categorical equiva-
lence of simplicial sets over S, then the induced map X° — Y? is a Cartesian
equivalence in (SetX) /s- For this, it suffices to show that for any Cartesian
fibration p: Z — S, the restriction map

Mapy(Y?, Z2%) — Mapy(X°, 2%

is a trivial fibration of simplicial sets. In other words, we must show that
for every inclusion A C B of simplicial sets, it is possible to solve any lifting
problem of the form

A —— Mapy(Y”?, Z%)
il J{
B> Maps(X?, Z%).

Replacing Y by Y x B and X by (X x B) [y, 4(Y x A), we may suppose
that A = () and B = *. Moreover, we may rephrase the lifting problem as the
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problem of constructing the dotted arrow indicated in the following diagram:

X—7

Ll

Y —S5

By Proposition 3.3.1.7, p is a categorical fibration, and the lifting problem
has a solution by virtue of the assumption that X C Y is a categorical
equivalence.

Now suppose that S is a Kan complex. We want to prove that (Fp, Gp)
is a Quillen equivalence. In other words, we must show that for any fibrant
object of (SetZ)/S corresponding to a Cartesian fibration Z — S, a map
X — Z in (Seta) /s is a categorical equivalence if and only if the associated
map X’ — Z% is a Cartesian equivalence.

Suppose first that X — Z is a categorical equivalence. Then the induced
map X’ — Z° is a Cartesian equivalence by the argument given above. It
therefore suffices to show that Z° — Z% is a Cartesian equivalence. Since S
is a Kan complex, Z is an oo-category; let K denote the largest Kan complex
contained in Z. The marked edges of Z% are precisely the edges which belong
to K, so we have a pushout diagram

Kb 4>be

|

AR A

It follows that Z” — Z% is marked anodyne and therefore a Cartesian equiv-
alence.
Now suppose that X? — Z%is a Cartesian equivalence. Choose a factoriza-

tion X Ly % 7 , where f is a categorical equivalence and g is a categorical
fibration. We wish to show that g is a categorical equivalence. Proposition
3.3.1.8 implies that Z — S is a categorical fibration, so that X’ — S is
a categorical fibration. Applying Proposition 3.3.1.8 again, we deduce that
Y — S is a Cartesian fibration. Thus we have a factorization

X' =Y v 78

where the first two maps are Cartesian equivalences by the arguments given
above and the composite map is a Cartesian equivalence. Thus Y? — Z¥ is
an equivalence between fibrant objects of (Set) s and therefore admits a
homotopy inverse. The existence of this homotopy inverse proves that g is a
categorical equivalence, as desired. O

Proposition 3.1.5.4. Let S be a simplicial set and let F; = G be the
identity functor from (8et}),s to itself. Then (Fi,G1) determines a Quillen
adjunction between C1 and Cs.
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Proof. We must show that F; preserves cofibrations and trivial cofibrations.
The first claim is obvious. For the second, let B : (Set) ;s — (Set}),s be
the functor defined by

B(M, &) = M*.

We wish to show that if X — Y is a Cartesian equivalence in (SetZ)/S, then
B(X) — B(Y) is a Cartesian equivalence.

We first observe that if X — Y is marked anodyne, then the induced map
B(X) — B(Y) is also marked anodyne: by general nonsense, it suffices to
check this for the generators described in Definition 3.1.1.1, for which it is
obvious. Now return to the case of a general Cartesian equivalencep : X — Y
and choose a diagram

i

X X'

I

YHX/HXY]HY/

in which X’ and Y’ are (marked) fibrant and ¢ and j are marked anodyne.
It follows that B(i) and B(j) are marked anodyne and therefore Cartesian
equivalences. Thus, to prove that B(p) is a Cartesian equivalence, it suffices
to show that B(q) is a Cartesian equivalence. But ¢ is a Cartesian equivalence
between fibrant objects of (Setz) /s and therefore has a homotopy inverse.
It follows that B(g) also has a homotopy inverse and is therefore a Cartesian
equivalence, as desired. O

Remark 3.1.5.5. In the language of model categories, we may summarize
Proposition 3.1.5.4 by saying that the model structure of Proposition 3.1.5.2
is a localization of the Cartesian model structure on (Set}),s.

Proposition 3.1.5.6. Let S be a simplicial set and consider the adjunction
2
(SetA)/ST(SetA)/S
2

determined by the formulas
(X, &8)=X

Go(X) = X*.

The adjoint functors (Fy,G3) determine a Quillen equivalence between Co
and Cs.

Proof. We first claim that F5 is conservative: that is, a map f: (X,€x) —
(Y, €y) is a weak equivalence in € if and only if the induced map X — Y is
a weak equivalence in C3. Unwinding the definition, f is a weak equivalence
if and only if X* — Y* is a Cartesian equivalence. This holds if and only if,
for every Cartesian fibration Z — S, the induced map

¢ : Map%(Y*, Z%) — Maph (X*, Z%)
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is a homotopy equivalence. Let Z° — S be the right fibration associated to
Z — S (see Corollary 2.4.2.5). We have natural identifications

Maph (Y, Z8) ~ Mapg(Y, 2°) Maph (X#, Z%) ~ Mapg(X, 2°).

Consequently, f is a weak equivalence if and only if, for every right fibration
7% — S, the associated map

Mapg(Y, Z°) — Mapg (X, Z°)

is a homotopy equivalence. Since C3 is a simplicial model category for which
the fibrant objects are precisely the right fibrations Z° — S (Corollary
2.2.3.12), this is equivalent to the assertion that X — Y is a weak equivalence
in 63.

To prove that (Fs, G2) is a Quillen adjunction, it suffices to show that Fb
preserves cofibrations and trivial cofibrations. The first claim is obvious, and
the second follows because Fy preserves all weak equivalences (by the above
argument).

To show that (Fh,G2) is a Quillen equivalence, we must show that the
unit and counit

LF2 o RG2 —id

id — RG2 o LF2

are weak equivalences. In view of the fact that Fo = LF5 is conservative, the
second assertion follows from the first. To prove the first, it suffices to show
that if X is a fibrant object of Cs, then the counit map (F» 0 G2)(X) — X
is a weak equivalence. But this map is an isomorphism. O

Proposition 3.1.5.7. Let S be a simplicial set and let F3 = Gs be the
identity functor from (Seta),s to idtself. Then (F3,G3) gives a Quillen ad-
Junction between Cz and Cy. If S is a Kan complez, then (F3,G3) is a Quillen
equivalence (in other words, the model structures on Cs and C4 coincide).

Proof. To prove that (F3, G3) is a Quillen adjunction, it suffices to prove that
F;5 preserves cofibrations and weak equivalences. The first claim is obvious
(the cofibrations in C3 and €4 are the same). For the second, we note that
both C3 and €4 are simplicial model categories in which every object is
cofibrant. Consequently, a map f : X — Y is a weak equivalence if and only
if, for every fibrant object Z, the associated map Map(Y, Z) — Map(X, Z) is
a homotopy equivalence of Kan complexes. Thus, to show that F3 preserves
weak equivalences, it suffices to show that G3 preserves fibrant objects. A
map p : Z — S is fibrant as an object of C4 if and only if p is a Kan
fibration, and fibrant as an object of Cs if and only if p is a right fibration
(Corollary 2.2.3.12). Since every Kan fibration is a right fibration, it follows
that F3 preserves weak equivalences. If S is a Kan complex, then the converse
holds: according to Lemma 2.1.3.4, every right fibration p: Z — S is a Kan
fibration. It follows that (G5 preserves weak equivalences as well, so that the
two model structures under consideration coincide. O
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3.2 STRAIGHTENING AND UNSTRAIGHTENING

Let C be a category and let x : €°? — Cat be a functor from € to the
category Cat of small categories. To this data, we can associate (by means of
the Grothendieck construction discussed in §2.1.1) a new category € which
may be described as follows:

e The objects of ¢ are pairs (C,n), where C' € € and 7 € x(C).

e Given a pair of objects (C,n), (C',n) € é), a morphism from (C,7) to
(C',n') in € is a pair (f,«), where f : C — C’ is a morphism in the
category € and « : n — x(f)(n') is a morphism in the category x(C).

e Composition is defined in the obvious way.

This construction establishes an equivalence between Cat-valued functors on
C° and categories which are fibered over €. (To formulate the equivalence
precisely, it is best to view Cat as a bicategory, but we will not dwell on this
technical point here.)

The goal of this section is to establish an oco-categorical version of the
equivalence described above. We will replace the category € by a simplicial
set S, the category Cat by the oco-category Cat.,, and the notion of fibered
category with the notion of Cartesian fibration. In this setting, we will obtain
an equivalence of co-categories, which arises from a Quillen equivalence of
simplicial model categories. On one side, we have the category (SetX) /55
equipped with the Cartesian model structure (a simplicial model category
whose fibrant objects are precisely the Cartesian fibrations X — S; see
§3.1.4). On the other, we have the category of simplicial functors

¢[S]P — Set

equipped with the projective model structure (see §A.3.3) whose underly-
ing oco-category is equivalent to Fun(S°P, Caty,) (Proposition 4.2.4.4). The
situation may be summarized as follows:

Theorem 3.2.0.1. Let S be a simplicial set, C a simplicial category, and
¢ : €[S] — C a functor between simplicial categories. Then there exists a
pair of adjoint functors

St

s
(SetX)/s?J - (Set})®¢

Il¢

with the following properties:

(1) The functors (Sttz,Ung) determine a Quillen adjunction between the
category (Set}) s (with the Cartesian model structure) and the cate-
gory (8et{)® (with the projective model structure).

(2) If ¢ is an equivalence of simplicial categories, then (St;‘,Ung) is a
Quillen equivalence.
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We will refer to St;{ and Un:ér as the straightening and unstraightening
functors, respectively. We will construct these functors in §3.2.1 and estab-
lish part (1) of Theorem 3.2.0.1. Part (2) is more difficult and requires some
preliminary work; we will begin in §3.2.2 by analyzing the structure of Carte-
sian fibrations X — A"™. We will apply these analyses in §3.2.3 to complete
the proof of Theorem 3.2.0.1 when S is a simplex. In §3.2.4, we will de-
duce the general result by using formal arguments to reduce to the case of
a simplex.

In the case where € is an ordinary category, the straightening and un-
straightening procedures of §3.2.1 can be substantially simplified. We will
discuss the situation in §3.2.5, where we provide an analogue of Theorem
3.2.0.1 (see Propositions 3.2.5.18 and 3.2.5.21).

3.2.1 The Straightening Functor

Let S be a simplicial set and let ¢ : €[S] — €% be a functor between
simplicial categories, which we regard as fixed throughout this section. Our
objective is to define the straightening functor St(‘; : (SetZ)/S — (8et})€ and

its right adjoint Uan. The intuition is that an object X of (Setz)/s associates
oo-categories to vertices of S in a homotopy coherent fashion, and the functor
Stqf “straightens” this diagram to obtain an co-category valued functor on C.
The right adjoint Un;f should be viewed as a forgetful functor which takes a
strictly commutative diagram and retains the underlying homotopy coherent
diagram.

The functors S t(‘g and Un;' are more elaborate versions of the straightening
and unstraightening functors introduced in §2.2.1. We begin by recalling the
unmarked version of the construction. For each object X € (8eta)/g, form
a pushout diagram of simplicial categories

C[X] — > ¢[X"]

P

e ——> e,

where the left vertical map is given by composing ¢ with the map €[X] —
€[S]. The functor St,X : € — Seta is defined by the formula

(St4X)(C) = Mapess (C, %),

where * denotes the cone point of X".

We will define Stqf by designating certain marked edges on the simplicial
sets (StyX)(C) which depend in a natural way on the marked edges of X.
In order to describe this dependence, we need to introduce a bit of notation.

Notation 3.2.1.1. Let X be an object of (Seta),s. Given an n-simplex o
of the simplicial set Mapeo» (C, D), we let 0* : (St X)(D)n, — (St X)(C)s,
denote the associated map on n-simplices.
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Let ¢ be a vertex of X and let C' = ¢(c) € C. We may identify ¢ with
amap ¢ : A — X. Then cxidao : A' — X is an edge of X> and so
determines a morphism C' — * in C¥, which we can identify with a vertex
¢ e (St X)(0).

Similarly, suppose that f : ¢ — d is an edge of X corresponding to a
morphism

ctp
in the simplicial category C°?. We may identify f with a map f: A! — X.
Then f xida1 : A2 — X™ determines a map €[A?] — Cx, which we may
identify with a diagram (not strictly commutative)

N

fi¢—doF=Fd
in the simplicial set Mapesr (C, x) = (StsX)(C).

c D

together with an edge

Definition 3.2.1.2. Let S be a simplicial set, € a simplicial category, and
¢ : €[S] — €% a simplicial functor. Let (X, &) be an object of (Set})/s.
Then

St;(X, €):C— Setk

is defined by the formula
StHXLE)(C) = (St X)(C), E4(C),
where €4(C') is the set of all edges of (St,X)(C') having the form
G*f,
where f : d — e is a marked edge of X, giving rise to an edge f: d — F*¢
in (St X)(D), and G belongs to Mapeos (C, D);.
Remark 3.2.1.3. The construction
(X, &) - SEH(X,€) = (St,X, &)

is obviously functorial in X. Note that we may characterize the subsets

{€4(C) C (StyX)(C)1} as the smallest collection of sets which contain f for
every f € € and depend functorially on C.

The following formal properties of the straightening functor follow imme-
diately from the definition:

Proposition 3.2.1.4. (1) Let S be a simplicial set, C a simplicial cat-
egory, and ¢ : €[S] — C°P a simplicial functor; then the associated
straightening functor

St(lf : (SetX) /s — (Setf)©

preserves colimits.
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(2) Letp:S"— S be a map of simplicial sets, C a simplicial category, and
¢ : €[S] — C a simplicial functor, and let ¢' : €[S"] — C denote the
composition ¢po&[p|. Let p; : (SetX)/S/ — (Setz)/g denote the forgetful
functor given by composition with p. There is a natural isomorphism
of functors

St;)' op St;',
from (8et}),s to (Set})C.

(3) Let S be a simplicial set, 7 : C — € a simplicial functor between
simplicial categories, and ¢ : €[S] — @°? a simplicial functor. Then
there is a natural isomorphism of functors

Stiw ~ o St;f

from (SetX) /s to (8et£)®". Here m : (Setf)® — (SetX)® is the left

adjoint to the functor ©* : (SetZ)e/ — (8etX)€ given by composition
with m; see §A.3.3.

Corollary 3.2.1.5. Let S be a simplicial set, C a simplicial category, and
¢ : C[S] — C°P any simplicial functor. The straightening functor St:{ has a
right adjoint

Un(;r :(SetX)€ — (Set})/s-

Proof. This follows from part (1) of Proposition 3.2.1.4 and the adjoint func-
tor theorem. (Alternatively, one can construct Un;f directly; we leave the
details to the reader.) O

Notation 3.2.1.6. Let S be a simplicial set, let € = €[S]°P, and let ¢ :
€[S] — C°? be the identity map. In this case, we will denote Stg by St& and

Un;f by Ungf.

Our next goal is to show that the straightening and unstraightening func-
tors (St:g,Un;f) give a Quillen adjunction between the model categories

(Set),s and (Set{)®. The first step is to show that St;‘ preserves cofi-
brations.

Proposition 3.2.1.7. Let S be a simplicial set, C a simplicial category, and
¢ : €[S] — @ a simplicial functor. The functor St; carries cofibrations
(with respect to the Cartesian model structure on (8et}),s) to cofibrations
(with respect to the projective model structure on (Set})¢)).

Proof. Let j : A — B be a cofibration in (SetX)/S; we wish to show that
Stz(j) is a cofibration. By general nonsense, we may suppose that j is a
generating cofibration having either the form (9 A™)* C (A™)” or the form
(A1)> — (A1), Using Proposition 3.2.1.4, we may reduce to the case where
S = B, € = C[S] and ¢ is the identity map. The result now follows from a
straightforward computation. O
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To complete the proof that (Stg7 Un(‘;) is a Quillen adjunction, it suffices to

show that St(‘g preserves trivial cofibrations. Since every object of (Set{) /s is
cofibrant, this is equivalent to the apparently stronger claim that if f : X —
Y is a Cartesian equivalence in (Set}) /s, then S’t(‘;( f) is a weak equivalence

in (8et})®. The main step is to establish this in the case where f is marked
anodyne. First, we need a few lemmas.

Lemma 3.2.1.8. Let € be the set of all degenerate edges of A™ x Al together
with the edge {n} x A'. Let B C A™ x Al be the coproduct

(Amx{1}y) ] (@amxah.
dAnx{1}
Then the map
i:(B,ENB;) C (A" x AL €)
is marked anodyne.
Proof. We must show that i has the left lifting property with respect to

every map p : X — S satisfying the hypotheses of Proposition 3.1.1.6. This
is simply a reformulation of Proposition 2.4.1.8. U

Lemma 3.2.1.9. Let K be a simplicial set, K' C K a simplicial subset,
and A a set of vertices of K. Let £ denote the set of all degenerate edges
of K x Al together with the edges {a} x A, where a € A. Let B = (K' x
Al)HK,X{l}(K x {1}) € K x A'. Suppose that, for every nondegenerate
simplex o of K, either o belongs to K' or the final vertex of o belongs to A.
Then the inclusion
(B,ENDB;) C (K x A',€)

is marked anodyne.

Proof. Working simplex by simplex, we reduce to Lemma 3.2.1.8. O

Lemma 3.2.1.10. Let X be a simplicial set, and let & C & be sets of edges
of X containing all degenerate edges. The following conditions are equivalent:

(1) The inclusion (X,&) — (X,&') is a trivial cofibration in Set} (with
respect to the Cartesian model structure).

(2) For every co-category C and every map f : X — C which carries each
edge of € to an equivalence in C, f also carries each edge of &' to an
equivalence in C.

Proof. By definition, (1) holds if and only if for every oco-category €, the
inclusion

j: Map’((X, €'),€%) — Map’((X, £), €)
is a categorical equivalence. Condition (2) is the assertion that j is an isomor-
phism. Thus (2) implies (1). Suppose that (1) is satisfied and let f: X — C
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be a vertex of Mapb((X , &), Gh). By hypothesis, there exists an equivalence
f ~ f', where f’ belongs to the image of j. Let e € &; then f’(e) is an equiv-
alence in C. Since f and f’ are equivalent, f(e) is also an equivalence in C.
Consequently, f also belongs to the image of j, and the proof is complete. [

Proposition 3.2.1.11. Let S be a simplicial set, C a simplicial category,
and ¢ : €[S] — € a simplicial functor. The functor St;f carries marked

anodyne maps in (Setz)/s (with respect to the Cartesian model structure) to
trivial cofibrations in (Set{)® (with respect to the projective model structure).

Proof. Let f: A — B be a marked anodyne map in (SetX)/S. We wish to
prove that St:;( f) is a trivial cofibration. It will suffice to prove this under the
assumption that f is one of the generators for the class of marked anodyne
maps given in Definition 3.1.1.1. Using Proposition 3.2.1.4, we may reduce
to the case where S is the underlying simplicial set of B, € = €[S]°?, and ¢
is the identity. There are four cases to consider:

(1) Suppose first that f is among the morphisms listed in (1) of Definition
3.1.1.1; that is, f is an inclusion (A7)’ C (A™)’, where 0 < i < n.
Let vi denote the kth vertex of A™, which we may also think of as
an object of the simplicial category €. We note that St;f(f) is an
isomorphism when evaluated at vy for k& # 0. Let K denote the cube
(AN {7:0<i=ni#i} et K' = 9 K, let A denote the set of all vertices of
K corresponding to subsets of {j : 0 < j < n,j # i} which contain an
element > i, and let & denote the set of all degenerate edges of K x A!
together with all edges of the form {a} x A!, where a € A. Finally,
let B = (K x {1}) [Ty 13 (K" x A'). The morphism St3(f)(vy) is a
pushout of g : (B,€NB;) C (K x Al €). Since i > 0, we may apply
Lemma 3.2.1.9 to deduce that g is marked anodyne and therefore a
trivial cofibration in Setz.

(2) Suppose that f is among the morphisms of part (2) in Definition
3.1.1.1; that is, f is an inclusion

(A7 EN(AD)1) C (A", T),

n?

where F denotes the set of all degenerate edges of A™ together with
the final edge At"=17} If n > 1, then one can repeat the argument
given above in case (1), except that the set of vertices A needs to be
replaced by the set of all vertices of K which correspond to subsets of
{j : 0 < j < n} which contain n — 1. If n = 1, then we observe that
St;f (f)(vy) is isomorphic to the inclusion {1}# C (A')*, which is again
a marked anodyne map and therefore a trivial cofibration in SetJAr.

(3) Suppose next that f is the morphism

(ADF IT (A% — (&%)

(AP
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specified in (3) of Definition 3.1.1.1. A simple computation shows that
St('g(f)(vn) is an isomorphism for n # 0, and St;f(f)(vo) may be iden-
tified with the inclusion

(Al x Al &) C (A x AL,
where & denotes the set of all degenerate edges of Al x Al together

with At x {0}, Al x {1}, and {1} x A'. This inclusion may be obtained
as a pushout of

(ADF IT (a%) — (A%

(AD)

followed by a pushout of

(A3)F TT (A% — (&%),
(AZ)P

The first of these maps is marked anodyne by definition; the second is

marked anodyne by Corollary 3.1.1.7.

Suppose that f is the morphism K’ — K* where K is a Kan complex,
as in (4) of Definition 3.1.1.1. For each vertex v of K, let St;‘ (K*)(v) =
(X4, &), so that St;;(Kﬁ) = X} For each g € Mape (v, 0" )n, we let
g* : X, x A" — X, denote the induced map. We wish to show that
the natural map (X, €,) — X} is an equivalence in Set}. By Lemma
3.2.1.10, it suffices to show that for every oco-category Z,if h: X,, — Z
carries each edge belonging to €, into an equivalence, then h carries
every edge of X, to an equivalence.

We first show that h carries € to an equivalence for every edge e : v — v’
in K. Let m, : A' — Mapgeor(v,v') denote the degenerate edge at
the vertex corresponding to e. Since K is a Kan complex, the edge
e: Al — K extends to a 2-simplex o : A? — K depicted as follows:

UI
A
id,
V> .
Let me : A — Mape(v', v) denote the degenerate edge corresponding
to €’. The map o gives rise to a diagram

Pt € o x5y
v e v

J/id;, lm:g/

v ——=€*()*v

in the simplicial set X,. Since h carries the left vertical arrow and
the bottom horizontal arrow into equivalences, it follows that h carries
the composition (m’e’) o€ to an equivalence in Z; thus h(€) has a
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left homotopy inverse. A similar argument shows that h(€) has a right
homotopy inverse, so that h(€) is an equivalence.

We observe that every edge of X, has the form g*¢, where g is an edge
of Mapeor(v,v’) and e : v/ — v” is an edge of K. We wish to show
that h(g*€) is an equivalence in Z. Above, we have shown that this is
true if v = v’ and g is the identity. We now consider the more general
case where g is not necessarily the identity but is a degenerate edge
corresponding to some map v/ — v in €. Let h’ denote the composition

X, — X, % 7.

Then h(g*€) = h'(€) is an equivalence in Z by the argument given
above.

Now consider the case where g : A — Mapeo» (v,v’) is nondegenerate.
In this case, there is a simplicial homotopy G : A x A — Map (v, v')
with ¢ = GJA! x {0} and ¢ = G|A! x {1} a degenerate edge of
Mapeor (v,v") (for example, we can arrange that ¢’ is the constant edge
at an endpoint of g). The map G induces a simplicial homotopy G(e)
from g*€ to (g’)*€. Moreover, the edges G(e)|{0} x A! and G(e)|{1} x
A belong to &, and are therefore carried by h into equivalences in Z.
Since h carries (¢')*€ into an equivalence of Z, it carries g*€ into an
equivalence of 7, as desired.

O

We now study the behavior of straightening functors with respect to prod-
ucts.

Notation 3.2.1.12. Given two simplicial functors ¥ : € — SetZ, F . -
Setz, we let TRF : CxC — Setz denote the functor described by the
formula

(FRF)(C,C") = F(C) x F(C").

Proposition 3.2.1.13. Let S and S’ be simplicial sets, € and €' simplicial
categories, and ¢ : €[S] — CP, ¢ : €[S'] — (C')°P simplicial functors;
let ¢ X ¢ denote the induced functor €[S x S'] — (€ x €')°P. For every
M € (8et}) s, M’ € (8et}) s, the natural map

samr i Stg e (M x M') — Stf (M) R St], (M)
is a weak equivalence of functors € x € — Setz.

Proof. Since both sides are compatible with the formations of filtered co-
limits in M, we may suppose that M has only finitely many nondegenerate
simplices. We work by induction on the dimension n of M and the number of
n-dimensional simplices of M. If M = (3, there is nothing to prove. If n # 1,
we may choose a nondegenerate simplex of M having maximal dimension
and thereby write M = NH(aAn)b(A”)b. By the inductive hypothesis we
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may suppose that the result is known for N and (9 A™)’. The map s MM’
is a pushout of the maps sy a and sany» ppr OVEr S(ganys pp- Since Set L
is left proper, this pushout is a homotopy pushout; it therefore suffices to
prove the result after replacing M by N, (9 A™)°, or (A™)°. In the first two
cases, the inductive hypothesis implies that sy s is an equivalence; we are
therefore reduced to the case M = (A™)". If n = 0, the result is obvious. If
n > 2, we set

K = At01} HA{L?} H H Atn=ln} c Am
{1} {2v {n-1}

The inclusion K C A" is inner anodyne so that K b C M is marked anodyne.
By Proposition 3.2.1.11, we deduce that sz s is an equivalence if and only
if s a4+ is an equivalence, which follows from the inductive hypothesis since
K is 1-dimensional.

We may therefore suppose that n = 1. Using the above argument, we
may reduce to the case where M consists of a single edge, either marked
or unmarked. Repeating the above argument with the roles of M and M’
interchanged, we may suppose that M’ also consists of a single edge. Apply-
ing Proposition 3.2.1.4, we may reduce to the case where S = M, S’ = M’,
€ = ¢[9]°P, and €' = ¢[9’]P.

Let us denote the vertices of M by = and y, and the unique edge joining
them by e : x — y. Similarly, we let ' and y’ denote the vertices of M’,
and ¢ : 2’ — y' the edge which joins them. We note that the map sas
induces an isomorphism when evaluated on any object of C x €’ except (x,z").
Moreover, the map

smm(x,a') St;;z(;s/ (M x M")(z,2") — St:;(M)(JC) X St;‘,(M’)(x’)

is obtained from sa1)» (a1)» by successive pushouts along cofibrations of

the form (A')” C (A!)f. Since Set} is left proper, we may reduce to the
case where M = M’ = (A')°. The result now follows from a simple explicit
computation. O

We now study the situation in which S = A% € = €[$], and ¢ is the
identity map. In this case, St;g may be regarded as a functor T : Setz —

Setz. The underlying functor of simplicial sets is familiar: we have
T(Xv 8) = (|X|Q' ) 8,)’

where @) denotes the cosimplicial object of Seta considered in §2.2.2. In that
section, we exhibited a natural map |X|ge — X which we proved to be a
weak homotopy equivalence. We now prove a stronger version of that result:

Proposition 3.2.1.14. For any marked simplicial set M = (X, &), the
natural map | X|ge — X induces a Cartesian equivalence

T(M) — M.
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Proof. As in the proof of Proposition 3.2.1.13, we may reduce to the case
where M counsists of a simplex of dimension at most 1 (either marked or
unmarked). In these cases, the map T'(M) — M is an isomorphism in Set}.

O

Corollary 3.2.1.15. Let S be a simplicial set, C a simplicial category, ¢ :
¢S] — C% a simplicial functor, and X € (SetX) s an object. For every
Ke SetX, there is a natural equivalence

Sty (M x K) — St} (M)R K
of functors from C to Setz.

Proof. Combine the equivalences of Proposition 3.2.1.14 (in the case where
8" =AY €' =¢[9']°P, and ¢’ is the identity) and Proposition 3.2.1.15. [

We can now complete the proof that (St(’;, Un;f) is a Quillen adjunction:

Corollary 3.2.1.16. Let S be a simplicial set, C a simplicial category, and
@ : C[S|°P — € a simplicial functor. The straightening functor St;’ carries
Cartesian equivalences in (8et}),s to (objectwise) Cartesian equivalences in
(8et})C.

Proof. Let f : M — N be a Cartesian equivalence in (SetX)/S. Choose a
marked anodyne map M — M’, where M’ is fibrant; then choose a marked
anodyne map M’'[[,, N — N’, with N’ fibrant. Since St;f carries marked
anodyne maps to equivalences by Proposition 3.2.1.11, it suffices to prove
that the induced map St;‘ (M) — St;g (N) is an equivalence. In other words,
we may replace M by M’ and N by N’, thereby reducing to the case where
M and N are fibrant.

Since f is an Cartesian equivalence of fibrant objects, it has a homotopy
inverse g. We claim that St:;(g) is an inverse to St(’g(f) in the homotopy
category of (Set{)®. We will show that St:;(f) o St;‘ (g) is homotopic to the
identity; applying the same argument with the roles of f and g reversed will
then establish the desired result.

Since f o g is homotopic to the identity, there is a map h: N x Kf — N,
where K is a contractible Kan complex containing vertices x and y, such
that fog=h|N x {z} and idy = h|N x {y}. The map St(‘;(h) factors as

Sth(N x K*) — StF(N)RK* — StF(N),

where the left map is an equivalence by Corollary 3.2.1.15 and the right map
because K is contractible. Since St;ﬁ (fog) and St;f (idy) are both sections

of St:g(h), they represent the same morphism in the homotopy category of
(8et£)C. O
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3.2.2 Cartesian Fibrations over a Simplex

A map of simplicial sets p : X — S is a Cartesian fibration if and only if the
pullback map X xg A™ — A" is a Cartesian fibration for each simplex of S.
Consequently, we might imagine that Cartesian fibrations X — A"™ are the
“primitive building blocks” out of which other Cartesian fibrations are built.
The goal of this section is to prove a structure theorem for these building
blocks. This result has a number of consequences and will play a vital role
in the proof of Theorem 3.2.0.1.

Note that A™ is the nerve of the category associated to the linearly ordered
set

n]={0<1<---<n}

Since a Cartesian fibration p : X — S can be thought of as giving a (con-
travariant) functor from S to co-categories, it is natural to expect a close re-
lationship between Cartesian fibrations X — A™ and composable sequences
of maps between co-categories

A Al A

In order to establish this relationship, we need to introduce a few definitions.
Suppose we are given a composable sequence of maps

p: A% — Al — ... — A"

of simplicial sets. The mapping simplex M(¢) of ¢ is defined as follows. If
J is a nonempty finite linearly ordered set with greatest element j, then
to specify a map A7 — M(¢), one must specify an order-preserving map
f:J — [n] together with a map o : A — Af (). Given an order-preserving
map p : J — J' of partially ordered sets containing largest elements j and
4, there is a natural map M (¢)(A7) — M(¢)(A7) which carries (f,0) to
(fop,eoo), where e : AT — AF@(G) is obtained from ¢ in the obvious
way.

Remark 3.2.2.1. The mapping simplex M (¢) is equipped with a natural
map p : M(¢) — A™; the fiber of p over the vertex j is isomorphic to the
simplicial set AJ.

Remark 3.2.2.2. More generally, let f : [m] — [n] be an order-preserving
map, inducing a map A™ — A" Then M (¢) x o» A™ is naturally isomorphic
to M(¢'), where the sequence ¢’ is given by

AT L pfm),

Notation 3.2.2.3. Let ¢ : A° «— ... «— A™ be a composable sequence of
maps of simplicial sets. To give an edge e of M(¢), one must give a pair of
integers 0 < i < j < n and an edge € € A7. We will say that e is marked if
¢ is degenerate; let € denote the set of all marked edges of M(¢). Then the
pair (M (¢), €) is a marked simplicial set which we will denote by M?%(¢).
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Remark 3.2.2.4. There is a potential ambiguity between the terminology
of Definition 3.1.1.9 and that of Notation 3.2.2.3. Suppose that ¢ : A «

-« A™ is a composable sequence of maps and that p : M(¢) — A" is a
Cartesian fibration. Then M(¢)" (Definition 3.1.1.9) and M?%(¢) (Notation
3.2.2.3) do not generally coincide as marked simplicial sets. We feel that
there is little danger of confusion since it is very rare that p is a Cartesian
fibration.

Remark 3.2.2.5. The construction of the mapping simplex is functorial in
the sense that a commutative ladder

(b:AO(i...(iAn
ifo l ih
¢:BO<;...<;BTL

induces a map M(f) : M(¢) — M (). Moreover, if each f; is a categorical
equivalence, then f is a categorical equivalence (this follows by induction on
n using the fact that the Joyal model structure is left proper).

Definition 3.2.2.6. Let p: X — A™ be a Cartesian fibration and let
(ZSZAO(—---(—AH

be a composable sequence of maps. A map ¢ : M(¢) — X is a quasi-
equivalence if it has the following properties:

(1) The diagram
M(¢) ———X
An

(2) The map g carries marked edges of M (¢) to p-Cartesian edges of S; in
other words, ¢ induces a map M?%(¢) — X% of marked simplicial sets.

is commutative.

(3) For 0 < i < n, the induced map A* — p~1{i} is a categorical equiva-
lence.

The goal of this section is to prove the following:
Proposition 3.2.2.7. Let p: X — A" be a Cartesian fibration.

(1) There exists a composable sequence of maps
p: A" — AY — AT
and a quasi-equivalence q : M(¢) — X.
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(2) Let
p: A — Al — A

be a composable sequence of maps and let q : M(¢p) — X be a quasi-
equivalence. For any map T — A", the induced map

M(¢) X AR T — X XAnT
s a categorical equivalence.

We first show that, to establish (2) of Proposition 3.2.2.7, it suffices to
consider the case where T is a simplex:

Proposition 3.2.2.8. Suppose we are given a diagram
X—-Y—>Z

of simplicial sets. For any map T — Z, we let X1 denote X Xz T and Yr
denote Y xz T. The following statements are equivalent:

(1) For any map T — Z, the induced map Xp — Yr is a categorical
equivalence.

(2) For any n > 0 and any map A™ — Z, the induced map Xan — Yan
s a categorical equivalence.

Proof. Tt is clear that (1) implies (2). Let us prove the converse. Since the
class of categorical equivalences is stable under filtered colimits, it suffices to
consider the case where T has only finitely many nondegenerate simplices.
We now work by induction on the dimension of T" and the number of nonde-
generate simplices contained in T'. If T is empty, there is nothing to prove.
Otherwise, we may write ' = T" [ [ o» A™. By the inductive hypothesis, the
maps

XT/ — YT/

Xoan — Ypan

are categorical equivalences, and by assumption, Xa» — YA is a categorical
equivalence as well. We note that

Xp = Xp ]_[ X an

Xaan

Yr = Yo ]_[ Yan.

Yo an

Since the Joyal model structure is left proper, these pushouts are homotopy
pushouts and therefore categorically equivalent to one another. O
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Suppose p : X — A" is a Cartesian fibration and ¢ : M(¢) — X is a quasi-
equivalence. Let f : A™ — A™ be any map. We note (see Remark 3.2.2.5)
that M(¢) xar» A™ may be identified with a mapping simplex M (¢’) and
that the induced map

M(#) — X xan A™

is again a quasi-equivalence. Consequently, to establish (2) of Proposition
3.2.2.7, it suffices to prove that every quasi-equivalence is a categorical equiv-
alence. First, we need the following lemma.

Lemma 3.2.2.9. Let
p: AV — A
be a composable sequence of maps between simplicial sets, wheren > 0. Let y
be a vertex of A™ and let the edge e : y' — y be the image of AT"=17 x {y}
under the map A™ x A™ — M(¢). Let © be any vertex of M(¢) which does
not belong to the fiber A™. Then composition with e induces a weak homotopy
equivalence of simplicial sets
Mapenr gy (,4') = MaDe|arg)) (%, Y)-

Proof. Replacing ¢ by an equivalent diagram if necessary (using Remark
3.2.2.5), we may suppose that the map A" — A"~! is a cofibration. Let ¢’
denote the composable subsequence

AO - ... (_Anfl.
Let C = €[M(¢)] and let C_ = €[M(¢')] C €. There is a pushout diagram
in Cata

C[A" x A"l — > ¢[A™ x A"]

| |

C_ C.

This diagram is actually a homotopy pushout since Cata is a left proper
model category and the top horizontal map is a cofibration. Now form the
pushout

Q[An % An—l] @[An x (Anfl H{n—l} A{n—l,n})]

| l

Cc_ Co.

This diagram is also a homotopy pushout. Since the diagram of simplicial
sets

{n—1} —> Afn-La)

L

An—l A"
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is homotopy coCartesian (with respect to the Joyal model structure), we
deduce that the natural map Gy — C is an equivalence of simplicial cate-
gories. It therefore suffices to prove that composition with e induces a weak
homotopy equivalence

Mape, (2,y") — Mape(z,y).
Form a pushout square
C[A™ x {n —1,n}] —— €[A"] x ¢[Aln—1n}]

| |

Co r e

The left vertical map is a cofibration (since A™ — A"~! is a cofibration of
simplicial sets), and the upper horizontal map is an equivalence of simplicial
categories (Corollary 2.2.5.6). Invoking the left properness of Cata, we con-
clude that F' is an equivalence of simplicial categories. Consequently, it will
suffice to prove that Mape/ (F(z), F(y')) — Mape (F(x), F(y)) is a weak
homotopy equivalence. We now observe that this map is an isomorphism of
simplicial sets. t

Proposition 3.2.2.10. Let p: X — A" be a Cartesian fibration, let
¢ A — = A"

be a composable sequence of maps of simplicial sets and let q : M(¢p) — X
be a quasi-equivalence. Then q is a categorical equivalence.

Proof. We proceed by induction on n. The result is obvious if n = 0, so let
us assume that n > 0. Let ¢’ denote the composable sequence of maps

AO<—A1<—~~~<—AW‘71

which is obtained from ¢ by omitting A™. Let v denote the final vertex of
A™ and let T = A{%7=1} denote the face of A™ which is opposite v. Let
Xy =X xan {v} and X7 = X xan T.

We note that M(¢) = M(¢") [ 4n (A" x A™). We wish to show that the

simplicial functor

F:Cx~eM(g)]~eM(¢) ] €A™ xA"] - ¢[X]
C[A" XT]

is an equivalence of simplicial categories. We note that € decomposes natu-
rally into full subcategories Cy = €[A™ x {v}] and C_ = C[M(¢')], having
the property that Mape(X,Y) =0ifz € Cy,y € C_.

Similarly, D = €[X] decomposes into full subcategories D = €[X,] and
D_ = ¢[X7], satisfying Mapq, (z,y) =0 if € D, and y € D_. We observe
that F restricts to give an equivalence between C_ and D_ by assumption
and gives an equivalence between C; and D, by the inductive hypothesis.
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To complete the proof, it will suffice to show that if z € €_ and y € C,
then F' induces a homotopy equivalence

Mape (z,y) — Mapq, (F(z), F(y)).

We may identify the object y € €4 with a vertex of A™. Let e denote
the edge of M(¢) which is the image of {y} x A{»=Ln} under the map
A" x A" — M (¢). We let [e] : ¥ — y denote the corresponding morphism
in C. We have a commutative diagram

Mape (z,y') ————— Mape(z,y)

| |

Mapy_(F(x), F(y')) — Mapyp (F(z), F(y))-

Here the left vertical arrow is a weak homotopy equivalence by the inductive
hypothesis, and the bottom horizontal arrow (which is given by composition
with [e]) is a weak homotopy equivalence because ¢(e) is p-Cartesian. Con-
sequently, to complete the proof, it suffices to show that the top horizontal
arrow (given by composition with e) is a weak homotopy equivalence. This
follows immediately from Lemma 3.2.2.9. t

To complete the proof of Proposition 3.2.2.7, it now suffices to show that
for any Cartesian fibration p : X — A", there exists a quasi-equivalence
M(¢) — X. In fact, we will prove something slightly stronger (in order to
make our induction work):

Proposition 3.2.2.11. Let p: X — A™ be a Cartesian fibration of simpli-
cial sets and A another simplicial set. Suppose we are given a commutative
diagram of marked simplicial sets

AP x (A™) : X"

~

(Am)E,

Then there exists a sequence of composable morphisms
¢ AV — = AT
a map A — A™, and an extension

A x (A" ——> ME(g) L X

~ 7

(A

of the previous diagram, such that f is a quasi-equivalence.
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Proof. The proof goes by induction on n. We begin by considering the fiber
s over the final vertex v of A™. The map s, : A — X, = X Xan {v} admits
a factorization

AL an s,
where g is a cofibration and & is a trivial Kan fibration. The smash product
inclusion

({0} < (A")) T ((A")F x A7) C (A")F x (A™)
{v}Ex AP
is marked anodyne (Proposition 3.1.2.3). Consequently, we deduce the exis-
tence of a dotted arrow fy as indicated in the diagram

A® x (A — Xt

-
f()/
-
-
~

(A™)" x (A™)F —— (A"

of marked simplicial sets, where fo|(A™ x {n}) = h.
If n = 0, we are now done. If n > 0, then we apply the inductive hypothesis
to the diagram

fOlA" XA 1

(A™)P x (Am=1) (X xan Am=1)3

\/

A" 1
to deduce the existence of a composable sequence of maps
¢/:A0<_...<_A7’L—17

a map A" — A" 1 and a commutative diagram

(A7) x (A7) —— M) — 5 (X x a0 AT
\An 1 /

where f’ is a quasi-equivalence. We now define ¢ to be the result of appending
the map A" — A"~! to the beginning of ¢’ and f : M(¢) — X be the map
obtained by amalgamating foy and f’. O

Corollary 3.2.2.12. Let p: X — S be a Cartesian fibration of simplicial
sets and let ¢ : Y — Z be a coCartesian fibration. Define new simplicial sets
Y’ and Z' equipped with maps Y' — S, Z' — S via the formulas

Homg(K,Y') ~ Hom(X xg K,Y)
Homg (K, Z') ~ Hom(X xg K, Z).
Then



186 CHAPTER 3

(1) Composition with q determines a coCartesian fibration ¢’ : Y' — Z'.

(2) An edge A' — Y’ is ¢'-coCartesian if and only if the induced map
Al xg X — Y carries p-Cartesian edges to q-coCartesian edges.

Proof. Let us say that an edge of Y is special if it satisfies the hypothesis of
(2). Our first goal is to show that there is a sufficient supply of special edges
in Y’. More precisely, we claim that given any edge e : 2 — 2’ in Z’ and any
vertex z € Y’/ covering z, there exists a special edge € : 2 — 2z’ of Y’ which
covers e.

Suppose that the edge e covers an edge ¢ : s — s" in S. We can identify 2
with a map from X, to Y. Using Proposition 3.2.2.7, we can choose a mor-
phism ¢ : X, « X/, and a quasi-equivalence M(¢) — X x g Al. Composing
with Z, we obtain a map X! — Y. Using Propositions 3.3.1.7 and A.2.3.1,
we may reduce to the problem of providing a dotted arrow in the diagram

X! Y

P
M(¢)—— 7

which carries the marked edges of M¥(¢) to g-coCartesian edges of Y. This
follows from the fact that ¢%s : YXs — Z%s is a coCartesian fibration and
the description of the ¢¥s-coCartesian edges (Proposition 3.1.2.1).

To complete the proofs of (1) and (2), it will suffice to show that ¢’ is an
inner fibration and that every special edge of Y’ is ¢’-coCartesian. For this,
we must show that every lifting problem

A™ Ly/

1
Ve ’
s iq
7

An > Z/

has a solution provided that either 0 <i < n or i =0, n > 2, and go|A{%1}
is special. We can reformulate this lifting problem using the diagram
X X5 A? —Y

7
-
/iq
7
7

X Xg A" —— 7.
Using Proposition 3.2.2.7, we can choose a composable sequence of mor-
phisms

Y Xp— = X!,
and a quasi-equivalence M (1)) — X xg A™. Invoking Propositions 3.3.1.7
and A.2.3.1, we may reduce to the associated mapping problem

M) X an A{L*;Y
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Since i < n, this is equivalent to the mapping problem
X, XA ——=Y
L)
X x A" —— Z,

which admits a solution by virtue of Proposition 3.1.2.1. O

Corollary 3.2.2.13. Let p: X — S be a Cartesian fibration of simplicial
sets, and let ¢ : Y — S be a coCartesian fibration. Define a new simplicial
set T equipped with a map T — S by the formula

Homg(K,T) ~ Homg(X xg K,Y).
Then:

(1) The projection r : T — S is a coCartesian fibration.

(2) An edge A' — Z is r-coCartesian if and only if the induced map
Al xg X — Al xgY carries p-Cartesian edges to q-coCartesian edges.

Proof. Apply Corollary 3.2.2.12 in the case where Z = S. O

We conclude by noting the following property of quasi-equivalences (which
is phrased using the terminology of §3.1.3):

Proposition 3.2.2.14. Let S = A", letp: X — S be a Cartesian fibration,
let

p: AV — A

be a composable sequence of maps, and let q : M(¢p) — X be a quasi-
equivalence. The induced map M%(¢) — X% is a Cartesian equivalence in

(Setz)/s

Proof. We must show that for any Cartesian fibration ¥ — S, the induced
map of co-categories

Map’ (X%, V) — Mapk(M%(¢), Y?)

is a categorical equivalence. Because S is a simplex, the left side may be
identified with a full subcategory of YX and the right side with a full sub-
category of YM(®) Since ¢ is a categorical equivalence, the natural map
YX — YM(@) is a categorical equivalence; thus, to complete the proof, it
suffices to observe that a map of simplicial sets f : X — Y is compatible
with the projection to S and preserves marked edges if and only if g o f has
the same properties. O
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3.2.3 Straightening over a Simplex

Let S be a simplicial set, € a simplicial category, and ¢ : €[S]°? — € a simpli-
cial functor. In §3.2.1, we introduced the straightening and unstraightening
functors

stf
(8etx)/s=—=(8et])*.
N

In this section, we will prove that (St;, Un;[) is a Quillen equivalence pro-
vided that ¢ is a categorical equivalence and S is a simplex (the case of a
general simplicial set S will be treated in §3.2.4).

Our first step is to prove the result in the case where S is a point and ¢
is an isomorphism of simplicial categories. We can identify the functor Sth
with the functor T : SetJAr — Setz studied in §3.2.1. Consequently, Theorem
3.2.0.1 is an immediate consequence of Proposition 3.2.1.14:

Lemma 3.2.3.1. The functor T : Setz — SetJAr has a right adjoint U, and
the pair (T,U) is a Quillen equivalence from Setk to itself.

Proof. We have already established the existence of the unstraightening func-
tor U in §3.2.1 and proved that (T,U) is a Quillen adjunction. To complete
the proof, it suffices to show that the left derived functor of 7' (which we may
identify with T because every object of Set} is cofibrant) is an equivalence
from the homotopy category of Setz to itself. But Proposition 3.2.1.14 as-
serts that T is isomorphic to the identity functor on the homotopy category
of Set{. O

Let us now return to the case of a general equivalence ¢ : €[S] — C°P.
Since we know that (Stg, Ung) give a Quillen adjunction between (Set}),s

and (Set})®, it will suffice to prove that the unit and counit

w:id — RUnj) oLStjg

v LSt;5 oRUn;' —id

are weak equivalences. Our first step is to show that RUan detects weak
equivalences: this reduces the problem of proving that v is an equivalence to
the problem of proving that w is an equivalence.

Lemma 3.2.3.2. Let S be a simplicial set, C a simplicial category, and ¢ :
€[S] — C an essentially surjective functor. Let p : F — G be a map between
(weakly) fibrant objects of (Set})®. Suppose that Ung (p) : Un:g F - Un:g S
is a Cartesian equivalence. Then p is an equivalence.

Proof. Since ¢ is essentially surjective, it suffices to prove that F(C') — F(D)
is a Cartesian equivalence for every object C' € € which lies in the image of
¢. Let s be a vertex of S with ¢(s) = C. Let ¢ : {s} — S denote the inclusion
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and let i* : (Set{),s — Set denote the functor of passing to the fiber over
s:

X =X, = X xg {s}*.

Let 4, denote the left adjoint to i*. Let {C} denote the trivial category
with one object (and only the identity morphism), and let j : {C} — C be
the simplicial functor corresponding to the inclusion of C' as an object of C.
According to Proposition 3.2.1.4, we have a natural identification of functors

St;oig ~jgoT.
Passing to adjoints, we get another identification
i* o Un; ~ U oj*

from (Set})¢ to SetX. Here U denotes the right adjoint of T'.

According to Lemma 3.2.3.1, the functor U detects equivalences between
fibrant objects of Set{. It therefore suffices to prove that U(j* F) — U(j* G)
is a Cartesian equivalence. Using the identification above, we are reduced to
proving that

Un(‘;(ff")s — Un%’(S)S

is a Cartesian equivalence. But Un(‘;(?) and Un;f(S) are fibrant objects of

(Set}) /s and therefore correspond to Cartesian fibrations over S: the desired
result now follows from Proposition 3.1.3.5. O

We have now reduced the proof of Theorem 3.2.0.1 to the problem of
showing that if ¢ : €[S] — C°? is an equivalence of simplicial categories,
then the unit transformation

u:id — RUH:; OSt;;

is an isomorphism of functors from the homotopy category h(8et}) s to
itself.

Our first step is to analyze the effect of the straightening functor St;5 on a
mapping simplex. We will need a bit of notation. For any X € (SetX) /s and

any vertex s of S, we let X, denote the fiber X xg: {s}* and let i® denote
the composite functor

{s} — ¢[5] % e

of simplicial categories. According to Proposition 3.2.1.4, there is a natural
identification

St (X,) ~ i T(X,)
which induces a map

X T(X) — St} (X)(s).
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Lemma 3.2.3.3. Let
6:A% — ... — A"
be a composable sequence of maps of simplicial sets and let M (6) € (Setf)an
be its mapping simplex. For each 0 < i <n, the map
GO (AT = S (ME9))(0)
is a Cartesian equivalence in SetX.

b
Proof. The proof proceeds by induction on n. We first observe that 1/),1;/1 ©)

is an isomorphism; we may therefore restrict our attention to 7 < n. Let ¢’
be the composable sequence

AOH._.HAn—l

and M?%(#’) its mapping simplex, which we may regard as an object of either
(SetZ)/A" or (Setz)/An—l .
For i < n, we have a commutative diagram

Sth. (MF(8)) i)

T((A%)) Stan (MF(6))(i).

By Proposition 3.2.1.4, St£, M%(0') ~ 5Stf,, , M*(0'), where j : €[A"1] —
€[A"™] denotes the inclusion. Consequently, the inductive hypothesis implies

that the maps
T(AYY — St . (M*(8'))(i)

are Cartesian equivalences for i < n. It now suffices to prove that f; is a
Cartesian equivalence for i < n.
We observe that there is a (homotopy) pushout diagram

(A™)" x (ATT1)E ——= (A") x (A")F

| l

M0 M(B).

Since Stzn is a left Quillen functor, it induces a homotopy pushout diagram

StE. ((A™) x (An=1)8) L= S, ((A™) x (A™)F)

l |

Stk M) Stk M*(6)

in (Set{)®. We are therefore reduced to proving that g induces a Cartesian
equivalence after evaluation at any i < n.
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According to Proposition 3.2.1.13, the vertical maps of the diagram
SR (A" x (AP1)%) —— StE, ((A™)? x (A™)f)
i |
T(A™)° K St (A" 1) —— T(A™)> K St L. (A™)F
are Cartesian equivalences. To complete the proof we must show that
Sti. (AMhE s StE, (A™)?

induces a Cartesian equivalence when evaluated at any i < n. Consider the
diagram

{n— 1} (A=)

| |

(A{n—l,n})ﬁ - (An)ﬁ

The horizontal arrows are marked anodyne. It therefore suffices to show that
St {n — 1} — Stf, (Afn—tnhy

induces Cartesian equivalences when evaluated at any ¢ < n. This follows

from an easy computation. O

Proposition 3.2.3.4. Let n > 0. Then the Quillen adjunction

+

Stin
(SetX)/an===(8et}) 12"

Unjn

is a Quillen equivalence.
Proof. As we have argued above, it suffices to show that the unit
id — RUnj oSt}.

is an isomorphism of functors from h(Set{)n to itself. In other words, we
must show that given an object X € (8et)/an and a weak equivalence

Sti.X — 7,
where F € (Set{)®A"] is fibrant, the adjoint map
ji X — Unzn F

is a Cartesian equivalence in (Set} ) an.

Choose a fibrant replacement for X: that is, a Cartesian equivalence X —
Y where Y — A" is a Cartesian fibration. According to Proposition 3.2.2.7,
there exists a composable sequence of maps

6:A% — ... — A"
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and a quasi-equivalence M?(#) — Y& Proposition 3.2.2.14 implies that
M%) — Y? is a Cartesian equivalence. Thus, X is equivalent to M?¥(6)
in the homotopy category of (SetX) /an and we are free to replace X by
M?"(0), thereby reducing to the case where X is a mapping simplex.

We wish to prove that j is a Cartesian equivalence. Since Unj}, J is fi-
brant, Proposition 3.2.2.14 implies that it suffices to show that j is a quasi-
equivalence: in other words, we need to show that the induced map of fibers
Js 1 X — (Unzn F)s is a Cartesian equivalence for each vertex s of A™.
As in the proof of Lemma 3.2.3.2, we may identify (Un}, F); with U(F(s)),
where U is the right adjoint to 7. By Lemma 3.2.3.1, X, — U(F(s)) is a
Cartesian equivalence if and only if the adjoint map T(X;) — F(s) is a
Cartesian equivalence. This map factors as a composition

T(Xs) — Sth.(X)(s) — F(s).
The map on the left is a Cartesian equivalence by Lemma 3.2.3.3, and the

map on the right also a Cartesian equivalence, by virtue of the assumption
that StXnX — J is a weak equivalence. O

3.2.4 Straightening in the General Case

Let S be a simplicial set and ¢ : €[S] — C°? an equivalence of simplicial
categories. Our goal in this section is to complete the proof of Theorem
3.2.0.1 by showing that (St;7 Ung) is a Quillen equivalence between (SetZ)/S
and (Set})®. In §3.2.3, we handled the case where S is a simplex (and ¢
an isomorphism) by verifying that the unit map id — RUng OStz is an
isomorphism of functors from h(Set}) s to itself.

Here is the idea of the proof. Without loss of generality, we may suppose
that ¢ is an isomorphism (since the pair (¢, ¢*) is a Quillen equivalence
between (Set{)¢151” and (Set{)® by Proposition A.3.3.8). We wish to show
that Ung induces an equivalence from the homotopy category of (SetX)e to
the homotopy category of (SetX)/s. According to Proposition 3.2.3.4, this
is true whenever S is a simplex. In the general case, we would like to regard
(Set£)€ and (Set}),s as somehow built out of pieces which are associated to
simplices and deduce that Unz is an equivalence because it is an equivalence
on each piece. In order to make this argument work, it is necessary to work
not just with the homotopy categories of (Set{)® and (Set}) /s but also with
the simplicial categories which give rise to them.

We recall that both (Set£)® and (Setf),s are simplicial model categories
with respect to the simplicial mapping spaces defined by

Homges , (K, Map . 1ye (F,9)) = Hom(setz)e(3’"&[(ﬁ7 9)

Homget , (K, Map(setz)s(X7 Y)) = Hom(setz)/s(X x K*Y).

The functor Stj5 is not a simplicial functor. However, it is weakly compatible
with the simplicial structure in the sense that there is a natural map

StJ(X KK — (St]X) K K*
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for any X € (Set}{),s, K € 8eta (according to Corollary 3.2.1.15, this map
is a weak equivalence in (Set})®). Passing to adjoints, we get natural maps

Map s t)e (F,9) — Mapk(Unf &, Un] §).

In other words, Un;f does have the structure of a simplicial functor. We now
invoke Proposition A.3.1.10 to deduce the following:

Lemma 3.2.4.1. Let S be a simplicial set, C a simplicial category, and
¢ : €[S] — C a simplicial functor. The following are equivalent:

(1) The Quillen adjunction (St;,Ung) is a Quillen equivalence.

(2) The functor Undf induces an equivalence of simplicial categories
(Ung)° = ((8etA)®)° — ((SetX)/s)°,
where ((Set{)€)° denotes the full (simplicial) subcategory of ((Set)®)
consisting of fibrant-cofibrant objects and ((Setz)/g)o denotes the full

(simplicial) subcategory of (Set}) s consisting of fibrant-cofibrant ob-
jects.

Consequently, to complete the proof of Theorem 3.2.0.1, it will suffice to
show that if ¢ is an equivalence of simplicial categories, then (Un;;)O is an

equivalence of simplicial categories. The first step is to prove that (Un;’)O is
fully faithful.

Lemma 3.2.4.2. Let S’ C S be simplicial sets andletp: X — S, q:Y — S
be Cartesian fibrations. Let X' = X xgS' andY’' =Y xgS’. The restriction
map

Map, (X®, Y") — Mapf, (X%, v'%)
is a Kan fibration.

Proof. Tt suffices to show that the map Y% — S has the right lifting property
with respect to the inclusion

(X" x B5) [ (XFx4%) C XFx B
X'ix At
for any anodyne inclusion of simplicial sets A C B.
But this is a smash product of a marked cofibration X’? — X% (in
(SetX),s) and a trivial marked cofibration A* — B (in Set) and is there-

fore a trivial marked cofibration. We conclude by observing that Y is a
fibrant object of (Set}),s (Proposition 3.1.4.1). O

Proof of Theorem 3.2.0.1. For each simplicial set S, let (SetZ)fp[s]op

the category of projectively fibrant objects of (SetZ)Q[S]OP and let Wg be

the class of weak equivalences in (SetX)?[S]OP. Let W be the collection

denote
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of pointwise equivalences in (SetZ)(} 5- We have a commutative diagram of
simplicial categories

op UD+ o
((8etf) ey —=— (Set})%g

| |-

op _ o) ° _
(8et )" W) S (et £)95 W5 ]

(see Notation A.3.5.1). In view of Lemma 3.2.4.1, it will suffice to show that
the upper horizontal map is an equivalence of simplicial categories. Lemma
A.3.6.17 implies that the left vertical map is an equivalence. Using Lemma
2.2.3.6 and Remark A.3.2.14, we deduce that the right vertical map is also
an equivalence. It will therefore suffice to show that ¢g is an equivalence.

Let U denote the collection of simplicial sets S for which ¢g is an equiv-
alence. We will show that U satisfies the hypotheses of Lemma 2.2.3.5 and
therefore contains every simplicial set .S. Conditions () and (i¢) are obviously
satisfied, and condition (ii7) follows from Lemma 3.2.4.1 and Proposition
3.2.3.4. We will verify condition (iv); the proof of (v) is similar.

Applying Corollary A.3.6.18, we deduce:

() The functor S +— (Setz)fc[s]op [Wg '] carries homotopy colimit diagrams
indexed by a partially ordered set to homotopy limit diagrams in Cata .

Suppose we are given a pushout diagram
X—X'
o
Y —Y’

in which X, X', Y € U, where f is a cofibration. We wish to prove that
Y’ € U. We have a commutative diagram

Set )™
¢Y’

(8etR)5y [W'yr] — (Set})5y [W'y ']
(8etR)Sx/ (W3] —— (Set )55 [W'X].

Using (x) and Corollary A.3.2.28, we deduce that ¢y~ is an equivalence if
and only if, for every pair of objects z,y € (SetZ)%/,[ ’;/1], the diagram of
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simplicial sets

Mapseif)s,, w1 (&5 Y) ——— Mabseeiye gy (@), u(y))

| |

1\43JI)(SetZ)O w2 (v(z),0(y) — = Map(getpcjx[W,;] (’LU(.%'), w(y))

/X’ x/

is homotopy Cartesian. Since ¥y is a weak equivalence of simplicial cat-
egories, we may assume without loss of generality that © = ¥y/(Z) and
y = Yy (y) for some T,y € (SetJAr)‘;w. It will therefore suffice to prove that
the equivalent diagram

Map},, (%,9) — Map}, (u(%), u(y))

i |

N —f— 9 i\ ——
Mapy, (0(7), 5(F)) —> Map’ (0(7), w())
is homotopy Cartesian. But this diagram is a pullback square, and the map
g is a Kan fibration by Lemma 3.2.4.2. t

3.2.5 The Relative Nerve

In §3.1.3, we defined the straightening and unstraightening functors, which
give rise to a Quillen equivalence of model categories

st

¢
(Setz)/S%> (Set})®

U

whenever ¢ : €[S] — € is a weak equivalence of simplicial categories. For
many purposes, these constructions are unnecessarily complicated. For exam-
ple, suppose that F : € — Set} is a (weakly) fibrant diagram, so that Ung (F)
is a fibrant object of (Set}) /s corresponding to a Cartesian fibration of sim-
plicial sets X — S. For every vertex s € S, the fiber X is an oco-category
which is equivalent to F(¢(s)) but usually not isomorphic to F(¢(s)). In the
special case where C is an ordinary category and ¢ : €[N(€)°P] — C is the
counit map, there is another version of unstraightening construction Un}
which does not share this defect. Our goal in this section is to introduce this
simpler construction, which we call the marked relative nerve F — N;i((?),
and to study its basic properties.

Remark 3.2.5.1. To simplify the exposition which follows, the relative
nerve functor introduced below will actually be an alternative to the opposite
of the unstraightening functor

F— (Un(‘g FoP)oP
which is a right Quillen functor from the projective model structure on
(8et£)€ to the coCartesian model structure on (SetX)/N(e).
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Definition 3.2.5.2. Let € be a small category and let f : € — Seta be a
functor. We define a simplicial set N(C), the nerve of C relative to f, as
follows. For every nonempty finite linearly ordered set .J, a map A7 — N #(€)
consists of the following data:

(1) A functor o from J to C.

(2) For every nonempty subset J' C J having a maximal element j', a
map 7(J') : AT — F(a(j")).

(3) For nonempty subsets J” C J' C J, with maximal elements j” € J”,
j' € J’', the diagram

A7 D p ()
7T b (7))

is required to commute.

Remark 3.2.5.3. Let J denote the linearly ordered set [n], regarded as
a category, and let f : J — Seta correspond to a composable sequence of
morphisms ¢ : Xg — -+ — X,,. Then N#(J) is closely related to the mapping
simplex M°P(¢) introduced in §3.2.2. More precisely, there is a canonical map
N;(J) — M°P(¢) compatible with the projection to A™, which induces an
isomorphism on each fiber.

Remark 3.2.5.4. The simplicial set N;(C) of Definition 3.2.5.2 depends
functorially on f. When f takes the constant value A, there is a canonical
isomorphism N;(€) ~ N(C). In particular, for any functor f, there is a
canonical map N¢(€) — N(C); the fiber of this map over an object C' € €
can be identified with the simpicial set f(C).

Remark 3.2.5.5. Let € be a small co-category. The construction f —
N{(€) determines a functor from (Seta)® to (Seta), n(e)- This functor ad-
mits a left adjoint, which we will denote by X — §x(C) (the existence of
this functor follows from the adjoint functor theorem). If X — N(C) is a left
fibration, then Fx(€) is a functor € — Seta which assigns to each C € C
a simplicial set which is weakly equivalent to the fiber X¢ = X xy(e) {C}
this follows from Proposition 3.2.5.18 below.

Example 3.2.5.6. Let C be a small category and regard N(€) as an object of
(8eta)/n(e) via the identity map. Then Fx(e)(C) € (Seta)® can be identified
with the functor C'+— N(C/c¢).

Remark 3.2.5.7. Let g : € — D be a functor between small categories
and let f : D — Seta be a diagram. There is a canonical isomorphism of
simplicial sets Nyo4(C) ~ Ny (D) xn(p) N(€). In other words, the diagram of
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categories

*

(Seta)? —L— (Seta)®

iN.(D) J{N.(@)

(Seta); (D) RO (Seta), n(e)
commutes up to canonical isomorphism. Here g* denotes the functor given
by composition with g, and N(g)* the functor given by pullback along the
map of simplicial sets N(g) : N(€) — N(D).
Remark 3.2.5.8. Combining Remarks 3.2.5.5 and 3.2.5.7, we deduce that
for any functor g : € — D between small categories, the diagram of left
adjoints

(Seta)? <——2—— (Seta)®
Ts.(@) Ts.(@)

(Seta), n(p)y <— (Seta)/n(e)

commutes up to canonical isomorphism; here g, denotes the functor of left
Kan extension along g, and the bottom arrow is the forgetful functor given
by composition with N(g) : N(€) — N(D).

Notation 3.2.5.9. Let C be a small category and let f : € — Seta be a
functor. We let f°P denote the functor € — Seta described by the formula
foP(C) = f(C)°P. We will use a similar notation in the case where f is a
functor from € to the category SetJAr of marked simplicial sets.

Remark 3.2.5.10. Let C be a small category, let S = N(C)°P, and let
¢ : €[S] — €% be the counit map. For each X € (8eta),n(e), there is a
canonical map

ae(X) : St X — Fx(C)°P.
The collection of maps {ae(X)} is uniquely determined by the following
requirements:

(1) The morphism ae(X) depends functorially on X. More precisely, sup-
pose we are given a commutative diagram of simplicial sets

X d Y
N
N(C).

Sty X 0P @SX(G)OP

Then the diagram

Sty fF \Lﬁf(@)"p

StyY P 0‘640;) Fy(C)eP

comimutes.
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(2) The transformation «e depends functorially on € in the following sense:
for every functor g : € — D, if ¢’ : €[(ND)°?] — D°? denotes the
counit map and X € (8eta)/n(e), then the diagram

Sty X P ﬂ;g;&X(G)OP

| |

Sty XoP 225 & (D)or

commutes, where the vertical arrows are the isomorphisms provided
by Remark 3.2.5.8 and Proposition 2.2.1.1.

(3) Let € be the category associated to a partially ordered set P and let
X = N(C), regarded as an object of (Seta),n(e) via the identity map.
Then (St X°P) € (Seta)® can be identified with the functor p — N X,,,
where for each p € P we let X, denote the collection of nonempty finite
chains in P having largest element p. Similarly, Example 3.2.5.6 allows
us to identify Fx (C) € (Seta)® with the functor p — N{q € P : ¢ < p}.
The map ae(X) : (St X?) — Fx(€)°P is induced by the map of
partially ordered sets X,, — {¢ € P : ¢ < p} which carries every chain
to its smallest element.

To see that the collection of maps {ae(X)}xe(seta), ne 15 determined
by these properties, we first note that because the functors Sty and §e(C)
commute with colimits, any natural transformation Se : Sty (e°?) — Fe(C)°P
is determined by its values e (X) : Sty (X°P) — Fx(C)°P in the case where
X = A" is a simplex. In this case, any map X — N € factors through the
isomorphism X ~ Nin], so we can use property (2) to reduce to the case
where the category C is a partially ordered set and the map X — N(C) is an
isomorphism. The behavior of the natural transformation ae is then dictated
by property (3). This proves the uniqueness of the natural transformations
ae; the existence follows by a similar argument.

The following result summarizes some of the basic properties of the relative
nerve functor:

Lemma 3.2.5.11. Let J be a category and let o : f — [’ be a natural
transformation of functors f, f' : € — Seta.

(1) Suppose that, for each I € C, the map o(I) : f(I) — f'(I) is an inner
fibration of simplicial sets. Then the induced map N;(C) — N (C) is
an inner fibration.

(2) Suppose that, for each I € 3, the simplicial set f(I) is an co-category.
Then N#(C) is an co-category.

(3) Suppose that, for each I € C, the map a(I) : f(I) — f'(I) is a categor-
ical fibration of co-categories. Then the induced map Ny(€) — N (C)
s a categorical fibration of oo-categories.
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Proof. Consider a commutative diagram

A ——= N (J)

7
s

e p

- \L

Ve
A" —— Ny (€)

and let I be the image of {n} C A™ under the bottom map. If 0 < i < n,
then the lifting problem depicted in the diagram above is equivalent to the
existence of a dotted arrow in an associated diagram

A — f(I)
/1
/ ia([)
Ve
Ve

A (1),

If «(7) is an inner fibration and 0 < ¢ < n, then we conclude that this lifting
problem admits a solution. This proves (1). To prove (2), we apply (1) in the
special case where f is the constant functor taking the value A°. It follows
that N¢(€) — N(€) is an inner fibration, so that N(€) is an co-category.

We now prove (3). According to Corollary 2.4.6.5, an inner fibration
D — & of co-categories is a categorical fibration if and only if the following
condition is satisfied:

() For every equivalence e : E — E’ in £ and every object D € D lifting
E, there exists an equivalence € : D — D’ in D lifting e.

We can identify equivalences in N/ (€) with triples (g: I — I', X,e: X' —
Y'), where ¢ is an isomorphism in €, X is an object of f'(I), X' is the image
of X in f'(I’), and e : X’ — Y is an equivalence in f’(I’). Given a lifting
X of X to f(I), we can apply the assumption that a(I’) is a categorical
fibration (and Corollary 2.4.6.5) to lift e to an equivalence € : X - Yin
f(I"). This produces the desired equivalence (g : I — I', X,e : X - Y) in
N(C). O

We now introduce a slightly more elaborate version of the relative nerve
construction.

Definition 3.2.5.12. Let C be a small category and ¥ : € — SetJAr a functor.
We let N (€) denote the marked simplicial set (N;(€), M), where f denotes

the composition € EA SetX — Seta and M denotes the collection of all edges
e of Nf(C) with the following property: if e : C' — C” is the image of € in
N(€) and o denotes the edge of f(C’) determined by e, then o is a marked
edge of F(C'). We will refer to N (C) as the marked relative nerve functor.

Remark 3.2.5.13. Let C be a small category. We will regard the construc-
tion F — N£(C) as determining a functor from (Set£)® to (SetX), ne) (see
Remark 3.2.5.4). This functor admits a left adjoint, which we will denote by
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Remark 3.2.5.14. Remark 3.2.5.8 has an evident analogue for the functors
§T: for any functor g : € — D between small categories, the diagram of left
adjoints

(Set})? <2 (Setf)C

TST(D) TST(G)
(SetX); n(p) = (SetA) /e
commutes up to canonical isomorphism.
Lemma 3.2.5.15. Let C be a small category. Then

(1) The functor X — Fx(C) carries cofibrations in (Seta),n(e) to cofibra-
tions in (Seta)® (with respect to the projective model structure).

(2) The functor X +— 3’}(@) carries cofibrations (with respect to the co-

Cartesian model structure on (SetX)/N(e)) to cofibrations in (Set})®
(with respect to the projective model structure).

Proof. We will give the proof of (2); the proof of (1) is similar. It will suffice to
show that the right adjoint functor N (€) : (Set{)® — Set N(C) preserves
trivial fibrations. Let ¥ — F’ be a trivial fibration in (Set{)® with respect
to the projective model structure, so that for each C' € € the induced map
F(C) — F/(C) is a trivial fibration of marked simplicial sets. We wish to
prove that the induced map NZ(C) — N, (€) is also a trivial fibration of
marked simplicial sets. Let f denote the composition C 3, Setz — Seta and
let f’ be defined likewise. We must verify two things:

(1) Every lifting problem of the form
a4 —Ny(€)

admits a solution. Let C' € € denote the image of the final vertex of
A™ under the map u. Then it suffices to solve a lifting problem of the
form

op" —= f(C)
A" —— f/(0)7

which is possible since the right vertical map is a trivial fibration of
simplicial sets.
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(2) If € is an edge of N (€) whose image @ in N7, (€) is marked, then € is
itself marked. Let e : C' — C' be the image of € in N(€) and let o denote
the edge of F(C’) determined by €. Since €’ is a marked edge of N7, (€),
the image of o in F'(C”) is marked. Since the map F(C’) — F'(C’) is a
trivial fibration of marked simplicial sets, we deduce that ¢ is a marked
edge of F(C'), so that € is a marked edge of N (C) as desired.

O

Remark 3.2.5.16. Let C be a small category, let S = N(C)°?, and let
# : €[S] — C° be the counit map. For every X = (X, M) € (Setz)/N(@),
the morphism ae(X) : Sts(XP) — Fx(€)? of Remark 3.2.5.10 induces a
natural transformation St;ﬁyw — S%(G)Op , which we will denote by a.§ (X).
We will regard the collection of morphisms {aé’ (Y)}Ye (Setk) as deter-

/N(e)
mining a natural transformation of functors

ac s St7(e7) — §L(©)7.

Lemma 3.2.5.17. Let C be a small category, let S = N(C)°P, let ¢ : €[S] —
C°? be the counit map, and let C € € be an object. Then

(1) For every X € (8eta),n(e)y, the map ae(X) : Stg(XP) — Fx(C)P
of Remark 3.2.5.10 induces a weak homotopy equivalence of simplicial

sets Sty (XP)(C) — Fx(C)(C)°P.
(2) For every X € (SetX)/n(e), the map af(X) : St;‘(yozj) — F(€)P
of Remark 3.2.5.16 induces a Cartesian equivalence St;(YOP)(C) —
+
S (€)(C)r.
Proof. We will give the proof of (2); the proof of (1) is similar but easier. Let
us say that an object X € (SetZ)/N(@) is good if the map ag(X) is a weak
equivalence. We wish to prove that every object X = (X, M) € (8etX), n(e)
is good. The proof proceeds in several steps.

(A) Since the functors St:; and F&(€) both commute with filtered colimits,

the collection of good objects of (SetX)/N(e) is stable under filtered
colimits. We may therefore reduce to the case where the simplicial set
X has only finitely many nondegenerate simplices.

(B) Suppose we are given a pushout diagram

XI

|

y —Y

— [
X —
i"

in the category (Setz)/N(@). Suppose that either f or g is a cofibra-
tion and that the objects X, Y/, and Y are good. Then Y is good.
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This follows from the fact that the functors S@ and FJ(C) preserve
cofibrations (Proposition 3.2.1.7 and Lemma 3.2.5.15) together with
the observation that the projective model structure on (Set} )¢ is left
proper.

Suppose that X ~ A" for n < 1. In this case, the map aé(Y) is an
isomorphism (by direct calculation), so that X is good.

We now work by induction on the number of nondegenerate marked
edges of X. If this number is nonzero, then there exists a pushout
diagram

(Al —> (A1)

]

v -

X

)

where Y has fewer nondegenerate marked edges than X, so that Y is
good by the inductive hypothesis. The marked simplicial sets (Al)b and
(AY)* are good by virtue of (C), so that (B) implies that X is good. We

may therefore reduce to the case where X contains no nondegenerate
marked edges, so that X ~ X",

We now argue by induction on the dimension n of X and the number
of nondegenerate n-simplices of X. If X is empty, there is nothing to
prove; otherwise, we have a pushout diagram

OA" — A"

|

Y —X.

The inductive hypothesis implies that (9 A™)” and Y” are good. Invok-
ing step (B), we can reduce to the case where X is an n-simplex. In
view of (C), we may assume that n > 2.

Let Z = Al01} H{l}.A{l’Q.} Iy ey A{”_L".}, so that Z € X
is an inner anodyne inclusion. We have a commutative diagram

Sti(Z°F)" —“= St} (X°P)
gt ()P —=FT, (C)r.

The inductive hypothesis implies that v is a weak equivalence, and
Proposition 3.2.1.11 implies that u is a weak equivalence. To complete
the proof, it will suffice to show that w is a weak equivalence.
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(F) The map X — N(C) factors as a composition
A™ ~ N([n]) Z N(@).

Using Remark 3.2.5.14 (together with the fact that the left Kan ex-
tension functor g; preserves weak equivalences between projectively
cofibrant objects), we can reduce to the case where C = [n] and the
map X — N(C@) is an isomorphism.

(G) Fix an object i € [n]. A direct computation shows that the map
%’2,, (©)(7) — S;b (€)(7) can be identified with the inclusion

(A{O’l} H A{1’2} H o H A{ifl,i})op,b C (Ai)ap,b'
{1} {1y {i-1}

This inclusion is marked anodyne and therefore an equivalence of
marked simplicial sets, as desired.

O

Proposition 3.2.5.18. Let C be a small category. Then

(1) The functors Fo(C) and No(€) determine a Quillen equivalence between
(8eta)/n(e) (endowed with the covariant model structure) and (Seta)®
(endowed with the projective model structure).

(2) The functors FE(€) and NT (@) determine a Quillen equivalence be-
tween (Set})/ n(e) (endowed with the coCartesian model structure) and
(8etX)® (endowed with the projective model structure).

Proof. We will give the proof of (2); the proof of (1) is similar but easier. We
first show that the adjoint pair (F(C),NJ(€)) is a Quillen adjunction. It
will suffice to show that the functor FJ(C) preserves cofibrations and weak
equivalences. The case of cofibrations follows from Lemma 3.2.5.15, and the
case of weak equivalences from Lemma 3.2.5.17 and Corollary 3.2.1.16. To
prove that (F3(C),N7(€)) is a Quillen equivalence, it will suffice to show
that the left derived functor LF!(€) induces an equivalence from the homo-
topy category h(SetZ)/N(@) to the homotopy category h(Set{)¢. In view of
Lemma 3.2.5.17, it will suffice to prove an analogous result for the straight-
ening functor St;f, where ¢ denotes the counit map €[N(C)°?] — €. We
now invoke Theorem 3.2.0.1. O

Corollary 3.2.5.19. Let C be a small category and let « : f — f' be a
natural transformation of functors f, f' : € — Seta. Suppose that, for each
C € C, the induced map f(C) — f'(C) is a Kan fibration. Then the induced
map N¢(C) — Ny (€) is a covariant fibration in (Seta ), ncey. In particular,
if each f(C) is Kan complez, then the map N;(C) — N(C) is a left fibration
of simplicial sets.
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Corollary 3.2.5.20. Let C be a small category and ¥ : C — SetX a fibrant
object of (Set{)®. Let S = N(C) and let ¢ : €[S°P] — C°P denote the counit
map. Then the natural transformation oﬂe' of Remark 3.2.5.16 induces a
weak equivalence Ng(€)°P — (Un(‘g FP) (with respect to the Cartesian model

structure on (SetX) gon).

Proof. Tt suffices to show that ozé' induces an isomorphism of right derived
functors RN (C)? — R(Un:; ¢°P), which follows immediately from Lemma
3.2.5.17. O

Proposition 3.2.5.21. Let C be a category and let f : © — Seta be a
functor such that f(C) is an co-category for each C € C. Then

(1) The projection p : N;(€C) — N(C) is a coCartesian fibration of simpli-
cial sets.

(2) Let e be an edge of N;(C) covering a morphism C — C’ in C. Then
e is p-coCartesian if and only if the corresponding edge of f(C') is an
equivalence.

(3) The coCartesian fibration p is associated to the functor N(f) : N(€) —
Cateo (see §3.3.2).

Proof. Let F : € — Set{ be the functor described by the formula F(C) =
f(C)%. Then F is a projectively fibrant object of (Set} ). Invoking Propo-
sition 3.2.5.18, we deduce that N (€) is a fibrant object of (Set})/n(e)- In-
voking Proposition 3.1.4.1, we deduce that the underlying map p : N4(C) —
N(€) is a coCartesian fibration of simplicial sets and that the p-coCartesian
morphisms of N¢(C) are precisely the marked wedges of N}(G). This proves
(1) and (2). To prove (3), we let S = N(C) and ¢ : €[S]°? — C°? be the
counit map. By definition, a coCartesian fibration X — N(C) is associated
to f if and only if it is equivalent to (Uny f°P)°P; the desired equivalence is
furnished by Corollary 3.2.5.20.

O

3.3 APPLICATIONS

The purpose of this section is to survey some applications of technology
developed in §3.1 and §3.2. In §3.3.1, we give some applications to the theory
of Cartesian fibrations. In §3.3.2, we will introduce the language of classifying
maps which will allow us to exploit the Quillen equivalence provided by
Theorem 3.2.0.1. Finally, in §3.3.3 and §3.3.4, we will use Theorem 3.2.0.1
to give explicit constructions of limits and colimits in the co-category Catq
(and also in the co-category 8 of spaces).



THE co-CATEGORY OF co-CATEGORIES 205

3.3.1 Structure Theory for Cartesian Fibrations

The purpose of this section is to prove that Cartesian fibrations between
simplicial sets enjoy several pleasant properties. For example, every Carte-
sian fibration is a categorical fibration (Proposition 3.3.1.7), and categorical
equivalences are stable under pullbacks by Cartesian fibrations (Proposition
3.3.1.3). These results are fairly easy to prove for Cartesian fibrations X — S
in the case where S is an co-category. Theorem 3.2.0.1 provides a method
for reducing to this special case:

Proposition 3.3.1.1. Let p: S — T be a categorical equivalence of simpli-
cial sets. Then the forgetful functor

pr:(8etx) s — (8et}),r
and its right adjoint p* induce a Quillen equivalence between (SetZ)/S and
(Set}) T+
Proof. Let € = €[S]°? and D = €[T]°P. Consider the following diagram of

model categories and left Quillen functors:

(Setk) /s —— (SetX),r

J/St'g isf;
<lph

C D.

According to Proposition 3.2.1.4, this diagram commutes (up to natural iso-
morphism). Theorem 3.2.0.1 implies that the vertical arrows are Quillen
equivalences. Since p is a categorical equivalence, €[p] is an equivalence
of simplicial categories, so that €[p],; is a Quillen equivalence (Proposition
A.3.3.8). Tt follows that (pi, p*) is a Quillen equivalence as well. O

Corollary 3.3.1.2. Letp: X — S be a Cartesian fibration of simplicial sets
and let S — T be a categorical equivalence. Then there exists a Cartesian
fibration Y — T and an equivalence of X with Sx1Y (as Cartesian fibrations
over X).

Proof. Proposition 3.3.1.1 implies that the right derived functor Rp* is es-
sentially surjective. U

As we explained in Remark 2.2.5.3, the Joyal model structure on Seta is
not right proper. In other words, it is possible to have a categorical fibration
X — S and a categorical equivalence T — S such that the induced map X x g
T — X is not a categorical equivalence. This poor behavior of categorical
fibrations is one of the reasons that they do not play a prominent role in the
theory of oco-categories. Working with a stronger notion of fibration corrects
the problem:

Proposition 3.3.1.3. Letp: X — S be a Cartesian fibration and let T —
S be a categorical equivalence. Then the induced map X xgT — X is a
categorical equivalence.
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Proof. We first suppose that the map 7" — S is inner anodyne. By means
of a simple argument, we may reduce to the case where 7' — S is a middle
horn inclusion A7 C A", where 0 < ¢ < n. According to Proposition 3.2.2.7,
there exists a sequence of maps

¢ A" — . A

and a map M (¢) — X which is a categorical equivalence, such that M (¢) x g
T — X xg T is also a categorical equivalence. Consequently, it suffices to
show that the inclusion M (¢) xsT C M (¢) is a categorical equivalence. But
this map is a pushout of the inclusion A™ x A C A™ x A", which is inner
anodyne.

We now treat the general case. Choose an inner anodyne map T — T7,
where 7" is an oco-category. Then choose an inner anodyne map 7" [[, S —
S’, where S’ is also an oo-category. The map S — S’ is inner anodyne; in
particular it is a categorical equivalence, so by Corollary 3.3.1.2 there is a
Cartesian fibration X’ — S’ and an equivalence X — X’ xg S of Cartesian
fibrations over S. We have a commutative diagram

X' xgT—=X xgT
XXsT X’
X4U/>X/ X g1 S.

Consequently, to prove that v is a categorical equivalence, it suffices to show
that every other arrow in the diagram is a categorical equivalence. The maps
u and v’ are equivalences of Cartesian fibrations and therefore categorical
equivalences. The other three maps correspond to special cases of the asser-
tion we are trying to prove. For the map ", we have the special case of the
map S’ — T”, which is an equivalence of co-categories: in this case we simply
apply Corollary 2.4.4.5. For the maps u’ and v”, we need to know that the
assertion of the proposition is valid in the special case of the maps S — S’
and T — T’. Since these maps are inner anodyne, the proof is complete. [

Corollary 3.3.1.4. Let
X —=X'
Lk
S—9

be a pullback diagram of simplicial sets, where p' is a Cartesian fibration.
Then the diagram is homotopy Cartesian (with respect to the Joyal model
structure).
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Proof. Choose an inner-anodyne map S’ — S”, where S” is an oo-category.
Using Proposition 3.3.1.1, we may assume without loss of generality that
X' ~ X" xgn S, where X" — S” is a Cartesian fibration. Now choose a
factorization

! 17
st g

where 0’ is a categorical equivalence and 6” is a categorical fibration. The
diagram

T% S// — X//

is fibrant. Consequently, the desired conclusion is equivalent to the assertion
that the map X — T xg» X" is a categorical equivalence, which follows
immediately from Proposition 3.3.1.3. O

We now prove a stronger version of Corollary 2.4.4.4 which does not require
that the base S is a co-category.

Proposition 3.3.1.5. Suppose we are given a diagram of simplicial sets

X\iy

where p and q are Cartesian fibrations and f carries p-Cartesian edges to
q-Cartesian edges. The following conditions are equivalent:

(1) The map f is a categorical equivalence.
(2) For each vertex s of S, f induces a categorical equivalence Xy — Y.
(3) The map X% — Y% is a Cartesian equivalence in (Set})s.

Proof. The equivalence of (2) and (3) follows from Proposition 3.1.3.5. We
next show that (2) implies (1). By virtue of Proposition 3.2.2.8, we may
reduce to the case where S is a simplex. Then S is an co-category, and the
desired result follows from Corollary 2.4.4.4. (Alternatively, we could observe
that (2) implies that f has a homotopy inverse.)

To prove that (1) implies (3), we choose an inner anodyne map j : S — 57,
where S’ is an co-category. Let X7 denote the object of (Set}) /s associated
to the Cartesian fibration p : X — S and let 51 X? denote the same marked
simplicial set, regarded as an object of (SetX) /7. Choose a marked anodyne

map jX? — X’h, where X’ — S’ is a Cartesian fibration. By Proposition
3.3.1.1, the map X! — j*X’tl is a Cartesian equivalence, so that X —
X' x5 S is a categorical equivalence. According to Proposition 3.3.1.3, the
map X' xg S — X' is a categorical equivalence; thus the composite map
X — X' is a categorical equivalence.
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Similarly, we may choose a marked anodyne map
X! H ng“ —y"
i Xt
for some Cartesian fibration Y/ — S’. Since the Cartesian model structure is
left proper, the map jY? — Y’ 7 is a Cartesian equivalence, so we may argue

as above to deduce that Y — Y’ is a categorical equivalence. Now consider
the diagram

L,

X —Y'
We have argued that the vertical maps are categorical equivalences. The
map [ is a categorical equivalence by assumption. It follows that f’ is a
categorical equivalence. Since S’ is an oo-category, we may apply Corollary
2.4.4.4 to deduce that X, — Y/ is a categorical equivalence for each object
s of . It follows that X’* — Y'" is a Cartesian equivalence in (Setz)/s, SO
that we have a commutative diagram

X —— vt

L

j*X,h > ]*Y/b
where the vertical and bottom horizontal arrows are Cartesian equivalences
in (Set}) /s It follows that the top horizontal arrow is a Cartesian equiva-
lence as well, so that (3) is satisfied. O
Corollary 3.3.1.6. Let
W——X
Y ———Z7——5
be a diagram of simplicial sets. Suppose that every morphism in this diagram
is a right fibration and that the square is a pullback. Then the diagram is
homotopy Cartesian with respect to the contravariant model structure on
(SetA)/S .
Proof. Choose a fibrant replacement
X/ N Y/ — Z/
for the diagram
X =Y 7

in (8eta),s and let W' = X' x 7/ Y. We wish to show that the induced map
i: W — W' is a covariant equivalence in (8eta),s. According to Corollary
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2.2.3.13, it will suffice to show that, for each vertex s of S, the map of fibers
W, — W/ is a homotopy equivalence of Kan complexes. To prove this, we
observe that we have a natural transformation of diagrams from

Wy —— X,

L

Y, —— 7,
to

Wi —— X

L

Y — 2
which induces homotopy equivalences
Xs — Xé Y, — YZ Jg — Z;

(Corollary 2.2.3.13), where both diagrams are homotopy Cartesian (Propo-
sition 2.1.3.1). O

Proposition 3.3.1.7. Let p: X — S be a Cartesian fibration of simplicial
sets. Then p is a categorical fibration.

Proof. Consider a diagram

A—X

1
7 g
B——S

of simplicial sets, where ¢ is an inclusion and a categorical equivalence. We
must demonstrate the existence of the indicated dotted arrow. Choose a
categorical equivalence j : S — T, where T is an oo-category. By Corollary
3.3.1.2, there exists a Cartesian fibration ¢ : Y — T such that Y xp S is
equivalent to X. Thus there exist maps

u: X —->Yxp S

v:Y xS —>X

such that v o v and v o u are homotopic to the identity (over .S).
Consider the induced diagram

Since Y is an oo-category, there exists a dotted arrow f’ making the diagram
commutative. Let ¢ = qo f' : B — T. We note that ¢'|A = (j o g)|A.
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Since T is an oo-category and i is a categorical equivalence, there exists a
homotopy B x A! — T from ¢’ to j o g which is fixed on A. Since ¢ is a
Cartesian fibration, this homotopy lifts to a homotopy from f’ to some map
f": B —Y, so that we have a commutative diagram

A—Y

]
i q
//f//

B——T.

Consider the composite map

f/// - B (f_;g) Y xp 8 N X.
Since f’ is homotopic to f” and vou is homotopic to the identity, we conclude
that /| A is homotopic to fy (via a homotopy which is fixed over S). Since
p is a Cartesian fibration, we can extend h to a homotopy from f”’ to the
desired map f. O

In general, the converse to Proposition 3.3.1.7 fails: a categorical fibration
of simplicial sets X — S need not be a Cartesian fibration. This is clear since
the property of being a categorical fibration is self-dual, while the condition
of being a Cartesian fibration is not. However, in the case where S is a Kan
complex, the theory of Cartesian fibrations is self-dual, and we have the
following result:

Proposition 3.3.1.8. Let p: X — S be a map of simplicial sets, where S
is a Kan complex. The following assertions are equivalent:

(1) The map p is a Cartesian fibration.
(2) The map p is a coCartesian fibration.

(3) The map p is a categorical fibration.

Proof. We will prove that (1) is equivalent to (3); the equivalence of (2) and
(3) follows from a dual argument. Proposition 3.3.1.7 shows that (1) implies
(3) (for this implication, the assumption that S is a Kan complex is not
needed).

Now suppose that (3) holds. Then X is an co-category. Since every edge of
S is an equivalence, the p-Cartesian edges of X are precisely the equivalences
in X. It therefore suffices to show that if y is a vertex of X and € : T — p(y)
is an edge of S, then € lifts to an equivalence e : x — y in S. Since S is a Kan
complex, we can find a contractible Kan complex K and a map g: K — S
such that € is the image of an edge €’ : 2’ — ¢’ in K. The inclusion {y'} C K
is a categorical equivalence; since p is a categorical fibration, we can lift
g to amap q : K — X with ¢(y') = y. Then e = ¢(¢’) has the desired
properties. O
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3.3.2 Universal Fibrations

In this section, we will apply Theorem 3.2.0.1 to construct a universal Carte-
sian fibration. Recall that Cat., is defined to be the nerve of the simplicial
category Gatvo = (8et{)° of co-categories. In particular, we may regard the
inclusion Cat’ < Set} as a (projectively) fibrant object F € (SetZ)eatfo.
Applying the unstraightening functor Unératgg, we obtain a fibrant object of
(SetZ)/ eatr, which we may identify with Cartesian fibration ¢ : Z — CatZ?.
We will refer to ¢ as the universal Cartesian fibration. We observe that the
objects of Cat,, can be identified with oco-categories and that the fiber of ¢
over an oo-category C can be identified with U(C), where U is the functor
described in Lemma 3.2.3.1. In particular, there is a canonical equivalence

of co-categories
€ — U(€) = Z X emz{C.

Thus we may think of ¢ as a Cartesian fibration which associates to each
object of Caty, the associated oo-category.

Remark 3.3.2.1. The oco-categories Cato, and Z are large. However, the
universal Cartesian fibration ¢ is small in the sense that for any small sim-
plicial set S and any map f : S — CatZ’, the fiber product S Xeuer Z is
small. This is because the fiber product can be identified with Un;' (F|es]),

where ¢ : €[S] — Set} is the composition of €[f] with the inclusion.

Definition 3.3.2.2. Let p : X — S be a Cartesian fibration of simplicial
sets. We will say that a functor f : S — Cat?l classifies p if there is an
equivalence of Cartesian fibrations X — 2 X ggor S =~ Un} f.

Dually, if p : X — S is a coCartesian fibration, then we will say that a
functor f : S — Caty classifies p if fP classifies the Cartesian fibration
pP . XOP — S,

Remark 3.3.2.3. Every Cartesian fibration X — S between small simpli-
cial sets admits a classifying map ¢ : S — Cat?, which is uniquely deter-
mined up to equivalence. This is one expression of the idea that Z — CatZ
is a universal Cartesian fibration. However, it is not immediately obvious
that this property characterizes Cat,, up to equivalence because Cat, is not
itself small. To remedy the situation, let us consider an arbitrary uncount-
able regular cardinal s, and let Cat, (k) denote the full subcategory of Cat

spanned by the k-small co-categories. We then deduce the following:

(¥) Let p: X — S be a Cartesian fibration between small simplicial sets.
Then p is classified by a functor x : S — Cat (k) if and only if, for
every vertex s € S, the fiber X is essentially x-small. In this case, x
is determined uniquely up to homotopy.

Enlarging the universe and applying () in the case where  is the supremum
of all small cardinals, we deduce the following property:
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(+') Let p: X — S be a Cartesian fibration between simplicial sets which
are not necessarily small. Then p is classified by a functor x : S — CatZ?
if and only if, for every vertex s € S, the fiber X is essentially small.
In this case, x is determined uniquely up to homotopy.

This property evidently determines the co-category Cato, (and the Cartesian
fibration ¢ : Z — Cat2f) up to equivalence.

Warning 3.3.2.4. The terminology of Definition 3.3.2.2 has the potential
to cause confusion in the case where p : X — S is both a Cartesian fibration
and a coCartesian fibration. In this case, p is classified both by a functor
S — Cat (as a Cartesian fibration) and by a functor S — Cats (as a
coCartesian fibration).

The category Kan of Kan complexes can be identified with a full (sim-
plicial) subcategory of (‘fatfo. Consequently we may identify the co-category
8 of spaces with the full simplicial subset of Cat.,, spanned by the vertices
which represent co-groupoids. We let 2° = 2 X eater 87 be the restriction
of the universal Cartesian fibration. The fibers of ¢° : Z2° — 8° are Kan
complexes (since they are equivalent to the co-categories represented by the
vertices of 8). It follows from Proposition 2.4.2.4 that q° is a right fibration.
We will refer to ¢° as the universal right fibration.

Proposition 2.4.2.4 translates immediately into the following characteriza-
tion of right fibrations:

Proposition 3.3.2.5. Let p: X — S be a Cartesian fibration of simplicial
sets. The following conditions are equivalent:

(1) The map p is a right fibration.

(2) Every functor f : S — Catl which classifies p factors through 8°F C
Catll.

(3) There exists a functor f: S — 8°F which classifies p.

Consequently, we may speak of right fibrations X — S being classified by
functors S — 8°7 and left fibrations being classified by functors S — 8.

The oo-category A corresponds to a vertex of Cats, which we will denote
by *. The fiber of ¢ over this point may be identified with UA? ~ AY;
consequently, there is a unique vertex *z of Z lying over *. We note that
% and xy belong to the subcategories 8 and Z°. Moreover, we have the
following:

Proposition 3.3.2.6. Let ¢° : 2° — 8°P be the universal right fibration.
The vertex 2 is a final object of the co-category Z°.

Proof. Let n > 0 and let fy : 8 A" — Z° have the property that fo carries
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the final vertex of A™ to *2. We wish to show that there exists an extension
fo
OA" —=2Z
7
f
e
7/

An

(in which case the map f automatically factors through ZO).
Let D denote the simplicial category containing 8% as a full subcategory
together with one additional object X, with the morphisms given by

Mapp (K, X) =K
Mapp (X, X) = *

Mapq, (X, K) =0

for all K € 8%. Let C = €[A™ x A"] and let €y denote the subcategory €y =
¢[0 A" x A°] C €. We will denote the objects of C by {vg,...,vns1}. Giving
the map fy is tantamount to giving a simplicial functor Fp : Cg — D with
Fy(vnt1) = X, and constructing f amounts to giving a simplicial functor
F : € — D which extends Fj.

We note that the inclusion Mape (vi,v;) — Mape(v;,v;) is an isomor-
phism unless ¢ = 0 and j € {n,n + 1}. Consequently, to define F, it suffices
to find extensions

Mape, (v, vn) — Mapy (Fyvo, Fovy,)
d
j -~

—
—

Map@ (UOa vn)

Mape, (vo, Vnt1) — Mapq, (Fovo, Fovn+1)

Mape (vo, Vn+1)
such that the following diagram commutes:

Mape (vg, vr) X Mape(vn, Un41) —— Mape (vo, Un+1)

| !

Mapq, (Fovo, Fovn) x Mapgy (Fovn, Fovnt1) — Mapg (Fovo, Fovpy1)-

We note that Mape(vp, Un41) is a point. In view of the assumption that
fo carries the final vertex of A™ to *gz, we see that Mapq (Fv,, Fv,41) is
a point. It follows that, for any fixed choice of j’, there is a unique choice
of j for which the above diagram commutes. It therefore suffices to show
that j’ exists. Since Mapq, (Fovg, X) is a Kan complex, it will suffice to show
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that the inclusion Mape, (v, Vn+1) — Mape(vo, vnq1) is an anodyne map of
simplicial sets. In fact, it is isomorphic to the inclusion

{1 x@ahh I @'xa@ahrh) Al x AT
{1}xd(Aa1)n1

which is the smash product of the cofibration d(A')"~1 C (A!)"~! and the
anodyne inclusion {1} C A O

Corollary 3.3.2.7. The universal right fibration ¢° : 2° — 8P is repre-
sented by a final object of S.

Proof. Combine Propositions 3.3.2.6 and 4.4.4.5. O

Corollary 3.3.2.8. Letp: X — S be a left fibration between small simplicial
sets. Then there exists a map S — 8 and an equivalence of left fibrations
X~5 X8 S*/,

Proof. Combine Corollary 3.3.2.7 with Remark 3.3.2.3. O

3.3.3 Limits of co-Categories

The oo-category Cat, can be identified with the simplicial nerve of (Set)°.
It follows from Corollary 4.2.4.8 that Cats, admits (small) limits and co-
limits, which can be computed in terms of homotopy (co)limits in the model
category Setz. For many applications, it is convenient to be able to construct
limits and colimits while working entirely in the setting of co-categories. We
will describe the construction of limits in this section; the case of colimits
will be discussed in §3.3.4.

Let p : S°? — Caty, be a diagram in Cat,,. Then p classifies a Cartesian
fibration ¢ : X — S. We will show (Corollary 3.3.3.2 below) that the limit
@(p) € Caty can be identified with the co-category of Cartesian sections
of g. We begin by proving a more precise assertion:

Proposition 3.3.3.1. Let K be a simplicial set, p: K* — Cat? a diagram
in the oo-category of spaces, X — K" a Cartesian fibration classified by p,
and X = X xXg» K. The following conditions are equivalent:

(1) The diagram D is a colimit of p = p|K.
(2) The restriction map
0 : Mapie, (K*)!, X*) — Map', (K*, X°)
s an equivalence of oco-categories.

Proof. According to Proposition 4.2.3.14, there exists a small category € and
a cofinal map f : N(C) — K let C = €«[0] be the category obtained from C
by adjoining a new final object and let f : N(€) — K* be the induced map
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(which is also cofinal). The maps f and f are contravariant equivalences in
(8eta) k> and therefore induce Cartesian equivalences

N@)?* - K*  N(@)f - (K™%

We have a commutative diagram

| 9 _
Map'ys (K)f, X°) ——> Map'y. (K*, X*)

| |

Mapie. (N(€)#, X*) ——= Maph. (N(€)¢, X°).

The vertical arrows are categorical equivalences. Consequently, condition (2)
holds for p : K» — Cat2? if and only if condition (2) holds for the composition
N(€) — K> — Cat?’. We may therefore assume without loss of generality
that K = N(C).

Using Corollary 4.2.4.7, we may | further suppose that p is obtained as the
simplicial nerve of a functor JF : (SR (Set A) Changing T if necessary, we
may suppose that it is a strongly fibrant diagram in Set}. Let ¥ = F| €°7. Let
@ : €[K”]P — € be the counit map and ¢ : €[K]? — € the restriction
of ¢. We may assume without loss of generality that X = Stj)?. We have a
(not strictly commutative) diagram of categories and functors

Kt
et — > (Setk)/x

+ +
iSt* lStd)

Set} —> (Set})C”,

where § denotes the diagonal functor. This diagram commutes up to a nat-
ural transformation

Sti(K* x Z) — St](K*) R Stf(Z) — 6(Stf Z).

Here the first map is a weak equivalence by Proposition 3.2.1.13, and the sec-
ond map is a weak equivalence because LStj) is an equivalence of categories

(Theorem 3.2.0.1) and therefore carries the final object K* € h(Set}),x to

a final object of h(SetZ)enp. We therefore obtain a diagram of right derived
functors

hSet{ -~ h(Set}),x

RUnj’T RUnj)T

h8etf <—— h(Set{)¢”

)

which commutes up to natural isomorphism, where we regard (SetZ)eop as
equipped with the injective model structure described in §A.3.3. Similarly,
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we have a commutative diagram

hSGtX ﬁ h(SetX)/KD

RUan RUHIT
h8et X <~ h(Set%)C".
Condition (2) is equivalent to the assertion that the restriction map
(X% — T(X%)
is an isomorphism in hSetX. Since the vertical functors in both diagrams

are equivalences of categories (Theorem 3.2.0.1), this is equivalent to the
assertion that the map

limF — limF
— —
is a weak equivalence in Setg. Since C has an initial object v, (2) is equivalent

to the assertion that F exhibits F(v) as a homotopy limit of F in (8et})°.
Using Theorem 4.2.4.1, we conclude that (1) < (2), as desired. O

It follows from Proposition 3.3.3.1 that limits in Cat,, are computed by
forming oo-categories of Cartesian sections:

Corollary 3.3.3.2. Letp: K — Catk be a diagram in the oco-category Catoo
of spaces and let X — K be a Cartesian fibration classified by p. There is a
natural isomorphism

; ~ b foxh
lim(p) ~ Mapj (K*, X¥)
in the homotopy category hCat,.
Proof. Let p : (K®)? — Cat? be a limit of p and let X’ — K" be a
Cartesian fibration classified by p. Without loss of generality, we may suppose
X ~ X’ x g K. We have maps
Mapj (K*, X*) — Mapjes (K*)*, X'%) — Mapje: ({v}*, X7),

where v denotes the cone point of K*. Proposition 3.3.3.1 implies that the
left map is an equivalence of oo-categories. Since the inclusion {v}* C (K>)*
is marked anodyne, the map on the right is a trivial fibration. We now
conclude by observing that the space Map'. ({v}ﬁ,X’h) ~ X' X {v} can
be identified with p(v) = lim(p). O

Using Proposition 3.3.3.1, we can easily deduce an analogous characteri-
zation of limits in the oco-category of spaces.

Corollary 3.3.3.3. Let K be a simplicial set, p : K9 — 8 a diagram in
the co-category of spaces and X — K< a left fibration classified by p. The
following conditions are equivalent:

(1) The diagram P is a limit of p = p| K.
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(2) The restriction map
Maqu(Kq7X) — Maqu(K,X)
is a homotopy equivalence of Kan complexes.

Proof. The usual model structure on Seta is a localization of the Joyal model
structure. It follows that the inclusion Kan C @atvo preserves homotopy lim-
its (of diagrams indexed by categories). Using Theorem 4.2.4.1, Proposition
4.2.3.14, and Corollary 4.2.4.7, we conclude that the inclusion § C Cat.
preserves (small) limits. The desired equivalence now follows immediately
from Proposition 3.3.3.1. O

Corollary 3.3.3.4. Let p : K — 8 be a diagram in the oco-category 8 of
spaces, and let X — K be a left fibration classified by p. There is a natural
isomorphism

lim(p) ~ Map (K, X)
in the homotopy category H of spaces.
Proof. Apply Corollary 3.3.3.2. O

Remark 3.3.3.5. It is also possible to adapt the proof of Proposition 3.3.3.1
to give a direct proof of Corollary 3.3.3.3. We leave the details to the reader.

3.3.4 Colimits of co-Categories

In this section, we will address the problem of constructing colimits in the
oo-category Cat,. Let p: SP — Cat, be a diagram classifying a Cartesian
fibration f : X — S. In §3.3.3, we saw that @(p) can be identified with
the oo-category of Cartesian sections of f. To construct the colimit hl}n(p%
we need to find an co-category which admits a map from each fiber X;. The
natural candidate, of course, is X itself. However, because X is generally not
an oo-category, we must take some care to formulate a correct statement.

Lemma 3.3.4.1. Let
X —X
Ll
S —S5

be a pullback diagram of simplicial sets, where p is a Cartesian fibration and

q°? is cofinal. The induced map X" — Xt is a Cartesian equivalence (in
Set}).

Proof. Choose a cofibration S’ — K, where K is a contractible Kan complex.
The map ¢ factors as a composition

S sxKL s
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It is obvious that the projection X x K% — X is a Cartesian equivalence.
We may therefore replace S by S x K and ¢ by ¢’, thereby reducing to the
case where ¢ is a cofibration. Proposition 4.1.1.3 now implies that q is left
anodyne. It is easy to see that the collection of cofibrations ¢ : S” — S for
which the desired conclusion holds is weakly saturated. We may therefore
reduce to the case where ¢ is a horn inclusion A} C A™, where 0 <14 < n.

We now apply Proposition 3.2.2.7 to choose a sequence of composable
maps

¢ A — = A"

and a quasi-equivalence M(¢) — X. We have a commutative diagram of
marked simplicial sets:

M%) X (any: (A7) —— x78

MA(¢) —— X.

Using Proposition 3.2.2.14, we deduce that the horizontal maps are Carte-
sian equivalences. To complete the proof, it will suffice to show that i is a
Cartesian equivalence. We now observe that ¢ is a pushout of the inclusion
i" 2 (AR)E x (A™)° C (A™)F x (A™)°. Tt will therefore suffice to prove that

1" is a Cartesian equivalence. Using Proposition 3.1.4.2, we are reduced to

proving that the inclusion (A7)* C (A™)? is a Cartesian equivalence. Accord-
ing to Proposition 3.1.5.7, this is equivalent to the assertion that the horn
inclusion A} C A™ is a weak homotopy equivalence, which is obvious. O

Proposition 3.3.4.2. Let K be a simplicial set, p : K* — Cat? be a
diagram in the co-category Cato, X — K a Cartesian fibration classified
by p, and X = X X« K. The following conditions are equivalent:

(1) The diagram P is a limit of p = p| K.
(2) The inclusion X% C X" is a Cartesian equivalence in (Set}) .

(3) The inclusion X° C X" is a Cartesian equivalence in Set .
Proof. Using the small object argument, we can construct a factorization
XLy L ke
where j is a Cartesian fibration, i induces a marked anodyne map X% — Y,

and X ~ Y Xk« K. Since ¢ is marked anodyne, we can solve the lifting
problem

XHHYH

7
q -
% s
s
v

Y —— (Kq)ﬁ,
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Since i is a Cartesian equivalence in (Set} ), k<, condition (2) is equivalent to
the assertion that ¢ is an equivalence of Cartesian fibrations over K. Since
q induces an isomorphism over each vertex of K, this is equivalent to the
following assertion:

(2') The map ¢, : Y, — X, is an equivalence of co-categories, where v
denotes the cone point of K.

We have a commutative diagram

Yvh qv yh

Lemma 3.3.4.1 implies that the vertical maps are Cartesian equivalences. It
follows that (2') < (3), so that (2) < (3).

To complete the proof, we will show that (1) < (2). According to Propo-
sition 4.2.3.14, there exists a small category € and a map p : N(€) — K such
that p°? is cofinal. Let € = [0] x € be the category obtained by adjoining an
initial object to C. Consider the diagram

(X xx N(€))f—— (X x k< N(C))*

| |

X X"

Lemma 3.3.4.1 implies that the vertical maps are Cartesian equivalences (in
SetX). It follows that the upper horizontal inclusion is a Cartesian equiva-
lence if and only if the lower horizontal inclusion is a Cartesian equivalence.
Consequently, it will suffice to prove the equivalence (1) < (2) after replacing
K by N(C).

Using Corollary 4.2.4.7, we may further suppose that p is the nerve of a
functor F : C — (8et£)°. Let ¢ : €[K<] — € be the counit map and let
# : €[K] — C be the restriction of ¢. Without loss of generality, we may
suppose that X = Ung?. We have a commutative diagram of homotopy
categories and right derived functors

h(Set)€ —— h(Set})®
lRUn; iRUn;r
h(Setz)/(Kq) L> h(SetZ)/K,

where G and G’ are restriction functors. Let F' and F’ be the left adjoints
to G and G’, respectively. According to Theorem 4.2.4.1, assumption (1) is
equivalent to the assertion that JF lies in the essential image of F'. Since each
of the vertical functors is an equivalence of categories (Theorem 3.2.0.1), this
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is equivalent to the assertion that X lies in the essential image of F'. Since

F' is fully faithful, this is equivalent to the assertion that the counit map
FG'X - X

is an isomorphism in h(Set}) /K<), which is clearly a reformulation of (2). [

Corollary 3.3.4.3. Let p: K°? — Caty be a diagram classifying a Carte-

sian fibration X — K. Then there is a natural isomorphism hi>n(p) ~ X% in
the homotopy category in hCat .

Proof. Let p: (K°P)” — Cat, be a colimit of p, which classifies a Cartesian

fibration X — K. Let v denote the cone point of K<, so that h_n>1(p) ~X,.
We now observe that the inclusions

Yi%thXh

are both Cartesian equivalences (Lemma 3.3.4.1 and Proposition 3.3.4.2).
O

Warning 3.3.4.4. In the situation of Corollary 3.3.4.3, the marked sim-
plicial set X% is usually not a fibrant object of Setz even when K is an
oo-category.

Using exactly the same argument, we can establish a version of Proposition
3.3.4.2 which describes colimits in the co-category of spaces:

Proposition 3.3.4.5. Let K be a simplicial set, p : K" — 8 a diagram
in the oo-category of spaces, X — K" a left fibration classified by p, and
X = X xgv K. The following conditions are equivalent:

(1) The diagram D is a colimit of p = p|K.
(2) The inclusion X C X is a covariant equivalence in (Seta) /i .

(3) The inclusion X C X is a weak homotopy equivalence of simplicial
sets.

Proof. Using the small object argument, we can construct a factorization
xSy L ke

where 7 is left anodyne, j is a left fibration, and the inclusion X CY X g K
is an isomorphism. Choose a dotted arrow ¢ as indicated in the diagram

X—X
7

%

v

Y —— KP".

Since i is a covariant equivalence in (8eta) k=, condition (2) is equivalent
to the assertion that ¢ is an equivalence of left fibrations over K*. Since
q induces an isomorphism over each vertex of K, this is equivalent to the
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assertion that ¢, : Y, — X, is an equivalence, where v denotes the cone
point of K”. We have a commutative diagram

Y, —>X,

L,

Y —X.

Proposition 4.1.2.15 implies that the vertical maps are right anodyne and
therefore weak homotopy equivalences. Consequently, ¢, is a weak homo-
topy equivalence if and only if ¢ is a weak homotopy equivalence. Since the
inclusion X C Y is a weak homotopy equivalence, this proves that (2) < (3).

To complete the proof, we will show that (1) < (2). According to Propo-
sition 4.2.3.14, there exists a small category € and a cofinal map N(C) — K.
Let € = C«[0] be the category obtained from € by adjoining a new final
object. Consider the diagram

X XK N(C‘?)C—> Y X K> N(é)

| |

X———X.

Proposition 4.1.2.15 implies that X — K™ is smooth, so that the vertical
arrows in the above diagram are cofinal. In particular, the vertical arrows
are weak homotopy equivalences, so that the upper horizontal inclusion is
a weak homotopy equivalence if and only if the lower horizontal inclusion
is a weak homotopy equivalence. Consequently, it will suffice to prove the
equivalence (1) < (2) after replacing K by N(C).

Using Corollary 4.2.4.7, we may further suppose that p is obtained as the
nerve of a functor F : € — Kan. Let ¢ : €[K*] — € be the counit map and
let ¢ : €[K] — € be the restriction of ¢. Without loss of generality, we may
suppose that X = Un=9. We have a commutative diagram of homotopy
categories and right derived functors

h(Seta)® — = h(Seta)C

iRUl’ld) lRUn(b

h(SetA)/(KD)op LA h(SetA)/K,

where G and G’ are restriction functors. Let F' and F’ be the left adjoints
to G and G’ respectively. According to Theorem 4.2.4.1, assumption (1) is
equivalent to the assertion that JF lies in the essential image of F'. Since each
of the vertical functors is an equivalence of categories (Theorem 2.2.1.2), this
is equivalent to the assertion that X lies in the essential image of F”. Since
F’ is fully faithful, this is equivalent to the assertion that the counit map
FGX"? X"

is an isomorphism in h(8eta) /x>y, which is clearly equivalent to (2). This
shows that (1) < (2) and completes the proof. O
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Corollary 3.3.4.6. Let p : K — 8 be a diagram which classifies a left
fibration K — K and let X € 8§ be a colimit of p. Then there is a natural
isomorphism

K~X
in the homotopy category H.

Proof. Let p: K¥ — 8 be a colimit diagram which extends p and let K —
K* be a left fibration classified by p. Without loss of generality, we may
suppose that K = K’ xge K and X = K’ x - {v}, where v denotes the
cone point of K”. Since the inclusion {v} C K" is right anodyne and the map
K’ — K" is a left fibration, Proposition 4.1.2.15 implies that the inclusion
X C K’ is right anodyne and therefore a weak homotopy equivalence. On
the other hand, Proposition 3.3.4.5 implies that the inclusion K C K’ is a
weak homotopy equivalence. The composition

X~K ~K

is the desired isomorphism in K. U



Chapter Four

Limits and Colimits

This chapter is devoted to the study of limits and colimits in the setting of co-
categories. Our goal is to provide tools for proving the existence of limits and
colimits, for analyzing them, and for comparing them to the (perhaps more
familiar) notion of homotopy limits and colimits in simplicial categories. We
will generally confine our remarks to colimits; analogous results for limits
can be obtained by passing to the opposite oo-categories.

We begin in §4.1 by introducing the notion of a cofinal map between
simplicial sets. If f : A — B is a cofinal map of simplicial sets, then we
can identify colimits of a diagram p : B — € with colimits of the induced
diagram po f : A — €. This is a basic maneuver which will appear repeatedly
in the later chapters of this book. Consequently, it is important to have a
good supply of cofinal maps. This is guaranteed by Theorem 4.1.3.1, which
can be regarded as an oo-categorical generalization of Quillen’s Theorem A.

In §4.2, we introduce a battery of additional techniques for analyzing co-
limits. We will explain how to analyze colimits of complicated diagrams in
terms of colimits of simpler diagrams. Using these ideas, we can often reduce
questions about the behavior of arbitrary colimits to questions about a few
basic constructions, which we will analyze explicitly in §4.4. We will also
explain the relationship between the oco-categorical theory of colimits and
the more classical theory of homotopy colimits, which can be studied very
effectively using the language of model categories.

The other major topic of this chapter is the theory of Kan extensions,
which can be viewed as relative versions of limits and colimits. We will
study the properties of Kan extensions in §4.3 and prove some fundamental
existence theorems which we will need throughout the later chapters of this
book.

4.1 COFINALITY

Let € be an oo-category and let p : K — € be a diagram in C indexed
by a simplicial set K. In §1.2.13, we introduced the definition of a colimit
hi)l(p) for the diagram p. In practice, it is often possible to replace p by a
simpler diagram without changing the colimit hi>n(p) In this section, we will
introduce a general formalism which will allow us to make replacements of
this sort: the theory of cofinal maps between simplicial sets. We begin in
§4.1.1 with a definition of the class of cofinal maps and show (Proposition



224 CHAPTER 4

4.1.1.8) that, if a map ¢ : K’ — K is cofinal, then there is an equivalence
lim(p) ~ lim(p o ) (provided that either colimit exists). In §4.1.2, we will
reformulate the definition of cofinality using the formalism of contravariant
model categories (§2.1.4). We conclude in §4.1.3 by establishing an important
recognition criterion for cofinal maps in the special case where K is an oo-
category. This result can be regarded as a refinement of Quillen’s Theorem

A.

4.1.1 Cofinal Maps

The goal of this section is to introduce the definition of a cofinal map p :
S — T of simplicial sets and study the basic properties of this notion. Our
main result is Proposition 4.1.1.8, which characterizes cofinality in terms of
the behavior of T-indexed colimits.

Definition 4.1.1.1 (Joyal [44]). Let p: S — T be a map of simplicial sets.
We shall say that p is cofinal if, for any right fibration X — 7T, the induced
map of simplicial sets

MapT(Tv X) - MapT(Sa X)
is a homotopy equivalence.
Remark 4.1.1.2. The simplicial set Map;(S, X) parametrizes sections of
the right fibration X — T'. It may be described as the fiber of the induced
map X° — T9 over the vertex of T corresponding to the map p. Since

XS — T% is a right fibration, the fiber Map, (S, X) is a Kan complex.
Similarly, Map, (T, X) is a Kan complex.

We begin by recording a few simple observations about the class of cofinal
maps:

Proposition 4.1.1.3. (1) Any isomorphism of simplicial sets is cofinal.

(2) Let f: K — K' and g : K! — K" be maps of simplicial sets. Suppose
that f is cofinal. Then g is cofinal if and only if go f is cofinal.

(3) If f : K — K' is a cofinal map between simplicial sets, then f is a
weak homotopy equivalence.

(4) An inclusion i : K C K’ of simplicial sets is cofinal if and only if it is
right anodyne.

Proof. Assertions (1) and (2) are obvious. We prove (3). Let S be a Kan
complex. Since f is cofinal, the composition

MapSctA(K/aS) = MapK(K/,SX K) - MapK(K,Sx K) = Ma‘pSctA(K7S)

is a homotopy equivalence. Passing to connected components, we deduce
that K and K’ corepresent the same functor in the homotopy category H
of spaces. It follows that f is a weak homotopy equivalence, as desired.
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We now prove (4). Suppose first that ¢ is right anodyne. Let X — K’ be
a right fibration. Then the induced map Homp (K’, X)) — Homg (K, X) is
a trivial fibration and, in particular, a homotopy equivalence.

Conversely, suppose that i is a cofinal inclusion of simplicial sets. We wish
to show that i has the left lifting property with respect to any right fibration.
In other words, we must show that given any diagram of solid arrows

K$.X

L

K ——=K/,

for which the right vertical map is a right fibration, there exists a dotted
arrow as indicated, rendering the diagram commutative. Since 4 is cofinal,
the map s is homotopic to a map which extends over K’. In other words,
there exists a map

s (K x A [ (&' x{1}) - X
Kx{1}
compatible with the projection to K’, such that s'|K x {0} coincides with
s. Since the inclusion
(K x A" J] (K" x{1}) C K" x A
Kx{1}
is right anodyne, there exists a map s” : K’ x A! — X which extends s’

and is compatible with the projection to K’. The map s”|K x {0} has the
desired properties. O

Warning 4.1.1.4. The class of cofinal maps does not satisfy the two-out-
of-three property. If f : K — K’ and g : K/ — K" are such that go f and ¢
are cofinal, then f need not be cofinal.

Our next goal is to establish a characterization of cofinality in terms of
the behavior of colimits (Proposition 4.1.1.8). First, we need a lemma.

Lemma 4.1.1.5. Let € be an co-category and let p: K — C andq: K' — @
be diagrams. Define simplicial sets M and N by the formulas

Hom(X, M) ={f: (X xK)xK' - C: f(X x K) =pormg, fIK' =q}

Hom(X,N)={g: Kx (X xK') = C: fIK =p, fl(X x K') = qomk}.

Here mi and wg denote the projection from a product to the factor indicated
by the subscript.

Then M and N are Kan complezxes, which are (naturally) homotopy equiv-
alent to one another.

Proof. We define a simplicial set D as follows. For every finite nonempty
linearly ordered set J, to give a map A7 — D is to supply the following
data:
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e A map A7 — A! corresponding to a decomposition of J as a disjoint
union J_ ] J4, where J_ C .J is closed downward and J; C J is closed
upward.

e Amape: (K x A/-)x (K’ x A7+) — € such that e| K x A/- = pomyg
and e|K' x A+ = qomg.

We first claim that D is an oco-category. Fix a finite linearly ordered set
J as above and let j € J be neither the largest nor the smallest element of
J. Let fo: A}’ — D be any map; we wish to show that there exists a map
f: A7 — D which extends fy. We first observe that the induced projection
A;f — A extends uniquely to A7 (since Al is isomorphic to the nerve of
a category). Let J = J_ ][ J+ be the induced decomposition of J. Without
loss of generality, we may suppose that j € J_. In this case, we may identify
fo with a map

(K x A (K x A7+)) 1T (Kx AT )x(K'xd A7) — €,

(K XA )x(K'xd A7)
and our goal is to find an extension
(K x A7)« (K'x A'+) = €.

Since € is an oo-category, it will suffice to show that the inclusion

(K xAj’)*(K’ x AT (K x A=) x (K’ x 0 A7+)

(K XA )x(K'xd A7)

|

(K x A7) (K' x A7+)

is inner anodyne. According to Lemma 2.1.2.3, it suffices to check that the
inclusion K x Aj’ C K x A7~ is right anodyne. This follows from Corollary

2.1.2.7 since A~ C A7~ is right anodyne.

The oo-category D has just two objects, which we will denote by = and y.
We observe that M = Hom% (z,y) and N = Hom¥, (z, y). Proposition 1.2.2.3
implies that M and N are Kan complexes. Propositions 2.2.2.7 and 2.2.4.1
imply that each of these Kan complexes is weakly homotopy equivalent to
Mapgp (z,y), so that M and N are homotopy equivalent to one another,
as desired. t

Remark 4.1.1.6. In the situation of Lemma 4.1.1.5, the homotopy equiva-
lence between M and N is furnished by the composition of a chain of weak
homotopy equivalences

M — |M|Q° - HOHlQ[D](Jf,y) — ‘N|Q' - N7
which is functorial in the triple (C,p: K — C,¢q: K’ — @).
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Proposition 4.1.1.7. Let v : K/ — K be a cofinal map andp: K — C a
diagram in an oco-category C. Then the map ¢ : C,; — Cp,/ is an equivalence
of left fibrations over C: in other words, it induces a homotopy equivalence
of Kan complexes after passing to the fiber over every object x of C.

Proof. We wish to prove that the map
Gp/ X@{JJ} — Gpv/ Xe{l‘}

is a homotopy equivalence of Kan complexes. Lemma 4.1.1.5 implies that
the left hand side is homotopy equivalent to Mape (K, €/, ). Similarly, the
right hand side can be identified with Mape (K, €/, ). Using the functoriality
implicit in the proof of Lemma 4.1.1.5 (see Remark 4.1.1.6), it suffices to
show that the restriction map

Mape (K, €/,) — Mape(K',€),)

is a homotopy equivalence. Since v is cofinal, this follows immediately from
the fact that the projection €,, — € is a right fibration. U

Proposition 4.1.1.8. Let v : K’ — K be a map of (small) simplicial sets.
The following conditions are equivalent:

(1) The map v is cofinal.

(2) Given any oo-category C and any diagram p : K — C, the induced map
€,/ — €y is an equivalence of co-categories, where p' = pow.

(3) For every oo-category € and every diagram p : K® — € which is a
colimit of p = P|K, the induced map §' : K" — € is a colimit of
p =pIK"

Proof. Suppose first that (1) is satisfied. Let p : K — C be as in (2). Propo-
sition 4.1.1.7 implies that the induced map €,, — €/, induces a homotopy
equivalence of Kan complexes after passing to the fiber over any object of
C. Since both €,, and €/, are left-fibered over €, Corollary 2.4.4.4 implies
that C,, — €, is a categorical equivalence. This proves that (1) = (2).

Now suppose that (2) is satisfied and let p : K* — € be as in (3). Then
we may identify p with an initial object of the co-category €,,,. The induced
map C,, — €, is an equivalence and therefore carries the initial object p
to an initial object p" of €, /; thus 7’ is a colimit of p’. This proves that
(2) = (3).

It remains to prove that (3) = (1). For this, we make use of the the-
ory of classifying right fibrations (§3.3.2). Let X — K be a right fibration.
We wish to show that composition with v induces a homotopy equivalence
Mapg (K, X) — Mapg (K’', X). It will suffice to prove this result after re-
placing X by any equivalent right fibration. Let 8§ denote the co-category of
spaces. According to Corollary 3.3.2.8, there is a classifying map p : K — 8°F
and an equivalence of right fibrations between X and (8,,)°” xser K, where
x denotes a final object of 8.
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The oo-category 8 admits small limits (Corollary 4.2.4.8). It follows that
there exists a map p : K — 8°” which is a colimit of p = p|K. Let =
denote the image in 8 of the cone point of K”. Let 7’ : K’ — 8°? be the
induced map. Then, by hypothesis, P’ is a colimit of p’ = p'|K’. According
to Lemma 4.1.1.5, there is a (natural) chain of weak homotopy equivalences
relating Map (K, X) with (8°),, xgsor {y}. Similarly, there is a chain of
weak homotopy equivalences connecting Map (K’, X) with (87),/, xger
{y}. Consequently, we are reduced to proving that the left vertical map in
the diagram

(8%)py xsor {y}t =—— (87)py xsor {y} —— (87)sy xsor {y}

l i l

(SOp)p// X gop {y} -~ (SOP)F/ X gop {y} E— (SOp)w/ X gop {y}

is a homotopy equivalence. Since p and § are colimits of p and ¢, the left
horizontal maps are trivial fibrations. Since the inclusions of the cone points
into K* and K’” are right anodyne, the right horizontal maps are also triv-
ial fibrations. It therefore suffices to prove that the right vertical map is a
homotopy equivalence. But this map is an isomorphism of simplicial sets. [

Corollary 4.1.1.9. Let p : K — K’ be a map of simplicial sets and q :
K' — K" a categorical equivalence. Then p is cofinal if and only if qo p is
cofinal. In particular (taking p = idg/), q itself is cofinal.

Proof. Let G be an oo-category, let "’ : K’ — € be a diagram, and set
r"=1r"0gq,r=r"op. Since q is a categorical equivalence, €., — €,/ is
a categorical equivalence. It follows that C,, — €,/ is a categorical equiv-
alence if and only if C,, — €,/ is a categorical equivalence. We now apply
the characterization (2) of Proposition 4.1.1.8. O

Corollary 4.1.1.10. The property of cofinality is homotopy invariant. In
other words, if two maps f, g : K — K’ have the same image in the homotopy
category of Seta obtained by inverting all categorical equivalences, then f is
cofinal if and only if g is cofinal.

Proof. Choose a categorical equivalence K’ — €, where C is an oo-category.
In view of Corollary 4.1.1.9, we may replace K’ by € and thereby assume
that K’ is itself an oo-category. Since f and g are homotopic, there exists
a cylinder object S equipped with a trivial fibration p : § — K, a map
q:S — C, and two sections s,s’ : K — S of p, such that f = gos, g=gqos’.
Since p is a categorical equivalence, so is every section of p. Consequently,
s and s’ are cofinal. We now apply Proposition 4.1.1.3 to deduce that f is
cofinal if and only if ¢ is cofinal. Similarly, g is cofinal if and only if ¢ is
cofinal. O

Corollary 4.1.1.11. Letp: X — S be a map of simplicial sets. The fol-
lowing are equivalent:
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(1) The map p is a cofinal right fibration.
(2) The map p is a trivial fibration.

Proof. Clearly any trivial fibration is a right fibration. Furthermore, any triv-
ial fibration is a categorical equivalence, hence cofinal by Corollary 4.1.1.9.
Thus (2) implies (1). Conversely, suppose that p is a cofinal right fibra-
tion. Since p is cofinal, the natural map Mapg(S, X) — Mapg(X, X) is a
homotopy equivalence of Kan complexes. In particular, there exists a section
f:S — X of p such that fop is (fiberwise) homotopic to the identity map
of X. Consequently, for each vertex s of S, the fiber X, = X xg {s} is a
contractible Kan complex (since the identity map Xs — X, is homotopic to
the constant map with value f(s)). The dual of Lemma 2.1.3.4 now shows
that p is a trivial fibration. O

Corollary 4.1.1.12. A map X — Z of simplicial sets is cofinal if and only
if it admits a factorization

xLy sz
where X — Y is right anodyne and Y — Z is a trivial fibration.

Proof. The “if” direction is clear: if such a factorization exists, then f is
cofinal (since it is right anodyne), g is cofinal (since it is a categorical equiv-
alence), and consequently g o f is cofinal (since it is a composition of cofinal
maps).

For the “only if” direction, let us suppose that X — Z is a cofinal map.
By the small object argument (Proposition A.1.2.5), there is a factorization

xtvyz

where f is right anodyne and g is a right fibration. The map g is cofinal by
Proposition 4.1.1.3 and therefore a trivial fibration by Corollary 4.1.1.11. O

Corollary 4.1.1.13. Letp: S — S’ be a cofinal map and K any simplicial
set. Then the induced map K x S — K x S’ is cofinal.

Proof. Using Corollary 4.1.1.12, we may suppose that p is either right ano-
dyne or a trivial fibration. Then the induced map K x S — K x S’ has the
same property. O

4.1.2 Smoothness and Right Anodyne Maps

In this section, we explain how to characterize the classes of right anodyne
and cofinal morphisms in terms of the contravariant model structures studied
in §2.1.4. We also introduce a third class of maps between simplicial sets,
which we call smooth.

We begin with the following characterization of right anodyne maps:

Proposition 4.1.2.1. Leti : A — B be a map of simplicial sets. The
following conditions are equivalent:
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(1) The map i is right anodyne.

(2) For any map of simplicial sets j : B — C, the map i is a trivial cofi-
bration with respect to the contravariant model structure on (8eta) ¢

(3) The map i is a trivial cofibration with respect to the contravariant model
structure on (8eta)/p.

Proof. The implication (1) = (2) follows immediately from Proposition
2.1.4.9, and the implication (2) = (3) is obvious. Suppose that (3) holds. To
prove (1), it suffices to show that given any diagram

A— X

1
L]
7
B——Y

such that p is a right fibration, one can supply the dotted arrow f as indi-
cated. Replacing p : X — Y by the pullback X xy B — B, we may reduce
to the case where Y = B. Corollary 2.2.3.12 implies that X is a fibrant
object of (8eta),p (With respect to contravariant model structure) so that
the desired map f can be found. O

Corollary 4.1.2.2. Suppose we are given maps A LBl of simplicial
sets. If i and j o i are right anodyne and j is a cofibration, then j is right
anodyne.

Proof. By Proposition 4.1.2.1, ¢ and j o ¢ are contravariant equivalences in
the category (8eta),c. It follows that j is a trivial cofibration in (Seta),c,
so that j is right anodyne (by Proposition 4.1.2.1 again). O

Corollary 4.1.2.3. Let

A A— 4"

T

B/$BHB//

be a diagram of simplicial sets. Suppose that u and v are monomorphisms
and that f, f', and f"” are right anodyne. Then the induced map

A/HA// _ B/HB//

A B

is right anodyne.

Proof. According to Proposition 4.1.2.1, each of the maps f, f/, and f” is a
contravariant equivalence in the category (Seta),p/ [1, B~ The assumption
on u and v guarantees that f'J[. f” is also a contravariant equivalence in
(Set.A)/B,HB B, so that f'J[, f" is right anodyne by Proposition 4.1.25
again.



LIMITS AND COLIMITS 231

Corollary 4.1.2.4. The collection of right anodyne maps of simplicial sets
is stable under filtered colimits.

Proof. Let f : A — B be a filtered colimit of right anodyne morphisms
fa : Aqa — Byg. According to Proposition 4.1.2.1, each f, is a contravariant
equivalence in (8eta ), 5. Since contravariant equivalences are stable under fil-
tered colimits, we conclude that f is a contravariant equivalence in (Seta ) /B>
so that f is right anodyne by Proposition 4.1.2.1.

Proposition 4.1.2.1 has an analogue for cofinal maps:

Proposition 4.1.2.5. Let i : A — B be a map of simplicial sets. The
following conditions are equivalent:

(1) The map i is cofinal.

(2) For any map j: B — C, the inclusion i is a contravariant equivalence
in (Seta)/c-

(3) The map i is a contravariant equivalence in (Seta),p.

Proof. Suppose (1) is satisfied. By Corollary 4.1.1.12, ¢ admits a factorization
as a right anodyne map followed by a trivial fibration. Invoking Proposition
4.1.2.1, we conclude that (2) holds. The implication (2) = (3) is obvious. If
(3) holds, then we can choose a factorization

AL a5 B
of i, where ¢’ is right anodyne and 7" is a right fibration. Then ¢’ is a
contravariant fibration (in Seta,p) and a contravariant weak equivalence

and is therefore a trivial fibration of simplicial sets. We now apply Corollary
4.1.1.12 to conclude that i is cofinal. O

Corollary 4.1.2.6. Let p : X — S be a map of simplicial sets, where S
is a Kan complex. Then p is cofinal if and only if it is a weak homotopy
equivalence.

Proof. By Proposition 4.1.2.5, p is cofinal if and only if it is a contravariant
equivalence in (8eta),s. If S is a Kan complex, then Proposition 3.1.5.7
asserts that the contravariant equivalences are precisely the weak homotopy
equivalences. O

Corollary 4.1.2.7. Suppose we are given a pushout diagram
A—=a
ol
B—— B

of simplicial sets. If f is cofinal and either f or g is a cofibration, then f' is
cofinal.
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Proof. Combine Proposition 4.1.2.5 with the left-properness of the contr-
variant model structure. ]

Let p: X — Y be an arbitrary map of simplicial sets. In §2.1.4, we showed
that p induces a Quillen adjunction (pi, p*) between the contravariant model
categories (Seta),x and (Seta),y. The functor p* itself has a right adjoint,
which we will denote by p,; it is given by

p*<M) = MapY(Xa M).

The adjoint functors p* and p, are not Quillen adjoints in general. Instead
we have the following result:

Proposition 4.1.2.8. Let p : X — Y be a map of simplicial sets. The
following conditions are equivalent:

(1) For any right anodyne map i : A — B in (8eta),y, the induced map
A xy X — B xy X is right anodyne.

(2) For every Cartesian diagram
X —X
b
Yy —=Y,

the functor p'™ : (Seta) v — (8eta),x/ preserves contravariant equiv-
alences.

(3) For every Cartesian diagram

X —X

R

Y/H}/»

the adjoint functors (p'*,pl) give rise to a Quillen adjunction between
the contravariant model categories (8eta) y+ and (8eta ) x:.

Proof. Suppose that (1) is satisfied; let us prove (2). Since property (1) is
clearly stable under base change, we may suppose that p’ = p. Let u : M —
N be a contravariant equivalence in (Seta ) y. If M and N are fibrant, then
u is a homotopy equivalence, so that p*(u) : p*M — p*N is also a homotopy
equivalence. In the general case, we may select a diagram
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where M’ and N’ are fibrant and the maps ¢ and j are right anodyne (and
therefore i’ is also right anodyne). Then p*(v) is a contravariant equivalence,
while the maps p*(i), p*(j), and p*(i’) are all right anodyne; by Proposition
4.1.2.1 they are contravariant equivalences as well. It follows that p*(u) is a
contravariant equivalence.

To prove (3), it suffices to show that p’™ preserves cofibrations and trivial
cofibrations. The first statement is obvious, and the second follows imme-
diately from (2). Conversely, the existence of a Quillen adjunction (p'*, p.)
implies that p'™ preserves contravariant equivalences between cofibrant ob-
jects. Since every object of (Seta)/y- is cofibrant, we deduce that (3) implies
(2).

Now suppose that (2) is satisfied and let ¢ : A — B be a right anodyne
map in (8eta ),y asin (1). Then i is a contravariant equivalence in (Seta),/p.
Let p’ : X Xy B — B be base change of p; then (2) implies that the induced
map i’ : p’"A — p'*B is a contravariant equivalence in (Seta)/Bxyx- By
Proposition 4.1.2.1, the map ¢’ is right anodyne. Now we simply note that
7 may be identified with the map A xy X — B Xy X in the statement of
(1). O

Definition 4.1.2.9. We will say that a map p: X — Y of simplicial sets is
smooth if it satisfies the (equivalent) conditions of Proposition 4.1.2.8.
Remark 4.1.2.10. Let

f/

X —
L, b
S/L>S

be a pullback diagram of simplicial sets. Suppose that p is smooth and that f
is cofinal. Then f’ is cofinal: this follows immediately from characterization
(2) of Proposition 4.1.2.8 and characterization (3) of Proposition 4.1.2.5.

We next give an alternative characterization of smoothness. Let

X — =X

Y —=Y

be a Cartesian diagram of simplicial sets. Then we obtain an isomorphism
Rp'"Rq* ~ Rq'" Rp* of right derived functors, which induces a natural trans-
formation

Upq : La/Rp'"" — Rp*Lq.

Proposition 4.1.2.11. Let p : X — Y be a map of simplicial sets. The
following conditions are equivalent:

(1) The map p is smooth.
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(2) For every Cartesian rectangle

X"t X > X

N
Y// ki Y/ }/"

the natural transformation 1, 4 s an isomorphism of functors from the
homotopy category of (8eta ),y to the homotopy category of (Seta ), x:
(here we regard all categories as endowed with the contravariant model
structure).

Proof. Suppose that (1) is satisfied and consider any Cartesian rectangle as
in (2). Since p is smooth, p’ and p” are also smooth. It follows that p’* and
p"* preserve weak equivalences, so they may be identified with their right
derived functors. Similarly, ¢ and g| preserve weak equivalences, so they
may be identified with their left derived functors. Consequently, the natural
transformation 1, 4 is simply obtained by passage to the homotopy category
from the natural transformation

/1%

ap” =" .
But this is an isomorphism of functors before passage to the homotopy cat-
egories.

Now suppose that (2) is satisfied. Let ¢ : Y — Y” be a right anodyne map
in (8eta),y and form the Cartesian square as in (2). Let us compute the
value of the functors LgRp”" and Rp'"Lq on the object Y of (Seta) y».
The composite LgjRp"™ is easy: because Y” is fibrant and X” = p”*Y" is
cofibrant, the result is X", regarded as an object of (Seta),x. The other
composition is slightly trickier: Y is cofibrant, but ¢Y" is not fibrant when
viewed as an object of (Seta ) /y+. However, in view of the assumption that g is
right anodyne, Proposition 4.1.2.1 ensures that Y is a fibrant replacement for
@Y”; thus we may identify Rp'" Lq with the object p’*Y’ = X' of (Seta),xr-
Condition (2) now implies that the natural map X” — X' is a contravariant
equivalence in (Seta),x/. Invoking Proposition 4.1.2.1, we deduce that ¢ is
right anodyne, as desired. O

Remark 4.1.2.12. The terminology “smooth” is suggested by the analogy
of Proposition 4.1.2.11 with the smooth base change theorem in the theory
of étale cohomology (see, for example, [28]).

Proposition 4.1.2.13. Suppose we are given a commutative diagram
X i X!
N
P
X// L S

of simplicial sets. Assume that i is a cofibration and that p, p', and p” are
smooth. Then the induced map X' [[ X" — S is smooth.
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Proof. This follows immediately from Corollary 4.1.2.3 and characterization
(1) of Proposition 4.1.2.8. O

Proposition 4.1.2.14. The collection of smooth maps p: X — S is stable
under filtered colimits in (Seta)/s.

Proof. Combine Corollary 4.1.2.4 with characterization (1) of Proposition
4.1.2.8. t

Proposition 4.1.2.15. Letp: X — S be a coCartesian fibration of simpli-
ctal sets. Then p is smooth.

Proof. Let i: B' — B be a right anodyne map in (Seta),s; we wish to show
that the induced map B’ xg X — B xg X is right anodyne. By general
nonsense, we may reduce ourselves to the case where ¢ is an inclusion A} C
A™ where 0 < i < n. Making a base change, we may suppose that S = B.
By Proposition 3.2.2.7, there exists a composable sequence of maps

$: A — ... = A"
and a quasi-equivalence M°P(¢) — X. Consider the diagram

Mop((b) XAn AZL HX XAn A’ln

\ [
h
Mor(g) —L 3 X,

The left vertical map is right anodyne since it is a pushout of the inclusion
A% x A7 C A" x A", Tt follows that f is cofinal, being a composition of
a right anodyne map and a categorical equivalence. Since g is cofinal (be-
ing a categorical equivalence), we deduce from Proposition 4.1.1.3 that h is
cofinal. Since h is a monomorphism of simplicial sets, it is right anodyne by

Proposition 4.1.1.3. O

Proposition 4.1.2.16. Letp: X — S x T be a bifibration. Then the com-
posite map wgop: X — S is smooth.

Proof. For every map T" — T, let X7 = X xp T'. We note that X is
a filtered colimit of X7+ as T ranges over the finite simplicial subsets of
T. Using Proposition 4.1.2.14, we can reduce to the case where T is finite.
Working by induction on the dimension and the number of nondegenerate
simplices of T', we may suppose that 7' = T" ][4 o» A", where the result is
known for T” and for & A™. Applying Proposition 4.1.2.13, we can reduce
to the case T' = A"™. We now apply Lemma 2.4.7.5 to deduce that p is a
coCartesian fibration and therefore smooth (Proposition 4.1.2.15). O

Lemma 4.1.2.17. Let C be an oco-category containing an object C and let
[:X =Y be a covariant equivalence in (Seta), . The induced map

Xx@(i/c—d/xe(?/c

is also a covariant equivalence in e/c.
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Proof. Tt will suffice to prove that for every object Z — C of (Seta), e, the
fiber product Z x¢ €/%is a homotopy product of Z with €/C in (Seta)/e
(with respect to the covariant model structure). Choose a factorization
z5 7 Le,

where ¢ is left anodyne and j is a left fibration. According to Corollary
2.2.3.12, we may regard Z' as a fibrant replacement for Z in (Seta)/e. It
therefore suffices to prove that the map ' : Z Xe /¢ = 7' xe €Y is
a covariant equivalence. According to Proposition 4.1.2.5, it will suffice to
prove that ¢’ is left anodyne. The map ¢’ is a base change of i by the projection
p: (CZAThpN C; it therefore suffices to prove that p°P is smooth. This follows
from Proposition 4.1.2.15 since p is a right fibration of simplicial sets. U

Proposition 4.1.2.18. Let C be an co-category and
!
N
e

a commutative diagram of simplicial sets. Suppose that p and q are smooth.
The following conditions are equivalent:

(1) The map f is a covariant equivalence in (8eta),c.

(2) For each object C € C, the induced map of fibers X¢ — Yo is a weak
homotopy equivalence.

Proof. Suppose that (1) is satisfied and let C be an object of €. We have a
commutative diagram of simplicial sets
Xe Yo

l |

XX@G/CHY Xe G/C.
Lemma 4.1.2.17 implies that the bottom horizontal map is a covariant equiv-
alence. The vertical maps are both pullbacks of the right anodyne inclusion
{C} C e/c along smooth maps and are therefore right anodyne. In par-
ticular, the vertical arrows and the bottom horizontal arrow are all weak
homotopy equivalences; it follows that the map Xo — Y¢ is a weak homo-
topy equivalence as well.
Now suppose that (2) is satisfied. Choose a commutative diagram
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in (8eta), e, where the vertical arrows are left anodyne and the maps p’
and ¢’ are left fibrations. Using Proposition 4.1.2.15, we conclude that p’
and ¢’ are smooth. Applying (1), we deduce that for each object C' € C,
the maps X¢ — X/ and Yo — Y/ are weak homotopy equivalences. It
follows that each fiber f : X — Y/ is a homotopy equivalence of Kan
complexes, so that f’ is an equivalence of left fibrations and therefore a
covariant equivalence. Inspecting the above diagram, we deduce that f is
also a covariant equivalence, as desired. O

4.1.3 Quillen’s Theorem A for co-Categories

Suppose that f : € — D is a functor between oo-categories and that we
wish to determine whether or not f is cofinal. According to Proposition
4.1.1.8, the cofinality of f is equivalent to the assertion that for any diagram
p:D — &, f induces an equivalence

lim(p) ~ lim(p o f).

One can always define a morphism
¢ :lim(po f) — lim(p)

(provided that both sides are defined); the question is whether or not we
can define an inverse ¢ = ¢~!. Roughly speaking, this involves defining a
compatible family of maps ¥p : p(D) — hi}n(p o f) indexed by D € D. The
only reasonable candidate for ¥p is a composition

p(D) — (po f)(C) — lim(po f),

where the first map arises from a morphism D — f(C) in €. Of course, the
existence of C' is not automatic. Moreover, even if C exists, it is usually not
unique. The collection of candidates for C' is parametrized by the co-category
ePl =¢ XD DP/. In order to make the above construction work, we need
the co-category €P/ to be weakly contractible. More precisely, we will prove
the following result:

Theorem 4.1.3.1 (Joyal [44]). Let f : € — D be a map of simplicial sets,
where D is an co-category. The following conditions are equivalent:

(1) The functor f is cofinal.

2) For every object D € D, the simplicial set C xp Dp, is weakly con-
( y obj ; D / y
tractible.

We first need to establish the following lemma:

Lemma 4.1.3.2. Let p : U — S be a Cartesian fibration of simplicial
sets. Suppose that for every vertex s of S, the fiber Uy = p~{s} is weakly
contractible. Then p is cofinal.
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Proof. Let ¢ : N — S be a right fibration. For every map of simplicial
sets T — S, let Xr = Mapg(T,N) and Yr = Mapg(T xg U, N). Our
goal is to prove that the natural map Xs — Ys is a homotopy equivalence
of Kan complexes. We will prove, more generally, that for any map T —
S, the map ¢r : Yr — Zr is a homotopy equivalence. The proof uses
induction on the (possibly infinite) dimension of T. Choose a transfinite
sequence of simplicial subsets T(«r) C T, where each T'(«) is obtained from
T(< a) = Us., T(B) by adjoining a single nondegenerate simplex of 7' (if
such a simplex exists). We prove that ¢p(4) is a homotopy equivalence by
induction on a. Assuming that ¢r(g) is a homotopy equivalence for every
B < a, we deduce that ¢r(.,) is the homotopy inverse limit of a tower of
equivalences and therefore a homotopy equivalence. If T'(a) = T(< «), we
are done. Otherwise, we may write T'(o) = T(< @) [[gan A™. Then ¢p(q)
can be written as a homotopy pullback of ¢7(<q) With ¢an over ¢gan. The
third map is a homotopy equivalence by the inductive hypothesis. It therefore
suffices to prove that ¢a» is an equivalence. In other words, we may reduce
to the case T'= A™.
By Proposition 3.2.2.7, there exists a composable sequence of maps

6:AY — ... — A"

and a quasi-equivalence f : M(0) — X xg T, where M(#) denotes the
mapping simplex of the sequence 6. Given a map 77 — T, we let Zp =
Mapg(M(0) xp T, N). Proposition 3.3.1.7 implies that ¢ is a categorical
fibration. It follows that for any map T’ — T, the categorical equivalence
M) xrT" — U xgT' induces another categorical equivalence ¢ = Y —
Zp:. Since Yy and Zp: are Kan complexes, the map ¥ is a homotopy
equivalence. Consequently, to prove that ¢ is an equivalence, it suffices to
show that the composite map

XT—>YT—>ZT

is an equivalence.
Consider the composition

i Xan-1 = Zan-1 = Mapg(A™ ™! x A" N) "5 Mapg({n — 1} x A™ N).
Using the fact that ¢ is a right fibration and that A™ is weakly contractible,
we deduce that u and v’ are homotopy equivalences. The inductive hypoth-
esis implies that u’ is a homotopy equivalence. Consequently, u” is also a

homotopy equivalence. The space Zp fits into a homotopy Cartesian dia-
gram

Zr Zan-1

1" "
iv \Lu

Mapg(A™ x A", N) — Mapg(A"~! x A", N).

It follows that v” is a homotopy equivalence. Now consider the composition

vi Xan S Zan 2 Mapg(A™ x A", N) % Mapg({n} x A", N).
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Again, because ¢ is a right fibration and A™ is weakly contractible, the maps
v and v” are homotopy equivalences. Since v is a homotopy equivalence,
we deduce that v’ is a homotopy equivalence, as desired. O

Proof of Theorem 4.1.3.1. Using the small object argument, we can factor
f as a composition
el e,

where f’ is a categorical equivalence and f” is an inner fibration. Then f”
is cofinal if and only if f is cofinal (Corollary 4.1.1.10). For every D € D,
the map Dp, — D is a left fibration, so the induced map Cp, — G'D/ is a
categorical equivalence (Proposition 3.3.1.3). Consequently, it will suffice to
prove that (1) < (2) for the morphism f” : € — D. In other words, we may
assume that the simplicial set C is an co-category.

Suppose first that (1) is satisfied and choose D € D. The projection
Dp; — D is a left fibration and therefore smooth (Proposition 4.1.2.15).
Applying Remark 4.1.2.10, we deduce that the projection €xpDp, —
Dp, is cofinal and therefore a weak homotopy equivalence (Proposition
4.1.1.3). Since Dp, has an initial object, it is weakly contractible. There-
fore € xp Dp, is weakly contractible, as desired.

We now prove that (2) = (1). Let M = Fun(A', D) Xpyn({1},m) €. Then
the map f factors as a composition

CERL VA
where f’ is the obvious map and f” is given by evaluation at the vertex
{0} C A!. Note that there is a natural projection map m : M — C, that f’
is a section of 7, and that there is a simplicial homotopy h : A x M — M
from idy to f’ o m which is compatible with the projection to €. It follows
from Proposition 2.1.2.11 that f’ is right anodyne.

Corollary 2.4.7.12 implies that f” is a Cartesian fibration. The fiber of
f" over an object D € D is isomorphic to € xp DY/, which is equivalent
to € xp Dp, and therefore weakly contractible (Proposition 4.2.1.5). By
assumption, the fibers of f” are weakly contractible. Lemma 4.1.3.2 asserts

that f” is cofinal. It follows that f, as a composition of cofinal maps, is also
cofinal. O

Using Theorem 4.1.3.1, we can easily deduce the following classical result
of Quillen:

Corollary 4.1.3.3 (Quillen’s Theorem A). Let f : € — D be a functor
between ordinary categories. Suppose that for every object D € D, the fiber
product category C xp Dp, has a weakly contractible nerve. Then f induces
a weak homotopy equivalence of simplicial sets N(C) — N(D).

Proof. The assumption implies that N(f) : N(C) — N(D) satisfies the hy-
potheses of Theorem 4.1.3.1. It follows that N(f) is a cofinal map of simplicial
sets and therefore a weak homotopy equivalence (Proposition 4.1.1.3). O
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4.2 TECHNIQUES FOR COMPUTING COLIMITS

In this section, we will introduce various techniques for computing, analyz-
ing, and manipulating colimits. We begin in §4.2.1 by introducing a variant
on the join construction of §1.2. The new join construction is (categori-
cally) equivalent to the version we are already familiar with but has better
formal behavior in some contexts. For example, it permits us to define a
parametrized version of overcategories and undercategories, which we will
analyze in §4.2.2.

In §4.2.3, we address the following question: given a diagram p : K — C
and a decomposition of K into “pieces,” how is the colimit h_H)l(p) related
to the colimits of those pieces? For example, if K = A U B, then it seems
reasonable to expect an equation of the form

lim(p) = (timpl4) ] (imp|B).
lim (p| AN B)

Of course there are many variations on this theme; we will lay out a general
framework in §4.2.3 and apply it to specific situations in §4.4.

Although the oo-categorical theory of colimits is elegant and powerful, it
can be be difficult to work with because the colimit lim(p) of a diagram
p is well-defined only up to equivalence. This problem can sometimes be
remedied by working in the more rigid theory of model categories, where
the notion of an co-categorical colimit should be replaced by the notion of a
homotopy colimit (see §A.3.3). In order to pass smoothly between these two
settings, we need to know that the oco-categorical theory of colimits agrees
with the more classical theory of homotopy colimits. A precise statement of
this result (Theorem 4.2.4.1) will be formulated and proved in §4.2.4.

4.2.1 Alternative Join and Slice Constructions

In §1.2.8, we introduced the join functor * on simplicial sets. In [44], Joyal
introduces a closely related operation ¢ on simplicial sets. This operation is
equivalent to = (Proposition 4.2.1.2) but is technically more convenient in
certain contexts. In this section we will review the definition of the operation
¢ and establish some of its basic properties (see also [44] for a discussion).

Definition 4.2.1.1 ([44]). Let X and Y be simplicial sets. The simplicial
set X ¢Y is defined to be pushout

x JI &xxyxahy [ v

X XY x{0} X XY x{1}

We note that since X x Y x (9 Al) — X x Y x Al is a monomorphism, the
pushout diagram defining X ¢Y" is a homotopy pushout in Seta (with respect
to the Joyal model structure). Consequently, we deduce that categorical

equivalences X — X’ Y — Y’ induce a categorical equivalence X oY —
X' oY’
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The simplicial set X ¢Y admits a map p: X oY — Al with X ~ p~1{0}
and Y ~ p~1{1}. Consequently, there is a unique map X ¢Y — X xY which
is compatible with the projection to A' and induces the identity maps on
X andY.

Proposition 4.2.1.2. For any simplicial sets X and Y, the natural map
¢: XoY — X %Y is a categorical equivalence.

Proof. Since both sides are compatible with the formation of filtered colimits
in X, we may suppose that X contains only finitely many nondegenerate sim-
plices. If X is empty, then ¢ is an isomorphism and the result is obvious.
Working by induction on the dimension of X and the number of nondegen-
erate simplices in X, we may write

x=x"]J a~,
o An

and we may assume that the statement is known for the pairs (X’,Y) and
(0 A™Y). Since the Joyal model structure on Seta is left proper, we have a
map of homotopy pushouts

(X'oY) [T (Amoy)— (X'+Y) [ (A"xY),
9 A"SY O AnKY

and we are therefore reduced to proving the assertion in the case where
X = A". The inclusion

A{O’l} H . H A{n—l,n} C A"
{1t {n-1}
is inner anodyne. Thus if n > 1, we can conclude by induction. Thus we may
suppose that X = A® or X = Al. By a similar argument, we may reduce to
the case where Y = A® or Y = A!. The desired result now follows from an
explicit calculation. O

Corollary 4.2.1.3. Let S — T and S’ — T’ be categorical equivalences of
simplicial sets. Then the induced map

S*x8 = T*T

is a categorical equivalence.

Proof. This follows immediately from Proposition 4.2.1.2 since the operation
¢ has the desired property. O

Corollary 4.2.1.4. Let X and Y be simplicial sets. Then the natural map
C[X +xY] — €[X] x€[Y]
s an equivalence of simplicial categories.

Proof. Using Corollary 4.2.1.3, we may reduce to the case where X and Y
are oo-categories. We note that €[X x Y] is a correspondence from €[X]
to €[Y]. To complete the proof, it suffices to show that Mape(x,y(z,y) is
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weakly contractible for any pair of objects x € X, y € Y. Since X x Y
is an oco-category, we can apply Theorem 1.1.5.13 to deduce that the map-
ping space Mapg|x,y(7, y) is weakly homotopy equivalent to HomY , (z,v),
which consists of a single point. O

For fixed X, the functor
Y— XoY

Seta — (SetA)X/
preserves all colimits. By the adjoint functor theorem (or by direct con-
struction), this functor has a right adjoint. In other words, for every map of
simplicial sets p : X — €, there exists a simplicial set C? / with the following
universal property: for every simplicial set Y, there is a canonical bijection
Homgeq , (Y, C”) ~ Homser ), (X 0 Y, ).

Since the functor Y +— X ¢Y preserves cofibrations and categorical equiva-
lences, we deduce that the passage from € to CP / preserves categorical fibra-
tions and categorical equivalences between co-categories. Moreover, Propo-
sition 4.2.1.2 has the following consequence:

Proposition 4.2.1.5. Let C be an oco-category and let p : X — C be a
diagram. Then the natural map
Cps — o

is an equivalence of co-categories.

According to Definition 1.2.13.4, a colimit for a diagram p : X — C is an
initial object of the oco-category C,,. In view of the above remarks, an object
of €,/ is a colimit for p if and only if its image in P/ is an initial object; in
other words, we can replace C,, by er/ (and % by ©) in Definition 1.2.13.4.

By Proposition 2.1.2.1, for any oo-category € and any map p : X — C,
the induced map €,, — € is a left fibration. We now show that €?/ has the
same property:

Proposition 4.2.1.6. Suppose we are given a diagram of simplicial sets
KhCK2x24g,
where q is a categorical fibration. Let r = qop : K — S, pg = p|Ky, and
ro = r|Ko. Then the induced map
¢ XP — XP/ x gy ST/
is a left fibration.
Proof. We must show that ¢ has the right lifting property with respect to

every left anodyne inclusion Ay C A. Unwinding the definition, this amounts
to proving that ¢ has the right lifting property with respect to the inclusion

ii(AdgoK) J] (AoKo) CAoK
AgoKo
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Since ¢ is a categorical fibration, it suffices to show that ¢ is a categorical
equivalence. The above pushout is a homotopy pushout, so it will suffice to
prove the analogous statement for the weakly equivalent inclusion

(Ao EK) ] (AxKo) CAxK.
Apx Ko

But this map is inner anodyne (Lemma 2.1.2.3). O

Corollary 4.2.1.7. Let C be an oco-category and let p : K — C be any
diagram. For every vertex v of €, the map Cp/ xe{v} — € xe{v} is a
homotopy equivalence of Kan complexes.

Proof. The map C,, — C” /isa categorical equivalence of left fibrations over
C; now apply Proposition 3.3.1.5. O

Corollary 4.2.1.8. Let C be an oco-category containing vertices x and y.
The maps

Homg (2, y) — Home(z,y) «— Homg(z, y)

are homotopy equivalences of Kan complexes (see §1.2.2 for an explanation
of this notation,).

Proof. Apply Corollary 4.2.1.7 (the dual of Corollary 4.2.1.7) to the case
where p is the inclusion {z} C € (the inclusion {y} C €). O

Remark 4.2.1.9. The above ideas dualize in an evident way; given a map
of simplicial sets p : K — X, we can define a simplicial set X/? with the
universal mapping property

Homgeq, (K, X/P) = Homseq ) (KoK, X).

4.2.2 Parametrized Colimits

Let p: K — € be a diagram in an oo-category €. The goal of this section
is to make precise the idea that the colimit hi>n(p) depends functorially on
p (provided that lim(p) exists). We will prove this in a very general context
where not only the diagram p but also the simplicial set K is allowed to vary.
We begin by introducing a relative version of the ¢-operation.

Definition 4.2.2.1. Let S be a simplicial set and let X,Y € (Seta)/s. We
define

XogV=X [J] XxsyxAl) [J] VYe(Seta)s.
XXxsY x{0} XxgY x{1}
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We observe that the operation ¢g is compatible with base change in the
following sense: for any map 17" — S of simplicial sets and any objects X, Y €
(8eta),s, there is a natural isomorphism

(X7 or Yr) ~ (X osY)r,

where we let Zp denote the fiber product Z x g T. We also note that in the
case where S is a point, the operation ¢g coincides with the operation ¢
introduced in §4.2.1.

Fix K € (Seta),s. We note that functor (Seta),s — ((Seta),s)x, defined
by

XD—>K<>SS

has a right adjoint; this right adjoint associates to a diagram

K\7Y

the simplicial set Y?s/, defined by the property that Homg (X, Y?s/) classi-
fies commutative diagrams

K—2= >y

|

KOSXHS.

The base change properties of the operation ¢g imply similar base change
properties for the relative slice construction: given a map ps : K — Y in
(8eta),s and any map 7' — S, we have a natural isomorphism

YPS/ xgT ~ (Y xg TP/,

where pr denotes the induced map K7 — Yr. In particular, the fiber of YPs /
over a vertex s of S can be identified with the absolute slice construction
vP*/ studied in §4.2.1.

Remark 4.2.2.2. Our notation is somewhat abusive: the simplicial set Y7s/
depends not only on the map ps : K — Y but also on the simplicial set S.
We will attempt to avoid confusion by always indicating the simplicial set
S by a subscript in the notation for the map in question; we will omit this
subscript only in the case S = A®, in which case the functor described above
coincides with the functor defined in §4.2.1.

Lemma 4.2.2.3. Letn > 0 and let
=(ArxAY ] @rxoah)carxAl

Anxd Al
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Suppose we are given a diagram of simplicial sets

AxB—L" .y

in which q is a Cartesian fibration, and that fy carries {a} x A=t x {11 to
a q-Cartesian edge of Y for each vertex a of A. Then there exists a morphism
f rendering the diagram commutative.

Proof. Invoking Proposition 3.1.2.1, we may replace ¢ : Y — S by the in-
duced map Y4 — S4 and thereby reduce to the case where A = A°. We
now recall the notation introduced in the proof of Proposition 2.1.2.6: more
specifically, the family {o; }o<i<, of nondegenerate simplices of A" x Al. Let
B(0) = B and more generally set B(n) = BU o, U---Uoy11-; so that we
have a filtration

B(0)C---CB(n+1)=A"x AL

A map fo : B(0) — Y has been prescribed for us already; we construct
extensions f; : B(i) — Y by induction on i. For i < n, there is a pushout
diagram

An+1

n—i B(’L)

|

A"+l —— B(i +1).
Thus the extension f;;1 can be found by virtue of the assumption that ¢ is
an inner fibration. For ¢ = n, we obtain instead a pushout diagram

An+1

ntl B(n)

|

Antl ——= B(n+1),

and the desired extension can be found by virtue of the assumption that fy
carries the edge A{"~17} x {1} to a g-Cartesian edge of Y. O

Proposition 4.2.2.4. Suppose we are given a diagram of simplicial sets

A\

Let p'y = g o pg, and assume that the following conditions are satisfied:

(1) The map q is a Cartesian fibration.
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(2) The map t is a coCartesian fibration.

Then the induced map r : XPS/ — YPs/ is a Cartesian fibration; moreover,
an edge of XPs/ is r-Cartesian if and only if its image in X is q-Cartesian.

Proof. We first show that r is an inner fibration. Suppose we are given
0 <i < n and a diagram
A —— xrs/
j 1 J’
e
Ve
7
< /
A ——— Y'ps/7

we must show that it is possible to provide the dotted arrow. Unwinding
the definitions, we see that it suffices to produce the indicated arrow in the
diagram

Kog AZL — X
f / ’ ‘L
- q
Ve
7
Kog A" ——Y.
Since ¢ is a Cartesian fibration, it is a categorical fibration by Proposition
3.3.1.7. Consequently, it suffices to show that the inclusion
K o8 Azn - K (oS A"
is a categorical equivalence. In view of the definition of K og M as a pushout
K JI Kxsmxal) [ M
KxgMx{0} KxgMx{1}
it suffices to verify that the inclusions

AT C A"

K xg Al CK xg A"

are categorical equivalences. The first statement is obvious; the second fol-
lows from (the dual of) Proposition 3.3.1.3.

Let us say that an edge of X?s/ is special if its image in X is g-Cartesian.
To complete the proof, it will suffice to show that every special edge of X?s/
is r-Cartesian and that there are sufficiently many special edges of XPs/,
More precisely, consider any n > 1 and any diagram

A7 *h>Xps/
L]
Ve
Ve
Ve
Ve
A" —— y1s/

We must verify the following assertions:
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e If n =1, then there exists a dotted arrow rendering the diagram com-
mutative, classifying a special edge of XPs/.

e If n > 1 and h|A{"~17} classifies a special edge of XPs/, then there
exists a dotted arrow rendering the diagram commutative.

Unwinding the definitions, we have a diagram

KOSAZL)X

7
- q
e
e
Kog A" ——=Y,
and we wish to prove the existence of the indicated arrow f. As a first step,

we consider the restricted diagram

folAL
n n
Ay —=X

7
f1
Ve
A" —Y.
By assumption, fy|A? carries A{"=17} to a g-Cartesian edge of X (if n > 1),
so there exists a map f; rendering the diagram commutative (and classifying

a g-Cartesian edge of X if n = 1). It now suffices to produce the dotted arrow
in the diagram

(K og A}) HA;; A" s x

/7
-
i _ 7 q
-
-

Kog A" — 5,

where the top horizontal arrow is the result of amalgamating fy and f;.
Without loss of generality, we may replace S by A™. By (the dual of)
Proposition 3.2.2.7, there exists a composable sequence of maps

$p: A" ... A"
and a quasi-equivalence M°P(¢) — K. We have a commutative diagram
(MP(9) o5 A7) [Ty A — (K 05 AT ][, A"
MPeP(¢) o5 A™ Kog A™.

Since q is a categorical fibration, Proposition A.2.3.1 shows that it suffices
to produce a dotted arrow f’ in the induced diagram

(M () 05 A) [y, A" — > x

7
g7
i _ - q
~
~

MoP($) og A" — >y
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Let B be as in the statement of Lemma 4.2.2.3; then we have a pushout
diagram

A% x B———> (M(9) 05 A7) [Tnn A"

T

AP x AT x Al MoP(¢) og A™.

Consequently, it suffices to prove the existence of the map f” in the diagram

A B—1 s x

1" /7
f
i\i” // q
-
-~

AV x A" x Al ——Y.

Here the map g carries {a} x Al"=1n} x {1} to a ¢-Cartesian edge of Y for
each vertex a of A°. The existence of f” now follows from Lemma 4.2.2.3. [

Remark 4.2.2.5. In most applications of Proposition 4.2.2.4, we will have
Y = S. In that case, YPs/ can be identified with S, and the conclusion is
that the projection X?s/ — S is a Cartesian fibration.

Remark 4.2.2.6. The hypothesis on s in Proposition 4.2.2.4 can be weak-
ened: all we need in the proof is the existence of maps M°P(¢) — K xg
A™ which are universal categorical equivalences (that is, induce categorical
equivalences MP(¢) xan T — K xg T for any T — A™). Consequently,
Proposition 4.2.2.4 remains valid when K ~ S x K° for any simplicial set
K (not necessarily an oo-category). It seems likely that Proposition 4.2.2.4
remains valid whenever s is a smooth map of simplicial sets, but we have
not been able to prove this.

We can now express the idea that the colimit of a diagram should depend
functorially on the diagram (at least for “smoothly parametrized” families
of diagrams):

Proposition 4.2.2.7. Let q: Y — S be a Cartesian fibration and let pg :
K — Y be a diagram. Suppose that the following conditions are satisfied:

(1) For each vertex s of S, the restricted diagram ps : Ky — Y5 has a
colimit in the co-category Ys.

(2) The composition q o ps is a coCartesian fibration.
There exists a map p's rendering the diagram
K s Y

et

KOSSHS
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commutative and having the property that for each vertex s of S, the restric-
tion pl, : Kso{s} — Y5 is a colimit of ps. Moreover, the collection of all such
maps is parametrized by a contractible Kan complez.

Proof. Apply Proposition 2.4.4.9 to the Cartesian fibration Y?5/ and observe
that the collection of sections of a trivial fibration constitutes a contractible
Kan complex. U

4.2.3 Decomposition of Diagrams

Let C be an oco-category and p : K — € a diagram indexed by a simplicial
set K. In this section, we will try to analyze the colimit lim(p) (if it exists)
in terms of the colimits {h_r)n(p|K1)}, where { K} is some family of simplicial
subsets of K. In fact, it will be useful to work in slightly more generality:
we will allow each K to be an arbitrary simplicial set mapping to K (not
necessarily via a monomorphism).

Throughout this section, we will fix a simplicial set K, an ordinary cate-
gory J, and a functor F' : J — (8eta), k. It may be helpful to imagine that
J is a partially ordered set and that F' is an order-preserving map from J to
the collection of simplicial subsets of K; this will suffice for many but not
all of our applications. We will denote F'(I) by K and the tautological map
Kr — K by 7.

Our goal is to show that, under appropriate hypotheses, we can recover the
colimit of a diagram p : K — € in terms of the colimits of diagrams p o 7y :
K; — C. Our first goal is to show that the construction of these colimits is
suitably functorial in I. For this, we need an auxiliary construction.

Notation 4.2.3.1. We define a simplicial set K as follows. A map A" —
K is determined by the following data:

(i) A map A" — A! corresponding to a decomposition [n] = {0,...,i} U
{i+1,...,n}.

(ii) A map e_ : A0t L |

(i3i) A map ey : Ati+Loont 5 N(J) which we may view as a chain of
composable morphisms

Ii+1)— - — I(n)
in the category J.

(tv) For each j € {i+1,...,n}, a map e; which fits into a commutative
diagram

A{O,...,z‘} — K.
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Moreover, for j < k, we require that e is given by the composition

Remark 4.2.3.2. In the case where ¢ < n, the maps e_ and {e;};>; are
completely determined by e;;1, which can be arbitrary.

The simplicial set Kr is equipped with a map Kr — A!. Under this map,
the preimage of the vertex {0} is K C K and the preimage of the vertex
{1} is N(J) € Kp. For I € J, we will denote the corresponding vertex of
N(J) € Kr by X;. We note that, for each I € J, there is a commutative
diagram

KIL)K

oy

Ky s Kp,
where 7 carries the cone point of K7 to the vertex X of Kp.

Let us now suppose that p : K — C is a diagram in an oo-category C.
Our next goal is to prove Proposition 4.2.3.4, which will allow us to extend
p to a larger diagram Kp — € which carries each vertex X to a colimit of
pomy: Ky — C. First, we need a lemma.

Lemma 4.2.3.3. Let C be an co-category and let o : A™ — C be a simplex
having the property that o(0) is an initial object of €. Let o = o| 0 A™. The
natural map C,, — Cy,, is a trivial fibration.

Proof. Unwinding the definition, we are reduced to solving the extension
problem depicted in the diagram

n m n m fo
(A" x A™) [Ig anyp am (A" x OA™) —5 €

—

—
—
—
—
—
—
—

A" % Am./

We can identify the domain of fo with @ A"*™*1 Our hypothesis guarantees
that fo(0) is an initial object of €, which in turn guarantees the existence of

1. O

Proposition 4.2.3.4. Let p: K — C be a diagram in an co-category C, let
J be an ordinary category, and let F : J — (Seta)/k be a functor. Suppose
that, for each I € J, the induced diagram p;y = pony: K; — C has a colimit
qr : Kf — C.

There exists a map q : Kp — C such that g o7 = qr and ¢|K = p.
Furthermore, for any such q, the induced map C,, — €, is a trivial fibration.

Proof. For each X C N(J), we let Kx denote the simplicial subset of Kg
consisting of all simplices o € Kp such that ¢ N N(J) C X. We note that
Ky = K and that KN(j) = Krp.
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Define a transfinite sequence Y, of simplicial subsets of N(J) as follows. Let
Yo =0 and let Y\ = [J, ., Yy when X is a limit ordinal. Finally, let Y,,+1 be
obtained from Y, by adjoining a single nondegenerate simplex provided that
such a simplex exists. We note that for a sufficiently large, such a simplex
will not exist, and we set Y3 =Y, for all 5> a.

We define a sequence of maps qg : Ky, — C so that the following condi-
tions are satisfied:

(1) We have g =p: Ky = K — C.
(2) If a < 3, then ¢, = qp| Ky, .
(3) If {X;} CY,, then g, oy =¢qr : K¥ — C.

Provided that such a sequence can be constructed, we may conclude the
proof by setting ¢ = q,, for « sufficiently large.

The construction of g, goes by induction on «a. If @« = 0, then ¢, is
determined by condition (1); if « is a (nonzero) limit ordinal, then g, is
determined by condition (2). Suppose that g, has been constructed; we give
a construction of gq41.

There are two cases to consider. Suppose first that Y, is obtained from
Y, by adjoining a vertex X;. In this case, g4+1 is uniquely determined by
conditions (2) and (3).

Now suppose that X, 1 is obtained from X, by adjoining a nondegenerate
simplex ¢ of positive dimension corresponding to a sequence of composable
maps

IO_>_>In

in the category J. We note that the inclusion Ky, C Ky,
the inclusion

+1 18 a pushout of

K]O*ﬁo'gK[U*O'.

Consequently, constructing the map gq41 is tantamount to finding an ex-
tension of a certain map so : 9o — €,/ to the whole of the simplex o. By
assumption, so carries the initial vertex of o to an initial object of €, /, so
that the desired extension s can be found. For use below, we record a further
property of our construction: the projection €, , , — €,/ is a pullback of
the map (C,,/)s/ — (Cp,/)s,/, Which is a trivial fibration.

We now wish to prove that, for any extension ¢ with the above properties,
the induced map €,, — C,, is a trivial fibration. We first observe that the
map ¢ can be obtained by the inductive construction given above: namely, we
take g, to be the restriction of g to Ky, . It will therefore suffice to show that,
for every pair of ordinals o < 3, the induced map C,,, — €, , is a trivial
fibration. The proof proceeds by induction on 3: the case § = 0 is clear, and
if B is a limit ordinal, we observe that the inverse limit of a transfinite tower
of trivial fibrations is itself a trivial fibration. We may therefore suppose that
0 =+ 1 is a successor ordinal. Using the factorization

eqﬁ/ - G‘IW/ - G‘Ia/
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and the inductive hypothesis, we are reduced to proving this in the case
where [ is the successor of «, which was treated above. U

Let us now suppose that we are given diagrams p : K — C, F : J —
(8eta)/k as in the statement of Proposition 4.2.3.4 and let ¢ : Kr — € be
a map which satisfies its conclusions. Since €, — €, is a trivial fibration,
we may identify colimits of the diagram ¢ with colimits of the diagram p
(up to equivalence). Of course, this is not useful in itself since the diagram
q is more complicated than p. Our objective now is to show that, under the
appropriate hypotheses, we may identify the colimits of ¢ with the colimits
of ¢| N(J). First, we need a few lemmas.

Lemma 4.2.3.5 (Joyal [44]). Let f: A9 C A and g : By C B be inclusions
of simplicial sets and suppose that g is a weak homotopy equivalence. Then
the induced map

h:(Ay+B) [] (AxBy) CAxB
Ag*Bo

is right anodyne.

Proof. Our proof follows the pattern of Lemma 2.1.2.3. The collection of all
maps f which satisfy the conclusion (for any choice of g) forms a weakly
saturated class of morphisms. It will therefore suffice to prove that the h is
right anodyne when f is the inclusion 9 A™ C A™. Similarly, the collection of
all maps g which satisfy the conclusion (for fixed f) forms a weakly saturated
class. We may therefore reduce to the case where g is a horn inclusion AJ* C
A™. In this case, we may identify h with the horn inclusion Aﬁtﬁjl -
AT FL which is clearly right anodyne. O

Lemma 4.2.3.6. Let Ay C A be an inclusion of simplicial sets and let B
be weakly contractible. Then the inclusion Agx B C A B is right anodyne.

Proof. As above, we may suppose that the inclusion Ay C A is identified
with 0 A™ C A™. If K is a point, then the inclusion Ag x B C A x B is
isomorphic to AZE C A™*! which is clearly right anodyne.

In the general case, B is nonempty, so we may choose a vertex b of B.
Since B is weakly contractible, the inclusion {b} C B is a weak homotopy
equivalence. We have already shown that Agx{b} C A%{b} is right anodyne.
It follows that the pushout inclusion

AgxBC (Ax{b}) J] (Ao*B)
Ap*{b}

is right anodyne. To complete the proof, we apply Lemma 4.2.3.5 to deduce
that the inclusion

(A« {b}) H (Ag*xB) C AxB
Aox{b}

is right anodyne. O
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Notation 4.2.3.7. Let 0 € K,, be a simplex of K. We define a category
J, as follows. The objects of J, are pairs (I,0’), where I € J, ¢’ € (K1),
and 77(c’) = o. A morphism from (I’,0’) to (I”,0”) in J, consists of a
morphism « : I’ — I’ in J with the property that F(a)(c’) = ¢”. We let
J! CJ, denote the full subcategory consisting of pairs (I,0’), where o’ is a
degenerate simplex in K;. Note that if o is nondegenerate, J/ is empty.

Proposition 4.2.3.8. Let K be a simplicial set, J an ordinary category,
and F':J — (8eta),x a functor. Suppose that the following conditions are
satisfied:

(1) For each nondegenerate simplex o of K, the category I, is acyclic (fthat
is, the simplicial set N(J,) is weakly contractible).

(2) For each degenerate simplex o of K, the inclusion N(J.) C N(J,) is a
weak homotopy equivalence.

Then the inclusion N(J) C Kg is right anodyne.

Proof. Consider any family of subsets {L,, C K,} which is stable under
the “face maps” d; on K (but not necessarily the degeneracy maps s;, so
that the family {L,,} does not necessarily have the structure of a simplicial
set). We define a simplicial subset Lr C K as follows: a nondegenerate
simplex A™ — K belongs to L if and only if the corresponding (possibly
degenerate) simplex A{%+# — K belongs to L; C K; (see Notation 4.2.3.1).

We note that if L =0, then Lp = N(J). If L = K, then Lr = Kp (so that
our notation is unambiguous). Consequently, it will suffice to prove that, for
any L C L', the inclusion Ly C L' is right anodyne. By general nonsense,
we may reduce to the case where L’ is obtained from L by adding a single
simplex o € K.

We now have two cases to consider. Suppose first that the simplex o
is nondegenerate. In this case, it is not difficult to see that the inclusion
Lp C L% is a pushout of do x N(J,) C o = N(J,). By hypothesis, N7,
is weakly contractible, so that the inclusion Ly C L is right anodyne by
Lemma 4.2.3.6.

In the case where o is degenerate, we observe that Ly C L’ is a pushout
of the inclusion

@0xN(,)) [ (e+N(@,) CoxN(,),
doxN(I.)

which is right anodyne by Lemma 4.2.3.5. U

Remark 4.2.3.9. Suppose that J is a partially ordered set and that F' is an
order-preserving map from J to the collection of simplicial subsets of K. In
this case, we observe that J = J, whenever o is a degenerate simplex of K
and that I, = {I € J: 0 € K} for any o. Consequently, the conditions of
Proposition 4.2.3.8 hold if and only if each of the partially ordered subsets
Jo C J has a contractible nerve. This holds automatically if J is directed and
K =Ujey K1
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Corollary 4.2.3.10. Let K be a simplicial set, I a category, and F : J —
(8eta)/k a functor which satisfies the hypotheses of Proposition 4.2.3.8. Let
C be an oco-category, let p : K — C be any diagram, and let q : Kp — C be
an extension of p which satisfies the conclusions of Proposition 4.2.3.4. The
natural maps

Cos — Cqy = Coinpyyy
are trivial fibrations. In particular, we may identify colimits of p with colimits
of q| N(J).
Proof. This follows immediately from Proposition 4.2.3.8 since the right an-

odyne inclusion NJ C K is cofinal and therefore induces a trivial fibration
€y — €4 n(9), by Proposition 4.1.1.8. O

We now illustrate the usefulness of Corollary 4.2.3.10 by giving a sample
application. First, a bit of terminology. If k and 7 are regular cardinals, we
will write 7 < & if, for any cardinals 79 < 7, ko < K, we have k}° < Kk (we
refer the reader to Definition 5.4.2.8 and the surrounding discussion for more
details concerning this condition).

Corollary 4.2.3.11. Let C be an oo-category and 7 < k reqular cardinals.
Then C admits k-small colimits if and only if C admits T-small colimits and
colimits indexed by (the nerves of ) k-small T-filtered partially ordered sets.

Proof. The “only if” direction is obvious. Conversely, let p : K — € be any
k-small diagram. Let J denote the partially ordered set of 7-small simplicial
subsets of K. Then J is directed and ;.4 K7 = K, so that the hypotheses
of Proposition 4.2.3.8 are satisfied. Since each p; = p o 7y has a colimit in
C, there exists a map g : Kp — C satisfying the conclusions of Proposition
4.2.3.4. Because C,, — €, is an equivalence of co-categories, p has a colimit
if and only if ¢ has a colimit. By Corollary 4.2.3.10, ¢ has a colimit if and
only if ¢| N(J) has a colimit. It is clear that J is a 7-filtered partially ordered
set. Furthermore, it is k-small provided that 7 < k. O

The following result can be proven by the same argument:

Corollary 4.2.3.12. Let f : @ — €' be a functor between co-categories and
let T < Kk be reqular cardinals. Suppose that C admits k-small colimits. Then
f preserves k-small colimits if and only if it preserves T-small colimits and
all colimits indexed by (the nerves of) k-small T-filtered partially ordered sets.

We will conclude this section with another application of Proposition
4.2.3.8 in which J is not a partially ordered set and the maps 7y : K; — K are
not (necessarily) injective. Instead, we take J to be the category of simplices
of K. In other words, an object of I € J consists of a map o7 : A" — K,
and a morphism from I to I’ is given by a commutative diagram

A"
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For each I € J, we let K; denote the domain A" of oy, and we let 7; = o7 :
K[ — K.

Lemma 4.2.3.13. Let K be a simplicial set and let J denote the category
of simplices of K (as defined above). Then there is a retractionr: Kp — K
which fires K C Kp.

Proof. Given a map e : A" — Kp, we will describe the composite map
roe:A™ — K. The map e classifies the following data:

(1) A decomposition [n] ={0,...,i} U{i+1,...,n}.
(i) Amape_: A" — K.
(#i7) A string of morphisms
AT o AT K

(iv) A compatible family of maps {e; : A* — A™i};_; having the property

that each composition A’ % A™i — K coincides with e_.
If i =n, we set 7 oe = e_. Otherwise, we let r o e denote the composition
IRECT
where f: A" — A™n is defined as follows:

e The restriction f|A? coincides with e,,.

e For i < j <n, welet f(j) denote the image in A™» of the final vertex
of A™i,

O

Proposition 4.2.3.14. For every simplicial set K, there exists a category
J and a cofinal map f: N(J) — K.

Proof. We take J to be the category of simplices of K, as defined above, and
f to be the composition of the inclusion N(J) C Kg with the retraction r
of Lemma 4.2.3.13. To prove that f is cofinal, it suffices to show that the
inclusion N(J) C K is right anodyne and that the retraction r is cofinal.

To show that N(J) C Kp is right anodyne, it suffices to show that the
hypotheses of Proposition 4.2.3.8 are satisfied. Let o : A — K be a simplex
of K. We observe that the category J, may be described as follows: its objects
consist of pairs of maps (s : AV — AM t . AM — K) with tos = 0. A
morphism from (s,t) to (s',¢') consists of a map

a: AM s AM
with s = aos and ¢t = t/ o a. In particular, we note that J, has an initial

object (idav, o). It follows that N(J,) is weakly contractible for any simplex
o of K. It will therefore suffice to show that N(J\) is weakly contractible
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whenever o is degenerate. Let J/ denote the full subcategory of I/ spanned
by those objects for which the map s is surjective. The inclusion J7 C J
has a right adjoint, so that N(J7) is a deformation retract of N(J7). It will
therefore suffice to prove that N(J7) is weakly contractible. For this, we

simply observe that N(J7) has a final object A7 % AM L K, characterized
by the property that ¢ is a nondegenerate simplex of K.

We now show that r is cofinal. According to Proposition 4.1.1.8, it suffices
to show that for any oo-category € and any map p : K — C, the induced
map C,, — €,, is a categorical equivalence, where ¢ = p o r. This follows
from Proposition 4.2.3.4. O

Variant 4.2.3.15. Proposition 4.2.3.14 can be strengthened as follows:

() For every simplicial set K, there exists a cofinal map ¢ : K’ — K,
where K’ is the nerve of a partially ordered set.

Moreover, the map ¢ can be chosen to depend functorially on K. We will
construct ¢ as a composition of four cofinal maps

K' = K® 2 g 28 g6 22 g(2) 223 g(1) 24 g
which are defined as follows:

(1) The simplicial set K} is the nerve N(J;), where J; denotes the cat-
egory of simplices of K, and the morphism ¢; is the cofinal map de-
scribed in Proposition 4.2.3.14.

(2) The simplicial set K(?) is the nerve N(J5)°P, where J, denotes the
category of simplices of K(1). The map ¢, is induced by the functor
Jo — J1 which carries a chain of morphisms Cy — C; — --- — (), in Jy
to the object Cp. We claim that ¢ is cofinal. To prove this, it will suffice
(by virtue of Theorem 4.1.3.1) to prove that for every object C' € Jy,
the category J5" xg, (J1)¢, has weakly contractible nerve. Indeed, this
is the opposite of the category g of simplices of N(J;)¢,. Proposition
4.2.3.14 supplies a cofinal map N(J) — N(J1)¢c/, so that N(J) is weakly
homotopy equivalent to N(J;)¢/, which is weakly contractible (since it
has an initial object).

(3) Let J3 denote the subcategory of Jo consisting of injective maps be-
tween simplices of KV, and let K®) = N(J3)°? C N(J5)°?. We have a
pullback diagram

N(J3)%? —— N(Jg)°?

L

N(A;)?? ——=N(A)*"

where lower horizontal map is the cofinal inclusion of Lemma 6.5.3.7.
The vertical maps are left fibrations and therefore smooth (Proposition
4.1.2.15), so that the inclusion ¢5 : K®) C K®) is cofinal.
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(4) Let K™ denote the nerve N(J4), where J4) is the category of simplices
of K@) and let ¢4 denote the cofinal map described in Proposition
4.2.3.14.

(5) Let K©®) denote the nerve N(J5) C N(J4), where J5 is the full sub-
category spanned by the nondegenerate simplices of K(3). We observe
that the category J3 has the following property: the collection of non-
identity morphisms in J3 is stable under composition. It follows that
every face of a nondegenerate simplex of K is again nondegenerate.
Consequently, the inclusion J; C J4 admits a left adjoint, so that the in-
clusion ¢5 : N(J5) € N(J4) is cofinal (this follows easily from Theorem
4.1.3.1). We conclude by observing that the category Js is equivalent
to a partially ordered set, because if ¢ is a simplex of K®), then any
face of ¢ is uniquely determined by the vertices that it contains.

Variant 4.2.3.16. If K is a finite simplicial set, then the we can arrange
that the simplicial set K’ K’ — K appearing in Variant 4.2.3.15 is again
finite (though our construction is not functorial in K). First suppose that K
satisfies the following condition:

(¥) Every nondegenerate simplex o : A" — K is a monomorphism of
simplicial sets.

Let J denote the category of simplices of K, and let Jy denote the full subcate-
gory spanned by the nondegenerate simplices. Condition (x) guarantees that
the inclusion Jy C J admits a left adjoint, so that Theorem 4.1.3.1 implies
that the inclusion N(Jg) C N(J) is cofinal. Combining this with Proposition
4.2.3.14, we deduce that the map N(Jy) — K is cofinal. Moreover, N(Jy) can
be identified with the nerve of the partially ordered set of simplicial subsets
Ky C K such that Kj is isomorphic to a simplex. In particular, this partially
ordered set is finite.

To handle the general case, it will suffice to establish the following claim:

(#") For every finite simplicial set K, there exists a cofinal map K — K,
where K is a finite simplicial set satisfying ().

The proof proceeds by induction on the number of nondegenerate simplices
of K. If K is empty, the result is obvious; otherwise, we have a pushout
diagram

OA" —= A"
Ky K.

The inductive hypothesis guarantees the existence of a map IN(O — Ky sat-
isfying (*). Now define K = (Ko x A™)[]4An A™. It follows from Corollary
4.1.2.7 (and the weak contractibility of A™) that the map K — K is cofinal.
Moreover, since the map 9 A" — I?O x A™ is a monomorphism, we conclude
that K satisfies condition (x), as desired.
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4.2.4 Homotopy Colimits

Our goal in this section is to compare the oco-categorical theory of colimits
with the more classical theory of homotopy colimits in simplicial categories
(see Remark A.3.3.13). Our main result is the following:

Theorem 4.2.4.1. Let C andJ be fibrant simplicial categories and F :J — C
a simplicial functor. Suppose we are given an object C € C and a compatible
family of maps {n; : F(I) — C}reg. The following conditions are equivalent:

(1) The maps n; exhibit C' as a homotopy colimit of the diagram F.

(2) Let f: N(J) — N(€) be the simplicial nerve of F and f : N(J)> — N(C)
the extension of f determined by the maps {n;}. Then f is a colimit
diagram in N(C).

Remark 4.2.4.2. For an analogous result (in a slightly different setting),
we refer the reader to [39].

The proof of Theorem 4.2.4.1 will occupy the remainder of this section.
We begin with a convenient criterion for detecting colimits in co-categories:

Lemma 4.2.4.3. Let C be an co-category, K a simplicial set, andp : K> —
C a diagram. The following conditions are equivalent:

(i) The diagram D is a colimit of p = p|K.

(ii) Let X € C denote the image under P of the cone point of K", let
0 : € — Fun(K, C) denote the diagonal embedding, and let o : p — 0(X)
denote the natural transformation determined by p. Then, for every
object Y € C, composition with a induces a homotopy equivalence

¢y : Mape(X,Y) — MapF‘un(K,(‘?) (p,0(Y)).

Proof. Using Corollary 4.2.1.8, we can identify Mapp,,(x,e)(p,d(Y)) with

the fiber C”/ x{Y} for cach object Y € C. Under this identification, the
map ¢y can be identified with the fiber over Y of the composition

X/ LA ©p/ ¢ @p/’

where ¢’ is a section to the trivial fibration € — €*/. The map ¢” is a left
fibration (Proposition 4.2.1.6). Condition (%) is equivalent to the requirement
that ¢” be a trivial Kan fibration, and condition (i¢) is equivalent to the
requirement that each of the maps

O G xo{Y} — € xe{Y}

is a homotopy equivalence of Kan compexes (which, in view of Lemma
2.1.3.3, is equivalent to the requirement that ¢§- be a trivial Kan fibration).
The equivalence of these two conditions now follows from Lemma 2.1.3.4. [
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The key to Theorem 4.2.4.1 is the following result, which compares the
construction of diagram categories in the oco-categorical and simplicial set-
tings:

Proposition 4.2.4.4. Let S be a small simplicial set, C a small simplicial
category, and u : €[S] — € an equivalence. Suppose that A is a combinato-
rial simplicial model category and let U be a C-chunk of A (see Definition
A.3.4.9). Then the induced map

N((U®)°) — Fun(S, N(U%))
is a categorical equivalence of simplicial sets.

Remark 4.2.4.5. In the statement of Proposition 4.2.4.4, it makes no dif-
ference whether we regard A® as endowed with the projective or the injective
model structure.

Remark 4.2.4.6. An analogous result was proved by Hirschowitz and Simp-
son; see [39].

Proof. Choose a regular cardinal x such that S and C are k-small. Using
Lemma A.3.4.15, we can write U as a k-filtered colimit of small C-chunks
U contained in U. Since the collection of categorical equivalences is stable
under filtered colimits, it will suffice to prove the result after replacing U by
each U'; in other words, we may suppose that U is small.

According to Theorem 2.2.5.1, we may identify the homotopy category
of Seta (with respect to the Joyal model structure) with the homotopy
category of Cata. We now observe that because N(U°) is an oo-category, the
simplicial set Fun(S, N(U°)) can be identified with an exponential [N(U°)]5]
in the homotopy category h8eta. We now conclude by applying Corollary
A.3.4.14. O

One consequence of Proposition 4.2.4.4 is that every homotopy coherent
diagram in a suitable model category A can be “straightened,” as we indi-
cated in Remark 1.2.6.2.

Corollary 4.2.4.7. LetJ be a fibrant simplicial category, S a simplicial set,
and p: N(J) — S a map. Then it is possible to find the following:

(1) A fibrant simplicial category C.

(2) A simplicial functor P :J — C.

(3) A categorical equivalence of simplicial sets j : S — N(C).
(4)

4) An equivalence between j o p and N(P) as objects of the co-category
Fun(N(J),N(©)).

Proof. Choose an equivalence i : €[S] — Cg, where Cy is fibrant; let A denote
the model category of simplicial presheaves on Cy (endowed with the injective
model structure). Composing ¢ with the Yoneda embedding of €y, we obtain
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a fully faithful simplicial functor €[S] — A°, which we may alternatively
view as a morphism jp : S — N(A®).

We now apply Proposition 4.2.4.4 to the case where u is the counit map
C[N(J)] — J. We deduce that the natural map

N((A”)?) — Fun(N(J), N(A?))

is an equivalence. From the essential surjectivity, we deduce that jy o p is
equivalent to N(Fp), where Py : J — A° is a simplicial functor.

We now take C to be the essential image of €[S] in A° and note that jp
and Py factor uniquely through maps j : S — N(C), P : J — € which possess
the desired properties. U

We now return to our main result.

Proof of Theorem 4.2.4.1: Let A denote the category Setg endowed with
the projective model structure. Let j : €°? — A denote the Yoneda embed-
ding and let U denote the full subcategory of A spanned by those objects
which are weakly equivalent to j(C) for some C € €, so that j induces an
equivalence of simplicial categories C°? — U°. Choose a trivial injective cofi-
bration j o F — F’, where F’ is a injectively fibrant object of A?”. Let
£+ N(9)°P — N(U°) be the nerve of F’ and let C' = j(C'), so that the maps
{nr : F(I) — C}ey induce a natural transformation « : 6(C’) — f/, where
§ : N(U°) — Fun(N(7)°?,N(U°)) denotes the diagonal embedding. In view
of Lemma 4.2.4.3, condition (1) admits the following reformulation:

(1’) For every object A € U°, composition with a induces a homotopy
equivalence

Mapy ey (A4, C") — Mappyun(yer, ney) (0(A), ).
Using Proposition 4.2.4.4, we can reformulate this condition again:

or every object A € U”, the canonical map
1) F bj AeU°, th ical
Map, (4, C") — Map ps00 (8'(A), F')

is a homotopy equivalence, where &’ : A — A?” denotes the diagonal
embedding.

Let B € A be a limit of the diagram F’, so we have a canonical map
B : C" — B between fibrant objects of A. Condition (2) is equivalent to the
assertion that 3 is a weak equivalence in A, while condition (1”) is equivalent
to the assertion that composition with § induces a homotopy equivalence

Mapa (A,C") — Map, (A, B)

for each A € U°. The implication (2) = (1”) is clear. Conversely, suppose
that (1”) is satisfied. For each X € €, the object j(X) belongs to U°, so that
0 induces a homotopy equivalence

C'(X) ~ Mapy (§(X), C") — Map, (j(X), B) ~ B(X).

It follows that 3 is a weak equivalence in A, as desired. O
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Corollary 4.2.4.8. Let A be a combinatorial simplicial model category. The
associated oo-category S = N(A°) admits (small) limits and colimits.

Proof. We give the argument for colimits; the case of limits follows by a
dual argument. Let p : K — S be a (small) diagram in S. By Proposition
4.2.3.14, there exists a (small) category J and a cofinal map ¢ : N(J) — K.
Since ¢ is cofinal, p has a colimit in .S if and only if p o ¢ has a colimit in .S;
thus we may reduce to the case where K = N(J).

Using Proposition 4.2.4.4, we may suppose that p is the nerve of a injec-
tively fibrant diagram p’ : J — A°. Let p/ : Jx{x} — AY be a limit of p/,
so that P’ is a homotopy limit diagram in A. Now choose a trivial fibration
7’ — 7 in A, where 7" is cofibrant. The simplicial nerve of 7’ determines
a colimit diagram f : N(J)> — S by Theorem 4.2.4.1. We now observe that
f = fIN(J) is equivalent to p, so that p also admits a colimit in S. O

4.3 KAN EXTENSIONS

Let € and J be ordinary categories. There is an obvious “diagonal” functor
§: € — €, which carries an object C' € € to the constant diagram J — @
taking the value C. If € admits small colimits, then the functor § has a left
adjoint €’ — @. This left adjoint admits an explicit description: it carries
an arbitrary diagram f :J — € to the colimit lim(f). Consequently, we
can think of the theory of colimits as the study of left adjoints to diagonal
functors.

More generally, if one is given a functor i : 3 — I’ between diagram
categories, then composition with ¢ induces a functor i* : e’ e Assuming
that C has a sufficient supply of colimits, one can construct a left adjoint to
1*. We then refer to this left adjoint as the left Kan extension along i.

In this section, we will study the oco-categorical analogue of the theory of
left Kan extensions. In the extreme case where 7’ is the one-object category
%, this theory simply reduces to the theory of colimits introduced in §1.2.13.
Our primary interest will be at the opposite extreme, when 1 is a fully faithful
embedding; this is the subject of §4.3.2. We will treat the general case in
§4.3.3.

With a view toward later applications, we will treat not only the theory
of absolute left Kan extensions but also a relative notion which works over a
base simplicial set .S. The most basic example is the case of a relative colimit
which we study in §4.3.1.

4.3.1 Relative Colimits

In §1.2.13, we introduced the notions of limit and colimit for a diagram
p: K — € in an oo-category C. For many applications, it is convenient to
have a relative version of these notions, which makes reference not to an
oo-category € but to an arbitrary inner fibration of simplicial sets.
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Definition 4.3.1.1. Let f: € — D be an inner fibration of simplicial sets,
let p: K* — C be a diagram, and let p = p|K. We will say that p is an
f-colimit of p if the map

Cs/ — Cpy X2y, Dipy

is a trivial fibration of simplicial sets. In this case, we will also say that p is
an f-colimit diagram.

Remark 4.3.1.2. Let f: € — D and p: K* — € be as in Definition 4.3.1.1.
Then p is an f-colimit of p = p|K if and only if the map
¢:Cpy — Cpy Xy, Dipy
is a categorical equivalence. The “only if” direction is clear. The converse
follows from Proposition 2.1.2.1 (which implies that ¢ is a left fibration),
Proposition 3.3.1.7 (which implies that ¢ is a categorical fibration), and the
fact that a categorical fibration which is a categorical equivalence is a trivial
Kan fibration.
Observe that Proposition 2.1.2.1 also implies that the map

Dips = Dips
is a left fibration. Using Propositions 3.3.1.3 and 3.3.1.7, we conclude that
the fiber product C,, Xp,, Dyp, is also a homotopy fiber product of €,
with D5, over Dy, (with respect to the Joyal model structure on Seta).

Consequently, we deduce that p is an f-colimit diagram if and only if the
diagram of simplicial sets

Cp) — Dyp/

.

Cpy ——Dyp/
is homotopy Cartesian.

Example 4.3.1.3. Let € be an oco-category and f : € — * the projection of
C to a point. Then a diagram p : K* — C is an f-colimit if and only if it is
a colimit in the sense of Definition 1.2.13.4.

Example 4.3.1.4. Let f : € — D be an inner fibration of simplicial sets
and let e : Al = (A%)> — € be an edge of C. Then e is an f-colimit if and
only if it is f-coCartesian.

The following basic stability properties follow immediately from the defi-
nition:
Proposition 4.3.1.5. (1) Let f : € — D be a trivial fibration of simplicial

sets. Then every diagram p: K* — C is an f-colimit.

(2) Let f: €@ — D and g : D — & be inner fibrations of simplicial sets and
let p: K* — C be a diagram. Suppose that f op is a g-colimit. Then p
is an f-colimit if and only if D is a (g o f)-colimit.
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(3) Let f : € — D be an inner fibration of co-categories and let D,q :
K" — C be diagrams which are equivalent when viewed as objects of
the oo-category Fun(K>, C). Then p is an f-colimit if and only if g is
an f-colimit.

(4) Suppose we are given a Cartesian diagram

o —=e

if’ lf
D' —D
of simplicial sets, where f (and therefore also f') is an inner fibration.

Letp: K® — € be a diagram. If g oD is an f-colimit, then P is an
f'-colimit.
Proposition 4.3.1.6. Suppose we are given a commutative diagram of co-
categories
I

C——¢
Pk
D——7D,
where the horizontal arrows are categorical equivalences and the vertical ar-

rows are inner fibrations. Let § : K — € be a diagram and let ¢ = q|K.
Then q is a p-colimit of q if and only if f oG is a p'-colimit of f oq.

Proof. Consider the diagram

Cas Clras
/ li
GQ/ Xqu/ ‘Dl)ﬁ/ - ef‘l/ X{D;/fq/ Dp’fq/

According to Remark 4.3.1.2, it will suffice to show that the left vertical map
is a categorical equivalence if and only if the right vertical map is a cate-
gorical equivalence. For this, it suffices to show that both of the horizontal
maps are categorical equivalences. Proposition 1.2.9.3 implies that the maps
Cq — G'ﬁ/, Cq) — G'fq/, Dpg/ — D;,ﬁ/, and D,/ — 'D;,fq/ are categorical
equivalences. It will therefore suffice to show that the diagrams

!/ !/
Cqy Xm,,, Dpg/ —— €y Cras XD Dyray eIfq/
93l 4 Di :D'l v @’l
P/~ “pa/ vfe/ —  “p'fa/

are homotopy Cartesian (with respect to the Joyal model structure). This
follows from Proposition 3.3.1.3 because 1 and ¢’ are coCartesian fibrations.
O
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The next pair of results can be regarded as a generalization of Proposition
4.1.1.8. They assert that, when computing relative colimits, we are free to
replace any diagram by a cofinal subdiagram.

Proposition 4.3.1.7. Let p: C — D be an inner fibration of co-categories,
leti: A— B be a cofinal map, and let G: B> — € be a diagram. Then § is
a p-colimit if and only if goi” is a p-colimait.

Proof. Recall (Remark 4.3.1.2) that g is a relative colimit diagram if and
only if the diagram

€y —Cy
@ao/ —_— qu/

is homotopy Cartesian with respect to the Joyal model structure. Since 4
and > are both cofinal, this is equivalent to the assertion that the diagram

'quip/ - ®QOi/

is homotopy Cartesian, which (by Remark 4.3.1.2) is equivalent to the as-
sertion that § o> is a relative colimit diagram. O

Proposition 4.3.1.8. Let p : € — D be a coCartesian fibration of co-
categories, let i : A — B be a cofinal map, and let

B—1-p
.
B -2

be a diagram. Suppose that g oi has a relative colimit lifting g, o 1*. Then ¢
has a relative colimit lifting q.

Proof. Let qo = qy|B. We have a commutative diagram

f
Cqy —— Cqiy XD,01) Dpgy — Cyiy

pqi/
®QO/ Dqo/ ®q0i/’

where the horizontal maps are categorical equivalences (this follows from
the fact that ¢ is cofinal and Proposition 3.3.1.3). Proposition 2.4.3.2 implies
that the vertical maps are coCartesian fibrations and that f preserves co-
Cartesian edges. Applying Proposition 3.3.1.5 to f, we deduce that the map
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¢:Cq x@qo/{ﬁo} — Cyiy XD, 1) {G,i"} is a categorical equivalence. Since ¢ is
essentially surjective, we conclude that there exists an extension g : B® — @
of ¢ which covers g, such that g o4” is a p-colimit diagram. We now apply
Proposition 4.3.1.7 to conclude that g is itself a p-colimit diagram. O

Let p: X — S be a coCartesian fibration. The following results will allow
us to reduce the theory of p-colimits to the theory of ordinary colimits in
the fibers of p.

Proposition 4.3.1.9. Letp: X — S be an inner fibration of co-categories,
K a simplicial set, and h : Al x K* — X a natural transformation from
ho = h|{0} x K* to hy = h|{1} x K*. Suppose that

(1) For every vertex x of K”, the restriction h|A' x {x} is a p-coCartesian
edge of X.

(2) The composition
Alx{oc} CAx K* L x 2 5
is a degenerate edge of S, where oo denotes the cone point of K.
Then hg is a p-colimit diagram if and only if hy is a p-colimit diagram.
Proof. Let h = h|A' x K, hg = h|{0} x K, and h; = h|{1} x K. Consider
the diagram

¢
X5y X5 X5y

| | |

Ko/ XSyng) Ophos <—— X0/ XSpn) Spry —= Xni/ XSpn, s Spiy -

According to Remark 4.3.1.2, it will suffice to show that the left vertical map
is a categorical equivalence if and only if the right vertical map is a categorical
equivalence. For this, it will suffice to show that each of the horizontal arrows
is a categorical equivalence. Because the inclusions {1} x K C Al x K and
{1} x K» C A' x K> are right anodyne, the horizontal maps on the right
are trivial fibrations. We are therefore reduced to proving that ¢ and v are
categorical equivalences.

Let f : x — y denote the edge of X obtained by restricting h to the cone
point of K*. The map ¢ fits into a commutative diagram

X5, —25 Xy,
Xf/ *>Xw/

Since the inclusion of the cone point into K is right anodyne, the vertical
arrows are trivial fibrations. Moreover, hypotheses (1) and (2) guarantee that
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[ is an equivalence in X, so that the map Xy, — X,/ is a trivial fibration.
This proves that ¢ is a categorical equivalence.
The map v admits a factorization

w/ w//
Xh/ X Spny Spﬁ/ - Xho/ X Sphgy Spﬁ/ — X, X Sphgy Spﬁo/'

To complete the proof, it will suffice to show that ¢’ and " are trivial
fibrations of simplicial sets. We first observe that 1)’ is a pullback of the map

Xny = Xnoy X Spho/ SPW’

which is a trivial fibration (Proposition 3.1.1.12). The map %" is a pullback
of the left fibration ¥ : Sz, — S,7 /- It therefore suffices to show that ¢{
is a categorical equivalence. To prove this, we consider the diagram

S Vo

ph/ > “pho/

L,

Sp(f)) — Sp()/-

As above, we observe that the vertical arrows are trivial fibrations and that
1 is a trivial fibration (because the morphism p(f) is an equivalence in S).
It follows that 1 is a categorical equivalence, as desired. O

Proposition 4.3.1.10. Let g : X — S be a locally coCartesian fibration of
oco-categories, let s be an object of S, and let p : K¥ — X be a diagram.
The following conditions are equivalent:

(1) The map P is a q-colimit diagram.

(2) For every morphism e : s — s’ in S, the associated functor e) : X; —
Xy has the property that ey o p is a colimit diagram in the co-category
Xy

Proof. Assertion (1) is equivalent to the statement that the map

0: Xﬁ/ - XP/ ><qu/ SQﬁ/

is a trivial fibration of simplicial sets. Since @ is a left fibration, it will suffice
to show that the fibers of 6 are contractible. Consider an arbitrary vertex
of Sy, corresponding to a morphism ¢ : K * Al — S. Since K x Al is
categorically equivalent to (K x{0}) [, A' and t|K % {0} is constant, we
may assume without loss of generality that t factors as a composition

KxA' - A 5 8.
Here e : s — s’ is an edge of S. Pulling back by the map e, we can reduce

to the problem of proving the following analogue of (1) in the case where
S =AnL

(1') The projection hg : X5, x5 {s'} — X,/ x5 {s'} is a trivial fibration of
simplicial sets.
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Choose a coCartesian transformation @ : K x Al — X from p to 7/,
which covers the projection

K" x At - At~ S,
Consider the diagram

Xﬁ/ Xs {S,} <;X5/ Xs {Sl} *>X]3// Xs {8'}

lho J{h \th
Xp/ Xg {8/} -~ Xa/ Xg {S/} 4>sz/ X {8/}.

Note that the vertical maps are left fibrations (Proposition 2.1.2.1). Since the
inclusion K” x {1} C K” x Al is right anodyne, the upper right horizontal
map is a trivial fibration. Similarly, the lower right horizontal map is a trivial
fibration. Since @ is a coCartesian transformation, we deduce that the left
horizontal maps are also trivial fibrations (Proposition 3.1.1.12). Condition
(2) is equivalent to the assertion that hq is a trivial fibration (for each edge
e : s — s of the original simplicial set S). Since hy is a left fibration and
therefore a categorical fibration (Proposition 3.3.1.7), this is equivalent to the
assertion that hj is a categorical equivalence. Chasing through the diagram,
we deduce that (2) is equivalent to the assertion that hg is a categorical
equivalence, which (by the same argument) is equivalent to the assertion
that hg is a trivial fibration. O

Corollary 4.3.1.11. Let p : X — S be a coCartesian fibration of oo-
categories and let K be a simplicial set. Suppose that

(1) For each vertex s of S, the fiber Xy = X x g {s} admits colimits for all
diagrams indexed by K.

(2) For each edge f : s — s, the associated functor Xy — X preserves
colimits of K-indexed diagrams.

Then for every diagram

K—2sx

L

K> ——S

\ <l

there exists a map q as indicated, which is a p-colimit.

Proof. Consider the map K x Al — K which is the identity on K x {0}
and carries K x {1} to the cone point of K. Let F' denote the composition

KxA' 5 k"L g

and let Q : K x A! — X be a coCartesian lifting of F to X, so that Q is a
natural transformation from ¢ to a map ¢’ : K — X, where s is the image
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under f of the cone point of K”. In view of assumption (1), there exists a
map ¢ : K* — X, which is a colimit of ¢’. Assumption (2) and Proposition
4.3.1.10 guarantee that g’ is also a p-colimit diagram when regarded as a
map from K* to X.

We have a commutative diagram

(K % AN [Ljen 0y (B® x {11) — 2T

—
— P
—
-
—

(K x Al S.

The left vertical map is an inner fibration, so there exists a morphism r as
indicated, rendering the diagram commutative. We now consider the map
K” x A — (K x A')” which is the identity on K x Al and carries the
other vertices of K” x A! to the cone point of (K x A)>. Let Q denote the
composition

K" x A" - (K xAYY 5L X
and let § = Q| K> x {0}. Then Q can be regarded as a natural transformation
q — ¢ of diagrams K> — X. Since ¢ is a p-colimit diagram, Proposition
4.3.1.9 implies that g is a p-colimit diagram as well. O

Proposition 4.3.1.12. Let p : X — S be a coCartesian fibration of co-
categories and let ¢ : K¥ — X be a diagram. Assume that the following
conditions are satisfied:

(1) The map G carries each edge of K to a p-coCartesian edge of K.
(2) The simplicial set K is weakly contractible.

Then q is a p-colimit diagram if and only if it carries every edge of K* to
a p-coCartesian edge of X.

Proof. Let s denote the image under p oG of the cone point of K*. Consider
the map K” x Al — K" which is the identity on K” x {0} and collapses
K" x {1} to the cone point of K. Let h denote the composition
KPxA' K" 4L x5 g

which we regard as a natural transformation from p o g to the constant map
with value s. Let H : § — ¢ be a coCartesian transformation from g to
a diagram ¢’ : K — X,. Using Proposition 2.4.1.7, we conclude that g
carries each edge of K to a p-coCartesian edge of X, which is therefore an
equivalence in X.

Let us now suppose that G carries every edge of K* to a p-coCartesian
edge of X. Arguing as above, we conclude that ¢’ carries each edge of K” to
an equivalence in X,. Let e : s — s’ be an edge of S and e, : X, — X, an
associated functor. The composition

—
q €1
KP = X, = Xgo
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carries each edge of K” to an equivalence in X, and is therefore a colimit
diagram in X (Corollary 4.4.4.10). Proposition 4.3.1.10 implies that g’ is
a p-colimit diagram, so that Proposition 4.3.1.9 implies that g is a p-colimit
diagram as well.

For the converse, let us suppose that g is a p-colimit diagram. Applying
Proposition 4.3.1.9, we conclude that g’ is a p-colimit diagram. In particular,
q is a colimit diagram in the oo-category X,. Applying Corollary 4.4.4.10,
we conclude that g’ carries each edge of K” to an equivalence in X,. Now
consider an arbitrary edge f : x — y of K. If f belongs to K, then g(f) is
p-coCartesian by assumption. Otherwise, we may suppose that y is the cone
point of K. The map H gives rise to a diagram

_oaw

q(r) ——=71q(v)
¢ ¢’

IR0

in the oo-category X xg Al. Here ¢'(f) and ¢’ are equivalences in Xy, so
that g(f) and ¢ are equivalent as morphisms Al — X xg Al Since ¢ is
p-coCartesian, we conclude that g(f) is p-coCartesian, as desired. O

Lemma 4.3.1.13. Let p: C — D be an inner fibration of co-categories, let
C € C be an object, and let D = p(C). Then C is a p-initial object of C if
and only if (C,idp) is an initial object of € xp Dp,.

Proof. We have a commutative diagram

Ccy xpy, Didp id Cey

LT

Cxp ®D/ ——CXp DD/,

where the vertical arrows are left fibrations and therefore categorical fibra-
tions (Proposition 3.3.1.7). We wish to show that ¢ is a trivial fibration if
and only if ¢’ is a trivial fibration. This is equivalent to proving that ¢ is
a categorical equivalence if and only if ¢’ is a categorical equivalence. For
this, it will suffice to show that v is a categorical equivalence. But ¢ is a
pullback of the trivial fibration Diq,, ; — Dp, and therefore itself a trivial
fibration. O

Proposition 4.3.1.14. Suppose we are given a diagram of oo-categories
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where p and v are inner fibrations, q is a Cartesian fibration, and p carries
q-Cartesian morphisms to r-Cartesian morphisms.

Let C € € be an object, D = p(C), and E = q(C). Let Cp = Cxe{E},
Dg =D xeg{F}, and pg : Cg — Dg be the induced map. Suppose that C is
a pg-initial object of Cg. Then C is a p-initial object of C.

Proof. Our hypothesis, together with Lemma 4.3.1.13, implies that (C,idp)
is an initial object of

GE XDE(DE)D/ ~ (G XD 'DD/) XgE/ {idE}.

We will prove that the map ¢ : C xp Dp, — Eg/ is a Cartesian fibration.
Since idg is an initial object of €/, Lemma 2.4.4.7 will allow us to conclude
that (C,idp) is an initial object of € xp Dp,. We can then conclude the
proof by applying Lemma 4.3.1.13 once more.

It remains to prove that ¢ is a Cartesian fibration. Let us say that a
morphism of € xp Dp, is special if its image in € is g-Cartesian. Since ¢ is
obviously an inner fibration, it will suffice to prove the following assertions:

(1) Given an object X of C xp Dp, and a morphism f : Y — ¢(X) in €/,
we can write f = ¢(f), where f is a special morphism of € xp Dpy-

(2) Every special morphism in € xp Dp, is ¢-Cartesian.

To prove (1), we first identify X with a pair consisting of an object C"" € €
and a morphism D — p(C”) in D, and f with a 2-simplex & : A2 — & which

we depict as a diagram:
/ X
q(C").

Since ¢ is a Cartesian fibration, the morphism g can be written as ¢(g) for
some morphism ¢ : ¢/ — C” in €. We now have a diagram

p(C")

W\

D p(C")

in D. Since p carries g-Cartesian morphisms to r-Cartesian morphisms, we
conclude that p(g) is r-Cartesian, so that the above diagram can be com-
pleted to a 2-simplex o : A% — D such that r(c) = 7.

We now prove (2). Suppose that n > 2 and that we have a commutative
diagram

E

AnLGX@DD/

7
o -
-
Ve
e

A" 8E/7
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where o carries the final edge of A} to a special morphism of Cxp Dp,.
We wish to prove the existence of the morphism ¢ indicated in the diagram.
We first let 79 denote the composite map

A B CxpDp, — C.
Consider the diagram

AZL)G

7
T s
, q
v/

A" —— €.

Since TO(A{"*L”}) is g-Cartesian, there exists an extension 7 as indicated in
the diagram. The morphisms 7 and oy together determine a map 6, which
fits into a diagram

6
n+1 0
A==

7
0 -
s T
J g l
s

Al —— ¢

To complete the proof, it suffices to prove the existence of the indicated
arrow 0. This follows from the fact that 6y (A{""+1}) = (p o p)(Aln—1n})
is an r-Cartesian morphism of D. O

Proposition 4.3.1.14 immediately implies the following slightly stronger
statement:

Corollary 4.3.1.15. Suppose we are given a diagram of oo-categories

P
NS
g,
where q and r are Cartesian fibrations, p is an inner fibration, and p carries
q-Cartesian morphisms to r-Cartesian morphisms.
Suppose we are given another co-category &g equipped with a functor s :

Ep — €. Set €y = Cxg &, set Do =D xe &y, and let po : € — Dy be the
functor induced by p. Let f, : K — Co be a diagram, and let f denote the

¢

D

composition K” Is Co — €. Then f, is a po-colimit diagram if and only if
f is a p-colimit diagram.

Proof. Let fo = fo|K and f = f|K. Replacing our diagram by

Csy Dysy
e

af/»
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we can reduce to the case where K = (). Then f, determines an object
C € Cy. Let E denote the image of C'in £y. We have a commutative diagram

%80

\/

Consequently, to prove Corollary 4.3.1.15 for the map s, it will suffice to
prove the analogous assertions for s’ and s”; these follow from Proposition
4.3.1.14. U

Corollary 4.3.1.16. Letp: € — & be a Cartesian fibration of co-categories,
E € & an object, and [ : K* — Cg a diagram. Then f is a colimit diagram
i Cg if and only if it is a p-colimit diagram in C.

Proof. Apply Corollary 4.3.1.15 in the case where D = €. O

4.3.2 Kan Extensions along Inclusions

In this section, we introduce the theory of left Kan extensions. Let F : € — D
be a functor between oo-categories and let €% be a full subcategory of €.
Roughly speaking, the functor F' is a left Kan extension of its restriction
Fy=F| @Y if the values of F are as “small” as possible given the values of
Fpy. In order to make this precise, we need to introduce a bit of terminology.

Notation 4.3.2.1. Let C be an oco-category and let €Y be a full subcategory.
If p: K — Cis a diagram, we let G(/)p denote the fiber product €/, x¢ €’ In

particular, if C' is an object of C, then G(/)C denotes the full subcategory of
€,c spanned by the morphisms ¢’ — C where C" € ev.

Definition 4.3.2.2. Suppose we are given a commutative diagram of oco-
categories

THD
e——=1D,

where p is an inner fibration and the left vertical map is the inclusion of a
full subcategory €° C €.

We will say that F' is a p-left Kan extension of Fy at C' € C if the induced
diagram
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exhibits F(C) as a p-colimit of Fe.

We will say that F is a p-left Kan extension of Fy if it is a p-left Kan
extension of Fy at C for every object C' € C.

In the case where D’ = A®, we will omit mention of p and simply say that
F is a left Kan extension of Fy if the above condition is satisfied.

Remark 4.3.2.3. Consider a diagram

e —=D

b

C——=7D'

as in Definition 4.3.2.2. If C' is an object of C°, then the functor Fg :
((390)I> — D is automatically a p-colimit. To see this, we observe that id¢ :
C — C is a final object of G(}C. Consequently, the inclusion {id¢} — (69(;)
is cofinal, and we are reduced to proving that F(id¢) : A — D is a colimit
of its restriction to {0}, which is obvious.

Example 4.3.2.4. Consider a diagram

B

" ——D'.

The map 7 is a p-left Kan extension of ¢ if and only if it is a p-colimit of gq.
The “only if” direction is clear from the definition, and the converse follows
immediately from Remark 4.3.2.3.

We first note a few basic stability properties for the class of left Kan
extensions.

Lemma 4.3.2.5. Consider a commutative diagram of oo-categories

OHD

]

e——=1D'

as in Definition 4.3.2.2. Let C and C' be equivalent objects of C. Then F is
a p-left Kan extension of Fy at C if and only if F is a p-left Kan extension
of Fy at C".

Proof. Let f: C — C' be an equivalence, so that the restriction maps
Crc =€y —C

are trivial fibrations of simplicial sets. Let 6(/) = ¥ xee /f» 0 that we have
trivial fibrations

Cle & €0 % el
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Consider the associated diagram

S
W

This diagram does not commute, but the functors Fc o G and Fgr o G’ are

A/\

equivalent in the oo-category DE)5)" Consequently, Fo o G is a p-colimit
diagram if and only if Fior o G’ is a p-colimit diagram (Proposition 4.3.1.5).
Since g and ¢’ are cofinal, we conclude that F¢ is a p-colimit diagram if and
only if Feo is a p-colimit diagram (Proposition 4.3.1.7). O

Lemma 4.3.2.6. (1) Let C be an oo-category, let p: D — D’ be an inner
fibration of co-categories, and let F, F' : € — D be two functors which
are equivalent in D¢. Let €° be a full subcategory of €. Then F is a
p-left Kém extension of F|C" if and only if F is a p-left Kan extension
of F'| €.

(2) Suppose we are given a commutative diagram of co-categories

F p

e° e D e
RN
e/O e F 7/ P’ 5',

where the left horizontal maps are inclusions of full subcategories, the
right horizontal maps are innmer fibrations, and the vertical maps are
categorical equivalences. Then F is a p-left Kan extension of F)| el if

and only if I’ is a p'-left Kan extension of F’|(?'O,
Proof. Assertion (1) follows immediately from Proposition 4.3.1.5. Let us
prove (2). Choose an object C' € € and consider the diagram

p

(€)c)” D €

| N

(e'/G(c)) ——p ¢

We claim that the upper left horizontal map is a p-colimit diagram if and
only if the bottom left horizontal map is a p’-colimit diagram. In view of
Proposition 4.3.1.6, it will suffice to show that each of the vertical maps is
an equivalence of oco-categories. For the middle and right vertical maps, this
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holds by assumption. To prove that the left vertical map is a categorical
equivalence, we consider the diagram

0 0
Cro —=C )

]

Croc —— 6’/G<C) .

The bottom horizontal map is a categorical equivalence (Proposition 1.2.9.3),
and the vertical maps are inclusions of full subcategories. It follows that the
top horizontal map is fully faithful, and its essential image consists of those
morphisms ¢’ — G(C) where C’ is equivalent (in €’) to the image of an
object of €°. Since G is essentially surjective, this is the whole of 6/(/)G(C)~

It follows that if I is a p’-left Kan extension of F’\C"O7 then F' is a p-left
Kan extension of F|€". Conversely, if F is a p-left Kan extension of F|@°,

then F’ is a p’-left Kan extension of F'|G'0 at G(C) for every object C € C.
Since G is essentially surjective, Lemma 4.3.2.5 implies that F’ is a p'-left

Kan extension of F’ |G'0 at every object of €. This completes the proof of
(2). O

Lemma 4.3.2.7. Suppose we are given a diagram of oco-categories

0 —2>p

b

C——7'

as in Definition 4.3.2.2, where p is a categorical fibration and F is a left
Kan extension of Fy relative to p. Then the induced map

®F/ — ®;/DF/ X(D;FD/ ®F0/

is a trivial fibration of simplicial sets. In particular, we may identify p-
colimits of F with p-colimits of Fy.

Proof. Using Lemma 4.3.2.6, Proposition 2.3.3.9, and Proposition A.2.3.1,
we can reduce to the case where € is minimal. Let us call a simplicial subset
& C @ complete if it has the following property: for any simplex o : A™ — C,
if 0| AL0-} factors through €° and o|Ali+1-7} factors through &, then o
factors through €. Note that if & is complete, then €° C &. We next define
a transfinite sequence of complete simplicial subsets of C

e’ celc
as follows: if A is a limit ordinal, we let C* = Ua<a €% If €% = €, then we

set > = @. Otherwise, we choose some simplex o : A" — € which does
not belong to €, where the dimension n of ¢ is chosen as small as possible,



276 CHAPTER 4

and let C*™! be the smallest complete simplicial subset of € containing €
and the simplex o.
Let F, = F|C%. We will prove that for every 8 < a the projection

/
(bavﬁ : DFu/ - :DPFQ/ X‘D;Fﬂ/ ZDF[’/

is a trivial fibration of simplicial sets. Taking a > (G = 0, we will have
C% = €, and the proof will be complete.

Our proof proceeds by induction on a. If @ = 3, then ¢, is an iso-
morphism and there is nothing to prove. If & > 3 is a limit ordinal, then
the inductive hypothesis implies that ¢, g is the inverse limit of a transfinite
tower of trivial fibrations and therefore a trivial fibration. It therefore suffices
to prove that if ¢, g is a trivial fibration, then ¢,41 g is a trivial fibration.
We observe that ¢nt18 = ¢, 3 © Pa+1,a, Where (b’ is a pullback of ¢q g
and therefore a trivial fibration by the inductive hypothesns Consequently,
it will suffice to prove that ¢o1,4 is a trivial fibration. The result is obvious
if @t = @ so we may assume without loss of generality that > is
the smallest complete simplicial subset of C containing €% together with a
simplex o : A™ — @, where o does not belong to €*. Since n is chosen to be
minimal, we may suppose that ¢ is nondegenerate and that the boundary of
o already belongs to C°.

Form a pushout diagram

€Y, x A" —— @~

|

G —

By construction there is an induced map € — @, which is easily shown to
be a monomorphism of simplicial sets; we may therefore identify & with its
image in C. Since € is minimal, we can apply Proposition 2.3.3.9 to deduce
that € is complete, so that € = €*T!. Let G denote the composition

el «A" e LD

and Gy = G| GOG %0 A™. It follows that ¢41,o is a pullback of the induced
map

1/) : ﬂg/ — D;G/ XD;GQ/ DG@/'

To complete the proof, it will suffice to show that ¢ is a trivial fibration of
simplicial sets.

Let Go = G| €),. Let & = Dg,, let & =D/, and let g : € — & be the
induced map. We can identify G with a map o’ : A™ — €. Let o, = o/| 9 A™.
Then we wish to prove that the map

. /
1/) : 60// — (Q,qg// Xg;aé/ gqgé/

is a trivial fibration. Let C' = ¢(0).
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The projection 690 — (‘39(; is a trivial fibration of simplicial sets and
therefore cofinal. Since F' is a p-left Kan extension of Fy at C, we conclude
that ¢’(0) is a ¢-initial object of €.

To prove that 1 is a trivial fibration, it will suffice to prove that ¢ has
the right lifting property with respect to the inclusion 9 A™ C A™ for each
m > 0. Unwinding the definitions, this amounts to the existence of a dotted
arrow as indicated in the diagram

aAn+m+1 S*> 8

7
-
-
- q
-
~

Antmtl —— ¢!

However, the map s carries the initial vertex of A”t™*1 to a vertex of &
which is g-initial, so that the desired extension can be found. O

Proposition 4.3.2.8. Let F' : C — D be a functor between oo-categories,
p:D — D' a categorical fibration of co-categories, and C° C €' C € full
subcategories. Suppose that F| @' is a p-left Kan extension of F| €Y. Then F
s a p—loeft Kan extension of F)| @ if and only if F is a p-left Kan extension
of F|C~.

Proof. Let C' be an object of C; we will show that F' is a p-left Kan extension
of F|€" at C if and only if F is a p-left Kan extension of F|€" at C'. Consider
the composition
Fl

Fo (e?c)‘> < (@}c)l> -
We wish to show that FJ is a p-colimit diagram if and only if F}, is a p-
colimit diagram. According to Lemma 4.3.2.7, it will suffice to show that
Fl| @}C is a left Kan extension of FQ. Let f: C' — C be an object of G}C.
We wish to show that the composite map

F2,
(G(/)f)D - (e(/)c