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1.1 Preliminary results and notation

Definition 1.1: Let us define the following operators:

Q := −∇(−∆)−1 div,

and:
P := Id −Q.

Remark 1.2: We notice that, passing to the Fourier transform, we can write:

F(Pf)(ξ) = f̂ − 1

|ξ|2
(
ξ · f̂

)
ξ

Remark 1.3: We also notice that, by Calderon-Zygmund theory we have:

P,Q : Lp → Lp for any 1 < p < ∞

1.2 Conserved quantities

Let us consider the following problem: ∂tu+ (u · ∇)u+∇π = 0,

div u = 0.
(1)

If we take the scalar product with respect to u we obtain:∫
Rd

u · ∂tu+

∫
Rd

u · (u · ∇)u+

∫
Rd

u · ∇π = 0

but we notice that:∫
Rd

u · (u · ∇)u =
∑
j,k

∫
Rd

uj∂ju
kuk =

1

2

∑
j,k

∫
Rd

uj∂j |uk|2 =
1

2

∑
j

∫
Rd

uj∂j |u|2 =

∫
Rd

u · ∇|u|2 =
div u=0

0

Therefore we obtained that:
1

2

d

dt

∫
Rd

|u|2 = 0

1



1.3 Elements of Littlewood Paley theory

Remark 1.4: Let χ ∈ C∞(Rd;R) such that:χ = 1 on B(0, 1),

χ = 0 outside B(0, 2).
(2)

then we define φ(ξ) = χ(ξ)− χ(2χ) and for every j ≥ 0 we define φj(ξ) = φ
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