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Abstract

The subject of this thesis in the study of finite extensions of p-adic fields, in
different aspects. Via the study of the Galois module of p-th power classes
L* /(L*)P of a general Galois extension L/K of degree p, it is possible to deduce
and classify the extensions of degree p? of a p-adic field. We exhibit formulee
counting how many times a certain group appears as Galois group of the normal
closure, generalizing previous results.

In general degree we give a synthetic formula counting isomorphism classes
of extensions of fixed degree. The formula is obtained via Krasner formula and
a simple group-theoretic Lemma allowing to reduce the problem to counting
cyclic extensions, which can be done easily via local class field theory.

When K is an unramified extension of @, we study the problem of giving
necessary and sufficient conditions on the coefficients of an Eisenstein polyno-
mial for it to have a prescribed group as Galois group of the splitting field. The
techniques introduced allow to recover very easily Lbekkouri’s result on cyclic
extensions of degree p?, and to give a complete description of the Galois group,
with its ramification filtration, for splitting fields of Eisenstein polynomials of
degree p? which are a general p-extension. We then show how the same methods
can be used to characterize Eisenstein polynomials defining a cyclic extension
of degree p3.

We then study Eisenstein polynomials in general, describing a family of
special reduced polynomials which provide almost unique generators of totally
ramified extensions, and a reduction algorithm. The number of special polyno-
mials generating a fixed extension L/K is always smaller than the number of
conjugates of L over K, so that each Galois extension is generated by exactly
one special polynomial. We give an algorithm to recover all special polynomials
generating one extension, and a criterion that allows to detect when the exten-
sion generated by an Eisenstein polynomial is different from a fixed extension
whose special generators are all given, the criterion does not only depend only
on the usual distance on the set of Eisenstein polynomials defined by Krasner
and others. An algorithm to construct the special polynomial generating an
abelian class field is given, provided a suitable description of a candidate norm
subgroup of K*.
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Chapter 1

Introduction

In this thesis we study extensions of p-adic fields, with the aim of providing ef-
ficient tools to make easy working concretely with finite extensions. The results
obtained in this thesis concern different and unrelated aspects of this subject,
while being all contributions to the general problem of giving an explicit char-
acterization of finite extensions of p-adic fields. For this reason, and being each
chapter essentially self-contained, it will be more convenient to describe the
results obtained while illustrating the structure of the thesis.

Fields of p-adic numbers, and local fields in general, are a fundamental tool in
number theory and arithmetic geometry, and often allow to study complicated
problems in a simplified context. The study of the extensions and Galois theory
over these fields is indeed much simpler than over number fields. For instance
Galois extension of local fields are always solvable, and when K is an extension
of Q, the extensions of fixed degree are in a finite number.

An extension L/K can be decomposed in a simpler unramified subextension,
which is cyclic and corresponds to an extension of the residue field, of degree f
say (inertia degree), and a further totally ramified extension which corresponds
to an extension of the group of valuations, and has degree e (ramification index).
When p t e the extension is called tamely ramified, while if p | e it is said to be
wildly ramified.

As long as the extensions considered are tamely ramified the extensions
of local field are very well understood, and the same can be said for what
concerns general abelian extensions. General extensions where p divides exactly
the ramification index e are also quite tractable. For instance various sets of
generating equation are known in degree p for totally ramified extensions, such as
Amano’s polynomials and generalized Artin-Schreier equations, which provide
sets of generators of isomorphism classes of extensions, one for each possible
class.

However when considering extensions whose degree is divisible by a bigger
power of p the complexity increases quickly. A celebrated result of Shafarevich
[Shad7] says that the p-part of the absolute Galois group of a p-adic field K not

7



MAURIZIO MONGE - A CONSTRUCTIVE THEORY FOR p-ADIC FIELDS

containing a primitive p-th roots of the unity is the p-completion of a free group
on [K : Qp]+1 generators, so in a certain sense the set of possible p-extensions is
as complicated as possible. When a primitive p-th root of the unity is contained
in K similar results describe the structure of the p-part of the Galois group as
finitely presented group [Lab67], and a presentation is also known [Jak68, [JWS83)]
for the absolute Galois group when p # 2.

Describing concretely the set of possible extensions is indeed quite a hard
problem also when the base field is the rational p-adic field Q,. A database
collecting extensions of p-adic fields was created by Jones-Roberts [JROG], to
make easy the study of the extensions of Q providing a systematic description
of the local structure. However the database essentially only contains extensions
of degree n of Q, where p? { n. In fact, the biggest n divisible by p? present
in the database is for the extensions of degree 9 of Q3, and to describe the 795
extensions it was necessary a work on its own [JR04].

In this thesis we study in general the problem of describing totally ramified
extensions of p-adic fields. A presentation of the absolute Galois group could
be used to describe abstractly the possible extensions with their groups, but
working with the finite quotient of finitely presented groups can be as hard
as working directly with field extensions, and doing so we would also lose any
connection with the extensions which are being considered. We will in particular
give the preference to all instruments which could be used in practice to study
the extensions of local fields, when possible.

Another aspect, on which we concentrate in last chapters, which is certainly
less understood than Galois groups of local fields, is that of generating equations.
Each totally ramified extension is generated by an Eisenstein polynomial, and
we study the problem of characterizing the polynomials whose splitting field
is an extension with a prescribed Galois group. We also consider a family of
polynomials which in general provides a set of almost-canonical generators of
extensions, and derive a few results on these families, such as a criterion to
detect when different polynomials generate non-isomorphic extensions, and an
algorithm to construct class fields.

Incidentally the algorithm to construct a class fields shows that there exists
exactly one extension having a prescribed norm subgroup N C K* correspond-
ing to a totally ramified extension, having degree equal to the index (K* : N).
Such extension can be easily shown to be Galois. We obtain consequently an
alternate and constructive proof of the Existence Theorem of local class field
theory.



1.1. DESCRIPTION OF THE WORK

1.1 Description of the work

We describe here the structure of all chapters, giving an abstract of the original
results obtained in each. The first two chapters contain essentially no new
results. They are accounts of well known results that are however central to
the thesis, and that appeared to be useful recalling though. Everything else
is the author’s work, except for Section Chap. [] which was obtained in
collaboration with Ilaria Del Corso and Roberto Dvornicich. When a lemma
appears in a similar form in some other paper (and the author is at knowledge)
this is clearly stated, and a reference is given.

1.1.1 Preliminaries (Chap. [2| and

In Chapter [2] we give a very short account of representation theory in character-
istic p for finite groups having a normal cyclic p-Sylow. This theory is not very
different from the theory for cyclic p-groups, and it is possible to give a classifi-
cation of the indecomposable representations. In the same chapter we also give
a very terse treatment of study of the normal closure of the tower formed by a
cyclic extension of degree p over a cyclic extension of degree p*. Every result
is well known and can be found in [Wat94, [MS05], our exposition attempts to
be as synthetic as possible while making clear what is going on, and the reader
may appreciate the point of view offered.

Chapter [3]is a quick account of the basic theory of local fields. No attempt
to give a full exposition is done, and we are very sketchy. Our purpose is that
of helping a reader already sufficiently expert in the field to recall easily the
most important results. A notable exception is the exposition of non-Galois
ramification theory, where we supply more details not being very well known,
we will essentially follow the exposition of Helou [Hel91]. In this chapter we
also give a reworked proof of the characterization of the ramification break of a
radical extension obtained adding a p-th root in terms of the p-th power defect,
which is a classical result [Wym69]. Our proof has the advantage of showing
that the different cases can be treated in a unified way.

1.1.2 Extensions of degree p*> (Chap. (4

In Chapter [4] we present results allowing to derive easily and very explicitly
a classification of extensions of degree p? of p-adic fields of characteristic 0 via
Kummer theory, via the study of the Galois modules of power classes F'* /(F*)P
for a suitable extension F' of the base field K.

The general idea is that under suitable hypotheses, and for an appropriate
choice of F', we should have a one-to-one correspondence of the indecomposable
submodules of dimension 2 of F*/(F*)P with the possible normal closures of
extensions of p2. We remark the extensions with more than one intermediate
field are obtained as the compositum of extensions of degree p, so they are the
trivial ones in a certain sense, and we can just consider extensions with one, or
none, intermediate extension.
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When restricting to extensions having no intermediate extension this idea
works very well indeed, and for all extensions of p-th power degree, not just
p?. The extension F' can be taken to be a suitable tamely ramified extension
of K, and we have exactly one possible normal closure for each irreducible sub-
module, and each normal closure is coming from exactly one isomorphism class
of extensions. We remark that these extension have a very simple ramification
filtration, and the possible ramification data can be easily classified. This is
a direct generalization of the methods used by Dvornicich-Del Corso [DCDQ7],
where an effective parametrization isomorphism classes of extensions of degree
p was obtained.

For extensions having exactly one intermediate extension we have a similar
result, even though it is a bit more intricate. In this case for each isomor-
phism class of extensions F/K of degree p we can consider a suitable extension
Er = EF obtained taking the compositum with the maximal abelian extension
F/K of exponent p — 1. The indecomposable submodules of Ej/(E;)? will
correspond to the possible normal closures of an extension of degree p? con-
taining a subextension isomorphic to E/K. However, each normal closure will
generally be obtained as normal closure of a big number of extensions of degree
p?, which we will characterize. It is possible that different isomorphism classes
over ¥ become isomorphic over K, and we will give a precise characterization
of when this can happen. We add that in this case the ramification filtration
of the normal closure can be very complicated, and the possible ramification
breaks cannot be easily determined.

As an application of these parametrization results, we show how it is possible
to deduce easily formulze counting the isomorphism classes with specified Galois
group of the normal closure, the possible normal closures, and the total number
of extension of each type.

We conclude considering the transitive solvable subgroups of S,z that possess
a suitable filtration, and describing which among them are realized as Galois
groups. When creating the database of local fields, it was observed by Jones-
Roberts [JRO4] that “somewhat incidentally” all candidate subgroups of S
happen to be realized as Galois groups of Q3. We will show that this statement
is always false over Q, for p > 5, while it is true for all proper extensions of odd
residual degree over Q,. For p = 3 it is indeed incidentally true, the ultimate
reason being that 1 and p — 1 are all possible divisors of p — 1, for p = 3.

1.1.3 Enumeration of classes of extensions (Chap. [5))

In this chapter we solve the problem of giving a formula enumerating the iso-
morphism classes of extensions of degree n in general degree. A formula had
been obtained in a special case by Hou-Keating [HK04] in a complicated pa-
per, enumerating the classes of extensions with specified inertia degree f and
ramification index e when p? { e, and under additional hypotheses also when
p?le.

We will give a complete solution to this problem, enumerating the isomor-
phism classes of extensions with arbitrary fixed values of f and e, or alternatively

10
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all extensions of fixed total degree. We illustrate how it is obtained.

A key result is a group theoretic lemma, which allows to count isomorphism
classes of subgroups of a group G in terms of the number of chains of subgroups
H < J < G, where (G : H) =n and J/H is a cyclic group of order d, for all
possible d dividing n. This strategy had been already found and applied in a
totally different context by Mednykh [Med08].

Let K be the base field. Via Galois theory this is equivalent to counting all
possible towers L/F/K in the algebraic closure, where L/F is cyclic Galois of
degree d, and L has degree n over K. This can be done because the extensions
F/K of degree n/d in the algebraic closure can be computed exactly via Krasner
formula, while for fixed F' the number of extensions L/F which are cyclic of
degree d has little dependence on the particular F' taken into account.

In particular, we have by local class field theory that the number of cyclic
extensions of degree d only depends on the degree [F' : Q,], on the residual
degree f(F/Q,), and on the group of p-th power roots of the unity contained
in F'. Different cases have to be considered, but it is possible to write down a
rather simple formula, showing in particular that the number of isomorphism
classes of extensions, with fixed f and e, only depends on the ramification and
inertia of the extensions K/Q,, and K({,m)/K obtained adding the p™-th roots
of 1, for all p™ dividing e.

1.1.4 Galois group of Eisenstein polynomials (Chap. |§[)

In this section we assume that the base field is an unramified extension of
Qp, and introduce general methods allowing to give necessary and sufficient
conditions on the coefficients of an Eisenstein polynomial for its Galois group to
be a prescribed group. We characterize in particular all polynomials of degree p?
whose splitting field is a p-extensions, determining completely the Galois group
with its ramification filtration, and the polynomials of degree p* generating a
cyclic extension.

It is not hard describing exactly what is the Galois group of the splitting
field of an Fisenstein polynomial of degree p. This had been already done in
ancient times by Ore [Ore28] and later Amano [Ama7l], which gave necessary
and sufficient conditions for an Eisenstein polynomial to generate a cyclic Galois
extensions of degree p. It is indeed easy to show that the splitting field of an
Eisenstein polynomial f(T) of degree p having a root 7 is obtained from K ()
adding a root of TP~ — f/(r).

However the problem is much more complicated for degrees divisible by a
bigger power of p, excluding the fortunate easy class of polynomials which gen-
erate an extension having only one ramification break (or equivalently, “whose
ramification polygon has only one side”, as considered in [Grel(]). This case is
quite similar to the case of polynomials of degree p, and we remark that in this
case the p-Sylow is always an elementary abelian p-group, but the condition of
having only one ramification break is even more restrictive.

A necessary and sufficient condition was given for a polynomial of degree p?
to generate a cyclic Galois extension over Q, by Lbekkouri [Lbe09]. However

11
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the characterization was obtained via a complicated computation, and is not
very enlightening about what is going on.

We outline a new general approach for studying this kind of problems. Let
f(T) be an Eisenstein polynomial, 7 a root, and L = K(x). The idea is that,
for each € K and m > 1, we can find an efficient expression of the norms of
the element 1 + 7™ in terms of the coefficients of f(T'). By local class field
theory the totally ramified extension L/K is Galois and abelian with group G
if and only if Ux /N, x(Ur) is isomorphic to G.

When the field K is not too complicated, and in particular when it is un-
ramified over Q,, it is possible to determine easily the possible structures of
the group Np,x(Ur), for the quotient Ux /N k(UL) to be isomorphic to G.
A condition on the possible values of Ny k(1 +607™) follows, and consequently
on the coefficients of the polynomial f(7T'), and the condition is satisfied if and
only if the extension is Galois with the prescribed group.

With this strategy we can recover very easily Lbekkouri’s characterization
of cyclic extensions of degree p? over an arbitrary unramified extension of Q,,
and give a substantial generalization.

Certain conditions on the coefficients are equivalent to requesting that the
extension should be obtained as a two steps tower L/F/K formed by cyclic ex-
tensions L/F and F/K of degree p, and that the ramification breaks have pre-
scribed values. Assume these conditions are respected, then the normal closure
L over K is a p-extension, and the group Gal(L/F) will be an indecomposable
module over Gal(F'/K) of length 1 < /¢ < p say.

When some of the remaining conditions is not respected, we prove that the
first condition which fails will determine the length ¢ of the module Gal(L/F).
The proof uses in a crucial way the functoriality properties of the reciprocity
map of local class field theory. Since the ramification data force Gal(L/K) to
always have exponent p?, its isomorphism class is uniquely determined.

Taking into account the remaining extensions L/K of degree p?> whose nor-
mal closure is a p-group we obtain full description of the Galois groups of Eisen-
stein polynomials of degree p?, whose splitting field is a p-extension.

We conclude showing how the developed methods apply to give a neces-
sary and sufficient condition on the coefficients of a polynomial of degree p? to
generate a cyclic Galois extension. While the condition obtained is very com-
plicated, it is derived quite easily, applying the same methods in a relatively
straightforward way.

1.1.5 Special Eisenstein polynomials (Chap. (7))

In this Chapter we define a special class of Eisenstein polynomials which are
reduced in a suitable sense, and provide a very restricted set of generating poly-
nomials for each totally ramified extension over a local field K. A criterion to
exclude distinct Eisenstein polynomials from generating isomorphic extensions
is given. We then describe a procedure to recover a unique reduced polynomial
generating a totally ramified class field, provided a suitable description of a
norm subgroup.

12
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Let f(T) be an Eisenstein polynomial, and 7 a root generating the extension
L = K(m). We can consider an alternative uniformizer # = 7 + §7™*! for
0 € Ux and m > 1, and its minimal polynomial f (T). Then f (T') provides an
alternative generating polynomial for L/ K which is Eisenstein, and it is possible
to relate the coefficients of f(T) to those of f(T).

We will call this operation which transform f(T) into f(T') reduction step
relative to the substitution 7 — 7 +67™+!. We will describe a simple algorithm
that, iterating reduction steps for substitutions 7 — 7 +6x™%1! for increasing m,
will output a generating polynomial for L, whose coefficients are in normal form
in a suitable sense. The polynomials that can be obtained from this procedure
can be easily described in terms of the coefficients.

The reduction procedure allows some choices, but we will bound the number
of possible reduced polynomials generating a fixed extension L/K. The number
of reduced polynomials generating the same extension L/K turns out to be
equal to a ratio of a quantity that can be interpreted as a naive upper bound for
# Aut(L/K), and the actual value of # Aut(L/K). In particular the number of
reduced polynomials is always at most [L : K|. When the extension is Galois,
or when it has a unique ramification break, then the upper bound is exact, and
the extension is generated by exactly one reduced polynomial.

A special generating polynomial had already been considered by Krasner
[Kra37], and it turns out to be one element of the set of special polynomials
we consider. In general Krasner’s representative cannot be easily identified in
terms of the coefficients, though.

Then, we give a synthetic criterion which allows to exclude easily an Eisen-
stein polynomial from being a possible generator of a given extension. In par-
ticular we show that if a polynomial f(T) is obtained from g¢(7T) via reduction
steps relative to substitutions m — 7 4 #7™*! with m > r for some r, then the
coefficients of f(T') and g(T') should exhibit a quite strong similarity. The big-
ger is r, the stronger will be the similarity they should satisfy. We remark that
this similarity is essentially the same type of continuity observed by Heiermann
[Hei96)] for power series.

When a reduced polynomial can be obtained from f(T') applying the reduc-
tion algorithm for m > r for some r, we obtain a criterion in the case we know
the set of all reduced polynomials generating a fixed extension L/K, because
one of them should be similar to f(7") according to our definition. This obser-
vation turns out to be particularly effective when L/K is a Galois extension.
We remark that the criterion we give is more stringent than what can be said
considering the first order value of f(m) — g(m) for a uniformizer 7 of L, and
generalizes results based on the study of this value at the first order [Yos11].

At last, we consider the problem of determining the reduced polynomial
generating a totally ramified class field. Assume a suitable description of a
candidate norm subgroup N C K*, and in particular let’s assume we are given
for each i > 0 an isomorphism v; of U;N/U;;1 N into an abstract group which
is either cyclic for ¢ = 0, either a vector space over I, for ¢ > 0. We show a
procedure allowing to convert inductively the knowledge of the v; into a p-adic
expansion of the coefficients of a reduced polynomial.

13
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This is obtained requesting via v; that Np k(1 + 67™) should be in U1 N
for all € U and m,i > 0, and translating this request to a condition on the
coefficients of f(7"). When the coefficients are only partially determined, it is
necessary to find a suitable pair m,i such that the evaluation of v;(Np k(1 +
O7™)), for all #, will allow to determine a new term in the p-adic expansion of
some coefficient.

The argument is quite intricate, but shows, for (K* : N) = n, that we can
obtain exactly one reduced polynomial f(T') of degree n, such that Ny, (L*) C
N. Tt is easy to observe that we actually have Ny i (L*) = N, and that L/K
is Galois (even if we do not have directly that the extension should be abelian,
without assuming local class field theory). Consequently the construction also
provides an alternative proof of the Existence Theorem of local class field theory.
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Chapter 2

Preliminaries on relative
Kummer theory

Let p be a fixed prime. We give here a short account on relative Kummer theory,
and deduce a characterization of the normal closure of a general tower formed
by two Galois extensions of degree p over a field containing a primitive p-th
root of the unity, and some properties of the module of p-th power classes. This
characterization is quite well known [Wat94] [MS05], and consequently we will
be very terse.

We start giving the classification of indecomposable representations of a
finite group having a cyclic p-Sylow over a field of characteristic p. The classifi-
cation is not very different from the very well known classification of indecom-
posable representations of a cyclic p-groups. We refer to [AIp93] for a systematic
study of modular representation theory.

For k € Z we denote as C}, the cyclic group of order k.

2.1 Modular representations of finite groups

In this section we quickly review the classification of indecomposable modules
in characteristic p over a finite group G having a normal cyclic Sylow subgroup
S = (o) of order p®. This material is standard and all proofs can be found for
instance in [AIp93, Chap. 2, §5-§6].

Let s be a fixed field a characteristic p, and A a finite dimensional unital
algebra over k. A finite dimensional module will be called simple (or irre-
ducible over a group algebra) if it has no proper submodule, and semisimple (or
completely reducible over a group algebra) if it is a direct sum of simple submod-
ules, or (equivalently) if every submodule is a direct summand. The radical of
A, denoted as rad A, is defined as the set of elements annihilating every simple
A-module, and can be proved to be equivalent to each of

e the smallest submodule of A whose quotient is semisimple,

15



MAURIZIO MONGE - A CONSTRUCTIVE THEORY FOR p-ADIC FIELDS

e the intersection of all maximal submodules of A,
e the largest nilpotent ideal of A.

If X is an A-module we define rad(X) = (rad A)X, and it turns out to be
equal to the intersection of all the maximal submodules of X, or equivalenty
the smallest submodule of X with semisimple quotient. We define rad™(X)
inductively putting rad’(X) = X, and rad”™(X) = rad(rad” ' (X)). We will call
radical series the sequence

X =rad’(X) Drad"(X) Drad*(X) D ... .

We define the socle, and denote as soc(X), to be the set of elements which are
annihilated by rad A. It turns out to coincide with the module generated by
all simple submodules. We put similarly soc®(X) = 0 and soc™(X) to be the
inverse image of soc(X/soc" (X)) via the map X — X/soc" 1(X). They
form the socle series

0 =soc’(X) Csoc'(X) Csoc?(X)C ... .

For each module X we will call X* the dual module Hom, (X, k), we have that
as usual X = X** canonically, and X*/rad’(X*) = soc’(X)* for each i > 0.
For an A-module X the smallest indices after which the radical series and the
socle series become constant are equal, and they are called Loewy length. We
will call composition length the maximal length of a composition series, it is
equal to the Loewy length precisely when the module has a unique composition
series, and if this is the case the module will be called uniserial.

We say that X is projective (resp. injective) if every surjection ¥V — X
(resp. injection X < Y) is split.

Proposition 2.1.1. A module over a group algebra k|G| is projective if and
only if is injective, and furthermore this is satisfied if and only if X is a direct
summand of a free module.

Proof. See [Alp93] Chap. 2, §5, Theo. 2 and §6, Theo. 4] for a proof of the
proposition. O

If H C G is a subgroup and X an x[H]-module, we will denote as Ind% (X))
the module x[G] ®,g) X, and call it the induced module from H to G.

2.1.1 Groups with cyclic normal p-Sylow

Let G be a group with normal cyclic Sylow subgroup S, generated by o and
of order p™ say. Assume the action by conjugation of G on S is described by
p: G/S — Aut(S). Since G/S has order prime with p the action on S is
unequivocally described its action p : G — Aut(T) on T = S/SP. We can
canonically identify Aut(7) with F C x*, and view 7" as a one dimensional
vector space over F,,. Let’s put also T, = T ®p,, &.
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Let A = k[G], then rad(A) is equal to the kernel of the canonical projection
n : k[G] = k[G/S]. Indeed, the algebra x[G/S] is semisimple, so rad(A) is
certainly contained in the kernel of 1. Furthermore the kernel is the bilateral
ideal generated by ¢ — 1, and it is readily verified to be a nilpotent ideal.
Consequently the irreducible modules are naturally irreducible £[G/S]-modules.
The indecomposable modules are classified by the following proposition.

Proposition 2.1.2. Fach indecomposable X module of k|G| is uniserial with
composition length at most p™. It is uniquely determined by its composition
length, and either the module soc(X) or X/rad(X) as k[G/S]-modules. If X
has length ¢ and composition series

X=X02X2--2X,=0,
then X;/Xiv1 = Xi—1/X: ®x Ty as k[G/S]-modules, for 0 <i < £.

Proof. See [AIp93] Chap. 2, §5-§6] for a proof of the proposition. O

In particular X is indecomposable if and only if X/rad(X) or soc(X) are
simple modules, and the action on the quotients X; /X, 1 is uniquely determined
taking the twists with the character p. We expand on this last observation,
describing explicitly the map X;_1/X; — X;/Xi11.

Ifz e X;_1\X;, then (0 — 1)z € X; \ X;41, and furthermore we can deduce
the action of a v € G on the next quotient as

v-(o =Dz =(yoy ' =y

_ (0/3(7)*1 +-to+1)(oc—1)yz
=p(7) - (e =1)yz (mod Xiy),

with the small abuse of notation of identifying p(+) with a positive integer such
that yoy~! = (). The particular map X;_1/X; — X;/X;;1 considered
(which is not in general k[G/S]-equivariant, unless p = 1) depends on the class
modulo SP of the chosen generator o.

2.2 Relative Kummer theory

If F is a field let’s denote as [ - | the map of reduction modulo p-th power
classes, in the style of [MS05]. Thus we have [X|p = X(F*)?/(7*)? for X C F'*,
and [a)p = «(F*)?/(7x)» for a € F*.

In this section we study the Kummer theory for p-extensions over a field F'
containing the p-th roots of the unity, which is itself a Galois extension over
another field K, with H = Gal(F/K) say. We refer to [Lan02, Chap. 6, §8] for
a basic exposition of Kummer theory.
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Let’s denote by F(®) the maximal extension of F' with exponent p. Kummer
theory over F' tells us that we have a canonical perfect pairing of topological
groups

(P [F¥]p x Gal(F®P /F) — . (x,0) (f/y)thl,

denoting as usual as p, the group of p-th roots of 1. The group [F*|p is
equipped with the discrete topology, and the Galois group with the usual Krull
topology.

Now H acts on both [F¥]r and Gal(F®)/F), and the above pairing has to
be a fortiori H-equivariant, being canonical. If A is any subset of [F*]r then
the Galois closure of F(A"?)/K will correspond to the biggest F,,[H]-submodule
of Gal(F®)/F) which is orthogonal to A in the above pairing. It is equal to
the subgroup orthogonal to the submodule = = (A)g [z generated by A over
F,[H], and the Galois closure F(A"?)/K will be exactly F(Z77).

If A is a subspace of [F*]|r the Kummer pairing can also be interpreted as
a canonical isomorphism

Gal(F(AY7)/F) <% Hom(A, ) = A" @ p, (2.1)

which is an isomorphism of Fj,[H]-modules when A is Fj,[H]-invariant. If A is
F,[H]-invariant, but H is subgroup of a bigger group of automorphisms G of F,
then the module (A)r (] is a quotient of the induced module F,[G] ®, (] A,
and is obtained from it as the image of the map induced by g ® x — gz.

2.2.1 Normal closure over a cyclic p-extension

Suppose now K is a field containing the p-th roots of the unity, and F/K a
cyclic p-extension with group S = (o) of order p". Let L = F(7"?) be a cyclic
extension of degree p over F for some class v € [F*]p. A condition on v for
the extension L/K to be cyclic Galois where already given by Albert [AIb35],
and more generally a classification of the possibilities for the Galois closure can
be found in [Wat94] and [MS05]. We will now review those results in a modern
and concise way.

As observed above, the Galois closure L of L over K is given by F(A'?),
where A = (y)r,[5) C [F"*]F is the Fp[S]-module generated by the image v in
[F*]F. Tt is indecomposable of length ¢ < p™ by Prop. A basis as vector
space is given by the elements ~, v qlo=D? L yle=DTT

The action of a p-group on the group p, of p-th roots of the unity is always
trivial, being Aut(p,) cyclic of order p — 1. Thus we have by equation
that X = Gal(L/F) is isomorphic to A*, and as F,[S]-module it is again in-
decomposable of length ¢, and isomorphic to Frlol/(s—1)¢. Hence the full group
G = Gal(L/K) fits in the exact sequence

12X —>G—>85—-1,

o—1
y

with the natural action of the quotient on the kernel.
We give now a characterization of such p-groups.
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Proposition 2.2.1. Let G be an extension of the cyclic group S = (o) of order
p™ by an indecomposable F,[S]-module X, whose length is assumed ¢ < p".

Then if £ < p™ the group G is in one of two possible isomorphism classes,
one being the semidirect product X x S, which has exponent p™, and one being
a non-split extension X o S of exponent p"ti.

If £ = p™ then there is only one possible isomorphism class, which is the
semidirect product X x S and has exponent p"t1.

Furthermore every quotient of G by a non-trivial normal subgroup has expo-
nent at most p™.

Proof. Take a lift of 0 € S to some & € G. Then 67" € X is clearly invariant
under the action of the quotient, and hence should be in the socle soc(X) which
is a cyclic group of order p, generated by xq say.

Let’s use the additive notation for X, and denote with an exponent the
action of S. The group G is obtained from X adding one generator ¢ and the
relations

Grgt =2 forallz e X, 7" = axo,
for some a € F),. Each choice for a € F,, allows to construct a group. For a # 0
we can replace every z € X by a~'z reducing to the case a = 1, so we can just
consider the groups obtained with a = 0, 1.

Any alternative representative for o can be written as & - « for some = € X
and we have that

p"—1

(G oy =" Y
1=0

~p" _1)p" -1
= gP" . plo—D) .

Indeed, (0 —1)P"~1 is equal to Zf:gl o' in the polynomial ring F,[0], and hence
also in the group algebra F,[S] which is a quotient. The map X — X defined
by z + z(@=1
it ¢ <p™.

Consequently when ¢ < p™ the group obtained setting ¢ = 0 has exponent
p", so it is certainly different from the group obtained setting a = 1 which has
exponent p"*1. On the other hand by when ¢ = p™ we can replace & with a
suitable & - z to satisfy 67" = 0, the group obtained is always the semidirect
product, and has exponent p"*1.

To prove the last claim, observe that when G is non-abelian its center is
exactly soc(X). If N is a normal subgroup then it has non-trivial intersection
with the center, by the formula of classes applied to the conjugacy classes con-
tained in N. Consequently soc(X) C N, but as we proved above all p"*1-th
powers are contained in soc(X). O

p" -1

is a surjection to the socle when £ = p™, and is the zero map

When considering the normal closure of L/K we have X = Gal(L/F) = A*,
and let & be an extension to L of the generator o € Gal(F/K). If X has length
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¢ = p" the isomorphism class of the group Gal(L/K) is uniquely determined by
Prop. so let’s consider the case of length £ < p™.

We have that 67" is one element of soc(X) — soc(A*) via the Kummer
pairing, and soc(A*) is also canonically isomorphic to [A/rad(A)]*. On the
other hand the quotient A/rad(A) is generated by 5. Consequently for an
extension & of ¢ to L we can detect if 57" = 1 testing the Kummer pairing
(v,67")p over F.

Now what is remarkable, while requiring just a trivial verification, is that
the test with the Kummer pairing can be done in K. More precisely let K; be
the unique extension of degree p over K contained in F, and let & = o|x,. We
have that

<775PV’L>F = <NF/K('7)a a>K7

where Np/ i denotes the reduced norm map [F*]p — [K*]x. Being £ < p", the
independence of the left hand side from the choice of &, and hence the equality,
can be proved considering the effect of replacing & with a &-x for = € Gal(L/F),
and observing that (6 - z)?" = 7" like in Prop.

Proposition 2.2.2. Assume Gal(F/K) is cyclic of order p" and generated by
o, and let L = F(~y'/?). Assume [L : F|] < p", then the full group Gal(L/K) has
exponent p" 1 if and only if (Np/k(v),0)k # 1.

If o is fixed let’s denote

e(v) = (Npyx(7),0) k- (2.2)

This is basically what is being considered in slightly different forms in [Wat94]
and [MS05], where a primitive p-th root of the unity ¢, is fixed, and the integer
e such that (" = () is called index of 7.

Let’s consider the smallest i such that there exist a v € soc!([F*]r) with
() # 1. We will show that the value of i depends on whether ¢, € Np /g (F*)
or not, and this condition is also controlling structure of the socle of [F*]p. In
particular we have the

Proposition 2.2.3. Let F/K be a cyclic extension of degree p", with group
generated by o. Then the function e is identically 1 on rad'([F*]r), and dis-
tinguishing two different cases we have

Cp € Np/(F*) — then soc([F*|r) = [K*]p © (8) for a class § € soc([F*]r) such that
e(d) # 1,

Cp & Npyg (F*) — then soc([F*|p) = [K*]|p, and we can find a class n € soc?" FL([FXp)
such that e(n) # 1.

Being quite well known we give a very terse sketch of proof, see [MS03,
Lemma 2, §2] for more details. It has to be remarked that the p”~! + 1 is not
best possible in general, but since we will work with n = 1 we need no more
accurate results, see [MSS06] and [MSST11] for further investigations.
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Proof. Indeed for each v € [F*]r we have N F/ x(7°71) =1, and consequently
e(y?71) = 1. All extensions obtained from elements in soc([F*]r) are p-
elementary abelian over K precisely when they are from elements in [K*]p,
so the map induced on the quotient

g soc([FX]r)/[K*]p — piy

has to be injective. Now if [f]r € soc([F*]r) we can verify that
£(61) = Nryie ((67))

(independently of the particular p-th root taken). Consequently if ¢, is not a
norm then the image of the above map & is identically 1, and being injective we
obtain soc([F'*]r) = [K*]F.

On the other hand if Np,/x(A) = ¢, for some X\ € F*, then Np g (\P) =1,
and AP = §°~! for some § € F* by “Hilbert 90” Theorem. It follows that

£(181r) = N ((67777) = Neye¥) = G

We still need to prove the existence of a suitable n when ¢, is not a norm.
Let F’ be the field fixed by Upnfl, and suppose F = F'(a'/?) for some class
a € [F"*]p:. Then (a,ap%l)p # 1, and we have

n—1 _
<O[,O'p >F/:<NF//K(Q),5'>K:€(O[1/p).

Let’s take n = /7, then 7 € soc?” +1([F*] ) being killed by (7—1)*" " +1. O
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Chapter 3

Preliminaries on local fields

In this chapter we introduce the general notation and give a short account on
the basic theory of local fields. Since we are not attempting to give a complete
account we will generally be very terse and provide very schematic proofs, or
no proof at all. The aim of the sketched proofs will be helping a reader already
acquainted with the subject to easily recall the general theory, we refer to the
standard books [FV02] [Ser79] for a systematic exposition of this topic.

We will make a notable exception for ramification theory, because the the-
ory for non-Galois extension is not very well known and scattered in various
papers. We give also an improved proof for the characterization of the ramifi-
cation breaks of extensions obtained adding a p-th root of the unity, it has the
advantage of treating the different cases in a unified way, and clarifying that
the result also holds for fields not containing a p-th root of 1.

Notation

For k € Z we denote as C}, the cyclic group of order k.

For a,b € Z, and for a prime p implicit in the context, we will indicate with
[a,b] the set of integers a < i < b such that p 1.

If F is a field we denote as [ - | the reduction modulo power classes, so
[X]p = X(E)?/(p¥yr for X C F* and [a]p = «(F)"/(F¥)? for a € F*.

3.1 Valued fields

Let F be a field, and assume T is a totally ordered abelian group. We define
valuation to be a map v : F — T'U {oo} satisfying the properties

e v(a) =0 & a=0,
e v(afB) =v(a) +v(B),
e v(a+ 8) > min{v(a),v(B)},
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note that if v(«) # v(B) then v(a + ) is always equal to min{v(a),v(5)}.

If F' is equipped with such a function it will be said to be a wvalued field.
The map v describes a homomorphism of F* to I', and its group value v(F*)
is a totally ordered subgroup of I'. If v(F*) = {0} we will call v the trivial
valuation, and when v(F*) is isomorphic to Z with the natural order it will be
said to be a discrete valuation.

If F is a valued field, we define Op = {a € F : v(a) > 0} and pp = {a €
F :v(a) > 0}. Then pr is the unique maximal ideal of O, formed by the set
of non-invertible elements of Op. We will denote by xp the field Op/pr, which
is called the residue field, and for « € Op its image in kr will be denoted by
a. The set of invertible elements Up = Op \ pr is a multiplicative group, and
is called the group of units.

If F' is a discretely valued field, we will denote by vp the normalized valua-
tion, that is the valuation which makes v(F*) coincide with Z. It is obtained as
vp = tov where ¢ : v(F*) — Z is the unique possible isomorphism of v(F>)
with Z as ordered groups. Any element 7 in pr \ p% has valuation exactly 1
and generates pp = mOp as Op-module. Such a 7 will be called uniformizer
or uniformizing element, and we will often denote by 7 a fixed choice of a
uniformizing element.

Definition 3.1.1 (“big-Oh” and “Dots” notations). In an expression we will
denote as O(«) any element with valuation at least as big as that of .

The dots ... in an expression will have a precise and well defined meaning,
they stand for “a term whose valuation is bigger than the smallest possible valu-
ation of each term appearing in the expression”. So if a,b,¢ > 0 and «, 8 € Op,
in the expression 14 an$ + 7% + 7% +... the dots stand for a O(w?ax{a’b’c}ﬂ
in the “big-Oh” notation. In particular we ignore that vp(«), vp(8) may hap-
pen to be > 0, being «, # general elements of Op. In any case this notation will
only be used where no confusion may arise, but its usage would rather make a

computation or a statement less cumbersome.

3.1.1 Complete fields

A sequence (an)n>0 of elements of F is called a Cauchy sequence if for each
¢ € R there exists an ng > 0 such that vp(a, — o) > ¢ for myn < ng. It
coincides with the usual definition in a metric space when F' is equipped with the
distance induced by the norm defined as |a| = e~?#(®) for some fixed € € (0, 1).
Such a norm is called non-archimedean, and the associated distance ultrametric,
because additionally to the common axioms we have the strengthened inequality
|la+ B| < max{|al, |5]}

The valuation induces a topology on F', making it a topological field. A
system of neighborhood of 0 is given by the powers of the maximal ideal p%., for
1> 1.

Lemma 3.1.2. The topologies on F defined by two normalized discrete valua-
tions v1, vy coincide if and only if vi = vs.
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Proof. The proof is obtained by absurd, considering a suitable combination of
elements where v; and vy differ, and considering the limit of its powers with
respect to the topology. We refer to [EV02, Chap. 1, Lemma 3.5] for the full
proof. O

We say that F' is a complete discrete valued field if every Cauchy sequence
is convergent.

Proposition 3.1.3. For any discrete valuation field there exists a completion,
which is unique up to isomorphism.

Proof. The completion is obtained considering the ring of all Cauchy sequences
up to equivalence, and characterizing the elements in a completion as the set
of all possible limits. The argument is very standard and we refer to [FV02
Chap. 1, Prop. 4.2] and [Ser79, Chap. 2, §1]. O

A completion of the discretely valued field F' will be denoted as F. A com-
plete discretely valued field with perfect residue field is often referred to as a
local field [EV02, Chap. 4]. However, sometimes also the fields complete with
respect to an archimedean absolute value R and C are considered local fields,
and often a local field is assumed to be locally compact.

It’s easy to prove that F' is locally compact if and only if it is complete and
the residue field kr is a finite field. We will always assume a local field is a
complete discretely valued field which is locally compact, and having a fixed
prime p as the characteristic of the residue field.

We will denote by fr the absolute residual degree [kp : Fp], which will be
called absolute inertia degree. We will set ep = vp(p), which will be called
absolute ramification index. When F has itself characteristic p we will be fine
with ep = +00, unless differently specified.

We denote by Q,, the p-adic field, that is the completion of Q with respect
to the p-adic valuation defined as vp(pk%) = k, where a rational is written as
pk% with a and b are prime with p. The ring of p-adic integers is denoted as Z,,.

For some ¢ = p™ we denote by F,[[Y]] the ring of formal power series with
coefficients in F,, and by F,((Y)) its quotient field. It is complete with respect
to the valuation induced by the order at Y, with ring of integers exactly equal
to F, [[Y]]

3.1.2 Multiplicative group

Let F be a local field. Then we have the exact sequence

1 —Up —F* 257 —1,
and each choice of a uniformizer mp provides a splitting of the above exact
sequence. Such a splitting Z — F* is obtained as 1 — 7. So in particular we
have F* =Ur @ <7TF>.
We define the higher unit groups as Uy = Up, and U; p = 1+ pt. for i > 1.
Fori > 1, an element of the quotient U; /U, +1 p can we written as 1—|—a7r}+. .
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and the map (1+ani.+...) — @ can be easily verified to induce a (non canonical
because it depends on 7p) isomorphism of groups U; p/U; 41, p — Kp. Similarly
we have a canonical isomorphism Uy p/Uy p — Ii; induced by the reduction
modulo pr.

The properties of the p-th power maps on the higher unit groups are resumed
in the following proposition (see also [FV02, Chap. 1, Prop 5.7]).

Proposition 3.1.4. Assume i > 1 and o € Up. Then we have

1+aPall 4 ... if i < erfp-1),
(I+arp+... )P =1+ (@ +bpa)mh +... ifi=er/p-1),
1+ Opar'der + ... if i > er/(p—1),

where Oy is such that p = Ooms’ + ...

Proof. This is an immediate consequence of the binomial expansion

p
(1+anp)? = Z (p> (amh)! =14 Pl + parh + O(r?ter), 0
i=0

Generators of Uy i as Z,-module. Since UipF C Ui41,r we have that af’ —
1 for each o € U; p, and in particular we canyput a natural structure of Z,-
module on the multiplicative group Uy ,r. Thanks to the proposition we can
take as generators of Uy p/ Uﬁ r the a union of the elements in U; p generating
Ui, p/Uit1,r for all 0 < i < per/(p—1) and (¢,p) = 1, and an additional element
in Upep/(p—1) When the map o — a? + @ is not surjective. When s is finite,
it is not hard to show that this condition is verified if and only if F'* contains
a primitive p-th root of the unity ¢, (see [EV02, Chap. 1, Prop 5.7]).

In particular, putting Ir = per/(p—1) for convenience, we can take the basis

. 7 Ir
{1+B]7r } i<k U{1+777r },

i€[1,IF]

where [a, b] denotes the integers in [a, b] which are prime with p, and the reduc-
tions of 3,..., B, are a basis of kK as vector space over F,. The second term
is present only when ¢, € F* (and consequently I is an integers), and in this
case 77 should be a generator of the cokernel of the map & — a” + fpa.

We remark that, when F' is a finite extension of degree n of the p-adic field
Qp, then Uy r has finite rank as Z,-module, and is isomorphic to Zj & Z/p"Z,
where r is the biggest integer such that F'* contains a primitive p"-th root of

the unity.

Multiplicative representatives. For each & € xkr and i > 0 we can define
A; = {B: 8P = a}. Each sets Afl is nonempty being kr perfect, is formed by

7—1
element whose reduction is & and is contained in Af_l for ¢ > 1, and the ratio
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of two elements in A? "ise Ui41,r. Consequently the intersection of all the A? '
is formed by precisely one element T'(&), called multiplicative representative of
a. Indeed it easy to verify that T(aB) = T(a)T (), so in particular T gives a
canonical map k5 — Up, p which splits the exact sequence

X
1—>U1,F_>UO7F—>KF—>1~

When F' has characteristic p, the map T extends to an embedding kp — F'
which is also additive, and in this case it is easy to prove that a uniformizer
is transcendental over the image of the embedding. In particular when F has
finite residue field we have the following proposition.

Proposition 3.1.5. If F' is a local field with finite residue field then F' is either
isomorphic to F,((Y)) for some q¢ = p™, either it is a finite extension of the

p-adic field Qp.
Proof. We omit the proof, see [Neu99, Chap. 2, §5, Prop. 5.2]. O

3.2 Extensions of local fields

Let F be a local field, then there exists precisely one extension of the valuation
vp to the separable closure F*P. This is a consequence of Lemma [3.1.2} because
the unique topology on L as vector space is induced by that of F, see [FV02
Chap. 2, Theorem 2.5] for more details. The extension is a fortiori Galois
invariant, so if @ and § are conjugated we have vp(a) = vp(f), denoting again
the extension of the valuation with vg.

Let L/F be a finite extension of degree n. We denote by f = f(L/F), and
call inertia degree, the degree of the residue extension [k, : Kr]. We denote by
e = e(L/F), and call ramification indez, the index of vy (F*) as subgroup of
vL (LX)

Proposition 3.2.1. We have that ef = n, and if the reductions of B1,..., By €
Op are a basis of k1, as vector space over kg then the elements {Bﬂrj} for
1<i<kand0<j<e areabasis of Op as Op-module, and also a basis of L
as F-vector space.

Proof. See [FV(2, Chap. 2, Prop. 2.4]. O
Assume now L = F(«), for some « € F5°P,

Lemma 3.2.2 (Krasner Lemma). Let § € F*P, and let « = a1,aq,...,q% be
the conjugates of o in F*°P. Assume that

vp(B —a) >vp(a— ;)
for each 2 <i < k. Then we have F(a) C F(p).

Proof. Arguing by contradiction, let o be an element of Gal(F*°P/F) moving «
but fixing 5. Then 8 — o(«a) would have the same valuation as 8 — «, but their
difference a — () should have strictly smaller valuation. This is absurd. O
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3.2.1 Norm map.

We recall here very briefly a description of the norm map on Uy 1, for a totally
ramified Galois extension L/F of degree p. If o € Gal(L/F) is a non-trivial
automorphism, we have that

o'(ry)
T

=14idinn; +...

for some unit n and integers s, so the residue class 7 is characterized up to mul-
tiplication by elements in the prime field F;’, and 7P~ is uniquely determined.

Proposition 3.2.3. Assume i > 1 and o € Up. The map Ny satisfies

14+ ol + ... if 1 <i<s,
NL/F(1—|—a7ri—|—...): L+ (a? =P~ ta)ws + ... ifi=s,
L+ (=P ta)md*s + ... ifi=s+pj for some j €N,

and furthermore if j >0, (j,p) = 1 we have Np,/p(Usyj,r) = Noyp(Ustjt1,1)-

Proof. See [FV02, Chap. 3, §1, Prop. 1.5]. O

3.3 Ramification theory

We give here a short exposition on ramification theory, considering in particular
the case of non-Galois extensions. This material is certainly not new, and it can
be found for instance in [Yam68| [Lub81l [Del84] [Hel91]. However being less well
known we will be less terse and give a more detailed account.

We assume F is a local field, and L/F a finite separable extension. We will
denote as ' = I'(L/F) the set of embeddings L — F*P fixing F. We will identify
L with one subfield of F°°P, then I' contains a distinguished element which is the
identity embedding, and a distinguished subset which is Aut(L/F'). If L/F is not
normal then I' is not a group, but can be identified with the quotient space G/H
where G is the Galois group Gal(M/F) of a Galois extension M containing L,
and L is fixed by the subgroup H. The identity embedding corresponds clearly
to the class H/H, and Aut(L/F) to Ng(H)/H.

We define the index function 77, on I' as

i, = min{vy(o(x) — ), Ve € O},
we remark that if o, 7 € T'(L/K) then we have
ir(o7) > min{ig(0),ir(7)}. (3.1)

If « is generator of Op, over Ok (such a generator always exists by [Ser79,
Chap. 3, §6, Prop. 12]) then i (o) = vr(o(a) — ), this expression can also be
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taken as definition. Up to a shift by one, i1, is the index function of the filtration
of the ramification subsets which are defined as

Ii={ocel:ir(oc) >t+1}, Iyt ={ceTl:ig(o)>t+1}.

We will say that the real number ¢ is an (lower) ramification break (or jump) of
the extension L/F if T'y D T'y+.

The conjugates of the generator o form a homogeneous space under the
action of G which is isomorphic to I' = G/H, the correspondence being given
by o — o(a). Let f(T') be the minimal monic polynomials of c. Then the
elements o(a) — «, for 0 € T, are exactly the roots of f(Y + «), and their
valuations can be obtained via the Newton polygon. In particular in this way
we recover the cardinality of T'; (resp. I';+) as the number of roots of f(T + «)
having valuation > ¢+ 1 (resp. >t +41).

We point out that the reductions o(a) over the residue field generate rp,
as vector space over kg, so all the conjugates of & over kp appear, and each
is repeated #I'y times. Consequently f(L/K) = #I'/#1,, and e(L/K) = #T.
Clearly #I'y fixes the set of multiplicative representatives, so the field they
generate over K is unramified of degree f(L/K). In this way we obtain the field
fixed by #I'g, and it is the maximal unramified subextension of L/F.

The cornerstone of the theory of Hasse-Herbrand is the following proposition,
which is a generalization of [Ser79, Chap. 4, §1, Prop. 3].

Proposition 3.3.1. Let M C F*°P be a finite separable extensions of L. Then
for each o € T(L/F) we have

. 1 s
ip(o) = m;m[(o),

where sum is over all the & € T(M/F) extending o.

Proof. Let o, be elements such that O, = Ok[a], and Oy = Ok [f]. Assume
the minimal polynomial of 8 over Op, is ¢g(T'). Then the polynomial ¢ (T)
obtained acting with ¢ on the coefficients is

and

Z vm(0(8) = B) = vm(9”(B) = vm((9” — 9)(B)) = vm(o(a) — a),

because the coefficients of (¢° — g)(T') are of the form o(g;) — g; for g € O, and
ont(0(9:) - g3) = var(o(a) — ).

Let now o = f(f) for a polynomial f(T) € Op[T]. Then g(T) | f(T) — «, so
applying o to the coefficients and evaluating in « we have the reversed inequality

vm (97 (B)) < vm(f(B) —o(a)) = vm(a —o(a)). O
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The Hasse-Herbrand transition function is defined as

1

br/p(u) = e(T/F) /Ou (#Iy) dt.

The inverse function gzbz/lK will be denoted as v, /5.

Proposition 3.3.2. For each u > 0 we have
1
or/p(t) = —— min {¢, ir(0) — 1}.
/F e(L/F) (;F

Proof. Indeed, it is easy to see that the function is piecewise linear, and has
slope equal to 1/e(L/F) times the number of ¢ € T" such that the minimum is
given by ¢, so t < iy(0) — 1. These o being exactly those in I';, we have the
proposition. O

Proposition 3.3.3. Let M C F5°P be a finite separable extension of L, and let
I'=INL/F),I" =T(M/F). For each o €T, if 5 € T is an extension of o with
in(0) is as big as possible, than we have

iL(O') —1= d)M/L(zM(&) - 1)

Proof. Let o’ be an automorphism of F*°P extending &. Then the elements of
I extending o are exactly those in the set o’A, for A = T'(M/L). By the choice
of & and by the (3.1) we have

i (0'T) = min {ip (G),i0(7)}
for each 7 € A, and the thesis follow by the Prop. [3:3:1] and 3:3:2] O

Assume M, I, T be like in the proposition. The set I has a natural
equivalence relation with respect to L, where the elements o, 7 are equivalent
if ol = 7|r. Let A =T(M/L), then the equivalence classes induced on I/, are
the sets o’A,, for some o € T}, and an automorphism ¢’ of F*P extending it.
The quotient by the equivalence relation may thus be denoted by I, /A,. The
function ¢,y of an extension describes the images of the ramification subsets
under the restriction map.

Proposition 3.3.4. For u > 0 we have a natural bijection
F;/AU - F¢M/L(u)7
associating to every class o’ A the restriction oy, .

Proof. The map is clearly injective, and if o € ) then it is the restriction
of some ¢ € T, by Prop. O

Corollary 3.3.5. The breaks of M/F are the union of those of M /L and images
by YL of the breaks of L/ F
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Proof. Indeed, I, D IV . if and only if at least one of

u

Ay 2 Au*» Fci>M/L(u) 2 F/¢M/L(U)+

is verified. O

For each X C I, lets denote by XA/A C T'/A the image of X modulo the
equivalence induced by A.

Proposition 3.3.6. The image of '), A/A via the map /A — T is Lon i (u)-

Proof. Indeed, the representative of a class of I'/, A/A with biggest index is
certainly mapped into I'y,, /n(w) the map is clearly injective, and each o €
L,/ 0(u) 1S Testriction of some ¢ € T, by Prop. [3.3.3 O

The following transitivity property of ¢ r is fundamental. It can be used
to define the ¢, for non-Galois extensions from the Galois case, by reduction
to the Galois case, as done in [FV02] for instance.

Proposition 3.3.7. Assume M is a finite separable extension of L. Then we
have

OM/K = PL/K © PM/L-

Proof. Let I, I'” and A be defined as in Prop. The derivative of the right
had side is ¢}, g (¢ar/2(w)) © ¢y, 1 (w), which is also equal to

1 1
e(L/K) (#F¢M/L(u)) : m(#/\u).

By Prop. the expression can be rewritten as

77 (#T) = dhayc). 0

Proposition 3.3.8. Foru >0, let L,, C L be the field fized by the ramification
subset I'y CT(L/F). Then
I(L/L,)=T,.

Proof. Indeed, let M is a bigger extension which is Galois over F' with G =
Gal(M/F) and where the subgroup fixing L is H = Gal(M/L). Then by
Prop. [3.3.6| putting v = 5/, (u) we have the bijection

(GoH)/H — T,.

Since G, is defined in a Galois-invariant way, it is certainly a normal subgroup
of G. Consequently the set of products G, H is a group, and we can consider
the fixed field L,. Then L/L, has degree exactly equal to (G,H : H), and
I(L/L,) =T,. O
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We will in general call L,, (resp. L,+) the field fixed by T, (resp. T'y+). In
general it is convenient defining an alternative numbering which has better prop-
erties with respect to the quotient, and this is achieved putting I'?2/# (") equal
to I'y,. This new upper numbering is preserved when passing to the quotient, as
we can easily verify thanks to Prop. and

Like for lower numbering we define I to be FwL/K(v)+v it is also equal
to the union of the T for ¢ > v. We will say that the real number v is an
upper ramification break (or jump) of the extension L/F if TV D I, where
I' = T'(L/F). When we do not specify lower or upper we will always intend
lower ramification break. When there is only one ramification break, then the
upper break and the lower break coincide, so in this case the distinction is not
even necessary.

3.3.1 Arithmetically disjoint extensions

We say that two extensions L/F and E/F are arithmetically disjoint if the sets
of upper ramification breaks for L/F and E/F have empty intersection.

Proposition 3.3.9. Assume uy,...,uy be the upper ramification break of L/ F.
If L/F and E/F are arithmetically disjoint then the ramification breaks of
LE/E are Yg/p(u1),...,¥p/r(ur), and the cardinality of the corresponding
ramification subsets is preserved.

Proof. Considering one intermediate extension in the tower of ramification sub-
field, we can reduce to the case of L/F and E/F having just one break u
and v respectively, and that v < v say. Then w,v are the upper breaks of
LE/F and L/F is the ramification subfield. Consequently the lower breaks are
u=1Yrp/r(u) =vg/rp(v) and Yrg/r(v) = Yr,/p(v), and they are the breaks of
LE/L and LE/E. See [Yam68| Theorem 4] and [Mau67] for more details. [

3.3.2 (Galois extensions

Assume now L/F is Galois. Then G = Gal(L/F') has a filtration formed by
subgroups which are certainly normal, being defined in a canonical way. The
quotient G/Gy can be identified with the Galois group of the residue field ex-
tension Gal(kr/kK). We also have embeddings

Gi/Gi+1 — Ui,L/Ui+1,La for i > ].,

induced by o — %LL) + O(n" (”)). They are readily verified to be injective
homomorphisms and independent of the choice of 7p,.

In particular it follows that G/Gy is cyclic, Go/G1 is cyclic with order prime
with p, while each G;/G;41 is an elementary abelian p-group of rank < f(L/F).

See [Ser79, Chap. 4] for more properties.
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3.3.3 Radical extensions

We now characterize the ramification number of the p-extension L/F obtained
adding the p-th roots of some o € F* which is not a p-th power, L = F(a'/?).
Put Vo = F*, and V; = U, g for i > 1. We define 9([a]r) = dr(a), and call it
defect, to be the biggest integer ¢ such that o € V;(F*)?. We have from Section
3-1.2 that O(a) can be 0, an integer in [0, Ir], or Ir when (, € F.

The proposition which follows is well known and is contained for instance in
[Has30, §9, §11] and [Wym69, §4]. We give here a very concise proof, treating
the different cases in a unified way.

Proposition 3.3.10. Assume o € F* is not a p-th power, then F(a'/?)/F is
unramified when 9(a)) = Ir, and has unique ramification break equal to Ip—0(«)
when 0(a) # Ip.

Proof. Let i = d(«), and wp an uniformizer for F.

Suppose i = 0, then vp(a) is prime with p, replacing it with aswﬁf where
vp(a)s+pt = 1 we can assume that vp(a) = 1. Then 7, = /7 is a uniformizer
for L, and for nontrivial o € T'(L/F) we have

vp(o(mr) —m) =vp (G — V)7r) = perp/(p— 1) + 1,

and consequently iy (o) — 1 = rer/(p—1) = Ip.

Suppose p 1 i. We can assume vp(a — 1) = ¢ changing a by an element
of (F*)P if necessary. If B = a'/? then vy (f — 1) should be an integer and
hence e(F(3)/F) = p, and B =1+ Art for a uniformizer 77, and some X € F.
Applying a non-trivial o € T'(L/F) with s =iy (o) — 1 we have that

o(B) =1+ Al + hpimsts 4.

assuming that o(ry) = 7 +nritt 4+ ... . Since v (0(B) — B) = er/(p-1), we
obtain that i + s is equal to er/(p—1) = I, that is s = I[p —i.

Suppose ¢ = I, and assume vp(o — 1) = i changing a by an element of
(F>)P if necessary. We have 8 = 1+ A/’ + ... with for some A € U. Since
vp(o(B) — B) =i/p for all o € T(L/F), we have that every o acts non-trivially
on k1, and consequently L/F is unramified. O

3.4 Local Class Field Theory

We give here a short resume, with no proof, of the most important results of
local class field theory. We give references to the standard literature for the
proofs.

We recall the definition of the transfer map in group theory. If G is a group,
let’s denote by G®P the abelianized, that is G/G’ where G’ is the commutator
subgroup (or derived subgroup). Let H be a subgroup of finite index, and
assume G = |J;, Hp; be a decomposition as disjoint union of right cosets.
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We define the transfer map Ver as

Ver : G*P — H®P, (0 mod G') — H (piap;(li) mod H’) ,

where o; is defined as the index such that p;o € Hp,(;). We refer to [FV02]
Chap. 4, §3.6] for a proof that Ver is well defined and a homomorphism.

Theorem 3.4.1 (“Local class field theory”). Let F be a local field with finite
residue field. Denote by F®® and L?® the mazimal abelian extension. Then we
have a canonical homomorphism

Up: F* — Gal(F**/F)

which is injective and has dense image.

Let L/F be a finite Galois extension. For a € F*, Up(a) acts trivially on
LN F2 if and only if o € Np/p(LX).

The restriction of Up(a) to the maximal unramified extension F™ coincides
with gb%F(a), where ¢ € Gal(F™ /F) is induced by the q-th power Frobenius.

Let L/ F be a finite separable extension, and o and automorphism in Gal(F5°P/F').
Then the diagrams

\J3

L* Gal(L*"/L)

ToTo !

oL¥ ——— > Gal((oL)* /o L)

55

IR Gal(L™"/ L)
Vo el (32
Yr ab
X Gal(F /F)
Yr ab
F* Gal(F**/F)
Ver
L Yh L Qal(L*/L)

are commutative.

We refer to [FV02, Chap. 4, §4] for the proof. Alternative proofs can be
found in [Ser79] and in Milne’s notes.
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Theorem 3.4.2 (“Existence Theorem”). There is a one to one correspondence
between open subgroups of finite index of F'* and finite abelian extensions of F,
where each subgroup N of F'* as above is the subgroup of norms Np,p(L*) of
exactly one finite abelian extension. This correspondence is inclusion reversing,

and the intersection of two objects on one side corresponds to the composite of
the corresponding objects on the other side.

The proof can be found in [FV02, Chap. 4, §6]. We will show a very con-
structive proof for totally ramified extension, using Eisenstein polynomials.

35



MAURIZIO MONGE - A CONSTRUCTIVE THEORY FOR p-ADIC FIELDS

36



Chapter 4

Classification of extensions
of degree p?

In this chapter we give a synthetic parametrization of all separable extensions
of degree p? of a p-adic field, that is a finite extension of Q,.

A database of the extensions of Q, has been created Jones-Roberts [JR06],
with the purpose of facilitating the study extensions of @Q by providing in a
unique place a complete description of the local structure. However the com-
plexity of the extensions of degree n grows very quickly with the power of p
dividing n, to the point that the database essentially contains only extensions
for n with p? { n. The biggest degree n divisible by p? present the database is
for extensions of degree 9 of QQ3, and to handle this case a work on its own was
required [JRO4]. In that work it was observed that all transitive subgroups of
S that may fit into the ramification filtration are actually appearing as normal
closures of extensions of degree p?, hence raising the question of determining
whether the same happens for general p over Q,. It turns out that this false
for p > 5 over Qp, but it is true whenever the base field is a proper extension
K 2 Q, whose residual degree f(K/Q,) is odd.

We will show a synthetic way to parametrize the extensions of degree p?
of a p-adic field, which can be viewed as a generalization of the methods of
IDCDOT], and up to some extent also of [Cap07]. The abstract idea is that the
possible extensions i/ K, appearing as normal closure of an isomorphism class
of extensions L/K, will correspond to the indecomposable representations of a
certain group G acting naturally on a suitable module X.

While we concentrate on fields of characteristic 0, we point out the same
strategy can be applied to fields of characteristic p, replacing Kummer theory
with Artin-Schreier theory. Another possible approach would be via local class
field theory, but the field considered will always contain the required roots of
the unity so we lose nothing by just using Kummer theory, which gives an in-
terpretation of elementary abelian p-extensions in terms of subgroups of [K*|k
rather than its quotients.
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We remark that the p-part of the absolute Galois group of a p-adic field K
not containing a primitive p-th root of the unity ¢, is equal to the p-completion
of the free group on [K : Q,] + 1 generators as proved in [Shad7|, so it is
“as complicated as possible” within groups of a fixed number of generators.
When ¢, € K the p-part of the Galois group is a Demuskin group, and can
be characterized by generators and relation of group with exactly one relation
[Lab67]. This characterization can be used to classify the Galois p-extensions
having a fixed group via character theory, as done in [Yam95] where in particular
explicit formulae for Galois extensions of degree p3 where obtained.

When p # 2 a presentation of the full absolute Galois group of a p-adic field
is also known [Jak68, [JW83, NSWOS], and while the relations are not very easy
to manage the presentation could be used to study abstractly the extensions.
The classification we give is however very explicit, and makes explicit all the
isomorphism classes of extensions considered.

The general strategy

We illustrate this idea in the case of isomorphism classes of extensions L/K
of degree p, as done in [DCDO7, [Dall0]. Such an extension L/K is either
unramified and hence cyclic, either the group of the normal closure Gal(L/K)
has a normal p-Sylow S = C,, while L is fixed by a subgroup H of index
p. The intersection of the conjugates of H is trivial, or it would fix L, so
H has no element acting trivially on S by conjugacy, and the induced map
H — Aut(S) 2 Z/pZ* is injective. Consequently H is cyclic of order d dividing
p — 1, and the group Gal(L/K) is isomorphic to S x H.

Each subgroup of index p in S x H is generated by one element of order d, and
these elements are exactly the generators of the conjugates of H. Consequently
L can only be obtained as normal closure of extensions of degree p that are in
the same isomorphism class.

Let F be the compositum of all extensions of exponent diving p—1. If L/K
is an arbitrary extension of degree p then the composite extension Lp = F'L is
clearly Galois over K. Its p-Sylow is normal and cyclic S = Gal(Lp/F), and
H = Gal(Lr/L) = Gal(F/K) is a complement acting on S, whose image in
Aut(S ) is equal to the image of H. The elements of H acting trivially on S are
exactly those fixing L, so from Ly there exists a way to recover unequivocally
L as field fixed by the central elements of Gal(Lr/K) of order prime with p.

The L obtained in this way for some L are all the extensions of degree p
of F' that are Galois extensions over K: indeed, Ly is aways Galois over K as
already observed, and assume that M is such an extension. Then Gal(M/K)
contains a complement H’ of the p-Sylow S’ = Gal(M/F) say, so we can take
as L the field fixed by H, and clearly M = Lp.

The field F' always contains the p-th roots of the unity, and by Kum-
mer theory the M with this property correspond to subgroups of order p of
[F*]p = F*/(Fr*)» that are invariant when applying an automorphism o €
Gal(F/K). Consequently they are exactly the irreducible representations con-
tained in [F*]p as representation of Gal(F/K), and the strategy outlined in
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the introduction can be applied taking G = Gal(F/K) and X = [F*]p.

Theorem 4.0.3. Let K be a p-adic field, and F be the compositum of all cyclic
extensions of exponent p — 1. Then we have a natural one-to-one correspon-

dence of isomorphism classes of extensions of degree p of K with the irreducible
subspaces of [F*]r as Gal(F/K)-module.

We remark that the correspondence is very explicit, and makes it possible to
recover easily additional invariants of the extensions, such as the Galois group
of the normal closure and the ramification data.

In higher degree unluckily it is not possible to make the same philosophy
work in a straightforward way. We will see that a similar correspondence can
be established for the extensions of p-th power degree having no intermediate
extension.

Concentrating on the case of extensions of degree p?, the most complicated
case is however the case of extensions having exactly one intermediate exten-
sion. Indeed, extensions with > 2 intermediate extensions are obtained as the
compositum of two distinct extensions of degree p, and can be viewed as the
trivial case.

In the case of a unique intermediate extension we can still parametrize the
extensions fixing the intermediate extension F/K of degree p, and considering
the extensions L/FE of degree p and such that L/K has indeed a unique interme-
diate extension. This is not enough yet, because different isomorphism classes
over F may correspond to extensions in the same isomorphism class over K.
But once this issue is taken into account it becomes possible to enumerate the
isomorphism classes.

Let Ep = EF, in this case the indecomposable submodules of X = [Ej]g,
under the action of G = Gal(Ep/K) will correspond to the possible normal
closures of extensions containing F. In general however the same extensions
can be obtained as the normal closure of a big number of different isomorphism
classes, and we will characterize the extensions sharing the same normal closure.

4.1 Parametrization of isomorphism classes

In this section we will state and prove the key results allowing to classify easily
the extensions of degree p? of a p-adic field. The first one is a direct general-
ization of Theorem [4.0.3) and describes the isomorphism classes of extensions
of degree p* having no intermediate extension, for k& > 2. The second one
gives a more involved description of extensions of degree p? having exactly one
intermediate extension.

We will denote as [E//K] an isomorphism class of extensions represented by
the extension E/K.

Theorem 4.1.1. Assume k > 2. Let K be a local field, and let F/K be a finite
and tamely ramified extension containing all tame extensions whose Galois group
is a subgroup of GL(k,F,), and let H = Gal(F/K).
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Then there exists a natural one-to-one correspondence of isomorphism classes
of extensions [L/ K] of degree p* having no intermediate extension, with the ir-
reducible F,[H]-submodules = C [F*|p of dimension k of the Galois module
[FX]r. The isomorphism class [L/K] corresponds to = when LF = F(EY7),
and Gal(LF/K) is always a split extension of Gal(F/K).

It turns out that this case is very similar to the case of extensions of degree
p. It follows easily that the Galois group of the normal closure connected to =
is the semidirect product of = by smallest quotient of H acting on it.

For general k it seams hard giving a unified description of the irreducible
representations of fixed degree k of H, but we will give a characterization of
their structure allowing to derive a few possible special cases in which they may
fall, for small k.

We give now a result allowing to parametrize extension of degree p? having
proper subextensions. In this context we will denote by F the compositum of
the cyclic extensions of K having degree dividing p — 1, and for each extension
E/K we denote by EF the compositum EF.

Theorem 4.1.2. Let K be a local field, E/K be an extension of degree p, and
let F be the compositum of the cyclic extensions of K having degree dividing
p — 1. Denote Erp = EF, which is always Galois over K, let G = Gal(Ep/K)
and H be its subgroup Gal(Er/E).

Then there is a one-to-one correspondence of the indecomposable F,[G]-
submodules of [E) g, and the possible normal closures L of the extensions L/K
of degree p? containing E. Let Ly = LF, then the indecomposable submodule
E C [Ef]g, corresponds to the normal closure L if and only if Ep(EY/?) = Lp.

For fixed i, we have a one-to-one correspondence of the F,[H|-submodules
A C = generating = as F,[G]-module, and the isomorphism classes of extensions
[L/E] such that the normal closure of L over K is exactly L. These possible L
have E as unique intermediate extension if and only if Z is not contained in the
submodule [F*) g, of [EX]Ee,-

The irreducible F,[H]-submodules A of [Ej]g, parametrize isomorphism
classes [L/K| of extensions of degree p* containing an extension in the class
[E/K]. The parametrization is one-to-one except when E/K is Galois and A
generates a module of length > 2 over Fy[G]. In that case the parametrization
is p-to-one, the submodules oA for all o € Gal(Er/F) are all distinct, and they
correspond to the same class over K.

The p-Sylow subgroup of Gal(L/K) is normal, and it is complemented by
Schur-Zassenhaus. Consequently once we know the p-Sylow and the action of the
quotient on it, we have that the structure of Gal(i /K) is uniquely determined.

As recalled in Prop. [2:2.1]such a p-group is uniquely determined by the expo-
nent and the length of the kernel. The action of H = Gal(F/K) on Gal(Lp/F)
is described by its action on Gal(Er/F), and by the action of Gal(Er/K) on
= as F,,[G)-module.

The theorems, which will now be proved, provide a quite effective way to
enumerate the isomorphism classes of extension of degree p?, obtaining formulse
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for the number of isomorphism classes of extensions with prescribed Galois group
of the normal closure.

Lemma 4.1.3. Let G be finite group, and H a normal subgroup such that |H|
is prime with p and G/H a p-group. Let V be a finite dimensional irreducible
representation of G over IF, having dimension > 2. Then any extension of G
by V with the given action is isomorphic to the split extension V x G, and the
possible complements to V in V X G are exactly the conjugates of G.

Proof. This is essentially the same argument used in the proof of [BDI11] Theo. 6.1].
Since |V| and |H| are relatively prime we have HY(H,V) = 0 for all ¢ > 1 (see
[Ser79, Cor. 1, §2, Chap. VIII]). Consequently we have [Ser79, Prop. 5, §6,
Chap. VII] the exactness of the sequence

0— H*(G/H,V*) - H*(G,V) — H*(H,V) =0,

so in particular H2(G/H, V) = H?(G,V). We will now show that the module
VH of H-invariants has to be trivial. Suppose it is not the case: G/H is a
p-group, and its action on V# would have a non-trivial invariant subspace,
which would imply that V is not irreducible. Consequently V = 0 implying
0= H%*G/H,VH) = H*(G,V), so that all extensions of G by V are split (see
[Ser79, §3, Chap. VII] for the interpretation of H2(G,V)).

In the same way we obtain that H*(G,V) = 0. But H*(G, V) classifies the
possible splittings G — V' x G of the canonical projection up to conjugacy (see
[Bro82, Prop. 2.3, §2, Chap. IV]), so the only possible complements of V are
the conjugates of G. O

We can now give the proof of Theorem

Proof of Theorem[{.1.1, We will show that F is such that, taking the composi-
tum Lp = LF with an extension L/K of degree p* having no intermediate
extension, we obtain a field Lp which is an abelian elementary p-extension
of degree p* of F. By Kummer theory Lp will be of form F(Z"7) for some
E C [F*¥]p that is an irreducible F,[T]-module, Lr will be Galois over K, and
it will uniquely determine the isomorphism class of L/K.

The extension L/ K has to be totally ramified, or it would have an unramified
subextension that is cyclic Galois over K, and would contain an unramified
subextension of degree p. Let G = Gal(f/ /K) be the Galois group of the normal
closure L of L/K, and let

G=G_12Gy2G; 2...

be its lower numbering ramification filtration. We have that G; is normal in G,
and that for ¢ > 1 the quotient Gi/G;;, is an elementary abelian group.

Let H C G be the subgroup fixing L, and let ¢ be the unique index such that
Giy1 C H but G.H = G, we clearly have t > 1 being L/K a totally ramified
wild extension.
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Now the core Coreq(H) of H, that is the intersection of all conjugates
Noea oHo™1, is trivial, or it would correspond to a normal extension con-
taining L and strictly smaller than L. In particular G471 has to be trivial being
normal in G and contained in H, and the centralizer Cy(Gy) of Gy in H has to
be trivial too or it would be contained in all the conjugates of H.

Hence G; is a faithful I, [fI ]-module, and it should also be irreducible, or a
proper submodule A would be normal in GG, and we would have intermediate
group AH between H and G, corresponding to an intermediate extension in
L/K.

We will now show that the p-core O,(H), i.e. the intersection of all p-Sylow
subgroups of H, is trivial. Suppose O,(H) # 1, then the subgroup G; x O,(H)
is normal in G, because quotienting by G; we obtain Op(fl )< H. Furthermore
Op(f{ ) is a p-group and has a non-trivial invariant subspace in G}, which is not
the whole Gy being the action faithful. This is also a representation of H being
O,(H) < H, but it is impossible because G is irreducible.

We obtain that the field L; fixed by G} is such that Gal(L,/K) = H, so it is
a tame extension being the p-Sylow of H trivial. Its Galois group embeds into
Aut(Gt), so we have Ly C F and LCLp.

Since E/Ll is an abelian elementary extension then Lz /F will also be, Lp =
F(EY?) for 2 C [F*]p say. The module Z has clearly also to be an irreducible
as F,[H]-module of dimension k, where H = Gal(F/K).

We show now that each irreducible = of dimension k& corresponds to one
isomorphism class [L/K]. Let M = F(E"?), then S = Gal(M/F) is an irre-
ducible H-module. Let G = Gal(M/K), then it is an extension of H by S. We
observe that any such extension with no intermediate extension should be fixed
by a subgroup B that complements S, or SB would correspond to a proper
intermediate extension.

We show that we can get rid of the p-core O,(H) of H. Indeed, O,(H)
should act trivially on S or it would have an invariant subspace that is hence
H invariant. Furthermore O,(H) is cyclic, and hence its preimage @ in G is
abelian. Each p-Sylow of H is cyclic and complemented by a normal subgroup,
hence O,(H) is contained in the center of H.

Consequently @ < G and G/Q = H/O,(H) acts on @ by conjugacy. Rea-
soning like in the proof of Lemma we have that the maximal subgroup
with order prime with p in H/O,(H) should act without fixed points on S,
while it acts trivially on Q/S = O,(H). Consequently its action determines the
existence of a unique H-invariant complement to S in @ = S@ R, being a group
of order prime with p acting on an abelian p-group (see for instance [Gor80,
Theorem 2.3, Chap. 5]).

Quotienting out by the unique possible R we reduce to the case of H having
a trivial p-core. Then H satisfies the hypothesis of Lemma [£.1.3] because it has
a subgroup fixing the maximal unramified subextension of p-th power degree,
which is normal and has order prime with p.

Consequently S C Gal(N/K) has a complement in G, which is unique up
to conjugacy. The fixed field of a complement is an extension L/K of degree p*
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with no intermediate extension. O

As byproduct of the proof, we can assume that Gal(F/K) has trivial p-core,
that is, if F/K is as requested by the Theorem, than the field fixed by the
p-core will also satisfy the hypotheses. Requiring k£ > 2 is necessary, as can be
shown with a simple counterexample, taking an F' containing the unramified
extension of degree p, and two totally ramified extensions of degree p such that
the compositum with the unramified extension of degree p is the same, so that
the correspondence is no longer unique in this case.

We give now the proof of Theorem [{.1.2] We remark that the Galois group of
the maximal abelian extension of exponent p—1 of a local field is always isomor-
phic to Cp_1 x Cp_1, as it follows immediately by the structure of K* /(K> )P~1,
applying Kummer theory (the (p — 1)-th roots of the unity are always in K) or
class field theory.

Proof of Theorem[.1.9 Let E/K be fixed, and Ep = EF. Let L/K be an
extension of degree p? containing E, and Lr = LF. Then Ep/FE is also the
maximal abelian extension of exponent p — 1, and Lr/EF is cyclic Galois. Fur-
thermore F' certainly contains the p-roots of the unity, and Lrp = EF(Al/p)

for some A € [Ej]g, that is an irreducible F,[H]-submodule. Each such ir-
reducible F,[H]-submodule of [E}]g, comes from an extension L/E of degree
D.

Let S = Gal(Ep/F) be the p-Sylow of G, so that G = S x H. Let = be
the F, [G]-module generated by A, then A generates =/ rad(=), which is conse-
quently irreducible as F),[G/S]-module, and = is indecomposable by Prop. [2.1.2]
Chap.

The normal closure of Ly over K should certainly contain L and F, so it is
equal to L F being this extensmn normal. Furthermore we have L Fr=F F( ="/ ?),
as observed in Chap. 2 §2:2]

We now show that it is possible to recover uniquely L from Lp. Let G =
Gal(Lp/K), and P its p-Sylow Gal(Lp/F). Let H be a complement of the
normal p-Sylow of Gal(L/L) by Schur-Zassenhaus, and H be its preimage in
Gal(LF/L) Then H is also a complement for P in G and we have G = P x H.
Since H fixes L, the intersection of the conjugates Coreg(I:I ) is certainly fixing
L and the subgroup fixing L cannot be bigger, being normal and contained in
H. It’s immediate to see that Coreg(H) is also characterized in G = P x H as
the group of elements that are central and have order prime with p.

Let’s show that each indecomposable submodule Z of [E] g, is obtained in
this way from a possible normal closure. Its submodule rad(= ) is complemented
as Fp[H]-submodule, and each complement A corresponds With to an isomor-
phism class of extensions [L/F] of degree p satisfying Lr = Ep(A"?). Thus
Epr(Z"7) is the normal closure of Lx/K, and the choice of A corresponds to
isomorphism class of extensions [L/F] from which is can be obtained.

It remains to determine when different isomorphism classes of extensions
over E may actually be in the same class over K. This indeed happens only
when F/K has some nontrivial automorphism o, which maps an isomorphism
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class [L/E] of extensions over E to a conjugated class [L/FE]°. The classes are
different if and only if the A such that Lp = Ep(AY?) is different from oA,
and if this is the case then we have p possible distinct A, considering that E/K
has to be Galois of order p.

Clearly the Z contained in [F*]g, give by Kummer theory extension that
are Galois and with group isomorphic C,, x C}, over F', so of the form F (@1/ ?)
for some submodule © of dimension 2 in [F*]p, and © has clearly multiple
subspaces that are invariant under Gal(F/K). The field L is fixed by a comple-
ment of the p-Sylow of Gal(F(0"?)/K), and each proper invariant subspace of
O gives an intermediate extension. This argument can clearly be reversed. [

4.2 No intermediate extension

Here we classify the extensions with no intermediate extension, via Theorem
On a suitable tamely ramified Galois extension F//K, we will describe
the irreducible representations of Gal(F/K), and determine the Galois module
structure of [F*]p. It is worth observing that it will not even be necessary to
identify the exact extension F', provided that it is “sufficiently big”.

In this section we observe that we can always assume that G = Gal(F/K) is
such that the inertia subgroup Gy is complemented, and the group is a semidi-
rect product. We will then study its representations over I, first on the al-
gebraic closure, and then over F,,. Later we determine the structure of [F*|p
as Galois module. As application we enumerate irreducible sub-representations
of degree 2, which correspond to isomorphism classes of extensions of degree
p?, and obtain formulse counting the extensions whose normal closure has a
prescribed group. We conclude with the characterization of the imprimitive
solvable subgroups of S,» that are realized.

We recall the structure of the Galois group of a tamely ramified extension.
Let F' be a tamely ramified extension, let G = Gal(F/K) and let F"* be the
maximal unramified subextension, that is, the field fixed by Go. Then G/Gg
is canonically Gal(kp/kk ), while Gy can be canonically embedded into x5 via
the map o + o(*r)/z,, which is independent of the uniformizer 7p. Assume
q = |kKkl, then G/Gq has a distinguished generator, the ¢-th power Frobenius
¢q, and G/Go = (¢q) acts on Gy via qqubq’l = 79. Iterating we obtain that it
is necessary that 74’1 = 1 for f=f(F/K), and f is also equal to the order of
G/Gy.

While the normal subgroup Gy may not have a complement, there exists an
unramified extension of F' whose Galois group G over K is such that the inertia
subgroup has actually a complement, and G is a semidirect product of Gy and
a cyclic group with the g-th power action. If v is a representative of ¢, in G
and 7 a generator of G, then v/ = 7" for some r, and the order of 7" should
divide ¢ — 1 considering that it commutes with v. Let e = e(F/K), which is
also the order of 7, then e | (¢ — 1). In particular the Galois group of a finite
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tame extension is of the form

(v,7|vro™t =719, ¢ =1, vl = ™),
for some e dividing (qf —1,r(qg— 1))

If we consider the unramified extension M/F with degree s = ¢/(e,r) equal
to the order of 7", we have that M /K is Galois, while M and F are linearly
disjoint over F"*. We will still denote as 7,v liftings to Gal(M/K). Then 7
generates the inertia subgroup, and v will satisfy v/* = 1, considering that
vf® fixes both F' and M™. In particular Gal(M/K) is generated by v, 7 with
relations vTv~! = 79, 7¢ = v/% = 1, and its inertia subgroup is generated
by 7. We remark that Gal(M/K) still has a trivial p-core if this was true for
Gal(F/K).

The Galois group of the maximal tame extension of K is isomorphic to the
full profinite completion of the group generated by two elements a,b with the
relation bab~! = a?, as was first proved by Iwasawa [[wab5].

4.2.1 Irreducible representations of a tame Galois group

In this section we recover the structure of irreducible representations over F,, of
certain semidirect products of cyclic groups. We will consider products of the
form T x U, for cyclic groups T = (1) and U = (v) of orders respectively ¢ and
u with (¢,p) = 1 and ¢ | ¢* — 1, the action of v being described as x — 27 for
each z € T, where as usual ¢ = |kx| = p/%. The characterization we obtain is
quite similar to that of [CMRI0].

Quotienting out the elements acting trivially and contained in 7', which
form a normal subgroup, we can assume that the representation is faithful on
T. Furthermore the p-core is certainly acting trivially or the representation
would have an invariant subspace, so we can also quotient out the p-core.

Let U be the kernel of U — Aut(T'), we don’t assume that u is prime with
p, but U shall have order prime with p or 7' x U would have a non-trivial p-
core. Let r = ord; (p), this is the smallest power of p such that ¢ | p" — 1. Let
s = v/(r.fx), then ¢° is the smallest power of ¢ such that ¢ | ¢° — 1, and U is
generated by v?, that we will denote as v.

Let X be an irreducible representation over Fp. Since T x U is an abelian
group with order prime with p, there exists an invariant subspace of dimension
1, X, say, where the action is described by the character x : T' x U — I_F;j.
Let o = x(7) and 8 = x(0), then v* maps X, to a space where T acts via a
conjugate o of a, and the orbit under v generates the whole X. Consequently
« should have order t, because the representation was assumed to be faithful
on T. Hence for 0 < i < s the v'X, are all distinct, and X contains a copy of
Ind?*7(X).

If v € X, is a generator, then the elements z,vz,...,v°

“Ix generate a
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representation on which 7 and v act as the matrices:

af 1

aq571 1

The representations obtained in this way starting from X, or v*X, are equal

for all 4, and on ’UiXX the action is described via the character x*" defined
composing with conjugation by v?, that is, as g — y(v~gv?) forall g € T x U.

Proposition 4.2.1. All irreducible representation of T x U over Fp that are
faithful on T are obtained as Indgjg(\/x), where the character x : T x U — IF’;
is faithful on T, and V, a representation of dimension 1 where the action is
described by x. Two different characters induce the same representation if and
only if they are conjugated. If T xU has a non-trivial p-core, then it is contained

in the kernel of the representation.

The rationality of a representation can be studied via the following criterion:
let p : G — GL(V) be a representation of a group over V = K" in some field K,
and let o € Aut(K) be an automorphism. If opo~! is isomorphic to p, then p
is defined over the field fixed by o. Indeed, if this is the case ¢ : V' — V defines
an isomorphism and by Schur lemma must be a multiplication by a constant,
which has to be 1 testing the representation over the identity. Hence the o-
invariant subspace V7 is preserved by p, or equivalently the representation p
has coefficients in the field fixed by o. In other words, an element of the Galois
group fixing the isomorphism class of a representation (which may be a sub-
representation of some bigger representation) fixes the representation itself.

Consequently we can compute the field of definition as the field fixed by
the elements of the absolute Galois group fixing the isomorphism class of a
representation. The orbit of the action of the Galois group over the base field
will correspond to a rational representation.

In our case, let’s C(znsider Indgjg(vx), and set o = x(7) and 5 = x(0)
as above. Clearly Gal(F,/F,(«, (8)) stabilizes the representation, and it is also
stabilized by the powers of the Frobenius ¢, fixing 3, because x and XV corre-
spond to the same representation. In Gal(FF,(«)/F,) the group generated by ¢,
is equal to the group generated by ¢,c.sx). Putting w = [F,(8) : Fp], we obtain
that the smallest power fixing F,(3) is G prem(w,(r.15)), Which generates also the
stabilizer of the representation. Consequently the cardinality of the Galois orbit
is lem(w, (1, fx))-

Proposition 4.2.2. Let X be an irreducible representation of T x U over I,
that is faithful on T. Assume that, over the algebraic closure, T' x U has an
mwvariant subspace of dimension 1 where it acts via the character x. Then

dimp, X = lem(m/(r,fx),7)
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where r = ord; (p), and w = [Fp(B) : Fp] where B = x(0).

Proof. Indeed Indizg(vx) has dimension s so we obtain

dime X =s- lcm(w7 (’I“, fK))7

and the proposition follows because s = 7/(r,fx). O

4.2.2 Structure of [F*|gr

We describe now the structure of U; p as Fp[H]-module, for H = Gal(F/K).
We can assume that Hy is complemented, so let Hy = T = (r), and v be a
lifting of the Frobenius ¢, generating a complement U, so that H =T x U. Let
F’ be field fixed by U, then F/F’ is unramified, and a uniformizer for F” is also
a uniformizer for F'. Let m be such an element, that we take to be an e-th root
of a uniformizer of K, for e = e(K/F). For i > 1, the action of 7 and v on
Ui r/Ui+1,r is described as

(1 +ar’) =14 Car’ 4 ..., v(l+an’) =147 + ...,

for each o € Up, where ( is the fixed primitive e-th root of 1 defined as 7(7) /7.
The choice of 7 establishes an identification of U; p/U;1+1,r with kp, as

(1+ar'+...) = a.
Transferring the action on kg, we have that the action is
(@)=,  v(a) =al
Proposition 4.2.3. Fori > 0, let M; be the kx[H]-module formed by kp as
set, and with the above action. Then M; is projective.

Proof. Consider the sum M = @f:_&Mi, we claim that if 77 generates a normal
basis for kp over Kk, then the vector (77)o<i<. with all components equal to 7
is a generator for M. Indeed via v we obtain any element of the form (&)o<i<e
(that is with equal components), and we obtain as

e—1

% Z ! ((Cfijk@)ogi@)
3=0

the vector whose k-th component is & (recall that (e,p) = 1), and the other
components are 0. Consequently M = kp[H]w is a quotient of the free mod-
ule kp[H], and is equal because they have the same dimension. Hence M; is
projective, being a direct summand of a free module. O

It follows that [U;+1, r]r is complemented in [U; p]r as F,[H]-module, and
(o)
[F¥]p = (F1r/warle) © €D ([Ui’F]F/[Um,FJF)-
i=1
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We recovered essentially [Iwa55, Lemma 1], where the same result is obtained
via a computation. The ¢ such that the term appearing in the summand is
possibly nontrivial are 0,Ip = rer/(p—1), and the 0 < ¢ < Ip that are prime
with p. We remark that we did not require H to have order prime with p, not
even a trivial p-core.

We now study the M; changing the scalars to the algebraic closure F,,.

Proposition 4.2.4. Let V; be the F,[T] module of dimension 1 where T acts as
multiplication by C*. Then

M; ®y,c Fp = Indf (V3),
as F,[H]-modules.

Proof. By definition M; is a kx[H]-module, but it also has a natural structure
of kp[T]-module. We have the map

M; @y kF — kp[H] @ pr) M; = Indf (M),

f-1
a®pf— Z v @ v (a)B,

i=0
which is readily verified to be an isomorphism of xr[H]-modules. Extending

further the scalars from kg to Fp we have the proposition. O]

Since H acts trivially on the coefficients kx we have that M; ®r, kx =
(M;)?% as kx[H]-modules, and consequently

M; @, F, = (mdﬁf (w)) T

Being induced from a simple module the module obtained is projective [Alp93],
Chap. 3, §8, Lemma 5|, and together with the fact that this equivalent to M;
itself being projective this implies an alternate proof of Prop.

4.2.3 Irreducible submodules

Let H =T x U be the group of the tame extension F/K, with inertia equal to
T. For i > 1 let M; be the Galois module defined above, formed by the set kg
with action defined as

(@) =¢'a,  v(a) =af,

where ( is a fixed e-th root of the unity.

Assume that F contains the p-th roots of the unity, and let V, be the F,[H]-
module dimension 1 corresponding to the cyclotomic character w. Then we have
that

[F¥|p = [F*|p/[Urlr® D ([Ui’F]F/[UiJrl,F]F) ® [Urp,Flr
i€[0,IF]
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~F,o| P M|oV,
i€[0,IF]

where I'r = per/(p—1), and [0, Ir] is the set of integers prime with p in the inter-
val [0, Ip|. Indeed, [Ur, r]F corresponds via Kummer theory to the unramified
extension of degree p, which is Galois, so the action on the module is twisted
via w and [Ur, rlr = V., while the action on [F*|p/[Ui r|lr = F, is clearly
trivial.

When considering the irreducible sub-representations of dimension 2 we can
clearly reduce to consider the M;. Consequently fix ¢ € [0, Ir], and consider the
extension to the algebraic closure M; = M; ®F, Fp. To study the representation
we can assume that T acts faithfully, quotienting out the elements in T" that act
trivially.

Putting oo = ¢* we have that its order is equal to ¢, and let V,, be represen-
tation of dimension 1 where 7 acts as multiplication by a. By Prop. we

_ !
have M,; & (Ind?(V@) "
Let U be the centralizer of T in U, and consider first

md%Y (V) = Fo[U] ® V.

Assume that U is generated by © of order 4, and consider the structure of F,[U].
Then the above representation can be written as

D Vs,

B:8%=1

where V(4 ) is the representation of dimension 1 such that 7, v act by multi-
plication by a and . Consequently we have

Ind7 (Vo) = @ Wdf, 5 (Via,s)-
BlpE=1
Denote Ind?xﬁ(‘/(a’ﬁ)) as J(a,3), and let Y = Zie[[O,IF]] M;. We compute
now the multiplicity of J(4 5y in Y. The ¢ such that ¢ = a, and M; appears in
the sum, have equal remainder modulo e. Those in [0, Ir] having fixed remainder
are Ip/e = rex/(p—1), and being (e,p) = 1 those prime with p are exactly ex.
Consequently the representation appears e fx = [K : Q] times as J, g), and
this multiplicity should be multiplied by s = (U : U), when taking into account

the conjugate pairs (oﬂi,ﬂ) that yield the same representation.

Lemma 4.2.5. Assume a® =1 fore = e(F/K), and the order of « to be exactly
t. Let s = ord;(t), and put u = f = f(F/K), and @ = u/s. Assume " = 1.
Then the multiplicity of Ja,p) in'Y is equal to s - [I : Qp].

As obtained proving Prop. |4.2.2] the representation Ji, g) has lem(w, (7, fx))
conjugates over [, where r = [Fp(a) : F,], and w = [F,(8) : Fp]. Let D be the
field of definition of J(,, g, its degree over ¥}, is also equal to d = lem(w, (7, fx)).
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Let X be an irreducible sub-representation of Y that is defined over I, and
containing a unique copy of Ji, g), necessarily defined over D. Then it contains
the full Galois orbit, and from each copy of Ji, g) contained in Y and defined
over D we obtain a representation isomorphic to X.

Consequently to count the sub-representations isomorphic to X and defined
over I, we are reduced to count the sub-representations that are isomorphic
to Jia,s), and defined over D. Let J gy have multiplicity m in Y, we can
equivalently consider the sub-representations contained in (J(4,5))™, working
over D.

Let’s consider the immersions

Ja,8) = (Ja,8))™

which are defined over D. By Schur lemma each component is multiplication
by a constant € D, and two immersions have the same image if and only if
they differ by multiplication by a constant. The total number of immersions is
consequently |D|™ — 1, while the possible constants are |D| — 1.

Lemma 4.2.6. Assume that the irreducible representation Jo gy has multiplic-
ity m in'Y. Assume that Ji, gy is defined over D, and let d = [D : Fp]. Then
the number of representations defined over F,, and containing a representation
isomorphic to Jia. gy is (p?™ —1)/(p? — 1).

4.2.4 Extensions with prescribed Galois group

We give now a specialization of the characterization of the previous section to
irreducible representations of degree 2, obtaining the classification of extensions
of degree p? with no intermediate extension.

Let a,pB € Fp, let ¢ be the order of a and r = ord; (p), which is also equal
to [Fp(a) : Fpl. Let s = ord; (¢) and w = [F,(8) : F,)].

Let F/K be a tamely ramified extension with group H = T x U, where
T = (7) is the inertia subgroup Hy whose order is assumed divisible by ¢, and
let U = (v). Let U = (9), for & = v*, be the set of elements of U acting trivially
on T/T*, and assume that F/K is big enough so that |U]| is divisible by the
order of 3, and |T| is divisible by the order ¢ of a.

Let V{q,p) be the Fp [T x U ]-representation of dimension 1 where 7, @ act by
multiplication by «, 5. The representation

H
Jia,p) = Indp 5(Via,9))

has dimension s, and by Lemma gl its multiplicity in [F*]p @F, Fj, is s« [K :
Q,], when «, 8 are not both in E‘Zf so the representation cannot be trivial or
= u,). Its Galois orbit is formed by d = lem(w, (r, fk)) elements, and this is also
the degree of the field of definition over IF),. The irreducible representation over
F, obtained forming the orbit has degree lem(™w/(r,fx),r). It is clear that we
can chose once and for all an extension F'/K satisfying the above requirements
for all @ and (8 corresponding to a representation of bounded degree. Indeed, F'
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can be taken as in Theorem [{.1.1] ensuring additionally that its Galois group is
a direct product of the inertia and a complement.

Let Y = [FX]r. By Theorem an irreducible submodule X C Y corre-
sponds to an isomorphism class of extensions whose group of the normal closure
is

(X™ ® pp) x (H/ ker(p)), for p: H — Aut(X™ % pp).

Considering rather the submodules X of Y* ® p,,, which is 2 Y, we can assume
that the Galois group is

X x (H/ker(p)), for p: H — Aut(X).

We remark that the subgroup of GL(2,F,2) generated by all matrices of
the form <a ap> for a € ]F;z, and the matrix <1 1), is isomorphic to

F;z x Gal(FF,2/Fp). Its action is exactly the natural action induced on the
left component of F,. ®, Fp2, where o ® § is identified with (af,o(a)p).
The group obtained making it act on the Gal(F 2 /F,)-invariant elements, that
is the representation over IF,, is consequently isomorphic to the extension of
F)2 % Gal(F,2 /F;,) acting naturally on ]F;E, >~ (F,)%. Equivalently we have that
the action described by the matrices is obtained extending scalars to IF,2. All
groups we are considering act like a subgroup of this group of matrices, and
the isomorphism class of the subgroup will identify it uniquely as a subgroup of
IE‘]:Q x Gal(IF,2 /IF),).

Let’s defined for convenience the function % (a, b), that for natural a, b counts
the number of elements with order a in the group Cy x Cy. It can be expressed

T veb=e @, I1 (1—;) 11 (1_;2). (4.1

£ prime ¢ prime

lla/(a,b) la, tta/(a,b)

Case (2] fx). In this case for the dimension to be 2 we need r,w < 2, and at
least one to be equal to 2, and we always have s = 1. The group acting in the
representation is cyclic of order equal to the order of (c, 3) in F;z X ]F;z, and

acts as the unique subgroup of IF:Q of that order on a space isomorphic to ]F;E,
itself.
Let ¢ | p? — 1 but ¢{ p — 1, then the number of elements in IF;Z X IF;2 having

order c is equal to 1(c, p?> —1). In the other hand J(a,8) = V(a,p) has multiplicity
n = [K : Qpl, and by Lemma the number of sub-representations is (p?" —
1)/(p* — 1) being the representation defined over F,2. Since the we need to
count together («, 5) and (a?, 5P), we need to divide by 2.

Let C be the cyclic group of order ¢ in F;fg, we obtain that the number
of classes of extensions whose normal closure has Galois group isomorphic to

IF; x C is exactly

. %w(cvp2 - 1)
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Computing the full number of pairs («, 3) in F:z X ]F;2 but not in F x F

we obtain the full number of classes of extensions with degree p? having no
intermediate extensions

2 _ 2n
67 177 - (p - 17] = LI =)

S|
[ %)
|
—
N | —

Case (21 fx). Inthis case the representations of dimension 2 over are obtained
when one of r,w is 1 and the other 2.

For r = 1, w = 2 we need to consider the pairs («, 8) in Fy x ]F;2 but not
in FX x Fy. Let c | p?> — 1 but ¢ { p — 1, the possible pairs (a,3) of order ¢
are ¥ (c,p — 1). Similarly to above the number of extensions with Galois group
IF;Q x C is

an -1 1

= ~1

and the full number of extensions obtained in this way is

2 o pp—1)(P*" —1)

Assume now r = 2, w = 1. In this case the group acting in the representation
is non-abelian, s = 2, and the action on J(, gy is described by the matrices

which generate the subgroup H of GL(2,F,2) say. The multiplicity of the repre-
sentation is equal to 2n, but the pairs (a, 8) and (a?, ) in IFZQ x ) induce the
same representation. Being J(, ) defined over F), the representations coming
from J, g) are exactly (p*™ —1)/(p — 1), by Lemma @

We identify the isomorphism class of groups generated by 7 and U. The
matrix 7 and U? generate a cyclic group C of diagonal matrices, which taking
the first entry on the diagonal can be identified to the subgroup of F;z generated
by «, 8. Multiplying U by a diagonal matrix in the group, we obtain

()66

which scaling the second vector of the basis by 7? becomes

<1 w”ﬂ) _ (1 71’*16).

In particular 3 is defined up to elements of CP*!, and clearly different classes
correspond to non-isomorphic groups, considering the invariant obtained squar-
ing a the non-diagonal matrix. Consequently the generated group is identified
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by the order of the cyclic group C C F;z, and the class of § in (C'NF))
mod CP*1,

Being (F); )P+ the whole F )¢, we remark that each group of matrices consid-
ered above is contained in the group obtained taking a primitive root for o and
B =1, which turns out to be isomorphic to F;z x Gal(F,2 /F)) with the natural
action on ]F;;. On the other hand each subgroup is obtained from a suitable
pair (a, B).

Let ¢ be the order of C. Since (p—1,p+1) = 2 (or 1 for p = 2) we have that
(CNFx)/CPT! has order 1 or 2, and the order is 2 exactly when vy(c) > 0, but
va(c) < va(p? —1). Let’s consider this case, and let (o, 3) generate C, and 2 be
the biggest power of 2 dividing c¢. Then 8 € CP*! if and only if its order is not
divisible by a power of 2 bigger than 2¥/(2¥,p 4+ 1). Since 3 can be changed by
an element of CP*! obtaining an isomorphism group H, we have that 5 € CP+!
if and only if C' — H splits.

Let’s decompose IE‘;Z, x ) as direct sum of ¢-groups for each prime /, and
chose the components of («, ) in this sum, which can be taken to be any element
with the correct order. For ¢ # 2, the choices have no effect on the condition
that 8 € CP*L.

For £ = 2 the group is Cow+= X C=, where 2*||(p+1) and 2°||(p—1). Assume
2%||c for some 1 < k < w + z. If z = 1, then 3 € CPT! precisely when we are
selecting the 2-component as (x,1), and this amounts to 1/2 of the cases for
k > 1, and 1/3 of the possible cases for k = 1. If w = 1, then 3 € CPT! precisely
when the 2-component (z,y) is such that = has bigger order than gy, and since
k < z this happen 1/3 of the times.

Consequently let

1 if va(c) = 0 or va(c) = vo(p? — 1),
Ae,p) =4 1/2 ifva(p—1) < vale) < va(p? — 1),
1/3 if 0 < wa(c) < wa(p —1).

Then A(e,p — 1)1(c,p — 1) is the number of pairs («, 8) such that the group C
generated by «, 8 has order ¢, and 3 € CP*, while (1 — A(c,p — 1))¥(c,p — 1)
is the number of pairs such that 3 ¢ CPT1. Multiplying by %(p*" —1)/(p — 1)
we obtain the number of isomorphism classes of extensions having a particular
group.

The total number of classes of extensions for r = 2, w = 1 is obtained as

an_ll
p—1 2

1
[(p=D* = 1) = = 1)*] = 5pp - HE™" - 1),
and the total number of classes of extension having no intermediate extension
is again

plp—1DP™" —1)  p*+p—2)(p*" —1)
2(p+1) B 2(p+1)

We collect all the results obtained in the following theorem.

%p(p ~ P> -1)+
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Theorem 4.2.7. Let K be an extension of Q, of degree n. Let c be an integer
dividing (p* — 1) but not (p—1), and let C be the cyclic subgroup of ]F:z of order
c. Let G(C) be the number of isomorphism classes of extensions of degree p*
such that the normal closure has group isomorphic to IF';; x C. Then

2n
pt—-1 1
p2 1 . §¢(C,p(fk’2) . 1)'

G(C)=

Let H be a non-abelian subgroup of IF;2 x Gal(FF,2 /IF,,) not contained in F;z. Let

G(H) be the number of isomorphism classes of extensions of degree p* such that
the normal closure has group isomorphic to IF;FZ X H. Put C = HnN IF;2 and
c=1C|. If 2| fx then G(H) =0, while if 21 fx we have

Gg(H

)_{ )\(c,p—l)~%-z/)(c,p—l) if C — H splits,
L

1=Xep—1))- 5(2;;11) “p(e,p—1) if C — H does not split.

The above groups exhaust the groups of normal closures of isomorphism classes
of extensions of degree p> having no intermediate extension. The total num-
ber Kx of isomorphism classes of extensions of degree p?> with no intermediate

extension s ) )
p(p*+p—2)(p™ - 1)
2(p+1)
We obtain 4 classes of extensions of degree 4 over Q2 with no intermediate

extension, and 30 of degree 9 over Q3, as can be verified in the database of local
fields.

Kk =

4.2.5 Solvable subgroups of S,: which are realized

We characterize here the transitive solvable subgroups of S,. that possess a
filtration that could fit into the ramification filtration, and describe which of
them are Galois groups of a p-adic field.

Let G be a Galois group of the normal closure of an extension L/K, if W
is the subgroup fixing L/K then we have a natural G-set formed by the lateral
classes G/W. A set of laterals containing W forms a block for the action if and
only if their union is a subgroup. Consequently the action is imprimitive if and
only if there exists an intermediate group between W and G, or equivalently if
and only if L/K has a proper subextension, F say.

Let’s restrict to primitive subgroups, so let G be a solvable transitive sub-
group of Sp> that we assume primitive. In a solvable group a minimal normal
subgroup is always abelian elementary, or it could be replaced with an ¢-Sylow
of the last non-zero term of its derived series, which is characteristic in the sub-
group and consequently normal in the full group. Let A be a minimal normal
subgroup of G.

Now if X is an orbit for A, then gX is an orbit for gAg~' = A. Thus G can
only permute pairwise disjoint orbits of A, and its orbits form blocks for the
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action of GG. In our case the action is imprimitive, so A should be an ¢-group
acting transitively on p? elements, so A = C,, x C), and we will consider it as a
vector space over [F,,.

The stabilizer of one point H is a complement for A, so G =2 Ax H. Now H
cannot have a non-trivial p-core, or it would imply the existence of a non-trivial
invariant subspace B of A, and the G-set G/H would have a quotient G/BH,
implying that the action was not primitive. Furthermore the elements of H
commuting with A are contained in all conjugates of H, which are exactly the
stabilizers of the points, so Cr(A) is trivial because each element in it fixes all
p? elements of the action, and hence H embeds into Aut(A4) = GL(2,F,).

Since H has trivial p-core, it follows that if G is the Galois group of a local
field then we must have G; C A. In particular we should have G7 = A because
(1 cannot be trivial or a p-Sylow should be cyclic, neither it can be a proper
subspace of A, which cannot be normal in G.

In particular H is the Galois group of the tame subextension, and has a
cyclic subgroup Hj of order prime with p, such that H/H, is also cyclic with
a generator ¢, acting on Hy by = — x9. It is consequently a quotient of a
group of a tame extension that was considered in Section and we already
showed that the action on an irreducible representation of dimension 2 over [,

in a suitable basis over F,, is always generated by a matrix (a p) for some
et

a € IF;Z, plus possibly a matrix (1 B ) for B € 5.

Proposition 4.2.8. FEach Galois group of the normal closure of an extension
of degree p? with no intermediate extension is an extension by IF;; of a subgroup

HC IF;Q x Gal(IFy2 /) that is not an abelian group of exponent p—1. If 24 fx
all possible IF;; X H are realized over K, and if 2 | fx those realized are all
FZQ X H for H abelian.

4.3 One intermediate extension

In this section we apply Theorem to classify the isomorphism classes of
extensions of degree p? of a p-adic field K having exactly one intermediate
extension. When the isomorphism class of the intermediate extension [E/K] is
fixed, we will obtain formulee giving the exact number of classes that have F as
unique intermediate extension, and as Galois group of the normal closure a group
with prescribed p-Sylow and prescribed action of Gal(F/K) on it. A slightly less
explicit formula counts the number of classes of extensions whose Galois group is
in a fixed isomorphism class. We then determine which solvable subgroups of 52
can be realized, and in particular we will see that each transitive subgroup with
a suitable ramification filtration occurs as Galois group over a proper extension
of Qp, while this is false for Q,, itself for p > 5. We end with a formula for the
total number of classes of extensions with one intermediate extension.
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Let as above F' be the maximal abelian extension of exponent p — 1, and
H = Gal(F/K). We will fix a class [E/K] of extensions of degree p of K, with
Ep = EF. Then Er/K is Galois with group G, whose unique normal p-Sylow
is S = Gal(Ep/F). Assume Ep = F(I''/?) for the submodule T' of dimension 1
of [FX]F.

The groups S, I' and the group of p-th roots of the unity u, € F' are cyclic
groups of order p, and their automorphism group can be canonically identified
with F;. The action of H on them can consequently be described by characters.
Let

w: H — Aut(u,) =T, p:H— Aut(T) = F)
be the character describing the action on yu, and I'. Then being canonically
S =T ® u, the action on S is described by p = p~lw.
Let
H* = {qb :H — JF;}

be the set of all characters. qu ¢ € H* will put qAS = ¢ lw, and call it twisted

inverse of ¢. We clearly have b= o.

If we fix the extension FE in the class [E/K], then H can be identified with
Gal(Ep/E), which is a complement of S in G, and then G =2 S x; H. We
remark that if F is the normal closure of F/K then Gal(E/K) is isomorphic to
S Xp (H/ker(ﬁ)).

When the action p of H on the p-Sylow is fixed, we will see that the F,[G]-
module structure of [E] g, is essentially independent on the particular field Ep
considered. In particular the only other information required will be whether
(pisin Ng, ,p(Ex) or not.

Once this structure is described, it is possible to consider the indecomposable
F,[G]-submodules of [Ej]g,, and enumerate such submodules = having fixed
length, and a fixed action of H on Z/rad(=).

Let M = Ep(EY?), and let T = Gal(M/E). Then T = Z* ® pu, as F,[G]-
module, and the group of M/K fits into the exact sequence

1—T— Gal(M/K) — G — 1.

Being G = S x; H it is easy to see that the isomorphism class of Gal(M/K)
is uniquely determined by its p-Sylow P = Gal(M/F). Indeed, the p-Sylow is
normal and hence it has a complement, that we will still identify with H up to
a choice. The action on the p-Sylow is uniquely determined by the action on
T and S = P/T: if it was not the case, there would exist an non trivial action
of H on P fixing T and S. Any such action would map a generator o of S to
an element o7 for 7 € T, and consequently it would have order p, and this is
impossible considering that |H| is prime with p.

If A is an Fy[H]-module generating =, and the action of H is described by
X, then this is also the action on Z/rad(Z), and the action on soc(T') will rather
be given by ¥ = x 'w. The group of a normal closure L of the corresponding
class [L/K] of extensions of degree p? such that Ly = Er(A"?) will be P x
HJ (ker(p)ker(R))-
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We have from Chap. 2] Prop. 2:2.2] and [2.2.3] that fixing a generator of S
we can define a homomorphism ¢ : [Ej]g, — pp, with the property that P
has exponent p if and only if = has length < p and is contained in ker(e). This
additional data allows to determine uniquely the p-Sylow, and hence the full

group.

4.3.1 The module of power classes

Let M = [Ej]g, for short. In this section we will completely describe its
structure as F,[G]-module.

We have G = S x H where S = Gal(Er/F) is the normal p-Sylow, which
is cyclic of order p, and H a complement. Assume S = (o), then the radical
of Fp[G] is generated by (¢ — 1). In particular the elements of the socle series
and radical series of a module coincide if it is considered as F,[G]-module or as
F,[S]-module.

Each indecomposable F,[G]-module X is uniserial of length ¢ < p, so in
particular rad® 1 (X) = soc!(X), and is uniquely determined by the length and
by the F,[H]-module structure of soc'(X). Let N = rad?~'(M), then it detects
the indecomposable factors of length exactly p, and M contains a direct factor,
which is isomorphic to Ind% (N). Since (¢ —1)P~!is equal to 0?1 4 --- + o+ 1
in I, [S], it follows that N is equal to [Ng, /p(Ef)]Ep-

We will now describe the structure of N as Fy[H]-module. If y € H* is a
character and X an FF,[H|-module, we denote by X, the generalized eigenspace
of X on which H acts via y. Being |H| prime with p, it follows that X can be
decomposed as direct sum of the X, over all possible characters.

We will start from a description of [F'*]r as F,[H]-module.

Proposition 4.3.1. Assume [K : Q,] =n. Let x € H*, then we have
dim[pp[FX]RX =n-+ 5>1( + 5;,
where w is the cyclotomic character H — Aut(u,) = FX.

Proof. See for instance [DCDOT]. O

Assume Ep = F(I'/?) for a submodule T' € M. Then T is the kernel of the
reduction [F*|p — [F*] g, indeed is represented by the elements in F*N(Ex)P
by Kummer theory. Furthermore I' is contained in [Ng, ,p(E} )] r, unless p = 2
and —1 ¢ Ng,,p(Ey). In this last case if the extension is obtained by the
equation 22 — «, then o becomes a square and —o a norm, and « is a norm if
and only if —1 is a norm too. We will assume that we are not in the case of
p=2and —1 ¢ Ng,,p(E}), which will be considered later.

Let’s recall that the action of H on I is described by p. By local class field
theory

F*Ngg r(Ep) = [F7]rp/[Npeo/r(Ep)lF
is canonically isomorphic to S = Gal(Ep/F), and is also isomorphic to [F*] g, /N
being I' C [Ng,.,r(Ef)]r. They are isomorphic as F,[H]-modules, and the ac-

tion is described by the character p = p~tw.
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Consequently removing one multiplicity for each of these characters we the
following description.

Proposition 4.3.2. Assume we are not in the casep = 2 and =1 ¢ N, p(Ef).
Then for each x € H* we have

dimg, [F ], =n+ 6y + 6 — 62,
dimg, Ny = n + 6} + 62 — 62 — 6.

We remark that F,[H] ®p, () N has dimension p(p — 1)?n, which is equal to
[EF : Qp). By the description of the multiplicative group we obtain instead that
M has dimension p(p — 1)?n + 2, so what is left to determine is just a module
of dimension 2. It will be determined thanks to the description of soc!(M).

We recall that by Chap. [2| Prop. 2:2.3] the socle of M is equal to

soc! (M) =

{[FX]EF ®(6) if(pe NEF/F(EIE) (4.2)
F

[FX}EF if Cp ¢ NEF/F(E )a

in the first case § € M is such that Er(6"/?) is cyclic of order p? over F.

This is already enough to determine the remaining factor. When ¢, is a
norm, it has length one and is product of two submodules of dimension 1 where
H acts via p and p. When (, is not a norm, it is indecomposable of length 2,
and H acts on the socle via p. We remark that the second case can happen only
when (, generates FX/NEF/F(EE), so the action on S and p, have to be equal
and p = w.

The function € : M — pu, is surjective, and £(6) # 1 when ¢, € Ng,/p(E}),
while e(n) # 1 for some 7 € soc?(M) when (, ¢ Ng, ,r(E}). While € depends
on some choice, ker(¢) is defined in a canonical way so it is an F,[G]-submodule,
let’s denote it by II.

Since we assume we are not in the case p = 2 and —1 ¢ NEF/F(E;),
then rad?~!(II) = N. Indeed either p > 2 and soc?(M)II = M so II generates
M/ socP~1(M), either p = 2 and soc! (M)IT = M being a complement generated
by &, and we also have that IT generates M/socP~1(M). Applying (o — 1)1
we obtain that rad?~*(II) is the whole N = rad?~*(M).

Consequently II is a direct sum of a module isomorphic to Fp[G] @, ) N
and one isomorphic to [F*]g./N.

Proposition 4.3.3. Assume we are not in the casep =2 and —1 ¢ Ng, /p(Ey).
Then the module 11 is isomorphic to

(Fo[G] @, (m N) @ ([F*] e, /N). (4.3)

In any case we always have

-1
dim, (soc! (D)) = n + 8 + > (8 + 05, = 00, — o2 ).
=0
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Proof. We only have to prove the second formula, which is immediate consid-
ering that the action on [F*]g. /N is given by p, and for each indecomposable
module X of length p have
dimg, (soc"™ ! (X)/soc’ (X)), = dimp, soc(X) iy,
by the description of indecomposable modules of Chap. 2] Prop.
For p=2and —1 ¢ Ng, ,p(E}) we have that all characters are trivial, and
N is equal to [F*]g,., rather than being a subspace of codimension 1. However
soc' (M) C II and II/soc! (M) has codimension 1 in M/ soc' (M), so rad?~*(II)
has codimension 1 in N, and the formula is still verified being II equal to the
with rad'(IT) in the place of N. O

Let’s set h = h(Er/F) to be
1 if N EX

h(EF/F): 1 Cpe EF/F( §)7

2 ifg ¢ NEF/F(EF)'

The following proposition gives comfortable description of M.

Proposition 4.3.4. As an Fy[H]-submodule II is complemented in M by a
submodule A = (\), on which the action of H is described by p. The smallest
length of the F,[G]-module generated by A is h(Ep/F).

Proof. Indeed, soc”(II) is strictly smaller that soc”(M) for h = h(Er/F), and
hence there exists an F,[H| invariant complement. The action is either equal
to the action on (§), that is p, either h = 2 and the action is p~!p = 1, but this
case is only possible when p = 1. O

4.3.2 Classification of extensions

We will now exploit the description of M = [Ex]g, to give formule counting
the extension with a fixed group of the normal closure.

In particular the extensions having a fixed p-Sylow and action of H on it
are described by the following proposition. We remark that when the p-Sylow
P has exponent p? and is a non-split extension T e S for an indecomposable
F,[S]-module T', then the action of H on S and soc!(T) must be described by
the same character. This is implied by Prop. [£:34] describing a complement
of II, but can also be observed directly, because the p-th power map induces a
canonical isomorphism of S = P/T with soc!(T'), so H should clearly act with
the same character.

Proposition 4.3.5. Let [E/K]| be a class of extensions of degree p, F the
mazximal abelian extension of exponent p—1 and Er = EF. Put H = Gal(F/K)
acting on S = Gal(Er/F) via the character p so that G = Gal(Ep/K) = S x;
H. Let1 <{<p, x € H* a character, and let T be an indecomposable F,[G]-
module of length £ and such that H acts on soc*(T) via X. Let h = h(Er/F) be
1 or 2 depending if ¢, € Ng,/r(ER) or not, like in Prop. .
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Assume as usual p = p~lw, and ¥ = x 'w. Consider the isomorphism

classes [L/E) such that the Galois group of the normal closure Ly of Ly = LF
over K is isomorphic to the semidirect product T x G, with the action of H
described by p and x. Their number is

1 _
Eshp, X 0) = -7 (ps(”’x’“ —ploxt 1)) :

where for each 1 < m < p we have put

m—1

s(p, x,m) = mn + (55; + Z ((%ix + 05, — 0%y — 6;;)() .

=0

Assume x = p and £ < p, then the number of classes [L/E] such that Gal(Ly/K)
1s the non-split extension T e G with the given action of H is

ps(p,p,f) _ pS(P»P’zfl) ng > h,
Enllp,0) = N
0 if < h.

In the case ¢ = p, any extension of G by T is always the semidirect product
T x G, and the number of such extensions is

ﬁ ( s(pxop) _ S(pxpfl)) if X # p,
Es(h, p,x,p) = {23 (pPPPPTE —prleer= D) if = p and p > h,
pfll( (p.p:p)+1 _ pys(ppip— 1)) if (x=p and) p="h=2.
Proof. Tt follows immediately by Prop. [£.3:3 and Prop. [£:3:4] Indeed, the we
have one class to count in Eg(h, p, x, ¢) for each subspace of M generated by an
element in soc’(IT), \soc/~!(IT). The number of generators is exactly p*(PX:) —
p*(PxL=1) “and each subspace is generated by p — 1 possible generators.
Similarly for Ex(h, p,£) the possible generators are of the form v + a\ for
a € Fy, and v € soc!(IT), \ soc*~1(I1), when £ > h, or v € soct(II), when
{=h, because A generates a module of length A.
The last formula is obtained in the same way putting together the two cases,
when p = x. Indeed for £ = p the p-Sylow is always the semidirect product, by

Chap. [2| Prop. O

It is also possible to pass easily to the enumeration of isomorphism classes
over K, rather than the classes over L.

Proposition 4.3.6. Keep the same notation as in Prop.[{.3.3, and let’s denote
as Ks(h, p,x, ) and Ky (h, p,£) the number of isomorphism classes over K of
extensions containing an extension in the class [E/K| and which are computed
in Es(h, p,x,¢) and Ex(h,p,L). Then we have

Les(h,p,x,0) ifp=1and l>2,

= p
Ks(h, p,x; ) { Es(h,p,x,¢) in any other case,
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and similarly

%5N(h,p,€) ifp=1and > 2,

’CN(ha P é) = { gN(h’ P, é) m any other case,

1

where as usual p is the twisted inverse p~ w, where w is the cyclotomic character.

Proof. Follows immediately from Prop. [4.3.5] and Theorem. [4.1.2 O

4.3.3 The possible Galois closures

We show how it is possible enumerating the extensions sharing the same normal
closure. Let [E/K] be a fixed class of extensions of degree p, F' and EF be like
in the previous section, M = [E;]g,, and the same for G = Gal(Er/K), which
is isomorphic to S x5 H.

For each indecomposable F,[G]-module & C M the isomorphism classes
[L/E] of extensions such that Lr = LF has normal closure equal to Exr(E"/7)
correspond to the F,[H]-submodules A that generate it. If we request the action
on A to be given by the character xy and = to have length /¢, all possible A are
enumerated in Prop.

We can compute the number of A generating the same =: each is generated
by an element in 2, \ rad'(Z),. Clearly the dimension of Z, is equal to the
number of quotients soc’(Z)/soc!~!(Z) in the socle series such that the action
on the quotient is described by x. By the description of indecomposable modules
Chap. [2, Prop. we have that =, has dimension [¢/o(p)] where o(p) is the
order of p, that is the smallest integer ¢ such that p* = 1. The dimension of
rad'(Z),, is smaller by 1.

Each A being generated by p — 1 generators, the number of possible sub-
modules is 1

P (pWo(pﬂ _ prz/ow—l) — plt/o®)-1,
From Prop. we obtain the following enumeration of the possible Galois
closures.

Proposition 4.3.7. Keep the same notation as in Prop. with [E/K]
fized and h = h(Er/F). The number of the different Galois extensions obtained
as normal closures of the classes of extensions computed in Es(h,p,x,?) and
En(hyp, L) are respectively

gS<ha an7é) g]v(h,p,f)
pIE/o -1 plteA 1

4.3.4 Extensions with prescribed Galois group

We give formule in terms of the Ky (h, p, £) and Ks(h, p, x, £) counting the total
number of extensions of degree p? of K with prescribed p-Sylow, and prescribed
action of Gal(F/K) on the groups Gal(Ep/F) and Gal(Lp/EFr). The actions
on these groups will be described as usual by p = p~'w and ¥ = x " 'w.
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First, we need to know the number of classes [E/ K] of extensions of degree p
such that, putting Er = EF, the group H = Gal(F'/K) acts on Gal(Ep/F') via
the character p. Let B(p) be such number, by Prop. [4.3.1]it can be computed

as
1

Blo) = = (p"+55+6? - 1) : (4.4-p)

However the values of g are different, depending whether the intermediate
extension [E/K] is such that {, € Ng,,p(Ef) or not. It may happen that
¢p ¢ Ng,/r(Ep) only for p = w, which implies p = 1. We will denote the
two possibilities for the Er/F corresponding to p = 1 as B%(1) and BY(1), and
compute these numbers.

If (2 € F* we clearly have B(1) = B(1) and BY(1) = 0, so assume (2 ¢ F*.
Consider the intersection of all norm groups of the extensions Er such that
Er/K is Galois, and the action of H on Gal(Er/F) is described by p. By
local class field theory it is the biggest F,,[H]-submodule G of [F'*]r such that
the action on the quotient is described by p. By Prop. it has dimension
n+1+490%.

The extensions such that (, € Ng, /p(E}) correspond via local class field
theory to the subspaces of codimension 1 containing the non-trivial subgroup
([¢p]F) C [F*]r. We can equivalently count the subspaces of codimension 1 in
the quotient, which has dimension n + §. They are

BS(1) = p%l (p"+5‘f - 1) (if C,o & F). (4.4-C)

Computing the complement to B(1) we obtain also

| e .
(p Y +61> — o (if ¢p2 ¢ FX). (4.4-¢)

BY1) = o

In conclusion since (2 € F'* if and only if (2 € K* we have

L (pHOT — 1) if (e ¢ FX mHTif e ¢ P
¢ — p—1 (p 1) 1 CP ¢ ’ 4 _ p 1 Cp ¢ 5
B (1) { B(l) if Cp2 € F*, B (1) 0 if Cp2 € F*.

We deduce the following proposition, giving the exact number of extensions
with prescribed group, where the group is identified by the p-Sylow and the
action of H.

Proposition 4.3.8. Denote by As(p, x,¢) and An(p,£) the number of isomor-
phism classes [L/K| having a unique intermediate extension [E /K], where the
group H = Gal(F/K) acts on Gal(Er/F) and Gal(Lr/EFr) via p = p~'w and
X = x"'w respectively (set x = p for Gn ), and such that the p-Sylow is respec-
tively a split or non-split extension of Gal(Er /F') by a module of length £. Then
we have

As(p:x, 0) = { BE(1) - Ks(L Lo 0) 4 BYD) - Ks(21x.0) if p—1.
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and similarly

_ B(p) - Kn(1,p,0) if p#1,
An(p,0) —{ BE(L) - Kn(L1.0) 4 BU1) K (2. 1.0) if p= 1.

We remark that fixing the action we are considering an equivalence on the
Galois group of the normal closures that is finer than that of just the isomor-
phism class of the group. The number of extensions having group isomorphic
to a prescribed group can be obtained as a sum over the possible p, £ giving the
isomorphism class.

We show now how to enumerate the extensions in the same isomorphism
class. Assume that H acts via the characters p and x on S = Gal(Er/F)
and Gal(Lr/Er), and let T = Gal(Lr/Er), which as usual is assumed to
be an indecomposable F,[S]-module of length ¢. Let A be the image of the
homomorphism

(5,0 'R) : H = (F) xF)),

which is isomorphic to H/ker(s,%). As subgroup of (IF; X IF;) it carries the natural
characters given by the projections 71, w2 on the coordinates. This characters
are clearly equal to p, p*~y via the identification of A with H/ker(p,5'~*x). Note
that if H acts on soc!' (T)) via ¥, then the action on T'/ rad' (T) is given by p'~*y,
by Chap. 2| Prop.

Consequently the group G of the normal closure over K is one of

(T'xS) %A, (TeS)x A,

where as usual 7' is an indecomposable F,,[S]-module of length ¢, and the action
of A is uniquely determined by the actions on S and T'/ rad" ('), which are given
by 7 and ms.
Let
A'={(z,a") :z € F}} C (F} xF)),

and for each subgroup B C (IF; X IE";;) let B™ be the subgroup obtained flipping
the coordinates.

Proposition 4.3.9. In the case of the non-split extension, A C A*~t, and
the isomorphism class is determined by A. If the extension is split, then the
isomorphism class of group is determined by A when £ > 3, and by {A, A"}
when £ < 2.

Proof. When the extension is non-split, the p-th power map determines a canon-
ical isomorphism S — soc!(T'), and on these modules the action of (x,y) € A
is given by multiplication by z and 2‘~'y, which must therefore be equal. The
particular group A is determined by its order, so clearly the group determines
the isomorphism class.

Let the extension be split, then the Frattini subgroup of the p-Sylow is
rad’ (T), being the corresponding quotient an abelian elementary p-group of rank
2. When ¢ > 3, the elements of T" are exactly those acting trivially by conjugacy
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on rad'(T). Thus, given an action of A on T x S we have that A is uniquely
identified to a subgroup of (F, x F’). If £ < 2 then each subgroup of index p in
T x S is an indecomposable split extension of the quotient, and it is A-invariant
(and hence a normal subgroup of G) precisely if the image in T/rad*(T) X S is
A-invariant. Each invariant subspace gives a possible splitting, and an element
(z,y) € A acts on the quotient and the subspace by multiplication by x and y,
or vice-versa. O

For a fixed A, we can now count the extensions with group isomorphic to a
prescribed extension.

Theorem 4.3.10. Let A C (F; xF)), and1 < € <p. Let S be a cyclic group of
order p, and T an indecomposable F,[S]-module of length £. Denote by Gs(A, ()
and Gn (A, £) the number of isomorphism classes [L/K| whose Galois group of
the normal closure isomorphic to (T x S) x A and (T e S) x A respectively,
where (z,y) acts on S and T/ rad*(T) as multiplication by x and y respectively.
Assume A C A%~¢ in the case of the non split extension. Then we have

Z -AS(p7Xv£) ZfZ Z 37
pXEH™
img(p,p' " %)=A
> As(p,x,0) if£ <2,

pyXEH™
img(p,p' T X)=A or AT

gS(A7 E) =

and similarly for £ < p —1 we have

Gv(A, )= > An(p0).

Proof. The proof is clear by Prop. and observing that whenever the action
on S and soc!(T') are given by p and ¥, then the action on T/ rad'(T) is given
by p'%. O

4.3.5 Solvable subgroups of 5,: realized

Similarly to what done in the primitive case, we consider now the imprimitive
solvable transitive subgroups of S,» having a suitable ramification filtration,
which correspond to possible Galois group of the normal closure of an exten-
sions with intermediate extensions. We characterize here the transitive solvable
subgroups of S,2 that possess a filtration that could fit into the ramification
filtration, and describe those realized as Galois groups of a p-adic field.
Consider the elements acting trivially on the set of blocks, their action on
each block is described by a solvable subgroup of S, which is a subgroup of the
group £}, of functions C}, — C), of the form x — axz + b for a # 0. On the other
hand such elements are exactly the kernel of the action on the blocks, which
has image contained in F}, as well. In this way we obtain that G is contained
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in the semidirect product (F,)? x F),, with the action of permutation of the
coordinates. The second F}, acts on p? elements permuting the blocks, and
preserving the orbits on each block.

Let’s identify F}, with C, x Cy, where Cy; = Aut(C}). Quotienting by the
subgroup (C,,)P NG we obtain a subgroup G of (Cj)? x F,,. Now the ramification
filtration forces the subgroup C, <0 F), (which is non-trivial because the action is
transitive) to act trivially on G N (Cy)?, or the derived subgroup would contain
a non cyclic subgroup of order prime with p. Indeed, G’ is smaller than the
image of G’, which is contained in Gy, and recall that G; is a p-group, while
Go /Gy is cyclic.

Consequently G N (Cp)P is formed by elements whose components are all
equal so it can be identified to a subgroup of C itself, and its action on (Cp)?
commute with the action of F},. Thus G is a subgroup of

[(Cp)? > Cp)] x (Cy x C),

where one of the C; acts diagonally on M = (C},)P and trivially on C,, and the
other C} acts by automorphisms on €, and trivially on M/ rad' (M), where M

is viewed as an [F,[C},]-module. In other words, G has to be one of the groups
(T'x S)x Aor (T'eS)x A considered in Prop. |4.3.10

Proposition 4.3.11. Let G = (T'x S) x A or G = (T e S) x A be like in
Prop. for a subgroup A of (F)* x F)\) that we assume contained in A%t
in the case of the non split extension.

Then G is always realizable, unless the base field is Q, and A C Al and
non-trivial.

Proof. Let H = Gal(F/K) like in Prop. For an arbitrary surjection
H — A we have composing with 71, 1o two characters «, 3, which are equal to
p and p'=¢y for some p,x € H*. As usual the characters p and ¥ describe the
actions on S and soc!(T).

From Prop. G with the fixed action of H is realizable when

8(/%)(,5) —s(p,x, £ — 1) =n-+ 5;571)( + 62)@71)( - 6214—1)( - 55@—1X

is positive. If this condition is satisfied then we are done, because the inter-
mediate extension Er/F corresponding to p can always be taken to satisfy

(p € Ng,/r(E}) by equation [4.4-¢} so h =1 in Prop.
Since p~ 1y = B and p = & it can we rewritten as

1 w & a

Now if A is not contained in A® the characters & and 3 are always different.
Assume w # 1, in the case a = B, or equivalently a = fw, we can compose the
map H — A with an automorphism of H not fixing w, to obtain a new pair of
a, 3 such that 62‘ =0. If n =1 and w = 1 then we are in the case K = Q,, so

all the characters are trivial and the expression is still positive.
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On the other hand A C A if and only if a = 8. If n = 1 the ([4.3.5) can be
positive if and only if we can have 8 =1 or 8 = w, so A is either trivial, either
the whole A!. In this last case o = w, and 62‘ =0.

When A C A! and n = 2, it may happen that 52‘ is positive only when
2

a = f = «, so a® = w, but applying an automorphism of H we can always
ensure that o? # w. O

We observe that, in the imprimitive case, all the possible groups are realized
over a proper extension of Q,. Over @, those not realized are those where A is
cyclic of order d dividing p — 1 but # 1,p — 1, and with identical action on S
and T/ rad*(T).

In the classification of the extensions of degree 9 of Qg it was observed by
Jones and Roberts [JR04] that somewhat coincidentally all the 23 transitive
subgroups of Sy having a proper ramification filtration have a normal 3-Sylow
and are realized as extensions of Q3. This turns out to be true because for p = 3
the only divisors of p — 1 are 1 and p — 1, so this is indeed very incidental.

4.3.6 The total number of extensions

Theorem. supplies a way to obtain the total number of extensions having
exactly one intermediate extension, that is in the class [F/K]. The purpose
of this section is to obtain an opaque formula giving just the number of such
extensions, independently of the group of the normal closure.

To enumerate the isomorphism classes over E we are indeed reduced to con-
sider the F,[H]-submodules of dimension 1 contained in M = [E}]g,, but not
in [F*]g,. To have the isomorphism classes over L it will be enough remem-
bering, when p = 1, to divide by p the number of modules not contained in
soct(M).

For each character y we know the dimensions of the generalized eigenspaces

dimp, ([E;]EF)X =np+ 08, + 6%, dimp, ([FX]EF)X =n+0, + 65— 6L,

thanks Prop. and Prop. and we obtain that the number &(p, x) of
isomorphism classes over FE is

p5}<+6; 5
Elp,x) = . ( " —p" p).
(P, x) ] pP" —p" %

When p =1 (or equivalently p = w) the extensions coming from subspaces not
contained in soc!(M) are conjugated over K and belong to classes of order p.
Consequently recalling the description of soc! (M) of Prop. we have

6% +6% n e .
AR (pzl —p 5?) if p # w,
5145w " )
K(p,x) = R (p”" —p”‘5><) if p=w=1and ¢, ¢ Ng,/r(Ep),

BT (%(p’m —p") + (" fp"“s;)) if p=w and ¢, € Np,/r(Ep).
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We now compute the sum K(p) = >_, c - K(p, x) for all possible values of
p, in order to obtain the full number of extension as a sum of the kind

K=Y Blp)-Kp).

We need to consider distinct cases depending if w is trivial or not (or equivalently
if (, € K or not). We recall that if {, ¢ Ng, ,r(E}) then we always have w = p,
so in the case p = 1 we also have w = p = 1.

Case w # 1. Suppose first that w # 1. Recall that |H| = (p—1). If p=1# w,
the sum K(p) = K(1) is obtained as

K1) = > K(1,x)+K(1,w)+K(1,1)

X7#w,1

1
= [p* —2p—1] ST PP
p n __ . n p n _ ,n—1
+E(Pp p)‘*‘piil(}?p ")

_ [p2_2p_1+p+p] ppn_[p2_2p_1+p+1]pn

p—1 p—1
= (p+ 1p" —p" . (4.5-1)

If p=w # 1 (and necessarily ¢, € Ng, /r(Ep)) we have

Kw)= > Kwx) +Kww)+Kw,1)

XFw,1
1 1
2 n n
=p —2p-1]-— (" -p
[ J g 7 =)

- <I(PP"—p”)+(p”—p”1)>+ L L)
p—1\p p—1 p
p—2—-1/p]+1+1 . [p=2-1/pj+1—-(p-1)+1 ,

p— 'pp - p
p—1 p—1
=(p+1)prmt —pn—t (4.5-w)

If p is different from both 1,w, we can compute

K(p)= > Klp,x)+K(p,w) +K(p,1) + K(p, p)

X#w,1,p
= — — L P n L n __ . n
= [p*—2p-2] S P ) e )

p—1 p—1
PP -2p-2+p+p+1

P - P
p—1 p—1
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=(@+Lp”" — P> +p-—1)p" " (4.5-p)

We can obtain the total number K of isomorphism classes of extensions of
degree p? having precisely one intermediate extension as

K=Y B(p)-Kp)+Bw)-Kw)+B(1) - K(1)

p#Lw

and thanks to the computation of B(p) in (4.4-g)) it is computed as

pn_l n n—
=p*-2p-1]- - o+ = @ +p—1)p" ]
n+1
p -1 n—1 n—1
) 1)pPr—1 _
S [(p+1)p "
n+1
p -1 n n
e [+ D" —p"

2_2p—1]+1
[p p }+ +p.(p_|_ l)p(p+1)"

p—1
2
p*—2p—1+1+1 n
_ ] “(p+ 1)p?
p—1
P2 +p-D)+p+p’ g1
p—1
2 2 2
P —2p—-1(p*+p—-1)+14+p*> ,_,
+ p
p—1
=(p+ 1)p(P+1)n+1 . (p:s —op— 1)ppn—1
P +pP=3p—1)p" + (p® —3p—2)p" . (4.6)

Case w = 1. In this case for p = 1 = w we have a different number of exten-
sions of [E/K] depending whether ¢, € Ng, ,p(E}) or not. Let’s disambiguate
the values of the sum as K(1 | ¢ € N) and K(1 | ¢ ¢ N). For the extensions
such that ¢, € Ng, p(Ej) we obtain via the computation of K(p, x) at the
beginning

K(1|¢eN)=> K x) +K(1,1)
x#1
= [pQ _ 2p] . L (;(ppn _pn)>

p—1

2
+pp_ . (;(pp” —p") + (" —p"‘1)>
Cp=2A+p . P=2+p-0*-D) .
o1 P

=2p"" ! (p— 2)p™. (4.7-¢)
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In the case of (, ¢ Ng, /r(E}) we have

K(¢¢N) =Y Kx) +K(1,1)
x#1

— [ - 2] —— (1(p”" —p”)>

p—1\p

2

p 1 n n—1
+ - —p )
p—1 <p( )

_ =2t o2+
p—1 p—1
= 2pP"H —p. (4.7-0)

For general p # 1 = w we have

K(p) = > K(p,x) +K(p,1) +K(p, p)

X#L,p

1
=[p*—2p—1] 'ﬁ(ppn—pn)

2

p mn n 1 mn n—
+p_1(pp —p))‘f‘}fl(pp —-p 1)

[P —2p—1]+p*+1 o [»* —2p—1] +p2+1/p]pn
p—1 p—1
= 2pP"H — (2p? — 1)p" (4.7-p)

We compute now the total number of extension, depending whether (,» € K*
or not.

Case (2 ¢ K*. In this case the total number of classes can be computed as

K= Blp)-Klp)+B(1)-K(1| ¢ e N)+B1)-K(1|¢ ¢ N)
p#1

and via equations (4.7-C)), (4.7-¢)) and (4.7-p)) we obtain

pn_l n n—
=[p2—2p]-7p_1 PP = (2p" = 1)p" ]
n+1
p —1 n n
+pj'[2pp + (p — 2)p"]

+pn,+1 . [2ppn _pn]
_[P*—2plp+2p+ 2p(p — 1) pHn
p—1
_@2_2p]p+2 .ppn
p—1

69



MAURIZIO MONGE - A CONSTRUCTIVE THEORY FOR p-ADIC FIELDS

p=2]2p* - 1) —pp—2)+pp-1) 2

p—1
—21(2p2=1) = (p—2
=2 -1) - ).pn
p—1
1
— (p+1)n+3 _ (3 _ 9,2 n
pfl(p (p” —2p +2)p”)
—2(p* —p—1)p* +2(p* —p—2)p" (4.8)

Case (2 € K*. If (> € K* then (, is always a norm, and we have

K=Y B(p)-K(p)+B(1)-K(1|¢ € N)

p#1
—[]72 9 pt—1 n+1 992 _ 1)pn—!
=[p* - p}-p_l [P = (297 = 1)p" ]
n+2
p —1 n n
+ﬁ'[2pp +(p—2)p"]
_ P’ —2p+2p it
p—1
[p2_2p]p+2 N
T
lp=22p* - 1) - p*(p—2) e
p—1
=212 -1)-(r-2)
+ 1 P
1
:ﬁ(P(p+1)n+3_(P3—2p2+2)ppn)
—(p* —p—2)p"" +2(p° —p—2)p" (4.9)

We remark that w = 1 if and only if {;, € K*. Consequently equations (4.6)),
(4.8) and (4.9) can be summarized in the following theorem.

Theorem 4.3.12. Let [K : Q) = n. Let Ki be the number of isomorphism
classes of extensions of degree p? of K having precisely one intermediate exten-
sion. Then we have

(p+ DpPHontl — (p3 —2p — 1)prn—!
—(P*+p*=3p—1)p* 4+ (p* =3p—2)p" !
1 (p(p+1)n+3 —(p® —2p% + 2)ppn)

Kk = Y n n
K —2(p* —p—1)p*" +2(p* —p—2)p

27 (pP s — (pP — 2p% 4 2)pPn)
—(* —p—2)p*" +2(p* —p—2)p"

if G & K,

iprz € K*.
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Applying the above formula we obtain 48 extensions of degree 4 over Qo
with exactly one intermediate extension, and 730 of degree 9 over Q3. These
numbers are correct, according to the online database of local fields, see [JROG].

4.4 More intermediate extensions

For reference, we give here a quick computation of the number of isomorphism
classes of extensions of degree p? having more than one intermediate extension.
Let F' be the maximal abelian extension of K of exponent p — 1, and H =
Gal(F/K).

We are reduced to count the number of reducible F,[H]-submodules of di-
mension 2 contained in [F*]g. Each such submodule X has exactly 2 or p+ 1
subspaces of dimension 1, depending whether X is the sum of two subspaces of
dimension one corresponding to distinct characters of H, and in this case the
decomposition is unique, or if the action on X is described by a unique charac-
ter with multiplicity 2, and in this case each of the possible p + 1 subspaces is
invariant.

Each invariant subspace correspond to a proper subextension of degree p,
so if L/K is an extension of degree p?> with > 1 intermediate extensions, then
it has either 2, either p 4+ 1 intermediate extensions. We will now compute the
number of isomorphism classes in each of the two sub-cases.

4.4.1 One character with multiplicity 2

As it is well known, and can be easily computed, the number of distinct sub-
spaces of dimension k of a vector space of dimension m over a field of ¢ elements
is given by the g-binomial

<m) _ @ =D =1 (M -
k), (¢F =D -1)...(¢—-1)

By Prop. we obtain that the number of invariant subspaces of [F*]p of
dimension 2 of [F*]p contained in one generalized eigenspace is

3 n+ 4y + 6%
2 .

x€H

To give an explicit formula let’s consider first the case with w = 1, considering
that |H| = (p — 1) we have that the number of subspaces is

(-1 - 1] (;‘)p+ ("3 2)p

(P> =2p)(p" - "' -1+ (" -1t -1)

P -1-1)
_ @ = 2p)p* T 4 — (07 = 2p) (0" + ")
(P*=1Dp-1)
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—(p"*t2 4+ p" ) 4+ [p? — 2p 4 1]

+

(P? =1 —-1)
_ PP +p—2)p* — (2 —2)p" + (p* —2p+ 1)
P> =Dp-1)
_ @ 4p+2p =20+ Dp" + (p— 1)
(r*—1) ’

while in the case 1 # w we have

[(p—1)%-2] (Z)p +2<n;1)p

(P> —2p—1)(p" ="' =1 +2(p" " - 1)(p" - 1)

(P*-1p-1)
_@* —2p - 1)t 2p? ) - (7 — 2p — D" +p" )
(P*-1r-1)
JF—Q(p”+1 +p") + [p? —2p + 1]
(P*-1DpE-1)
B =2p-1)p T = (PP +pP—p—1p" T+ (P —2p+1)
B ®»-1p-1)
_Bp D e+ D 4 (p— 1)
(p? = 1) ’

which gives 2 for p = 3 and n = 1, as required.

4.4.2 Two distinct characters

On the other hand, the number of invariant subspaces that factor in two distinct
eigenspaces for w =1 is

o (1)), (1) )

p
-1 {(pz gyl (02 2 - )" - 1]

p—1 p—1 2 p—1
=pW 2+ -2 - p" - 24 (0° - 20— 1)]]
ZPW (3p* = 2p = 1)p" — (p* — 2p+ 1))

(P —=1)(p—2)[Bp+1)p" — (p—1)]
2(p—1) ’

while when w # 1 we have

(nlel)Z+2-((p—1)2—2)- (nir1>p- (T)p+<(p_12)2_2> - (?)2
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2[p2n+2 _ 2p71,+1 + 1] + 4(p2 _ 2p _ 1)(p2n+1 _ pn+1 _ pn + 1)

2(p—1)?
LW =20 = H(* — 2p — 2)[p*" — 2p" + 1]
2(p—1)?
(P4 —dp—2)p* —2(p* —p—2)p" T + (p® —3p+2)p
- 2(p—1) ’

which gives 33 for p =3 and n = 1.

4.4.3 Formulae for the number of extensions

Considering that w = 1 if and only if (, € K, the results of this section can be
resumed in the following proposition.

Proposition 4.4.1. Let n = [K : Qp]. Let Sk be the number of isomorphism
classes of extension of degree p*> of K corresponding to a submodule with a
unique character, and having exactly p + 1 intermediate subextension. Then

(P*+p+2)p*" —2(p+1)p" +(p—1) ifC €K
SK = P ’

(p?2-1)
2n—1_ 2, n—1 _ .
(Bp+1)p (gti; p" " +(p—1) if & ¢ K.

Let Di be the number of isomorphism classes of extension of degree p?> of K
corresponding to a submodule with distinct characters, and having exactly 2
intermediate subextension. Then we have

p(p"—1)(p—2)(3p7‘+1—p"—p+1) ifC, € K

DK { (3 ) ) R (2 p—1 ) — ( , ) ) Cp ’
+p%—4p—2)p*" —2(p° —p—2)p" T+ (p% —3p+2 .

b TP 4 )4 2121)71;) D p P p ngp ¢ K.
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Chapter 5

Enumeration of
isomorphism classes of
extensions

Let K be a finite extension of Q, with residue field kx. Let ng = [K : Q,], and
let respectively eg = e(K/Q,) and fo = f(K/Q,) be the absolute ramification
index and inertia degree. Formulee for the total number of extensions with
given degree in a fixed algebraic closure were computed by Krasner and Serre
[Kra62l [Ser78], as well as formulae counting all totally ramified extensions and
totally ramified extension with given valuation of the discriminant.

We will show how it is possible, with some help from class field theory, to
modify such formulae to enumerate the isomorphism classes of extensions with
fixed ramification and inertia, and all extension with fixed degree.

The problem of enumerating isomorphism classes of p-adic field had been
solved in a special case by Hou-Keating [HK04] for extensions with ramification
e satisfying p? { e, with a partial result when p? | e.

5.1 Group theoretic preliminaries

For k > 1, let Cy = Z/kZ denote the cyclic group of order k. Given a group
G, let F be a family of subgroups of G which is closed under conjugation and
contain a finite number of subgroups of fixed index in G. For each integer n,
let Z,, be the number of conjugacy classes of subgroups H € .% having index n
in G. For a finite group @, let 7, (Q) denote the number of two-steps chains of
subgroups H < J < G such that H € %, (G : H) = n and H is normal in J
with J/H = Q.

Lemma 5.1.1. For a group G and a family of subgroup F which is closed under
conjugation and containing a finite number of subgroups of fized index in G we
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have

T, == Y 6(dT(Co), 51)
d|n

for each n.

Proof. For fixed H € # with (G : H) = n, let’s compute the contribute of
the chains of the form H < J < G. All the admissible J are contained in the
normalizer N (H), and the number of subgroups in Ng(H)/H isomorphic to
Cg multiplied by ¢(d) counts the number of elements of Ng(H)/H with order
precisely equal to d, because ¢(d) is the number of possible generators of a
group isomorphic to Cy. The contribute for all possible d is hence equal to
(Ng(H) : H), and having H precisely (G : Ng(H)) conjugates its conjugacy
class contributes n to the sum, i.e. 1 to the full expression. O

We remark that this lemma had been found in essentially the same form
by Mednykh [Med08§|, which however applied it in a different context, to count
isomorphism classes of covering of surfaces. The author was not aware when
the results contained in this chapter where first published [MonII].

The absolute Galois group of a p-adic field has only a finite number of closed
subgroups with fixed index and consequently the closed subgroups can be taken
as family .#. By Galois theory the formula can be interpreted denoting
with Z,, the number of isomorphism classes of extensions L/K of degree n over a
fixed field K, and with 7, (@) the number of all towers of extensions L/F/K such
that [L : K] = n, and L/F is Galois with group isomorphic to Q. Similarly, the
above formula can be used to count, say, extensions with prescribed ramification
and inertia, all the extensions of given degree, or totally ramified extensions
with prescribed valuation of the different, restricting the computation via an
appropriate choice of the family .# of subgroups of G.

The above formula can be applied to local fields with great effectiveness
because the number of cyclic extension with prescribed ramification and inertia
(which will be carried over in the next section) has little dependence on the
particular field taken into account, and only depends on the absolute degree
over QQp,, the absolute inertia, and the p-part of the group of the roots of the
unity.

5.2 On the number of cyclic extensions

In this section we briefly deduce via class field theory the number C(F,e, f) of
cyclic extensions of a p-adic field F' with prescribed ramification e, inertia f and
degree d = ef, and the number C(F,d) of all cyclic extension of degree d, for
any d.

By class field theory (see Chap. , the maximal abelian extension with
exponent d has Galois group isomorphic to the biggest quotient of F* which
has exponent d, and consequently its Galois group is isomorphic to F* /(F*)4.
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Furthermore, the upper numbering ramification groups are the images of the
principal units Uy, Uy, ... under this isomorphism.

The choice of a uniformizer m provides a factorization F = (r) x Uy (see
Chap. , and Uy is isomorphic to the direct product of the group of
the roots of the unity pup and a free Z, module with rank m = [F : Q).
Consequently calling G the Galois group of the maximal abelian extension with
exponent d we have

G=(Cyx(C, x Cg;b X Cpmin{g,r}, GO ~ {1} x C, X O;}« X Cpmsn{g,r)

where d = p"k with (d,k) = 1, z is the g.c.d. of k and the order |rky| =
pf(F/Q) _ 1 of the group of the roots of the unity with order prime with p, and
¢ is the integer such that p¢ is the order of the group of the roots of the unity
with p-power order.

The number of subgroups H C G such that G/H = Cy and G/(HG")
will be computed using the duality theory of finite abelian groups Let
Hom(G,Q/Z), and for each subgroup H of G put H+ = {¢ € G : ¢(z
0, forxe H} = G/H

The conditions on H amounts to having H+ = Cy4, and (HG®)* = Ht N
(G%)* = C}. Since we have (non-canonically) that

:c:
) =

(GO = Cyx {1} x {1} x {1} € Cy x C. x C x Cpmintery = G,

we must count the number of subgroups isomorphic to Cy, generated by an
element of the form (z,y) with x € Cgq and y € C, x CJ X Cpminte.ry say, such
that the intersection with (G°)* is isomorphic to Cy. The order of e -2 must be
equal to f, and since the map of multiplication by e from Cj; to Cy is e-to-1 and
has image isomorphic to Cy we have that the number of possible x is e times
the number of generators of Cf, and hence is equal to e¢(f).

The y coordinate on the other hand should have order precisely equal to e,
which we write e = p*h with (h,p) = 1, and this is impossible if h { z, while if
h | z we have

¢(h’) ' Hp(m7 S, f)

possibilities for y, where for all p,m, s,£ we define for convenience

1 if s =0,
Hp(mv S,f) = { pms—i-min{f,s} _ pm(s—l)+min{§,s—1} if §> 0, (52)

which counts the number of elements of order p° in a group isomorphic to
Cpt X Cpminge.ry (for any r > s).

Since we counted the number of good generators, to obtain the number of
good groups we must divide by ¢(ef) obtaining

e¢(h)o(f)
¢(ef)

if b | (pfF/Q) — 1), while C(F,e, f) = 0 if h{ (pfF/@) — 1),

C(F,e, f) = I0,(m, s,6) (5.3)
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The total number of cyclic extensions of degree d = p"k can be deduced
similarly, considering that

G = Ck; X CZ X C;?Jrl X Cmin{.f,r}'

Let’s consider the function % (u,v) which for natural w,v counts the number of
elements with order u in the group C, x C,, and can be expressed as

du,v) =u- (o) ] (1—2). 11 (1—;2). (5.4)

£ prime ¢ prime

Lu/(u,v) Lu, Hu/(u,v)

A computation similar to what done above tells us that the total number of
Cg4-extensions is

Yk, pf /) 1)

) = =50

y(m A+ 1,7,6). (5.5)

5.3 Formula for isomorphism classes

Let’s recall Krasner formula for the number NV (K e, f) of extensions with ram-
ification e = p*h (with (p,h) = 1) and inertia f of a field K having absolute
degree ng = [K : Q,]. The formula is

S
N(K,e,f)=e-> p' (ps(i)N - ps(i‘”N) :
1=0

where N = ngef and

—00 ifi=—1,
e(i) = 0 ifi=0,
pl+p i+ 4p ¢ ifi>0.

Denote by convenience with ¥,(N, s) the sum in the Krasner formula

S, (N, s) = zs:pi <pa(i)N _ pa(i—l)N> 7 (5.6)
i=0

so that it can be written as N'(K, e, f) = e - X,(N,s).

If we ignore for a moment the dependence of C(F\e, f) on the group of p-
power roots of the unit, we can count the number of isomorphism classes of
extensions iterating on all the towers L/F/K with F//K having ramification €’
and inertia f’, and L/F with ramification ¢’ and inertia f”, with e¢’e’ = e and
f'f” = f. Indicating with Fd"a “ogeneric” extension with ramification e’ and
inertia f’ over K, we obtain

T(K,ef) =+ Y0 o) N (K€ ) - CE e f)
£f=f

e’e”:e

78



5.3. FORMULA FOR ISOMORPHISM CLASSES

:% ST s)e(f") - Splnoe' 1)  Tp(noe' £, 5", ),
rn=r
h' ( fo?/_l)

where in all the sum we always put ¢ = p*k/, ¢’/ = p* h” with (p, b)) =
(ph") = 1.

But unluckily the £ describing the order of the group of p-power roots of
the unity in our “generic” extension F " is not well defined, and depends on
the particular extension F' e, /K. If we start putting & = 0 while counting
all the towers L/F/K, each factor IL,(-,-,0) should be corrected by a term
(-, 1) — IL,(-,-,0) for all towers with F' O K((,), another correction term
I, (-,-,2) = II,(-, -, 1) is required for all ' O K((p2), and so on.

Consequently, let’s define for convenience the quantity A, (m, s, 0) = II,(m, s, 0),
and A,(m, s, i) = I,(m,s, i) — II,(m,s,i — 1) for ¢ > 0, that gives the main
contribution and all the correction terms, and can be written explicitly as

1 if s=i=0,
(pm _ 1>pm(s—1) if§>i4= 0,
Ap(m,s,i) =< (p—1)(p™ — DpmE=DH=1 if s > >0, (5.7)
(p—1)pmsts—t if s=14>0,
0 ifi>s.

Adding all correctiong terms for all tower where F' contains all the various
extension K ((,:) for i < s, we have

Theorem 5.3.1. The number of isomorphism classes of extensions with ramifi-
cation e and inertia f of a field K of absolute degree ng = [K : Q] and absolute
inertia fo = f(K/Q,) is

1 hll 1"
I(K7e7f) = Z M . Ep(NI7S/) . Ap(NI,SH,'L'),
f - el?)
nggs
FE D=
e'e’ el =¢
hll} (pfof(i) f’*l)

where ¥, and A, are respectively defined in the (5.6)) and (5.7), we have put

eV = e(K(G)/K),  fO = f(K(G)/K), n®=e?f®,
and where throughout the sum (for all i, €', f', etc) we have put
N’ = ngnWe'f’

and
e — psh, e — ps/h/, el — ps”h//

with h,h', k" all prime with p.
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Remark 5.3.2. When s =0 (i.e. pte) the formula has the much simpler form

I(Ke. >:% S ()6

Ff=f

e’ (pf()?/_l)

1

=7 3 el (et 1)
frf=f
because we are adding (€") for all e that divide both e and pfo!" —1,
f-1
1 ’
= (pro(f ) _ 1)
i=0

because each divisor [’ of [ appears precisely ¢(f/f') = o(f") times in the set
of the (f,i) fori=0,..., f—1. This is precisely the formula obtained in [HK04,
Remark 4.2, pag. 27] when p{e.

With a computation similar to what done for Theorem [5.3.1] we obtain

Theorem 5.3.3. The total number of isomorphism classes of extensions with
degree n of a field K of absolute degree ng = [K : Qp] and absolute inertia

fo=f(K/Q) is

1 7 ’
I(K.n) = ST Ul p™I T 1) B (N8 - AN+ 1,1, ),
<3
de/(}'_n(gi)t:n

where we are keeping the same notation as in Theorem Y(u,v) is defined
in the (5.4), pt is the biggest power of p dividing n, and moreover throughout
the sum we have written d = p"k with (k,p) = 1.
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Chapter 6

Eisenstein polynomials
generating p-extensions

In this chapter we explore the techniques that can be used to deduce necessary
and sufficient conditions for a polynomial to have a certain Galois group as
group of the splitting field over a p-adic field.

Lbekkouri gave in [Lbe09] congruence conditions for Eisenstein polynomials
of degree p? with coefficients in the rational p-adic field Qp, and these conditions
are satisfied if and only if the generated extension is Galois. Since the multi-
plicative group Uj g, of 1-units of Q, has rank 1 as Z,-module and in particular
Ura, (Q)7/(@X)» = Z/pz, we have by local class field theory that every Galois
totally ramified extension of degree p? over Q, is cyclic, and consequently over
Qp the problem is reduced to finding conditions for Eisenstein polynomials of
degree p? to generate a cyclic extension.

If the base field K is a proper extension of Q, this is no longer true, so
the restriction of considering polynomials that generate cyclic extensions has to
be added explicitly. If K is ramified over @, even the characterization of the
possible upper ramification breaks is a non-trivial problem (see [Mau71l, Mik8&1])
and the problem seems to be very difficult for a number of other reasons, so we
will only consider fields K that are finite unramified extensions over Q,,, with
residual degree f = f(K/Q,) = [K : Qp]. In this setting the problem is still
tractable without being a trivial generalization of the case over Q,, and we will
show a technique allowing to handle very easily the case of degree p2.

During the proof the Artin-Hasse exponential function comes into play, and
we use it to clarify the connection between the image of the norm map and the
coefficients of the Eisenstein polynomial.

While some conditions are necessary to force the splitting field to be a p-
extension, the remaining conditions can be tested in order, and the first that
fails gives information on the Galois group of the splitting field. Taking into
account another family of polynomials that can never provide a cyclic extension
of degree p?, we give a full classification of the polynomials of degree p? whose

81



MAURIZIO MONGE - A CONSTRUCTIVE THEORY FOR p-ADIC FIELDS

normal closure is a p-extension, providing a complete description of the Galois
group of the normal closure with its ramification filtration. See Chapter 4] for a
classification of the possible Galois groups.

We then show how the same methods apply to characterize Eisenstein poly-
nomials of degree p3 generating a cyclic extension. In this case the characteri-
zation is substantially more complicated, but the strategy used in degree p? can
still be applied in a relatively straightforward way. It should be quite easy to
apply the same methods to other abelian groups, and should even be possible
to obtain a characterization for some non-abelian group.

In the last section we give a combinatorial interpretation of certain sums of
roots of the unity appearing during the proof, it is actually much more than
needed but it has some interest on its own.

The general strategy

We explain abstractly how our strategy works. Let K be a p-adic field that is
unramified over Q,, so that p is a uniformizing element of K. Let f(7') be an
Eisenstein polynomial of degree n say, and 7 be a root. Let L = K(7) be the
extension by a root 7 over K.

Let G be an abelian group of order n. Then by local class field theory the
extension L/K is Galois with group G if and only if Ny, (Ur) has index n in
Uk, with quotient Ux /Ny, (Ur) isomorphic to G. When n is a power of p,
the groups Ux and Uy, can be replaced with the 1-units Uy x and Uj 1, so we
are reduced to verifying that Uy /Ny k(U1,1) be isomorphic to G.

When G is a cyclic group of order p¥, it turns out that N = Np/k(Ui,L)
should have a special form. In particular it turns out that Uy x /N is cyclic of
order p* if and only if N NU; k is contained in 1+ p'V, for all 1 < i < k, and
some pr C V C Oy such that the reduction V/pg is a subspace of codimension
1in kg as ), vector space. A similar characterization is possible for general
abelian p-groups, but here we will restrict to the case of cyclic group.

In particular N mod p% is already sufficient to determine uniquely V. So
after determining it, and testing whether it has codimension 1, we can just check
that NNU; g C1+p'V for 2 <i <k.

Now by the structure of the norm map over local fields (see Chap. ,
we have that j = v,k (k) is the biggest index such that Ny, /x(Uj L) is not
identically contained in Ugi1 r, while Np g (Ujy1,0) € Upyr,x. Since each
condition has to be tested modulo Uj41 k, we can just consider the subgroup
of U1,k /Uky1,i generated by elements Ny, i (), for a set ay, of generators
of Uy 1/Ujt1,1. If the generated group has the requested form, that is, each
combination in U; g turns out to be also in 1+p®V, then the extension is verified
to be Galois with group G.

To do so, we can take as generators elements of the form 1 + 7™ with
(m,p) = 1 and 0 € Uk, and consider the group generated by their norms in
U1,k /Uky1,x. Clearly Ni(ry/k(1+ 07™) can be expressed as function of the
coefficients of the minimal polynomial of f(7'), so it is possible to translate the
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constraints on the structure of N/Uy k into conditions on the coefficients of
7).

Now N (xy/x (14 607™) will have a certain expression in terms of the coeffi-
cients. Let E(x) be the Artin-Hasse exponential function, then the E(67™) give
also a set of generators of Uy, 1,/Ujy1,1, and it turns out that their norms can be
written really easily in terms of the coefficients of f(7"). So if Ng () k(1 +607™)
has a complicated expression, it is only because 1+ 7™ is a complicated prod-
uct of elements of the form E(n7’). Passing to the norms of the E(67™), we
decompose the terms appearing in Nk (), (1 +607"™), and the condition on the
coefficients of f(T') can be expressed easily.

We describe now how it is possible to extend this information to classify
completely the polynomials of degree p? whose splitting field is p-extension. In
degree p?, some condition on the coefficients for having a cyclic extension is
clearly related to the request that L/K be decomposable in a double cyclic
extension, that is, we need the existence of an intermediate extension F' such
that L/F and F/K are cyclic of degree p.

This condition is verified if an only if the Galois closure is a p-extension, and
the group of the normal closure L is characterized uniquely by the length of
Gal(L/F) as Gal(F/K)-module, and by its exponent (see Prop. Chap. .
If K is unramified over Q,, it turns out that the ramification breaks can be
equal to those of a cyclic extension of degree p? if and only if the exponent of
Gal(f//K) is p2. Furthermore, after requesting N N Uy g C 1+ pV, the other
conditions on the coefficients allow to recover the biggest ¢ (if any) such that
the condition Nz, x(Us) NUz i € 1+ p?V fails. This i can be related to the
length of Gal(L/F), applying the functorial properties of the reciprocity map.

When L has a suitable intermediate extension but the ramification breaks
do not coincide with those of a cyclic extension then the problem turns out to
be slightly easier, because Gal(L/K) is always a semidirect product, and the
ramification data give almost complete information about the group. In this
way we obtain a characterization of all polynomials of degree p?> whose Galois
group is a p-group.

6.1 Preliminaries

Let K be a p-adic field. As usual we will denote with [K*]x the group of p-th
power classes K*/(x*)?. For integers a,b, we will denote by [a,b] the set of
integers a < i < b such that (i,p) = 1.

We start computing modulo which power of p we must consider the coef-
ficients of an Eisenstein polynomial (this computation is very well known, see
[Kra62] for example): let f(X) = D1 ) fooi X" and g(X) = >0 gn—i X" be
Eisenstein polynomials of degree n say, p a root of g, m = 7y, ms,... the roots
of f with 7 the most near to p, and put L = K (). Let v be the biggest lower
ramification break and 2y = f’(m) be the different, if

}(fnfi - gnfi)ﬂ-i| < |7TU+1@f’

83



MAURIZIO MONGE - A CONSTRUCTIVE THEORY FOR p-ADIC FIELDS

then being
f(p)=f(p) —glp) = _ (f—i = gn—i) p'

we obtain | f(p)| < |7V Zs|. We have

n

[1e—m)

i=1

<

)

< ‘TFU—H@f

(o=m)-[L(m =)

in fact |7 — m;| < |p—m;| for i > 2 or we would contradict the choice of © = 7.
Consequently |p — 7| < |7¥*1], which is equal to the minimum of the |7 — ;]
and hence K(p) C K(r) by Krasner’s lemma, and K(p) = K(7w) having the
same degree. _

Let now K be unramified over Q,, then UffK = Uit1,Kx, and consequently
by local class field theory the upper ramification breaks of a cyclic p-extension
are 1,2,3,..., and the lower ramification breaks are 1,p+ 1,p> +p+1,....

For an extension of degree p* with lower ramification breaks ¢y < ¢; < --- <
tr—1 we can compute vr(Zr /i) as Zle(pi — p"~H)tx_;, which for a cyclic L/K
of degree p? or p? is 3p? —p — 2 (resp. 4p> —p* —p—2), while vy, (7" 7 ) is
respectively 3p% = v (p?) and 4p3 = vr(p*). Hence we obtain the condition on
the precision of the coefficients, that we state in a proposition for convenience:

Proposition 6.1.1. Let L/K be a totally ramified cyclic extension of degree
n = p? (resp. n = p3) determined by the Eisenstein polynomial f(X) =
Z?:o fn—iX™. Then the lower ramification breaks are 1,p + 1 (resp. 1,p+
Lp>+p+1), vr(91)K) is equal to 3p? —p—2 (resp. is 4p> — p? —p —2),
and the extension is uniquely determined by the classes of f, (mod p*) and f;
(mod p3) for 0 <i < n (resp. by the classes of f, (mod p°) and f; (mod p*)
for 0 <i<n, forn=p3).

6.1.1 Additive polynomials

We will need a few facts about additive polynomials, and in particular some
formulze to express in terms of the coefficients the condition that an additive
polynomial has range contained in the range of some other additive polynomial.
We resume what we need in the following

Proposition 6.1.2. Let A(Y) = a,YP+a1Y be an additive polynomial in £k [Y]
such that A’(0) # 0 and all the roots of A(Y') are in ki, and let B(Y') = b,Y?+
bY, C(Y) = cpYP +¢,YP+¢1Y and D(Y) = dps Y +dp2YP' +d,YP +d,Y
be any three other additive polynomials in ki[Y]. Then
e B(kk) C A(kk) if and only if b, = ap(b1/a1)P, and in this case B(Y) is
equal to A(1/a,Y),

e C(rkg) C A(kk) if and only if ¢, = ay(c1/ar)P +a1(¢2/a,)"/?, and in this case
C(Y) can be written as A(BYP +¢1/a,Y) with B = (¢2/a,)"/? or equivalently
ﬁ = Cp/al — ap/al(cl/al)p.

84



6.1. PRELIMINARIES

o Dlrx) C Alkxc) if and only if & fay(4/ay) 17+ (dfar)? = 2 fa+-(anfas )P (d1as V",

Note that being Kk finite and hence perfect the map = + 2P is an automor-
phism, and we just denote by x — z'/? the inverse automorphism.

Proof. Since A’(0) # 0 and all the roots of A(Y) are in kx we have from the
theory of additive polynomials (see [EV02, Chap. 5, §2, Corollary 2.4]) that
if B(kk) C A(kk) then B(Y) = A(G(Y)) for some other additive polynomial
G(Y'), which should be linear considering the degrees, G(Y) = aY say. Con-
sequently it has to be B(Y) = a,a?Y? 4 a1aY, and comparing the coefficients
we obtain that a? = (b1/4;)P and should also be equal to b»/a,. Similarly if
C(kr) C A(kk) we should have

C(Y) = A(BY? + aY) = a,8°Y" + (apa? + a1 B)Y? + ayaY,

and we deduce o = ¢1/a;, BP = ¢p2/a,, and we obtain the condition substituting
a, B in ¢, = apa®? +a18. If D(kk) C A(kg) then D(Y) should be A(Y? +
BYP + aY) and hence

ap'prps + (apf? + aw)Y272 + (apa? + a18)Y? + a1aY,
a=di/ay, v = (4,3/a,)?, and BP can be written in two different ways as

A2 fa, — 01 /ay (13 /a) 77 = (drfar — apfar (D1/ar)P)P.
The condition is clearly also sufficient. O

The following proposition will also be useful, it gives a criterion to verify if
the splitting field of an additive polynomial of degree p? is a p-extension (that
is, either trivial of cyclic of degree p) that is slightly easier to test than the
condition itself.

Proposition 6.1.3. Let A(Y) = YP* +aYP +bY be an additive polynomial in
ki Y], than the splitting field is a p-extension over ky precisely when A(Y) has
a root in Ky, and b € (k3 )Pt

Proof. If the Galois group is a p-group then its orbits have cardinality divisible
by p and the action on the roots of A(Y') should clearly have some fixed point
other than 0, n € ky say. If 8 = nP~! then the roots of Y? — BY are roots
of A(Y), so by [FV02, Chap. 5, §2, Prop. 2.5] A(Y) is B(Y? — gY) for some
additive polynomial B(Y'), which has to be monic too, B(Y) = YP — aY say.
The roots of B(Y) have to be in kx or it, and hence A(Y'), would generate an
extension of order prime with p, and consequently a has to be in (m}({)p_l, and
b = af as well. On the other hand if a root 1 is in Kx we can write A(Y) =
B(YP—BY) for 8 = nP~!, and replacing Y by nZ we can consider B(nP(ZP—Z2)),
and the extension is obtained as an Artin-Schreier extension over the extension
determined by B(Y). Consequently we only need the extension determined by
B(Y) to be trivial, and this condition is verified when b € (k)P 1. O
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6.1.2 Sum of roots of the unity

Let ¢, be a primitive ¢-th root of the unity for some ¢, we define for each tuple
A= (A1, Ag,..., Ap) of r integers the sum

a(0) = Z <21>\1+L2A2+---+Lr>\r7

where the sum ranges over all the r-tuples ¢ = (¢1,...,¢,) such that 0 <¢; < £—1
for each i, and the ¢; are all distinct.

We deduce some property of the sums Xy (¢) to help expanding the expres-
sions that will appear. For each A = (A1, A2,...) and integer k put kX for the
partition (kA1,kAe,...). For integers ¢, k, m let’s define the functions

5[7”] —

¢ ifl>mand?|k,
ek =

0 in any other case,

and put &g = (SEI]C for short. Then we have

Proposition 6.1.4. Assume ({,p) = 1, £ > 1. For any partition A we have
Ypa(l) = Bx(€). For k > 1 we have ¥y (f) = 6px, and L, 1y(f) = 55}€+1, and
if (k,p) = 1 we also have X, () = 55,]C+p and X, p2)(0) = 52 We also

£,k+p2”
3 3 3
have X111y (0) = 6,3, Sp1.1)(0) = 05 1y and Sy (0) = 05,45

The proof can be obtained via an easy computation, but we omit it being
also an immediate consequence of the more general Lemma proved in the
last section.

6.2 Polynomials of degree p? generating a cyclic
extension

Since the different f’(7) has valuation 3p? — p — 2 it must come from a term
fp+1Xp2_p_1 with v, (fp+1) = 2, and we must have v,(f;) > 2 for all (i,p) =1,
and v, (f;) > 3 if furthermore ¢ > p + 1.

Since the first break is at 1, the p-th coefficient of the ramification polyno-
mial f(X + 7) needs to have valuation exactly equal to (p? — p) - 2 = 2p? — 2p,
and observe that a monomial f,:_;(X 4+ 7)" contributes at most one term
(;) fpz,ﬂri_po in XP. The valuations of these terms have different remain-
ders modulo the degree p?, and consequently the minimal valuation of the
(;) fp2—im P has to be 2p? — 2p, is achieved for i = p?> — p and we must have
vp(fp) =1, while v,(fpr) > 2 forall2 <k <p-—1.

So we have to respect the following

Condition 6.2.1. We must have

o v,(fp) =1, and v,(fpi) > 2 fori e [2,p—1],
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o v,(fi) > 2 forie[l,p—1], v(fp+1) =2 and vy(fi) > 3 fori € [p+2,p*—
1].

In other words, turning to 0 all the f; divisible by p? for i # p?, that we are
allowed to do by Prop. f(X) can be written as

FX) = XP 4 f, X070 4 ot > [y X T xR (6.)

—_———  J€[2,p-1] ke[1,p+1]
om m
pO[X] PO[X]

Suppose now that L is an arbitrary extension determined by a root 7 of
the polynomial f(X), by local class field theory it is a totally ramified abelian
extension precisely when Ny /i (L*)NUy x = NL/K(ULL) has index p? in Uik
and the corresponding quotient is cyclic.

Being Ujt1,x = Uij for i > 1, to have a cyclic extension Ny, x (U1,1)Us x
shall have index p in Uy k, and N, (U1,) NUs i index p in U . _

Let’s recall that for each ¢ > 0 we have a natural map (xp) : Px/pif' —
px ' /pit? induced by multiplication by p, and for i > 1 being (1 + p*)? =
1+0ptt +. .. we have a natural map (1 p) : Uik /U, 11 x — Uit1.5/U; 5 « induced
by taking p-th powers and a commutative diagram

i . Xp i+1, .
Pic/pitt ———= Pk [pil?

L l (6.2)

T
Uik [U 1, —> Uit LK U5 i

where p; is induced by = — 1 + z.

So Np,k(Ur,r) N Uz k will certainly contain Np,,x(U1,r)?Us i, which has
index p in Uz g, and consequently has to be equal to it. For L/K to be Galois
cyclic we need

Np/k(UrL) C1+pV, Npx(Ui,) NUs i C1+p*V (6.3)

for some F,-subspace V of Ox/px of codimension 1. Note that V is uniquely
determined by Np,x(U1,r)Uz i as a subgroup of Uy 1, we commit the abuse
of denoting also as V its preimage in Op, and the meaning of the expressions
1+ p'V should be clear.

If i > 1 then Ny g (Uig1,L) € Upy i (i)+1,K (see [FV02, Chap. 3, §3.3 and
§3.4]), and in our case we have Ny k(U2 ) € Us x and Nk (Upia,r) C Us k.

Consequently we can prove that L/K is Galois by showing that the norms
of elements whose images generate Ui,L/U, ; are contained in 1 + pV for some
V, and that for any z obtained as combination of a set of elements whose
images generate U1,2/U,., ., and such that NL/K(J:) € Uz ki, we actually have
N k() € 14p®V. We will take as generators the elements of the form (1—¢r¥)
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for ¢ € [1, p+1], plus those of the forms (1—80)P for 4 in the set of multiplicative
representative. Those of the form (1 — 67)P can be discarded considering that
we are already requesting N g (1 —67) € 1+ pV, so their norm will certainly
be in 1 + p?V.

The norm of an element of the form 1 — 67¢ can be expressed as

Npg(l—0nt) = H (1 —0rf) = Resx (1 — 0X*, (X)),
| f(mwi)=0

where ; are the roots of f(X) and we denote by Resx the resultant in X.
For a polynomial a(X) of degree d let’s denote by a(X) the conjugate poly-
nomial X%a(X~'). Then for cach pair of polynomials a(X),b(X) we have

Resx (a(X),b(X)) = Resx (b(X),a(X)).
Consequently N,/ (1 — 67°) can also we written as

-1
Resx (f(X), X" —0) = ] f(¢i6"")
=0

for some primitive ¢-th root of the unity. In the expansion of the second term
only integral powers of 6 appear being invariant under the substitution 877 —
0. In the same way while the terms in the right hand side live in K (¢,) the
result always lives in K, and the above expansion should be rather considered
as a combinatorial expedient.

Put T = #"* and consider it as an indeterminate, from the expression for
f(X) in the we have that Ny, p (1 — 07*) is

£—1
H(” BT + Sl TV 30 fuGP T 4 Y fkcz'kT’“).

i=0 j€l2,p—1] ke[l,p+1]

m

PK @
Pk

For each tuple A\ = (A, \a,...,\.) of 7 integers put f\T'* for the term
[Ti—, fr,T% of the expansion. For each k > 0 let my()\) denote the number
of parts A; equal to k. Then the coefficient of f,\T'* in the expression can
be computed over all the ways we can partitioning the 1,(@,@?7 ... in sets of
cardinality my(A\). Computing the ratio to the ordered choices of r distinct
elements, which is the collection over which we are iterating while computing
¥ (£), we have that the coefficient of fyT'* in the expansion is m .
Ea(0).

In particular, discarding the terms with valuation > 3 and subtracting 1, we
have that the above product can be expanded modulo p? as

P 2 E(p)(f) . prp + E(ﬁ)(f) : fp2Tp
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1 o 2
50 (O) - 3T 4 Sy (O - Sy TP 4 S8 gy () - 2T

P s + Y CepO- T+ D (Sw @) - [T,

j€l2,p—-1] kel1,p+1]

which applying Prop. can be rewritten as

pic 3| Senfy TP + be e TV
1 2 2 2 1 2 2
) 755%][1311% - 5£,L+1fpfp2Tp P 552,]210527721) (6.4)
Pk 2 j
K + Y Gl T+ Y Gk TR
jel2,p—1] kel,p+1]

The expansion for £ = 1 and modulo p? tells us that the norms in Ui i are
of the form 1+ f,T? + fpzT”2 + O(p?) for some T, consequently put F, = f»/p,
F,» = fp2/p and consider the additive polynomial

A(Y) = FpY?P + F,Y (6.5)

over the residue field. It defines a linear function, if V' is the range A(kx) then
N k(Ui,L)Us k is contained in 1 + pV, and V' has codimension 1 precisely
when the map defined by A has a kernel of dimension 1, that is when —»/F,,
is a (p — 1)-th power (if K = Q, we shall have V' = 0 and the condition is
F: = —F)).

Condition 6.2.2. We must have —F»/F,» € Kb .

Now for ¢ > 2 the first part of the expansion (6.4 is 0, while the remaining
part shall be contained in p?V for each ¢ and each specialization of T¢ = 6.

Note that we only consider the ¢ prime with p, and all the 5%] appearing
for some m, i have been reduced with no loss of generality to have (i,p) = 1.
Consequently for ¢ > 2 the expansion can be written as a polynomial Cy(T*) =
€ (k)= cre(T*), where for each ¢ prime with p we denote by c¢,(T%) the

polynomial of T obtained by the evaluating equation (6.4]), but changing the
definition of 6.} to be 1if a = b, and 0 if a # b.
Fix ¢, then c,(T*) can be obtained via a sort of Mbius inversion

ke
POINICEE T S PR S

(k,p)=1 (k,p)=1 (4.p)=1

= > e ) ulk)

(i,p)=1 k|

by change of variable i = jk, obtaining c,(T%) by the properties of the M&bius
function u. In view of the isomorphism pk/p3 — U2.x /U,  induced by z + 1+
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and specializing the argument T of Cje(T**) to ¢/ = $6* we have that

1 1, A\
1+ QC’M(ek) = Np/k (1 - gekﬂke) (mod p°),

for each ¢, k prime with p and each § = T*. Consequently 14 c,(6) is congruent
modulo p? to the norm of

1 w(k)/k
11 (1 - gekw“> = E(0x") (mod p),
(k,p)=1
where E(z) is the Artin-Hasse exponential function (in its original form, ac-

cording to [FV02, Chap. 3, §9.1]). Note that we can equivalently require all the
Ni/k(E(67%)) to be in 14 p?V, for £ € [2,p+ 1] and 0 € Uk.

Put 4(Y) = «(¥)/p?, we obtain depending on ¢ the additive polynomials
—F,FpY? +Gp1Y (=pa1,
GpY? +GY IS [[3,]7 — 1ﬂ,

1 1
_§F1?2Yp2 + <G2p -5

5 j)YP+G2Y =2,

where for convenience we have put G; = fi/p? for each i # p, 2.
Hence we have obtained the

Condition 6.2.3. For each { € [2,p + 1] we shall have Ay(kk) C A(kk).

We are left to ensure tha‘g norms are in 1 + p?V, when taking ¢ = 1 and
T = @ for some 0 such that 07 =P = —/f»/f, (mod p). Consider again the (6.4),
considering the definition of the ¢, (T') we have that 3~ cx(T*) differs from
Ci(T) = Ny k(1 =Tm) — 1 by the extra term

1 2 1 2 1 2\ 2
—S IR = f fp TV — ST = o (17 + £ )
which is however even contained in p? for T = 6. Since we already required the
polynomials cx(Y*) to take values in p?V identically for k > 2, our requirement
becomes that ,
c1(0) = [0 + 07 + f10

shall be contained in p?V too. Hence we have the

Condition 6.2.4. Let 0 be such that 67" ~P = —Io/t,. (mod p), then we must
have ¢1(9)/p* € V.

Collecting all the above conditions, and applying Prop. to obtain
conditions on the coefficients, we have the following theorem.

Theorem 6.2.5. The FEisenstein polynomial f(X) = X+ lep2*1 + -t
fpro1 X + fp2 determines a Galois extension of degree p? over K if and only if
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1. vp(fp) =1, and vy(fpi) > 2 fori € [2,p —1],
2. vp(fi) > 2 fori € [L,p—1], v(fpt1) = 2 and v, (f;) > 3 fori € [p+2,p*—
1],
putting F,, = Fo/p, Fp = f2/p, and G; = fi/p* for all i # p, p* we have
3. —FofF, € Kb,

4. Gy = —Fpth
5. Gpo = Fp2 (Ge/R,)", for all £ € [3,p —1],
0. Goy = Fye (/)" + 35, (F, — )Y,

if 0 is such that PP~V = —Fy/p , we have that (for any choice of 0)

7. FpXP +FyX — p% (fp29p2 + f,,ep) — G40 has a root in Kk

6.3 Polynomials of degree p?> whose Galois group
is a p-group

In the proof of Theorem[6.2.5 we obtained a list of requirements on an Eisenstein
equation of degree p? that guarantee that the generated extension is Galois
cyclic over K. Let’s keep the hypotheses on the ramification numbers (and
consequently conditions [1| and [2| of the theorem), it is a natural question to
describe the Galois group of the normal closure when some of these hypotheses
are not satisfied.

Put L = K(n), we will also keep the condition [3] which we can see immedi-
ately to be satisfied if and only if L contains a Galois extension of degree p of K,
which is a necessary condition for the normal closure of L/K to be a p-group.
Note that this hypothesis is always satisfied for f(X) if K is replaced with a
suitable unramified extension.

We can notice from the proof that the first unsatisfied requirement among
the conditions with ¢ as big as possible, [f] and [7] in Theorem gives
us information about the biggest possible ¢ such that NL/K(UAL) NUs i is not
contained in 1 + p?V, with V defined as in the proof. We expect this fact to
allow us to deduce information about the Galois group of the normal closure.

Let F be the Galois extension of degree p of K contained in L, it is unique
or Gal(L/K) would be elementary abelian, which is not possible considering the
ramification breaks. Then F'/K has ramification number 1 and L/F ramification
number p + 1.

Before continuing we prove a proposition that will also be of use later, and
where we only assume that L/F has ramification break > 1 and F/K to be
Galois with break at 1, with group generated by o say. Similarly we have that
the only f; with v,(f;) = 1 are f, and f,2. For some 6 € K we can write

wﬁffl)zl—ﬁpwlr—i—...

91



MAURIZIO MONGE - A CONSTRUCTIVE THEORY FOR p-ADIC FIELDS

= NL/F(l — Gﬂ') +O(7T%;~)

in view of Chap. |3, and having L/F ramification break > 1. Since 771(;771)
is killed by N,k and N/ i (U, r) C U i we should have Ny /g (1—-67) € Uz i
and hence PP~V = —F,/p ., as we have expanding f(0) = Np/p(1 —0m) like
in the proof of Theorem [6.2.5

We obtain inductively that

Proposition 6.3.1. For each 1 < { < p we have
£
71';?_1) =1—kOP'nh + ...,

for some integer k prime with p, where PP~ = — /F 2.

We return to our main problem, so let L/F have ramification break at p+ 1.
We require L/F to be Galois: by local class field theory this is the case precisely
when the map Ur+1.L/U, 15, — Ur+1.7/U, ;1 r induced by Ny ,p is not surjective.
Since the map Ur+1.7/U, 12 » — U2.x/Us i induced by Np, is an isomorphism by
Chap. 3|, we are reduced to study the image of Ur+1,2/U, 5 1 in Uz,x/Us k.
Considering the norms of the usual 14+07P*!, we have from the proof of Theorem
that this map is described by the additive polynomial A,;(Y"), and is non-
surjective precisely when Gr+1/F,F, is in /@’I’(_l. Consequently we will always
assume the

Condition 6.3.2. We require Go+1/F,F,» € Kb

This condition is necessary and sufficient for the Galois closure of L/ K to be
a p-group, and again is always satisfied if we replace K by a suitable unramified
extension. ‘

For an F,[G]-module M we respectively denote by soc’(M) and rad’ (M) the
i-th socle and radical of M. If o is a generator of G, the radical of F,[G] is
generated by ¢ — 1, and we have

rad’ (M) = M("*l)i, soct (M) = {x LoD = O} .

Let G = Gal(F/K) and L be the Galois closure of L over K, we want to
compute the length of Gal(L/F) as a F,[G]-module, which we will also show
to determine completely Gal(L/K) in the present case. If F(®) is the maximal
abelian elementary p-extension of F', this amounts to computing the smallest m
such that rad™(Gal(F®)/F)) is contained in Gal(F®)/L).

For 0 < i < p let’s consider the submodules S; = soc?~*(Pr) of Pr = [F*]p
(which is canonically identified with Gal(F®)/F) via local class field theory),
and let K; be the class field corresponding to S; over F. For 0 < i < p we have
[Uis1,r] € S; and thus the highest upper ramification break of Gal(K;/F) is ¢
for i < p, and in particular being p + 1 the unique ramification break of L/F
we have that K; 2 L for i < p. Note also that K is the maximal elementary
abelian p-extension of K.
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Let K’ be the field corresponding to rad' (Pp), it is the maximal p-elementary
abelian extension of F' that is abelian over K, and it corresponds to Ng/x (F'*)P
via the class field theory of K. Considering the structure of Pr = F,[G]®/ @ F,
as a Galois module we have that

rad'(Pr) = soc?~{(Pr) Nrad' (Pr) = S; Nrad' (Pp),

for each i, and rad’(Pr) corresponds to K'K; via class field theory, so we are
looking for the smallest m such that L ¢ K'K,,. Since L and K’ are never
contained in K; for ¢ < p and K’ has degree p over K1, this inclusion holds if
and only if L and K’ generate the same extension over K,, (and L will too,
being K'K,, Galois over K). This is the case if and only if K/ C LK,,, and
this condition is consequently equivalent to the F,[G]-module Gal(L/F) having
length < m

We can now show that if K’ C LK, for some m < p, then Gal(L/K) cannot
be the semidirect product: indeed Gal(K,,+1/K) lives in the exact sequence

1= Pr/s, 1 — Gal(Kpy1/K) = G — 1,

and all p-th powers in Gal(K,,+1/K) are clearly G-invariant elements of Pr/s,, 1,
and hence contained in Sm/s,,;., and this shows that the quotient Gal(¥,,/K)
has exponent p since we quotiented out all p-th powers. On the other hand
Gal(K'/K) has exponent p? so if K’ C LK, then also Gal(LK,,/K) does, and
Cal(L/K) should also have exponent p? or the p-th power of any element of the
absolute Galois group would act trivially on L, K,,, and consequently on LK,,,
which is impossible. Note that if Gal(L/F) has maximal length m = p there is
only one possible isomorphism class of possible p-groups, which is the wreath
product of two cyclic groups of order p, see Prop. Chap.

The above observation can be viewed as the fact that, for m < p, K, is the
compositum of all the extensions of degree p whose normal closure has group
over F' of length < m as F,[G]-module, and whose group over K is the semidirect
product extension (and hence has exponent p). The extensions whose group of
the normal closure over K is not the semidirect product are obtained via a sort
of twist with K”, which is non-trivial when L ¢ K,,.

Now K’ is not contained in LK, precisely when there exist an element in
Gal(K*"/K) fixing LK,, but not K’, and any such element can be lifted to
Gal(L*/L). Since the image of the Artin map ¥y, : L* — Gal(L*?/L) is dense
in Gal(L*/L) we can take such element of the form ¥y (a) for some a € L*.
Having to fix Ky we will have Nz /x(a) € (K*)P by the functoriality of the
reciprocity map (see Chap. , [N p(a)lp € Sm because K, is fixed, and
Np k(o) ¢ Npjx(F*)P because the action is non-trivial on K. On the other
hand the existence of such an element ensures that K’ ¢ LK,,.

If L and K are as above, we have proved the following proposition.

Proposition 6.3.3. Let 1 < m < p be the smallest possible integer such that
for all o € L* such that Ny (o) € (K*)P and [Ny p(a)|lr € Sm we also
have N k(a) € Np/g(F*)P. Then Cal(L/K) is the unique p-group that has

93



MAURIZIO MONGE - A CONSTRUCTIVE THEORY FOR p-ADIC FIELDS

ezponent p* and is an extension of G = Gal(F/K) by an indecomposable F,[G]-
module of length m.

We now determine the (p — m)-th socle S, of Pg for each 0 < m < p, and
deduce the ramification breaks of the normal closure.

Consider the images V; = [U; r]r of the U; p in Pp for ¢ > 1, and put
Vo = Pp for convenience. If G is generated by o say, the radical of F,[G]
is generated by (0 — 1) and we have V™! C Vii;. Since V, = V,4; and
Vy+2 = 1 we have that V,, is killed by o — 1, V,,_1 by (6 —1)? and so on, so that
Vit1 C socP~* Pp = S}, for 0 < k < p, while clearly S, = 0. Furthermore if 7p

k k
is a uniformizing element of F' we have wg_l) € Vi \ Vit1 and ng_l) € Sy

for 0 < k < p, so comparing the dimensions we have that

_y (e=1)*
Se=(mp 7 )+ Viy1.

If m is like in the proposition and > 2, take in L>* an element « contradicting
the proposition for m—1 and such that ¢ = vz, (1N, p(a)) is as big as possible.
Then g, ,/p(t) is the ramification break of K'LK,, 1/LK, 1, which is
also equal to that of LK'K,,_1/K'K,,_1 considering that K'K,,_1/K,,_1 and
LK,,—1/Ky—1 have the same ramification break equal to ¢k, /p(p+ 1), and
the total set of breaks has to be preserved. By the definition of S,,_; and S,
we have that ¢t can be either m — 1 or m, unless m = p where t is either p — 1
orp+ 1.

By local class field theory K'K,,_1/F corresponds to the subgroup A =
rad™ (Pr) of Pr, and LK'K,,_1/F to another subgroup B with index p in
A, and t is the biggest ¢ such that some x € V; N A has non-trivial image in
A/B. Passing to the groups A’ and B’ of the elements sent by o — 1 into A and
B respectively, A’ = soc?~™*2(Pp) corresponds to K, o, and B’ to L'K,,_»
where L' is the subfield of L corresponding to soc!(Gal(L/F)) as F,[G]-module.
The upper ramification break of the new relative extension is ¢ g, _,/r(s) where
s is the biggest so that some y € Vi N A’ is nontrivial in A’/B’. Being A =
rad™ '(Pp) each z € A\ B is of the form z = y?~! for some y € A"\ B, so
s =1t—1unless t = p+ 1 where it becomes s =p — 1.

Since Gal(L'/F) has length m—1 and the field L” corresponding to soc!(Gal(L'/L))
is contained in K,,_», and V,,,_a D A’ D V,,,_1, we have that s is also the ram-
ification number of L'/L"” with respect to F, that is the break is ¢, p(s).
Repeating this observation for m — 1 steps we have that the upper ramification
breaks over F' are either 1,2,...,m — 1,p + 1, either 0,1,...,m —2,p+ 1 de-
pending on whether an element o € S,,,_1 contradicting the proposition can be
found in Vj,, or not, where for convenience a “ramification break” of 0 indicates
an unramified extension.

We proved the

Proposition 6.3.4. Let 1 < m < p be like in the Prop. if we can find an
a such that Np k(o) € (K*)P\ Np g (F*)P such that [Ny p(a)]p € Vin, then
the normal closure E/F 18 totally ramified with breaks 1,2,...,m —1,p+ 1. If
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not, then i/F is formed by an unramified extension of degree p and an extension
with upper breaks 1,2,...,m —2,p+ 1.

We will look for the biggest 1 < m < p — 1 such that we can find an «
contradicting the requests of the Prop. [6.3.3] For all { = p—1,...,2/1 in
descending order, if we cannot find a suitable o with [N, p(a)]r € Vi1, we
inductively test Sy D Vi (and Gal(L/F) has length £ + 1 and there is an
unramified part), and then V; D S, (and in this case Gal(L/F) has length ¢ and
the extension is totally ramified).

Verifying that we cannot find a with [Ny p(a)lr € Viy1 is easy, and is
the condition of the theorem connected to A,4+1(Y) for £ = p — 1, or to Asyq
if £ < p—1. We then allow [Ny p(a)]r to be in Sy = <7T§;“7_1)e> + Vg1t by
Prop. for gr(r—1) = —Fp/F,» and for some k prime with p we have

ﬂg_l)z =1- kﬂpéﬂiﬂ + ...

= Np/p(1— k07" + O(z),

in view of Chap. [3] and being ¢ smaller than the ramification break
p+ 1. In particular the image of Ny, /p(1 — 0°r") generates S¢/vi,., and testing
the condition for S is equivalent to verifying that A,(9%) € V.

Note that A3(62) has the simplified form Go,0%" + G262, and testing if
F2XP + F,X = A,(f*) has solution in kx is equivalent to checking, after
replacing X by 6°X and dividing by ¢, if there are solutions to

Foo(—Fo/F )P XP 4+ F X — Gpo(—Fo/F,5)7" — Gy = 0.
Note that for £ = 1 we just test if ¢1(8)/p* is in V| like in the last condition of
Theorem [6.2.5
We have the

Theorem 6.3.5. Assume that f(X) satisfies conditions @ @ of Theorem
[62223, and keeping the notation assume additionally that

—1
1. Gos1/F,Fo € K.

Let L be the extension determined by f(X), L the normal closure over K, and
F the unique subextension of degree p contained in L. Then Gal(L/K) is an ex-
tension of G = Gal(F/K) by the indecomposable F,[G]-module M = Gal(L/F),
Gal(L/K) has exponent p* and is a non-split extension unless M has length p.
Furthermore

2. if Gy # —FFT! then M has length p and L/F is totally ramified with
upper ramification breaks 1,2,...,p—1,p+1;

assuming equality in the previous condition,
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3. if Gpy # Fp2 (Ge/F,)" for some £ € [3,p—1] that we take as big as possible,
or Gap # Fpe (G2/F,)P + LF, (Fp - F;ép) and we put ¢ =2, let

U(X) = FPQ(_F"/Fﬂ)e/po + FpX - Gpé(—Fp/sz)g/p — Gy.

We have that

e if U(X) has no root in kg, then M has length £+1 and L/ F is formed
by an unramified extension followed by a totally ramified extension with
upper ramification breaks 1,2,... £ —1,p+1,

e ifU(X) has some root in kg, then M has length £ and L/F is a totally
ramified extension with upper ramification breaks 1,2,.... 0 —1,p+1,

assuming equality in the previous conditions, and for 67P—1) = —Fp/F,s,

4. if Fipe XP + Fp X — p% (fp29172 + fp9p) — G160 has no root in ki, then M

has length 2 and f//F s formed by an unramified extension followed by a
totally ramified extension with upper ramification break p + 1.

All conditions pass precisely when all requirements of Theorem [6.2.5 are satis-
fied, and in this case L/F is Galois cyclic.

It turns out that we just worked out the hard case of the classification of all
polynomials of degree p? whose Galois group is a p-group.

We keep the notation of the previous part of this section. We have classified
in Theorem all polynomials such that L/F has ramification break at p+ 1
and the normal closure is a p-group, and it turned out that the condition on
the ramification number is sufficient to guarantee that the Galois group of the
normal closure has exponent p?. Conversely if the ramification number is < p—1
then either L C K, for some m < p and Gal(L/F) has length < m, and
Cal(L/K) is the splitting extension of G, either Gal(L/F) has length p, and
there is only one possibility for Gal(L/K), which is both a split extension and
has exponent p?, and is a wreath product of two cyclic groups of order p.

Again as above, let £ be the smallest integer such that [Ny, /p(L*)]r contains
Viy1. The ramification number of L/F is ¢, and the length of Gal(L/K) as G-
module can be ¢ when the norms also contain Sy, or £+ 1 if this is not the case.

4
Since Sy = <7r§,f'—71) ) + Vg1 to resolve this ambiguity we should test whether
4 14
[ng_l) ]F S [NL/F(LX)]F. Since Wg_l) S Ug,F and NL/F(LX) D) Ug+1,p we
can just test if
N AN (6—1)*
L/F(1+07T)—7TF —+ ...

for some unit 0 € Uk.

Factorizing in L the ramification polynomial f(X + 7) over the Newton
polygon we have that f(X + 7) = Xg(X)h(X), where g(X) has degree p — 1

with roots of valuation £ + 1 and h(X) degree p*> — p and roots with valuation
2. We can take g(X) to be monic and with roots 7¢(7) — 7, where 7 is an
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automorphism of order p of the normal closure of L over F' and 1 < i < p, and
L/F is Galois if and only if g(X) = XP~1 4. ..+ g; X + go splits in linear factors
in L. If we can write 7(7) — 7 = nr’*! + ... with € Uk, then 7(7) can be
approximated in L better than by any other conjugate, and consequently L/F
is Galois by Krasner lemma. On the other hand if L/K is Galois we certainly
have such an expression for some 7. Since

p—1

go = H(Tiﬂ —7) (6.6)

i=1
p—1

= H ettt = —pp (= DD (6.7)
i=1

we have that L/F is Galois if and only if —gg is a (p — 1)-th power.
The monomial in X? of f(X + 7) is

2
(p , p) o T XP = h X?
p

where hg is the constant term of h(X), while the monomial in X is
Xf(m) = (* =) o T TIX = goho X

where r should be p? — (p— 1) +p and v,(f.) = 2, considering that f/(r) is the
different and has valuation (p?> —p) -2+ (p—1)- (£ +1).

Since (pzp_p) = —1 (mod p), by the definition of r we have taking the ratio
of the coefficients of the monomials above that

g _ —rfm T e
rp—D+1) 7fp7rp272p - +...
= rfr/fp . 7-(-—132 b= _Tfr/fpfp2 +...,

being P = —fo+....
Since r = £ (mod p) we obtained that 77~ is equal to #f+/f,f,., and it is

contained in %" if and only if gy is a (p — 1)-th power. Put again F), = fo/p,
Fy2 = Fp/p and G; = fi/p? for i # p,p>.

Condition 6.3.6. L/F is Galois if and only if {G+/F,F,> is in /17}'(_1, where 1 is
equal to p> — (p — 1) + p.

Let’s recall that from §3.2.1] Chap. [3] we have that
Npp(l+0r") =1+ (0P — "~ '0)me + ...,

while ,
w;fffl) =1—kp'nt +...
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for pp~1 = — »/F» and some integer k prime with p, by Prop.|6.3.1, From
what observed at the beginning, we obtain that the length of Gal(L/K) is ¢
when XP —(Gr/p,F, X = p' has solution in kg, and £+ 1 if this is not the case.
Replacing X by p*X and dividing by p° this is equivalent to testing if

(=Fo/F2)  XP — Gr/FF X = 1

has solution in k.
Consequently we obtain

Theorem 6.3.7. Let 2 < {(<p—1anletr =p*— (p— 1)+ p, and assume
that f(X) is such that

1. vp(fp) =1, and vp(fpi) > 2 fori e [2,p—1],

2. vp(fi) > 2 fori € [1,r—1], v(fr) =2 and v,(f;) > 3 fori € [r+1,p*—1],

putting F, = ?/p, Fpe = 12/p, and G; = fifp* for all i # p,p? we have
3. —Fp/E, = pP~! for some p € K},
4. tGr/F,F» = iP~L for some 7] € K.

Let L be the extension determined by f(X), L the normal closure over K, and
F the unique subextension of degree p contained in L. Then Gal(i/K) is a
split extension of G = Gal(F/K) by the indecomposable F,[G]-module M =
Gal(L/F) and furthermore defining

U(X) = (=Fo/F,2) XP — tCr/F,F X — 1
we have that if

e U(X) has no root in kg, then M has length £+ 1 and L/F is formed by an
unramified extension followed by a totally ramified with upper ramification
breaks 1,2,...,4,

e U(X) has some root in kg, then M has length ¢ and L/ F is totally ramified
with upper ramification breaks 1,2, ..., 4.

What is left is the easy case for £ = 1, which is considered separately. In
this case L/K has 1 as unique ramification break, v,(f1) = 1 while v,(f;) > 2
for i € [2,p* — 1], and consequently put F; = fi/p for i = 1,p,p?. The map
UrL/Us, 1, — Uk /U, i induced by Ny, i is described by the additive polynomial
AY) =Fp v’ +F,YP+FY, and L/K is Galois precisely when Ny, i (Ur,1) =
1 4 pW for a subspace W of codimension 2 in kg, that is when A(Y) splits
completely in k. On the other hand the normal closure L /K is a p-extension if
and only if L becomes abelian elementary over the unique unramified extension
of degree p of K, or equivalently if A(Y') splits completely over the unique
extension of degree p of K.
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Theorem 6.3.8. Assume that f(X) is such that
1. vp(fp) <1, and vy(fpi) > 2 fori e [2,p —1],
2. vp(f1) =1, and v(f;) > 2 fori € [2,p* — 1],
and putting F; = fifp for i = 1,p,p?

3. the polynomial szYp2 + F,YP + F\Y has a root in Kkj, and Fi/F, €
Cros

Let L be the extension determined by f(X), and L be the normal closure over
K. Then

o if szY”2 + F,YP+ 1Y does not split in ki then L/K has a unique subex-
tension F', Gal(L/F) has length 2, L/ F is formed by an unramified extension

Jollowed by a totally ramified extension with upper ramification break 1, and
Gal(L/K) is a split extension of Gal(F/K) by Gal(L/F),

o if [ y?* + F,YP+ F1Y has all roots in ki then L/K is an abelian elemen-
tary p-extension.

Theorems [6.3.5}, [6.9.7] and [6.3.8] cover all possible ramification breaks of the
extension L/F, so they completely describe the Galois groups of polynomials of
degree p? whose splitting field is a p-extension.

6.4 Polynomials of degree p? generating a cyclic
extension

We proceed with the same strategy used for the polynomials of degree p?, start-
ing from the conditions on the valuations of the coefficients.

Let f(X) = XP 44 fp3—1X + fps, since the different has now valuation
4p® — p? — p — 2 it will be determined by the monomial fp2+p+1Xp3*p2 —p=1
Op(fp2ipr1) = 3, vp(fi) = 3if (4,p) = 1 and v,(f;) > 4 if furthermore i > p? +
p+1. Let w be a root, the coefficients of the term of degree p of the ramification
polynomial f(X + «) will have valuation (p*> —p?) -2+ (p> —p)-(p+1) =
3p® — p? — 2p and has to come from a monomial f,s_;(X + 7)* contributing
the term (;)fps_iXpwi*p, and we deduce the 7 has to be i = p? — p? — p, that
Up(fp24p) = 2, that v,(fp) > 2 for (i,p) = 1 and vp(fpi) > 3 if furthermore
i > p+ 2. Similarly considering the coefficient of the term of degree p? of
the ramification polygon, which shall have valuation 2p® — 2p?, we obtain that
vp(fp2) = 1 and v, (fp2;) > 2 for all indices such that (i,p) = 1.

Condition 6.4.1. We must have
1. vy(fp2) =1 and vp(fp2;) > 2 fori e [2,p—1],
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2. vp(fpi) = 2 for alli € [1,p — 1], vp(fpe4p) = 2, and vp(fpi) > 3 for all
i€ [[p+ 1,p2 - 1]]:

3. vp(fi) >3 foralli € [1,p* +p— 1], vp(fp24pr1) = 3 and vp(fi) > 4 for
alli € [p? +p+2,p3—1].

Again working like in degree p?, we shall require NL/K(ULL)FV1 NUit1,L
to be contained in 1+ p*V for 1 < ¢ < 3 and some Fp-vector space V, and after
determining V' we will have to verify the condition on the combinations of the
norms of elements of the form 1 + @7¢ for a unit 6, and 1 < ¢ < p? + p+ 1 and
(f;p) = 1. i

Let’s expand again Hf:o F(¢;T) modulo p*, taking into account the valua-
tions of the f; and evaluating directly the 3y (¢) via Prop. m it can be written
with the terms in increasing valuation as

Pr> +5g,1fp2Tp2 + 5@71fp3Tp3 (6,8)
_ 1 )
2 +§5f]2f§2T2P2 + 612 e fs TP 4 55512 fAT
Pk > : 6.9
K + Z alep?ij?] + Z §Z,kfkapk ( )
L J€l2,p—1] ke[1,p+1]
[ 1 3 2 3 3 2 3 3, 2 1 3 3
+§6£,7%f§2T3p + 5£,L+2fp3 fﬁsz +2p% 4 5£,£p+1f§3 f2 T4 4 g@éfiﬂj‘o’p
2 2 . 3 2
+ Z §£?J]‘+1fp2fp2ij I+ 51[?}1fp2fp37p2Tp + Z (SEI]c-s-pprfkap ok
5 jel2,p—2] ke[l,p+1]
Pr > 2 3,2 9 3
+ Z 527;'+pfp3fp2ij I + Z 6lg,]]€+p2 fp3fkap +pk
j€l2.p—1] ke[1,p+1]
+ Z 0,3 fpg TP + Z Se e frT*
L j€lp+2,p2-1] ke[1,p24p+1]
(6.10)

While this expansion looks scary we can start noticing that since raising to a p-th
power induces an automorphism on the set of multiplicative representatives we
have considering the expansion modulo p? that the conditions stated in Theorem
must be satisfied with fj;in place of f;. Consequently put F; = fi/p for
i = p%p Gy = 9ifp? for i € p[l,p+ 1] or i € p?[2,p — 1], let A(Y) =
FsYP? + F,2Y and put V = A(kg). Such conditions are satisfied if and only
if V' has codimension 1 in ki and the norms contained in U; g or Us g are
respectively in 1+ pV and 1+ p?V.

Similarly to the case in degree p?, for £ > 2 this sum can be written as
De(0) = €32y dy(6%) where the dy(T*) are the polynomial obtained if every

5%] is interpreted as a Kronecker’s delta and 14 d¢(8) = N(E(67%)) (mod p?).

For ¢ = 1 there are exceptions because (5%] =0 for £ < m.
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We require the norms in Us x to be in 14 p®V/, and let’s concentrate first on
the case of £ € [p+2,p*+p+ 1] so that the norms N,/ (1 + 67°) already live
in Us g, and the first few terms of the expansion disappear. For such indices
¢, dg(0) shall be in p3V for each representative 0, and dividing by p® we can
consider the additive polynomials A,(Y) = @e(Y)/p®  which, depending on ¢, are

—Gpo—p2y FpsY? + HiY tep*+1,p°+p+1],
HpY? + HY 0e2p+2,p* —1],
FAFpY? 4 (Hpo — FpeGppen))Y? + HiY =2p+1,
—FyFp(p)Y? + (Hp — Fp2Gyop)Y? + HY telp+3,2p—1],

(FpsFa — FpaFope)Y? 4 (Hy — FpaGop)YP + HY  £=p+2,

where we have put Hy = fx/p® for k € [1,p?> +p+ 1] and k € p[p + 2,p* — 1].
Condition 6.4.2. For each { € [p+2,p?+p+1] we shall have Ay(rkk) C A(kk).

For ¢ < p+ 1 the question is a bit more complicated because in general
the norms of 1 — #7¢ will not be contained in Us g, but a proper combination
of norms of elements of this form may be, and we should require it to be in
1+p*V. However for n) varying the elements Ny, ;i (1—nm)? have norms covering
all classes in Uy i /U3 i, and consequently each Ny /g (1 — 67*) can be reduced
into Us g by multiplication by an suitable N, (1 —nm)P for some 7, and we
should verify that all such reduction are actually in 14 p?V. The condition for
more complicated combinations will certainly also be ensured.

Since the map pi/p% — Uz,x/U, x induced by z +— 14 is still an isomorphism
we have that a proper combination of the of 1 + 7¢ (e.g. via the Artin-Hasse
exponential) has norm of the form 1 + dy(6). In other words depending on
2 < /¢ < p+1 we have that the remaining term, which we call g,(Y), is

{*fp3fp2Yp2 +fzo"’HJYP} — [ fpY? + fpnY [p+ 1],

{F2eY?" + FoeY P} = fp frpe) Y + Y 4,p 1),
(VP VP b4 L8P 4 L — [ oV 4 Y 3],
{727 & (o = 812) Y7 + 27} 4 oY 2],

where under braces are the terms that are not identically in p3.. On the other
hand X ,
N1 +nm) =1+ fon? + fen? + fn® mod p*V

and consequently
NI +nm)P =1+ {pfpsn”3 +pfp2 n”z} +pfpn’ mod pV,

with again under braces are the terms that are not identically in p3.. Conse-
quently let’s consider the polynomial

WZ) = {pf 2" +pf2 2P} +pfoZ,
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we are looking for values of Z = ¢,(Y"), that will be the lifting of some additive
polynomials in Y, such that g,(Y) — h(¢¢(Y)) € p3, to impose the condition
that it shall be in p3V as well.

The additive polynomials 9:(Y)/p?, which we denote by By(Y?) replacing Y?
by Y, are forced to have image contained V', that is the image of »(Y)/p> = A(YP),
and the condition is that By(Y) = A(D,(Y)) for some other additive polynomial
Dy(Y') whose coefficients can be deduced easily.

In particular, being A(Y') = F,sYP? 4 F,2Y and By(Y’) the polynomials

—szFpsyp + Gp2+py []9 + 1],
Gp2fYP 4 GpY 3, p—1], (6.11)
—1FZY? + (G2p2 - %F;) YP + GopY 2],

in view of Prop. we can take as Dy(Y") respectively the polynomials

Gpe F Y 3, + 1 s

1 /P p/2 pZG [ P ] (612)
_in:; Y + 2:n/sz)f [2]

Now, By(Y?) = A((D,*(Y))?) where D/*(Y) is Dy(Y) with the map z

z'/7 applied to the coefficients. Given the definitions of A(Y) and By(Y) in

terms of the h(Y) and ¢,(Y), we have that we can take as ¢,(Y) any lifting of

D/"(Y) to Ok[Y].
For 3 </ < p+1let’s take a p € Ok such that pP = Gee/F,, = fe/pf >, then

Dy(Y) = pPY and we can take ¢;(Y) = pY’, and the polynomials p%(gg(Y) — h(¢e(Y)))
should take values in V. Considering that

h(ge(Y)) = {ppr Py +pfp2p”Yp} + pfppY,

depending on ¢ they are

(—fpsfpz/pfs — fpspp2/p2>yp2

+ [(fp2+p/P3 - pr,P/pz) - Fp2Gpi| Yp + (Hp—i-l - Gpp)Y

for{ =p+1,

|:<fp22/p3 — fpsﬂpz/;ﬂ) — szGp2(g_1)] yr’

+nf7? = TP [2)Y? + (Hy — Gypp)Y,

fora <f{=p-—1, and

1 1
ngayps * |:<f3p2/p3 - fpgpp2/p2) + gFI”S - FP2G2P2:| v

+(f3p/p3 — fp2pp/p2)yp + (H3 - Gpﬁ)y
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for ¢ = 3.
For ¢ = 2 let’s take p,7 € Ok such that pP = Gw2/F, = fe2/pf and
—3F;s = —1f3/p°. Then Dy(Y) = 7PYP + pPY so that we can take
=7YP + pY, and we have

2

T =

#2(Y)

B(@2(V)) = {pfa(rY7 + pY )" 4 pfa(rY + pY ) 4 pf,(rY7 + pY)
33 2 2 p-l p2 . ) Lo
=l Y A pfpp” YT 4 pfis Y (z‘p) TP Iy =P L O(pt)

=1

p—1
oY 4 oY 4t 3 (1)l Oy O
i=1

+pfpTY? 4+ pfppY.

Considering that %(f) = %(’i’;) (mod p) and the terms in the sums can be
paired in elements that are pf,s (’;;)Zp +pfpe(P)Z for Z = ripr=dyirtp=1)

and hence in p3V for each Z, we have that up to some element in p?V we can
write h(pa2(Y)) as

3 3 2 2 2
Pl YT+ (pfpap” +pfp2 )YY + (0fpep” + pfom)Y? + pfppY.

Consequently up to some element of V' the polynomial p%(gg (Y) = h(ga(Y))) is
the

2

1 . 1
(_2fja 8 — fpar?’ /pz>yzf°’ + <f2,,2 P — §f;2 0t — Fy30? fp2 — Fa” /pz> yP

+ (oo = T22) = Gy ) Y7+ (Hy = Gypp) Y,

which is required to take values in V.

One last effort is required: for £ = 1 in the case that 1 — f7 has norm in
Us i (and hence in 1+ p2V), that is when 6 is such that A(67") = 0, we should
also have that taking n such that (1 — 6x)(1 — n7)~P has norm in Uj g, than
that norm is required to be actually in 1 + p3V.

Let 8 =T be as required, the terms that disappear because £ = 1 are

1 1 1 2
STRTY 4 fys TV 1 SFRT = = (fu TV 4 £ )
then
1 3 3p? 2 pd42p2 2 2p34p? 1 3 3p? 1 P2 P> 3
SSRT 4 f BT + [ S T T = < (fpzT + T ) ,
and the sums can be decomposed as sums of ( fpsz2 + fpsTpg) fpijp2-j and of
(fp2 " + fps Tp3) fkapk, and in particular all such terms are in p}, considering

the hypotheses on T'.
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Consequently such terms can be assumed to be present, and removing the
extra terms we already studied (or considering the norm of E(67)) the remaining
terms are

w(T) = TP + foT7 = frofps_p2T7 + f,TP + fiT.

Assume p% (fp391’3 + fpa0P” + fpﬂp) can be written as szdp2 + F,2aP for some
@, then taking any lift o of @ we can consider w(f) — h(«), which comes from
a norm of the required type, and should be in p3V.

At last, we can state the

Theorem 6.4.3. The FEisenstein polynomial f(X) = X7+ lepa_l + -t
frs_1X + fps determines a Galois extension of degree p* over K if and only if

1. vp(fp2) =1 and vp(fp2;) > 2 fori e [2,p—1],

2. vp(fpi) = 2 for alli € [1,p— 1], vp(fp24p) = 2, and vy(fpi) > 3 for all
(S [[p+ 17p2 - 1H7

3. vp(fi) >3 foralli € [1,p* +p— 1], vp(fp24pr1) = 3 and vp(fi) > 4 for
alli € [p?> +p+2,p3—1],

putting Fp2 = fp2/p, Fps = f3/p, and G; = fi/p* for all i in p?[2,p — 1] or in
p[1,p+ 1] we have

—1
4. —F,,2/Fp3 S H% ,

P _ p+1
5. Gp(zH-l) - 7Fp2 ’

6. Gyoo = Fys (Gnfr)" for €€ Bop =11,
7. Gopz = Fps (GQP/Fﬁ)p +3Fp (Fp2 - Flép),

p

if p is such that pP®—1) = —F2/F,5 we have (independently of p)

8. 1% (fpspp2 + fp2pP + fpp) = FpaP + Fpa for some o € ki,
putting H; = Ii/p* for i in [1,p* +p + 1] or in p[p + 2, p* — 1] we have
9. =Ge—p) Fpp = Fyps(He]F2)? for L € [p* +1,p* + p+ 1],
10. Hpp = Fps(He/F 2 )P for € € [2p +2,p* — 1],
11 Hyopr1) = Fp2Gp(pir) = Fps (Hare1 /)P + Fpe (FpeFp2) /7,
12. Hypp = Fy2Gpi—p) = Fya (He/F,2)? — Fpo (Fy2 (o))" for £ € [p+3,2p—1],
13. Hy(pa) — Fip2Gop = Fpa(Hor2/F,p )P + Fpo (Fp22 - F2p2)1/p,

for each € € [3,p+ 1], let pg be such that pj) = Gee/Fo. Then
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14. putting Ppy1 = Hpp1 — Gppp+1,

r . . 3 2
Qpr1 = (Fo240/v? = F02Ppi1/p?) = Fp2 Gy, Ry = (—fp3fp2/p3 - fp3f’5+1/p2>7

we have Qpi1 = Fys(Po+1/F)P + Fa(Rot1/F5)"7,

15. for each 4 <1 < p—1 putting Pp = Hy — G, e,

Q@ = (fi"[/P3 - fp2p§/P2)_FpZGp7 R( = (_fp2f/173 - fpspfz/PQ) _szsz(lfl)u

we have Qp = Fyys(Pe/F,2)P + Fia(Re/r,5) "/,

16. putting putting Ps = H3 — Gpp3,

1

Qs = (Fonfo — T,2r), Ry = (fapz/pg B fpsng/pQ) +3

FY — FeGop

we have %sz(ng)l/p + F,3(@s/F»)P = Ry + Fps(Fps/sz)p(PS/Fpg)p2’
let pa, 72 € Ok such that ph = CGw2/F,» and ?52 = —1F,s. Then

17. putting

P, = Hy — Gyp, Q2 = (Fr/p® — 120" [p?) — G, T,

1 1 :
Ry = (‘f2p2/p3 - §f§2/p3 - fp3pp2/p2 - fp27p2/102>’ S2= <2f§3 P’ - fpngd/p2>

2

we have Fy2(S2/F5)"/? + Fya(Q2/F2)P = Ra + Fyps(Fps [F2)P(P2/F,2)P,

if p, € are such that ﬁpz(p_l) = —Fpe/F, and

1 . _ _
P (fp?’pp3 + fp2pp2 + fppp) = Fp?’fpz + Fp2§p7

18. we have that

2% (for (pP* = &) + fr2(pP® = EP) + fp(p? — &) — fp2 fro—p2p?* + f1p)

is also of the form Fpsi? + Fp2l for some @ € ki .

6.5 Sums of roots of unity
We finally prove the lemma about the X, (¢), it is actually much more than

needed but nevertheless is has a nice statement, which could still be useful in
similar circumstances:
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Lemma 6.5.1. Let A = (A1, A2, ..., \) be a partition, then

S = Y o J[DE A — 1!

A:ujej)\(]) jeJ

where the sum is over all the partitions \ = |_|j€J)\(j) (as set) such that for

each j € J the sum |A9)| of the elements in A\U) is multiple of ¢ and #\) is
the cardinality of the subset \9).

Proof. Let A(; ;) be the sets (indexed by the pairs (4,7)) of indices (¢1,...,¢,)
such that ¢; = ¢;, let Ag be the set of all possible indices, and for A C Ay denote
by X(A) the sum over all the indices in A. By inclusion-exclusion we have that

Ea(0) = 2(Ao) — 2(Ug A g)

=D R(Aa)+ D, B(Aus) NAa ) —
(07) (6.)2(",37)

Now let A be the intersection of all the sets A, ;) for a collection of pairs
P = {(i1,41),---,(is,Js)}ses, if we consider the graph with R = {1,...,r}
as vertices and the (ig,ji) as edges we have that if we split R in connected
components R = Ui R; then the allowed indices ¢ are those constant on each
R:, and calling ¢; the value taken on R; the sum ¥(A) becomes

=11 Zdt@*’*t K

teT 1¢=0

and this sum is /#7 when all the > rer,
that ¥(A) appears with sign equal to (—1)# in the inclusion-exclusion, so for
each partition of R in sets R; such that the sum of A\, for » € R; is multiple of
¢ we have that to consider the all graphs with set of vertices R and such that
each R; is a connected component, and count the number of graphs with an
even number of edges minus those with a odd number of edges. Now the total
difference is the product of the differences over all the connected components,

so we have
YA = Z 7 HK#,\<J‘)

)\:UjeJ/\(j)

A are multiple of £ and 0 if not. Note

where for each i we denote by K; the difference of the number of connected
graphs on ¢ vertices having an even and odd number of edges.

The difference of the number of connected graphs K; on 4 vertices with an
even or odd number of vertices can be computed fixing an edge, and considering
the graphs obtained adding or removing that edge. Those such that with or
without it are connected come in pairs with an even and odd number of edges,
the other graphs are obtained connecting two other connected graphs on j and
i — j vertices. In particular choosing j — 1 vertices to make one component with
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the first vertex of our distinguished edges we obtain
Kiio=— Z ( ) Ki j 1K
5 J
for i > 0, and K7 = 1. Calling G(X) the exponential generating function
S0, Kol X we obtain that

=0 4!

d

—G(X)=-G(X)?

LLG(X) = ~G(X)

with the additional condition that K7 = 1, and this equation is clearly satisfied
by 1/(1+x), which can be the only solution. Consequently K; 1 = (—1)%-i! and
the lemma is proved. O
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Chapter 7

Special Eisenstein
polynomials

In this chapter we show how it is possible to define a normal form for Eisenstein
polynomials, which can be used for quickly enumerating totally ramified exten-
sions of a local field, for selecting a special defining polynomial to represent
extensions, and for identification of the extensions. Unluckily it doesn’t seem
possible to produce easily exactly one special polynomial for each isomorphism
class of extensions, but we show how to obtain a very restricted set of polyno-
mials generating each extension. The number of special polynomials generating
a fixed extension L/K is not greater than the number of conjugates of L over
K, so that each Galois extensions is generated by exactly one polynomial. In
fact, the problem of selecting exactly one generating polynomial for each iso-
morphism class appears to be as hard as that of determining the cardinality of
the group of automorphisms of the extension generated by a polynomial.

As shown in [PRO1], it is possible to enumerate and identify the extensions
generated by Eisenstein polynomials selecting one polynomial for each neigh-
borhood with respect to a suitable distance, and applying Panayi root finding
algorithm to collect the polynomials generating the same extension. The search
space can be drastically reduced by just taking into account Eisenstein polyno-
mials in normal form.

Furthermore, for each Eisenstein polynomial generating an extension L/ K of
degree n there exists a quick way to recover all the special polynomials attached
to the extension. The procedure does not require an exhaustive search over the
space of all extensions of degree n of K, not even a search within the set of
polynomials generating extensions with fixed ramification data.

Indeed, any Eisenstein polynomial can be put into normal form by applying
greedily a reduction algorithm, which however allows some free choices during
the reduction. The full set of special polynomials is obtained as the set of all
possible outputs of the reduction algorithm, over all possible choices.

A family of unique representatives for Eisenstein polynomials was already
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defined long time ago by Krasner [Kra37], and it turns out that Krasner special
representative is one of the special polynomials we consider, when the sets of
representatives in the definition are taken to force as many terms to be 0 in the
p-adic expansions of the coefficients. The unique Krasner representative is not
easy to characterize in terms of the coefficients, while from our point of view we
have a very restricted set of polynomials that can be easily described. Curiously
Krasner work appears to be unknown to many people working in the field, and
is not taken into account in many recent works, such as in [PROT [JR0OG].

We exhibit a criterion for establishing a priori that an Eisenstein polynomial
f(T) may not be converted to another polynomial g(7T') via such a reduction
applied greedily, and when f(7T') and ¢g(T) are any two Eisenstein polynomials
such that one of them is known to generate a Galois extension then the criterion
can be used to show that f(T') and g(T') generate non-isomorphic extensions.
The criterion takes into account the higher order terms appearing in the p-adic
expansion of the coefficients, not just the valuation (or first-order expression)
of f(r) — g(w) for a uniformizer 7 of an extension L/K of degree n. The
criterion established in [Yosll] for totally ramified Galois extensions over Q,, is
also recovered in a more general context.

In the last section we describe an algorithm that allows to construct the
unique special Eisenstein polynomial generating a totally ramified class field,
given a suitable description of a norm subgroup. In particular, we show that
there exists an ordering of the terms appearing in the p-adic expansions of
the coefficients allowing to recover all the terms of the special polynomial, by
solving inductively linear equations over the residue field. An algorithm for the
construction of polynomials generating class field was described in [Pau06] for
cyclic extensions, where an extension of degree p™ is constructed inductively
by steps of degree p. In our construction an Eisenstein polynomial generating
an arbitrary totally ramified class field is constructed directly. For each closed
subgroup we obtain exactly one extension of degree equal to the index, which
has additionally to be Galois, so we also obtain an alternate and constructive
proof of the Existence Theorem of local class field theory.

Notation

We will assume that K has finite residue field, and set ex = vk (p) as usual. If
L/K is any totally ramified extension of degree n, with k distinct ramification
breaks say, we will usually denote with t; < to < --- < t; the ramification
breaks. We will denote as vy > 71 > --- > 7, the cardinalities of the corre-
sponding ramification subsets (see Chap. [3)), so that 79 = #I' = n and
vi = #I',+ for 1 <4 < k. The +; are all powers of 7, except possibly for vy = n.
We will denote by L;, and Lt? the fields fixed by I't, and th respectively.

If p* is the biggest power of p dividing n, for each 0 < £ < s it will also be
convenient putting 7, to be equal to the smallest real ¢ such that n¢r k() has
slope < p* for = > t, it will be equal to either 0, or some ramification break t;.
The 7, are weakly decreasing and exhaust all the lower ramification breaks ¢;,
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and one break ¢; > 0 is repeated r times if (I'y, : I',+) is equal to p", so each
ramification break is taken “with its multiplicity” in a suitable sense. It will
also be convenient defining

& =nor k(1) — p're, o =nor/k(Te),

for each 0 < ¢ < s. Up to a factor n the o, are the upper ramification breaks of
the extension.

7.1 Reduction algorithm and the family of re-
duced polynomials

Let f(T) =T"+ f,1T"*... fiT + fo be a monic Eisenstein polynomial of de-
gree n, let m be a root in a fixed algebraic closure K¢ and put L = K (7). Then
clearly f(T) is the minimal polynomial of 7, which is a uniformizing element
of the extension determined by f(T'), and we are interested in understanding
how the coefficients of the minimal polynomial of a uniformizer change when m
is replaced by another uniformizer p = 7 + 7™ %! + ..., for some unit § € Uy
and integer m > 1. Since the following computation only depends on 6 at the
first order, # may be taken to be a multiplicative representative.

Let us consider the ramification polynomial ®(T") = 7" f(7T + ), its New-
ton polygon is fully described by the lower ramification breaks. For o € Og
we can compute a lower bound for the valuation of ®(a) as function of vy («)
starting from the Newton polygon of ®(T). The construction produces natu-
rally the Newton copolygon, which is essentially the dual convex body of the
Newton polygon, and is connected to the Hasse-Herbrand transition function as
already observed in [Lub81l, [Li97]; in such references f(T + ) was used instead
so the function obtained was slightly different from the classical Hasse-Herbrand
defined in [EV02] [Ser9).

Indeed, the Newton polygon of the polynomial ®(7™T) resulting by the
substitution T — 7™T can obtained from the polygon of ®(T) moving the
points with abscissa z up by “*z. In other words, if N : [I,n] — R is the real
function describing the polygon of ®(T"), the polygon of ®(7™T) is described
by N(x)+ "x.

The function N(x) is convex and piecewise linear, and by the well known
properties of Newton polygons the slopes are —tk/n, ..., —t1/n where t; < t3 <
-+ <t are the lower ramification breaks of the extension generated by a root,
and it has slope —ti/n in the interval [y;,v;—1] where v9 > 71 > -+ > 7 are
the cardinalities of the corresponding ramification subsets. We put ¢ty = +o0,
trx+1 = —oo for convenience.
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3 72 7 Yo

Let’s consider the minimum achieved by the function N(z) + 2z in the
interval [1, n], as a function of the real parameter m. It is again a piecewise linear
function with slope vi/n for t; < m < t;11, and we obtain that this minimum
value function is exactly the Hasse-Herbrand function ¢,k (m). Hence this is
the smallest valuation (with respect to K) of the coefficients of ®(7#™T'), and
7= 91/x(m) s the exact power of m such that 7= "1/« (™ (7™T) is in O[T
and non trivial modulo py,.

Let’s define the valuation of a polynomial to be the smallest valuation of the
coeflicients, we can resume what proved in the following

Proposition 7.1.1. Let f(T) be an Eisenstein polynomial, m a root, L = K(7)
and ®(T) =« " f(nT + ) its ramification polynomial. Then

v (®(n™T)) = nerx(m).

It will also be convenient to deduce an expression for the values N(p‘) for
each £ > 0 such that p’ | n. Starting from p’ the function N(z) has slope —7¢/n,
so N(x)+ " has infimum equal to ¢,k (7¢), which is achieved for z = pt and
is also equal to N (p*) + Z£p*, so we obtain

N@®") = ér/x () — %Pe = %

Lemma 7.1.2. For each £ > 0 such that p°||n we have N(p*) = &¢/n.

We will also prove another Lemma, which will be needed require later. If
p’ is the abscissa of a vertex of the Newton polygon we have that the terms
contributing to the coefficient of T' P in the ramification polynomial give to the
coefficient of T?" contributions having K-valuation at most ex (¢ — 5) bigger, for
§ < £. In other words we have that N(p?) < ex (¢ — j) + N(p*), for each j < £.
Considering the last vertex of one side of the Netwon polygon, and since for each
¢ the slope is equal to —7¢/n in the interval [p’, p*1] and N(p?) < ex + N (p**1),
we have that then 7, has to be at most nﬁ = er/(p+'—p*). Hence we have
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Lemma 7.1.3. We have
& <er(t—j)+&

for each j < ¢, and furthermore
Ty < er/(pt—pt)
for each £.

We now study the points (j, vx (®;)), coming from a monomial ®;77, that
may lie on the boundary of the Newton polygon of ®(T) = Y., ®,7%. We
claim that either their ordinate j is a power of p, either 41 | j, and the latter is
only possible when vy = n is not a power of p, so that v, is the biggest power
of p dividing n, and the polygon of ®(T") has slope 0 in the interval [v1, vo].

Indeed, for each r we have

o, = Z (;) fiﬂ'iinv

i=r

and since the summands have different valuations modulo n the valuation of ®,.
has to be equal to the minimal valuation of such terms. Consider v ( (i) fimtm)
as a function of r: then its minimum is obtained when r is the biggest power of p
dividing 4, and if p°|i then ’UK((D fimiT™) is at least vK((ng)fiﬂ'i_”) when pf*1 4
r, and strictly bigger if p* { r. So when p‘||r we have that vy, (®,) > vr(®,e),
and (r, vg (®,)) cannot be on the boundary of the polygon unless possibly when
the segment containing p’ has horizontal slope, p = v, and p® | r.

For integer m > 0 let’s consider the polynomials

S (T) = w91/ (MP(xmT).

If m > 1, or n is a power of p, then S,,,(T) is of the form
b .
Sm(T) =D T

for some coefficients ¢;, where p® = p® = ~; when m is not a ramification break
and m € (t;41,t;) say, while y; = p® and ;1 = p® if m = t; for some i. In
particular they are additive polynomials.

On the other hand if m = 0 and n is not a power of p (and hence L has a
non-trivial tamely ramified subextension) the terms appearing in Sy(T") = ®(T")
are all coming from the leading monomial 7", so that putting n’ = 7/, we have

So(T) = i ( " >TW’

=\

-y (”f) i
=1 N
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=(1+T")" —1.
We collect these facts in the following proposition.

Proposition 7.1.4. If m > 1 the polynomial Sy, (T) is an additive polynomial,
which is composed by more than one monomial if and only if m is a lower
ramification break. For m = 0 we have So(T) = (1+T7° )" —1, where n = p*n/
and (p,n) = 1.

When the context is clear, we will abuse of notation and also denote by .S,
the induced map 6 — S,,(8) over the residue field or an extension thereof.

7.1.1 Change induced on the coefficients by a substitution

We study now the effect of replacing the minimal polynomial f(T') of 7w with
the minimal monic polynomial g(T") of a different uniformizer p.

Let’s take p = 7 + 7™ + ... we will identify the term (f; — g;)p’ that
has minimal valuation for general 6, which gives information about the most
significant change induced on the coefficients f; — g¢; as consequence of the
substitution m — p.

The non-zero terms (f; — g;)p' have valuations with different remainders
modulo n, and furthermore we have

S — 90 = () — glp)
i=0
= f(p)=n"@@x™ +...),

considering the definition of p. If m > 1, being p = 7 (mod p%) we obtain the
following Lemma, after dividing by 7"(¢z/x(m)+1) and reducing the expression
modulo pg.

Lemma 7.1.5. If m > 1 and g(T) is the minimal monic polynomial of an
element of the form p =7 + 0™+ + ... we have

(F(m) — g(m)) - "G/t = 5, (9).

Since n | v (fi — g;) for each 4, the unique term (f; — g;)7* of f(w) — g(m)
that may contribute to the left hand side is for i satisfying

i=n(¢r/x(m)+1) (mod n),

80 4 is uniquely determined being 0 < i < n. We observe that if m > 1 is
not a lower ramification break then S, is surjective being xx finite and hence
perfect, while if m = ¢; for some i then it may not be surjective, when the
additive polynomial S, (T") has a root over the residue field k.

Assume that ¢; is an integer, we will later show that the polynomial Sy, (T")
only depends on the field extension L/K and on the class of 7 mod p?, as a
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consequence of a stronger result, Theorem [7.2.5] which is proved independently.
For the moment we can give a definition of reduced polynomial without assum-
ing this invariance, even though the definition will be less manageable from a
practical point of view.

Let I,,, be the image of S, and also its preimage in O when the context is
clear. Lemma [7.1.5 says that passing to the minimal polynomial of an element
of the form 7+ 07! + ... if n(¢y/x(m)+1) = jn+i with 0 <4 < n, we can
change the corresponding term f; by an element of 771, while all other terms
frm" are unchanged modulo 7/"*+*1, Since the polynomials S, for r < m are
certainly unchanged too, this observation motivates the following definition.

Definition 7.1.6. Let f(x) be an Eisenstein polynomial, and assume that each
coefficient f; has an expansion

fi=) fiim

Jj=1

with f; ; € R for a fixed set of residue representatives R, and where 7 is a fixed
uniformizer of K, and let 7y = —/fo/xx. Assume the choice of a set Ay C Ky
of representatives of kj/(kx)", and for each additive polynomial S,,(T") for
m > 1 a set of elements A,, C xkx that are representatives of the cokernel of
the map 0 — 173.5(0), where j = o1,k (m) + 1].

We say that f(z) is reduced (with respect to the choice of the A;) when we
have

1. fjy = —fo/xx is in Ag,

2. for each m > 1, if n(¢r,x(m) + 1) = jn + i for positive integers i, j with
i < n, then we have f; ; € Ay,

We say that f(x) is reduced up to the level r when condition [1|is satisfied, and
condition [2] holds for all m < r.

If f(T) is any Eisenstein polynomial, it’s easy to see that the polynomial
0" f(0~1T) satisfies condition [1| for some suitable . A polynomial reduced up
to level 0 can be obtained by the following algorithm.

Algorithm 1 Reduction (step 0)

a — _fO/wK,

B + Representative(a, (k3)"),
0 + Solve(T™ = /&),

0 « Lift(0),

return 0" f(071T).

If 4,7 are as above, we have shown above fi,jﬂ( can be changed by any
element in 7™ I, modulo 7™*! so fi,; can be changed by any element of
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(7" /wxc )i Iy, Since ™ = — fo+ ... we have that (7"/xx) = fjy, so f; ; is changed
by an element of ﬁjclm, while 7¢ is unchanged when passing to the minimal
polynomial of an uniformizer of the form w4+ @7+t 4+ .. ..

In particular, if f(x) is reduced up to the level m — 1 we can obtain a
polynomial reduced up to the level m via the following reduction step.

Algorithm 2 Reduction (step m)
J < bk (m) +1],
i n-{or/x(m)+1},
a <« fij, '
B + Representative(a, image(i7} Sim.)),
0« Solve(f];Sm(T) =a-pA),
0 « Lift(9),
F(T) < T + 0T™"! + {any terms of degree > m + 2},
return Resultanty (f(U),T — F(U)).

Indeed, if g(T') is the returned polynomial we have

(fig = gig)mem @L< (f; 7= g 77 = S (0),

and consequently g; ; = B € A,,. Since we allow any higher order term in the
choice of F(T) = T + 0T™*! + ..., we anticipate that for a suitable F(T) it
will not be necessary to compute the resultant appearing in the algorithm as
the determinant of a big matrix with coefficients in K[T], see Remark

Remark 7.1.7. If m is bigger than the biggest lower ramification break ti, then
Sm(x) is surjective, and the function n(¢r,x(m)+1) assumes as possible values
all integers > n(¢r i (tx) +1). Consequently we can arbitrarily change all the
representatives f; ; whenever

UL(Wg(Wi) =nj+i>n(pr/k(tr) + 1), (7.1)

without affecting the generated extension, turning them all to 0 for instance.
In this way we recover the well known quantitative criterion on the distance of
two Fisenstein polynomials ensuring that they generate the same extension, as
considered in [Kra62, [PROT, [Yos11]].

7.1.2 Characterizing reduced polynomials

We start with a few remarks about Definition [ 1.6l Since we allow a different
choice of the representing sets A,,, for each m, where the 0 element of the image
of the map is not even requested to be represented by 0, we have that each
Eisenstein polynomial is reduced for a suitable choice of the A,,. This choice is
very far from what would be recommended in a computer algebra system, but
it will be useful to be able to consider each Eisenstein polynomial as already
reduced.
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On the other hand on a computer algebra system we can expect to have
a more or less canonical way for selecting representing elements of a quotient,
and selecting 0 as representative of the zero element in the quotient. Under this
hypothesis we clarify here how a reduced polynomial looks like. In particular
we will see that, for each £ > 0 such that p’ divides n, the possible valuations of
the terms f; jm " such p’||i belong to one fixed interval, with some exception.

Fix ¢ and let us consider the terms fm-ﬁ(Ti with p?||i, we deduce a lower

bound for the value of nj 4+ i from the shape of the Newton polygon of the
2

ramification polynomial. Indeed, the contribution to the coefficient of TP in

O(T) is
" f; e 7r1<2>
BITET A e )

and since the contributions coming from different monomials of f(7") have dif-
ferent valuations modulo n then their smallest valuation should be at least
nN(p*) = &. In the same way we obtain that any term f; ;777" with p*|i and
nj —n +i > & is compatible with the ramification data, and when p*|&, and
pt is the abscissa of a vertex of the ramification polygon then there should be
a term fi,jw%Ti such that the valuation nj — n 4 ¢ of the contributed term is
exactly &, this case corresponds to a vertex of the Netwon polygon and hence
the minimum is reached.

We will show now that all the terms f; j7% T with p|i and such that nj +i
is big enough are turned to 0 by the reduction algorithm, with a few exceptions.
Indeed, we claim that the integers that are multiple of p’ and > né(r,) = o, are
all of the form n¢y,x(m) for some m > t, (note that o, may not be a multiple
of p® itself, we are considering non-Galois extensions and the ¢, and ¢(¢,) may
not be integers).

To show the claim we work by induction on the number of ramification
breaks. If p° < v,_; then 7, = t3, and nN(1) is certainly an integer being
equal to v (Zr) k), and nér, ik (m) for integer m assumes as values all integers
that are > ne¢r/k (tx), being nér, k (r) equal to nN(1) 4z for integer m > ty.
oL /i (m) takes as values

k—1

Assume instead p’ > y,_1, then by induction —

any multiple of p’/v;_1 bigger than %"—_1¢Lt+ /K (T¢) for integer m > 7. So
k—1

n(/)Lt . /K (z) satisfies the required property with respect to p?, and so does
fe—1

n¢r i (x), which is obtained as the minimum of n¢r, , /x(z) and nN(1) + 2.
th—1

Consequently we have from the claim that all the terms fi’jwﬁ( with p||i and
nj—n+1 > o, can be forced to satisfy f; ; = 0, except possibly when nj —n 41
is itself equal to o, for some r < Z, in this case we can only force f; ; to be a
suitable representative depending on the image of the polynomial S, (T'), which
may not be surjective as a function over K.

In the case of three breaks we have the following figure representing the
values nj — n + ¢ of the terms of a reduced polynomial.
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P’

t1(72) t2(m1)  t3(70)
We state the above results in the following proposition.

Proposition 7.1.8. Let f(z) be a reduced Eisenstein polynomial, and assume
that each coefficient f; has an expansion

fi=> fimk.

j=1
Assume ptl|i, then fi ; is non-zero only when
§e<nj—n+i<oy,

or when nj —n-+1 is equal to some o, and the corresponding additive polynomial
S (T) has a oot in K.

In other words we have that starting from a certain points all terms f;, jﬁ(
for p*||i can all be simplified to 0, except at upper ramification breaks. We will
later see how this phenomenon can be interpreted in terms of local class field
theory for abelian extensions, or in connection with Serre mass formula [Ser78]
in some simple case.

7.1.3 Representation of automorphism as power series

Applying such substitutions for increasing m we are taking into account all
transformations F'(m) of m by a power series without constant coefficient F/(T') =
01T + 6,72 + ... that may provide an element whose minimal polynomial is
reduced, because any such power series can be written as a composition of
polynomials of the form 67 and T(1 4+ 67™). Applying the above reduction
step for increasing m, when m is not equal to a ramification break t; we have a
unique possible choice for the class @ of § in the substitution 7 — (1 + 67™).
When m = t; for some i, the choice for @ is defined up to an element that is a
root of S, (T"), and taking into account representatives 6 for all possible choices
for 6 we can track all possible outputs. We can run this algorithm starting
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from the set {f(T")} and replacing each polynomial with the set of all possible
outputs, which may not be unique at the ramification breaks ¢;, and do so up
to the level . After this last step we obtain reduced polynomials turning to 0
all the f; ; for ,j such that nj 414 > n(¢r/x (tx) +1).

Algorithm 3 All reduced polynomials
{t1,...,tx} < LowerRami ficationBreaks(f(T))
A {f(1)}
for m=0—t; do

B+ 0
for g(T) € Ado
B + B U AllReductions(g(T), m)
end for
A+ B
end for
a < [or/k(te) +1]
b n-{édr/k(tr) + 1}
return A mod (7%t w2T?)

Since some outputs may be repeated we end with a multiset of reduced
polynomials. Clearly different power series F(T), G(T) may give the same
value F(r) = G(m) when evaluated in 7, but we will show that we took into
account all the different values F(m) € L such that the minimal polynomial of
F(r) is reduced.

Indeed, in step 0 we considered all possible values for F(7) modulo p?, and
assume by induction that all the F'(7) taken into account up to step m — 1 cover

all possible values modulo p7"*'. The values F(r) + 0F(7)™*! 4 ... covered
in step m, for all admissible representatives 6, will provide all possible values
modulo pT+2.

Let p;(kk) be the cardinality of rj/(kj)™ if t; = 0, and let it be the
number of roots of S, () contained in kg if ¢; is an integer and > 0. The
cardinality of the multiset of polynomials obtained as output of the algorithm
can be computed counting for each m the number of possible choices, which is
indeed equal to p;(kk) for t; = m when there is no unique choice. The total
cardinality is equal to the product of the p;(kk) over all ¢ such that t; is an
integer, that is

BL/K = H pi(KK)-

1<i<k

€7
We give now an interpretation of the p;(kx) as the number of automorphism
of intermediate extensions. Indeed, if t; = 0 then p;(kx) counts the number of
n-th roots of the unity in kg, or equivalently of n’-th roots if n = p*n’ with
(n,p) = 1, which is also the number of automorphisms of a tame extension of
degree n’ of K, like Lo+ /K is.

For t; > 0 let’s consider the intermediate extension Ltj /Ly,: if g(T) is the
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minimal polynomial of 7 over L;, (which is a factor of f(T")) then

R @ (T + ) = 8,,(T),

and consequently representatives 6 of the roots of Sy, (T') are exactly those such
that

o(m)/m=1+0r" + ...

for some L;,-automorphism o € Aut(L%P/L;,). Now after extending the ele-
ments of I',+ to the normal closure we have I',+ (0|1) = o'+, this is immediate

considering I',+ as the image of elements of a ramification (normal) subgroup
of a bigger Galois extension containing L. Consequently averaging over I',+ we
obtain '

U(7TLﬁ)/7rLt_+ =1 —1—9”’1'71"2;.+ +...,

where TL, = Ny, Ly (m). The equality holds because t; is smaller than the

all ramification numbers of the extension L / L,+, by keeping into account the
properties of the norm map NL/Lt;F (see ﬁ, Chap. 3| and [FV02, Chap. 3,
81, Prop. 1.5]).

If o(th+) € L,+ then 0 is in kx, and on the other hand if 6 € kg then
O'(71'Lt+> can be approximated better than any other conjugate of TL . having
Ly / [Zti only one ramification break, and consequently O'(T('Lt fr) €L+ 1by Kras-

ner Lemma. In other words we have one root of Sy, (T) in ki for each conjugate
of m,  contained in L+, and pi(kK) = # Aut(L,+/Ly,).

So we have that By x is an invariant of the extension L/K. Considering
the subgroups Aut(L/L:,) of Aut(L/K) and the corresponding quotients as
subgroups of Aut(L,+/Ls,), we observe that By, provides a “naive” upper
bound to the cardinaiity of Aut(L/K), but which is in general tighter than the
full degree [L : K].

Let fi(x),..., fr-(z) be all the reduced polynomials obtained applying the
above algorithm. The number of times we obtain the same polynomial f;(z) is
equal to the number of distinct F;(m) such that fi(F;(7w)) = 0, and is conse-
quently equal to the number of roots of f;(z) contained in L, in another words
to the cardinality of Aut(L/K).

Theorem 7.1.9. Fach extension L/K is generated by a reduced polynomial,
and the number of reduced polynomials generating a fixved extension L/K is

If f(x) is an Eisenstein polynomial such that a root generates an extension
isomorphic to L, then the reduction algorithm outputs a multiset of cardinality
By i formed by the reduced polynomials, each having multiplicity # Aut(L/K).
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We remark that if F'(T) is a power series such that F'(7) is a conjugate of
m, the algorithm giving the set of special polynomials can collect all the 6 used
in the substitutions 7 — 7 4+ @7™*! to produce an expression of

F(T) mod (f(T),T**1),

which can be used to realize the group Aut(L/K) as group of truncated power
series under composition, we omit the details of the construction.

Note that there is a unique reduced representative for Eisenstein polynomials
generating Galois extensions, while in general we have a set of polynomials with
cardinality equal to the ratio of the “naive” bound on the number of automor-
phisms to the real number of automorphisms. We remark that extinguishing
the redundancy from the above family of reduced polynomials seems to be at
least as hard as computing the cardinality of the automorphism group. This can
probably be done in a few particular cases, possibly for polynomials of degree p?
over an unramifed extension of ,, but a criterion to determine the cardinality
of the group of automorphisms is required.

When L/K has only one ramification break, or when L/K is Galois, then
we have a unique representative, so the unique Krasner representative is easily
described in terms of the coefficients. This was already remarked in the original
Krasner paper [Kra37, page 167, after the proof of Theorem V].

7.1.4 Amano polynomials and Serre mass formula

We provide here some qualitative observation, without being completely rig-
orous. First, if the degree n is prime with p it’s easy to say what are reduced
polynomials, and they are all of the form T"+60n g for some representative § € R
such that § € Ay, where Ag is the chosen set of representatives of K /(K*)".

When n = p, Amano defined in [Ama7l] a set of special generating poly-
nomials composed by trinomials. The equations considered here turn out to
look much more complicated “visually” because they are no longer trinomials,
but the number of parameters is clearly the same, and nevertheless Amano
polynomials do not seem to be easily generalizable to higher degree.

Reduced polynomials of degree p are of the form

D
j i t+1
"+ Yo fumk | Tk (oY)
i=1 \ pj+i>(p—1)t+p
pj+i<pt+p

for some ramification break ¢ such that either ¢t = rex/p—1, either ¢ is < pex/p—1
and (p — 1)t is an integer prime with p. Furthermore the term fo,t+17r?1 is
present only when ¢ is an integer and the additive polynomial S;(T") has a root
in kg, which is precisely the case of the extensions being Galois.

We remark that given an extension L/K of degree p, then in the Galois
cyclic case the uniformizer mx may not be a norm by class field theory, so in
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general an additional term is indeed required. On the other hand if L/K is not
Galois then 7x is always in Ny, g (L*).

We give one last interpretation of this fact, under the light of the proof of
Serre “mass formula”. Considering the map

uniformizers of ex-| “minimal polynomial” [ Eisenstein polyno-
tensions of degree p mials of degree p

we have a p-to-1 correspondence between measure spaces, whose scaling factor
turns out to be determined by the discriminant of the extensions as proven in
[Ser78]. Let’s restrict the map to the uniformizers of a fixed extension L/K in
the algebraic closure, then either the extension is Galois and the map is still
p-to-1, either the extension is not Galois and the map becomes 1-to-1, but in
this case the image has bigger measure.

In other words, for fixed degree and restricting to extensions with fixed
discriminant, the smaller is the space of polynomials generating one fixed iso-
morphism class of extensions, the bigger will be the automorphism group of
these extensions. When applying the reduction algorithm to a polynomial of
degree p generating L/K, we have that when the unique ramification break ¢
is an integer and the additive polynomial S¢(T) is not surjective we can do less
simplifications to the coefficients of the Eisenstein polynomial. Since any Eisen-
stein polynomial generating L is a possible output of the reduction algorithm
(for a suitable choice of the A;) we have that the set of possible polynomials
generating L turns out to be “smaller”, and that L/K is Galois having some
non trivial automorphism and degree p.

For higher degree, and in particular when there are more ramification breaks,
it becomes difficult to generalize this observation, because a modification that
appears to be trivial at the first order may actually provoke some change to
the higher order terms in the expansions. This fact also justifies the claim that
reducing the family to have exactly one polynomial for each isomorphism class
appears to be at least as hard as the computation of the number of isomorphisms
for the extension determined by one Eisenstein polynomial.

7.2 A criterion to rule out possible reductions

To complement the above reduction algorithm we give a synthetic criterion to
exclude an Eisenstein polynomial from generating an extension of which we
know the set of all the reduced polynomials. In particular given two polynomi-
als f(T') and ¢g(T') we can often rule out early the possibility that a sequence of
substitutions 7 — 7 + 7™ + ..., starting from level m = r say, may trans-
form the minimal polynomial f(7T) of 7 into the new minimal polynomial g(7T),
without having to compute the complete reduction.

Let’s consider the monomial (f; — g;)7’ having smallest valuation, which
determines the valuation of f(7) — g(7), and assume that its valuation is equal
tov = n(¢r Kk (r)+1) for some real number r. Let’s select sets of representatives
A, that make ¢g(T") reduced, then we say that f(7T") can be reduced to ¢g(7T')
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greedily if g(T') is a possible output of the reduction algorithm applied to f(T")
starting from step m = r. The proof of the following proposition is clear.

Proposition 7.2.1. If r is not an integer than f(T) cannot be reduced greedily
to g(T).

We also have the following proposition, whose proof is immediate as well.

Proposition 7.2.2. If r is an integer equal to a lower ramification break and
(fi — gi)™*~V is not in the image of St,(T), then f(T) cannot be reduced greedily
to g(T).

These observations are well complemented by the following proposition,
which makes them particularly effective in the case of Galois extensions.

Proposition 7.2.3. Assume that one of f(T) or g(T) is known to generate a
Galois extension, then f(T) and g(T) generate the same extensions if and only
if one polynomial can be greedily reduced to the other.

Proof. For a suitable choice of representatives g(7') is already reduced, and for
Galois extensions there is only one reduced polynomial in view of Theorem|[7.1.9
so applying greedily the reduction algorithm to f(T") we obtain ¢g(T") as unique
possible output. The other implication is clear. O

In other words for Galois extensions if g(T') can be obtained in some way
from f(T'), then it can also be obtained in the greedy way.

When considering wildly ramified Galois extensions over Q, the Sy, (T) are
the zero map over the residue field F,, so if r is a ramification break then
f(T) and g(T) certainly generate non-isomorphic extensions, and we essentially
recovered the main result of [Yos11].

However, it is possible to give a deeper criterion, which is more selective
than what can be obtained via an inspection of f(mw) — g(7) at the first order.

Consider the range of monomials f; jm}T" corresponding to one ramifica-
tion break as described in Prop. then the intuitive idea is that if we can
obtain f(7T') from g(T') applying reductions of parameter m > r then the first r
terms in each such interval must be equal, because such terms are not going to
be changed by any reduction of order > r. Such ranges can be independently
“brought up to the front” (with respect to the p-adic valuation) computing for-
mally a ramification polynomial of f(T") — g(T'), and considering the coefficients
of T, TP, T”z7 ..., as we can see observing the contributions to the coefficient of
T*" in the ramification polynomial. Consequently taking into account a ramifi-
cation polynomial for f(T') — g(T') provides a synthetic and effective formalism
to describe how some sets of coefficients must be equal in order to be able to
pass from f(T') to g(T) via reduction step.

What we are going to prove is closely related to what was done in [Hei96]
and Theorem 4.6 in particular, and shares the philosophy that the sets of mono-
mials f;T* with a fixed valuation of i live an independent life from the other
monomials, up to a certain extent, and that when a uniformizer is changed

123



MAURIZIO MONGE - A CONSTRUCTIVE THEORY FOR p-ADIC FIELDS

7 — w4+ 0r™+! 4 ... the change induced on minimal polynomial satisfies a
certain continuity (in [Hei96] a different kind of defining equation formed by a
power series with coefficients in a set of representatives was used rather than
Eisenstein polynomials, but the underlying principle is the same). From a more
effective point of view, such a continuity provides an easily verifiable criterion
to exclude a polynomial from generating one fixed extension, which is particu-
larly effective in the case of Galois extensions thanks to Prop. What we
need seems not to follow directly from the results of [Hei96] and additional steps
would be needed to switch to power series and back to Eisenstein polynomials,
so we will avoid using the slightly cumbersome notation of [Hei96] and prove
our result directly.

For integers ¢ > 0 and w let’s define P,a, resp. Ppe(w), as the module
generated over O by the monomials ¢ such that p® | i, resp. those monomials
such that additionally vy, (c) +i > w. If ¢T"* € Pye(w) for some w, than we have

c(T+0T™ +..)) —cheZ i(w+ep(a—j)+pm) (7.2

as we can verify at once expanding the left hand side. Furthermore if g € Ppa (w)
and h € P, (z) than clearly we have gh € Pjminta.s) (w + 2).

Lets consider the ramification polynomial ®(T") = 7" f(nT + m), then the
coefficient of TP is has valuation at least &,. Assume p®||i, from a monomial
fiT* we have a contribution (pia)fiﬂi_"Tpa to the coefficient of TP* in o(T),
so vr(f;) +1i — n should be at least &,, and consequently the monomial f;7" is
contained in Pya (&, + n), being vy (fi) +1 > &, + n.

Consequently we have obtained that

Z (&5 +n) (7.3)

where s is the biggest integer such that p® | n (recall that £ = 0).
What observed above we obtain the following.

Proposition 7.2.4. Let F(T) =T + 0,1 T™ 1 + 0, 0 T™2 + ..., then
F(T) = f(F(T)) mod Y Py(&+n+p'm). (7.4)
§=0

Proof. Let’s consider f (T) —f (F(T)), we will show that a monomial f;T¢, which
is contained in Ppa (&, + n) by (7.3)) say, yields various terms each having valu-
ation at least §; +n + p?m and in P »i» for some j < a. But we obtain terms in

P,i(a+n+er(a— j)+pim) by and§a+eL(a J) > &; byLemma- O

Assume 7 = F(p) for a root p of g(T'), we have now obtained a congruence
property for the power series f(F(T')), which clearly satisfies f(F(p)) = 0. The
minimal polynomial of p is clearly a factor of f(F(T)) of degree n, and observe
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that the valuation the coefficient of T is 0 while the constant term has valuation
1, so its Newton polygon has exactly one side of length n and slope —1/n. In
particular g(7T') is obtained by the factorization along the Newton polygon, or
equivalently collecting the roots with positive valuation, which is exactly what
is provided by p-adic Weierstrass Preparation Theorem.

We will however show a reduction that allows to approximate the minimal
monic polynomial of p starting from f(F(T')), and keeping the congruence .
Let’s start putting hq(T) = f(F(T)), and consider the polynomial H;(T') ob-
tained taking the monomials of degree > n of hy(T) —T™. If H(T) = 0 then
there is no such monomial, and g(7') is a monic polynomial of degree n, which
is Eisenstein being F () a root.

Let ¢TI a monomial of H1(T) that minimizes the quantity vy (c) + r, and
take the monomial with r as big as possible among those achieving the minimum
of vr(c) + 7, which are in a finite number. In other words, consider the higher
valuation £ on Op[[T]] defined as

F(eT") = (F1(cT"), Fo(cT")) = (vi(c) + 7, —7) € Z7

where Z? is ordered lexicographically. We take ¢T" to be the monomial of H; (T
minimizing F (c¢T").
Let’s replace now hi(T') with the new polynomial

hg = h1 (T) — hl (T) e h,l (T) . (1 — CTrin) .

Apply iteratively such step. At the i-th step say, either the minimum of the
quantity vy, (c) +r for the monomials of degree > n of H;(T') is increased, either
is decreased the biggest degree of the monomials achieving the minimum. Since
the whole computation is done in Og[[T]], the latter can only happen a finite
number of times, and such minimum is increased after a finite number of steps.

Algorithm 4 Lifting step
H;(T) + {sum of monomials of degree > n of h;(T) — T}
cT" < (monomial of H;(T) minimizing F)
return h;(T)- (1 —cIT™™)

After a sufficient number of iterations we can replace h;(T") with the polyno-
mial h(T') formed by T™ plus the monomials of degree < n of h;(T"). We obtain
an Eisenstein polynomial such that h(F(r)) is arbitrarily small, so h(T') is itself
an arbitrarily good approximation of the minimal polynomial of F(r).

We need to show that while the above procedure approximating g(7T) is
carried on the congruence satisfied by f(F(T)) is preserved. Indeed, assume
that the congruence is satisfied by h;(T") and let h;1(T) = hy(T)(1 — cIT777).
Then ¢I" € P,e(& + n + p®m) for some ¢, being ¢I™ a monomial of H;(T') and
in view of the congruence that we assume to be satisfied by f(T) and h;(T).
Let bT° be a monomial of h;(T), then bT* € P, (& +n) for some k by equation
and by the congruence satisfied by h;(T). If k < ¢ we have

bI* - cT"™" € Ppre (& +n+ & +n+ptm—n)C Py (&k +n+ pFm),
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while when k > ¢ we have
bI*° - cT" ™" € Ppe(§p +n+ & +n+ptm—n)C sz(fg—i—n—i-pem).

We obtained that subtracting h;(T)-¢I"~" from h;(T') preserves the congruence.
Considering also an analogue of a ramification polynomial for f(T) — g(T') we
have the following theorem.

Theorem 7.2.5. Let f(T) be an Eisenstein polynomial of degree n and 7 a
root, if g(T') is another Fisenstein polynomial of degree n having p € K(rw) as
root, and ™ = p + 0p™T1 + ... then we have that

f(T)=g(T) mod Zij (& +n+p'm),
§=0

and the polynomial
fm+7T) = f(m) = g(m +7T) + g(r)
has its Newton polygon contained in the Newton polygon of f(m + 7™ 1T).

Proof. We only need to prove the second assertion, but if ¢I" is in P,; (§; +n+

p’m) then for each k < j the contribution of ¢(r +7T)" to the coefficient of Tr*
has valuation at least £; + n + p’m + (j — k)er,, which is at least & +n + pFm
as shown above. O

Remark 7.2.6. We point out that the algorithm used during the proof to recover
(an approzimation of) the minimal polynomial of p = F~1(nt) can be used to
produce the minimal polynomial of a uniformizing element obtained deforming
T in a much quicker way than by computing a resultant Resy(g(U), T — (U +
OU™T1)) as the determinant of a (n+m) x (n+m) matriz with coefficients in
Ok (T). Consequently taking F(T) = T — 0T™* and computing via the above
approzimation the minimal polynomial of the uniformizer p such that m = p —
0p™ T, we obtain the minimal polynomial of a uniformizer p = w+0x™ 1 4. ..,
and this observation allows to exploit the free choice of F(T) in Algorithm@ to
avoid the computation of the resultant.

7.3 Construction of totally ramified class fields

In this section we show how it is possible to convert a norm subgroup, repre-
senting a totally ramified abelian extension via local class field theory, into the
unique reduced Eisenstein polynomial generating the extension.

We suppose given a finite index closed subgroup N C K* such that NUy g =
K>, so that the corresponding extension by local class field theory is totally
ramified. Being closed we have N D U, for u sufficiently big, this hypothesis
is automatically satisfied when K is a finite extension of @, and NN has finite
index.

126



7.3. CONSTRUCTION OF TOTALLY RAMIFIED CLASS FIELDS

We assume that N is described by a set of linear maps, one for each upper
ramification break. That is for all © > 0 such that U, x g NU, 41,k We assume
given a surjective homomorphism

Ve : NUyxc — Vi

having kernel exactly equal to NU, 1 k, for some abstract group V,,, which is
naturally an Fp-vector space for v > 1. Take v, to be the trivial map to the
trivial group 1 when u is not an upper break, that is NU, x = NU,11,x. Note
that the knowledge of all the maps v, determines uniquely the group N.

The map vy, when non-trivial, gives a condition on the representative fy 1,
or equivalently on the residue class fy/mg, this correspond to the well known
explicit description of local class field theory for tamely ramified extensions. On
the other hand the terms appearing in a reduced polynomial in connection to
the cokernels of the polynomials S;, (T) attached to the lower breaks ¢; are all of
the form fo ;7). , because the upper breaks are integers by Hasse-Arf Theorem.

Consequently the choice of such representatives fo ; is determined by the
condition that fy should be a norm from the extension determined by N, and
a suitable fy can be selected changing appropriately 7.

The ramification data is described by the upper breaks v > 1 and the dimen-
sions of the corresponding V,,. After selecting fo we have a well defined skeleton
for the reduced Eisenstein polynomial, formed by a set of terms f; ;w5 1" with
i # 0, where the f; ; will be considered as unknowns in the set of representatives
R. We will describe how it is possible to recover the f; ; from the maps v,,.

The terms f; ; in a fixed range as in Prop. can be evaluated at the
level oy when p‘||i say, making use the map v,, /n—1 as we will now show. If m is
such that nj + i+ p‘m = noy + n it will be possible to describe the dependence
of Ni(x)/k(1—07"™) on the coefficient f; ; at the first order, obtaining a linear
system from v, /p,_1.

Definition 7.3.1. If p‘*!|n, we define R, to be the set of pairs (i, j) such that
§>1,0<i<n,p|iand

S+n<nj+i<op+n.

We assume that Ry is ordered depending on the value of nj + i. We define
M (4, j) to be the number m such that

nj—&—i—&—pzmzag—&—n.

We remark that if the extension is abelian then n|oy by Hasse-Arf theorem,
so the m defined above is always an integer < 7, and prime with p.

7.3.1 Dependence of norms on a f; ;

We will now track the dependence of a norm Ny (), (1—67") on a representa-
tive f; ; appearing in the expansion of a coefficient. To do so, let’s treat f; ; as
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an indeterminate, and apply a sufficient number of steps of Algorithm [4] to pass
from f(T +6T™*!) to the minimal polynomial g(T') of p, where 7 = p+0p™+1.

Clearly p = 7 — 0™+ + ... and go/fo will be the norm of an element of
the form 1 — 7™ +.... For some r > m, the changes induced changing f; ; on
all Ng(y/x(1 —0r" +...) turn out to be even smaller p-adically, so it will be
possible to ignore any term that is O(7™T1). _

In the expansion of f(T + T™%!) a term f; jm5 (T + 0T™F1)" appears,
and it has fi’j’ﬂ"}(Ti as main term. In the algorithm we start with ho(T) =
f(T+6T™*1), and at the i-th step we subtract h;(T)-cI" =" from h;(T), where
I € Py (& 4+ p*m) for some k < s. From the monomial f; ;7. T* the other
terms in f; ; that may appear in the algorithm have coefficient with valuation
at least

nj +i+ min {& +pm} =nj+i+neor K (m),

with respect to the mixed valuation f 1 (7% 7T°) = na + b on OL[[T]).

Note that the minimum of &, + p®m is obtained as the minimum of the
piecewise linear function nN(x) + max, which is n¢p,x(m) in view of what
proved before proposition We will denote for convenience this quantity as

A j(m) =nj+i+nor x(m).

The term f; jm)T" is the main term coming from f; jm) (T + 0T™+1)? and
the second contribution can be found considering the expansion

(1+6T™) =1+ (’€> (OT™)" + ( Z_l)(aTm)P“ T
b p
Putting as usual p’||i, we denote the valuation of the second term as
B ;(m)=nj+i+ Orgnlirglz {er(¢ — k) +p"m}.
Such term is equal to
(3o

as long as mp’ < ep +mp’™1, that is m < er/(p*—p*=1), and if m < M(i,j) < 74
this condition is certainly satisfied because

m < 1 < erf/(ptttpt)

by Lemma
By Proposition we can assume £ < s, and if m < 7, we always have

B;j(m)=mnj+1 —i—pgm < A, ;(m).

So the main contribution to NK(W)/K(l —07™) = go/ fo originated from fm-w%(Ti

is only coming from f; ; (piz)ﬂ< i (HTm)pZ.
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When m = M(i, j) we obtain a condition on f; ; to have Ng(qy/x (1 —07™)
in the norm group for each 8, which can be used to determine the representative
fig-

This can be made to work when only one representative f; ; is unknown, but
a more refined study is needed if we have to determine them all. In particular,
we will see that there exists an ordering of such unknowns that allows to de-
termine them all inductively. What complicates this idea is that it will to be
necessary to interleave in a suitable way the ranges of representatives considered
in Prop. [7-1.8

It will be convenient to write down a comfortable lower bound for the func-
tions A; ; and B; ;, obtaining a function describing the biggest quotient Ok /pl
where we can ignore the value of f; ; while computing Ny ()i (7 — 7™ 1), In
particular we can take

Cij(m)=nj+i+ Qin {& — & +p"m},

where ¢ = v,(i) as usual. We resume the properties proved in the following
Lemma.

Lemma 7.3.2. Denote with m a root of f(T), and let (i,5) € Ry. Then, for
each 6 € Uk, the value of

NK(w)/K(l — 97rm) mod pz;{

does not depend on f; ;, whenever u is < C; j(m)/n — 1. If m = M(i,j) then
Cij(m) = o¢+n, and for u = C; j(m)/n —1 = ¢,k (7e) we have

¢
NK(W)/K(l — Hﬁm) = NK(‘ITQ)/K(l — 971'6”) + F?{fl"j)\iJ(gp + .., (75)

where \; j is a fized unit defined as

Xij = <pZ€) (o) FFPI /M

and my is a root of the polynomial obtained from f(T') setting f; ; to 0.

Proof. We just have to prove the (7.5). For m = M(i,7) the variation of the
constant term comes from the monomial f; ; (;[)ﬁﬂTi -(8T™)?" in the expansion
of f(T + T™*!), and during the reduction each T™ is transformed into — fo.
Dividing by fo we obtain that the variation for Ng(r),/x (1—607™), which modulo

u+1
T 18

e e e ,
fi,jﬂK(pf)(—fo)(Hp TGP = i fi N 607 O

We will now assume that some f; ; have been determined and some not yet,
and will show that it is possible to determined some of the unknown ones. For
¢ such that p“*!||n, consider the range of terms Ry like in Prop. and let
(i¢, je) be the smallest pair (¢,7) € Ry (i.e. the pair in Ry with nj + ¢ as small
as possible) such that the corresponding f; ; has not been identified yet.

We first prove a couple of technical lemmas about the functions C; ;(x).
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Lemma 7.3.3. The functions C; j(z) are strictly increasing, and for (i,j) #
(7', 5") then the functions C; j(z) and Cy j/(z) are always different except possibly
at one point. The difference C; j(x) — Cy j:(x) is constant when v, (i) = vp(i'),
and Cy ji(x) can surpass C; j(x) only when vy(i") > vy (i).

Proof. Follows directly from the definition. O

Lemma 7.3.4. Let Il (z) be the real function x — min{pz,z + er}, and let
" denote the h-times composition. Let m,h € N, and let y = C;,j(m) —n for
some (i,7) € Ry. Then assuming p"~tm < er/(p—1) we have

" (y) > C; ;(p"m) — n.

Proof. 1It’s enough to prove that II(y) > C; j(pm) — n for m < er/(p—1), and we
can do so proving that both py and y + e, are bigger. The first inequality is
clear from the definition of C; ;(m), for the second one we can observe that

nj+i+é—&+pm<nj+it+éo—&+mter,
and furthermore
njtit&ior—&tpm<njtit&—&+pmter
for 1 <i</{by Lemma so C; j(pm) < C;;(m) +ep. O
Let K (x) be the function defined as

K(I) = Orélzigs Citz»je (:C)v (7'6)
it is again a strictly increasing function which for each m describes up to which
precision we can compute N (q)/ x(m — O™+ with the given information
about the coefficients of f(T).

Let I; be the set of real z where K (x) = Cj, ;, (), since two functions C; ;(z)
can only cross once we have that I, is a (possibly infinite) topologically closed
real interval, and taking into account the conditions under which a surpass may
happen of Lemma [7.3.3] we obtain that I lies before I, if k > (. Let’s merge
in a unique bigger interval the I, such that the value of 7, is the same, and
let J, be formed by the union of the I, such that 7, = t,. Let’s also put
k. = K~1(n¢(t,) +n) for each r, then k, is contained in the interior of J,. for
some 7, thanks to the following Lemma.

Lemma 7.3.5. Let Ay,..., A, be a sequence of intervals with extrema R U
{£oo}, such that A1 begins exactly where A; ends. Let a1 < ag < -+ < ay, be
real numbers contained in the interior of Ugl A;. Then a; is contained in the
interior of A;, for some 1 <i<m.

Proof. The thesis is trivial when m = 1. If m > 1, then either a,, is in the
interior of A,,, either we have that ay,as,...,a,,_1 are contained in the interior
of UZ’;l A; and the thesis follows by induction. O
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So, let  be such that k.. is in the interior of J,., and let L1 < Lo be the integers
such that 7, = ¢, if and only if £ € [L1, Ly]. Then we have that C;, ;, (k) is at
least ney i (t,) +n for £ € [Ly, Lo], and strictly bigger for £ ¢ [L1, Ly]. Put
m=k,.

For Ly < ¢ < Ls let’s redefine (ig,j¢) to be the unique pair (i,7) in Ry
that C; j(m) = n¢r/k(tr) +n. Then some pairs (ig, j) will be unchanged
while some others may be set to correspond to representatives f;, ;, that are
already known. This makes no harm since all these representatives will now be
determined simultaneously. Since the equality need to hold already for some of
the original (i¢,j;) we obtain that m = M (iy, j¢) is an integer < 7, = ¢, and
prime with p. _

Let’s consider the terms f;, ;, 751" for £ in the given range, and lets vary
the filﬁji' Put u = ¢L/K(tr)

Lemma 7.3.6. If the f; ; already known were determined inductively we already

have
NK(TA’)/K(l — oﬂ'm) € UyN,

and the class modulo U, 1N is a linear function of 6.

Proof. Indeed let u' = ¢,/ (t,+) < u be an upper ramification break and m’ >
m, and assume that at least one of these inequality is strict. We will show that
there was a previous step where we computed some currently known coefficient,
by requesting Ny () x (1 — O7™") to be in U4 1N for each 6.

If ¢r/k(m’) > u' then we always have Ng(r)/x (1 — 0r™') € Uy 41, by the
properties of the norm map [FV02, Chap 3, Prop 3.1]. Consequently assume
¢/ (m') <o’y or m' <y (u') =t applying ¥/, so in particular m’ <
er/(p—1) by Lemma

If (m/,p) = 1, let [L], L%] be the interval of possible £ such that 7, = t,» > m/,
and for each ¢ we have a pair (i}, j;), for L} < ¢ < L%, which has the property
that m’ = M (iy, j;), and Cj, j, (m') = nu’+n < K(m). Thus the corresponding
Cy, j,(z) is certainly not > K(z) and cannot appear in the (7.6). This means
that the f; ;, for L} < ¢ < LY have been determined at a previous step, where
we guaranteed that Ny () k(1 — Gwm/) € Uyq1.

When p | m/, and p*||m’ say, let’s consider the elements of the form (1 +
O™ /PP as generators of Uy /Upyy1 (see [FV0Z, Chap. 1, Prop. 5.7], and
note that m’ < rez/(p—1)). We are done if we show that N(1+07"™") € NUyr 44
for m"” = m//p® and each upper break u” < H[I;w] (u), where Mg (x) =
min{pz,z + ex}.

We can assume m” < vy i (u”) = t.» as above. Consider as above an £
such that 7o = t,.» = ¢k (u"), and a pair (iy, j;') € Ry with m"” = M(iy, j;/).
Then Cyy jir(m") = nu” +n, and Cjy j»(m') is certainly

< H[Lw] (nu")+mn = nH[;(U] (W) +n<nu +n

by Lemma We have that Cjy jv(z) is not > K(z), and the condition
N(1+467™") € NU,4, was verified in a previous step. O
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We have from the Lemma [7.3.2] applied once for each pair (ig, j;) for Ly <
¢ < Lo, that changing the f;, ;, we have

Lo

m m u £
Nic(myyic(1 = 07™) = Nic(mpysic (1= 076") + > e fi g Xig 5,07 + -
(=1L,

where 7y is a root of the polynomial with all unknown f;, ;, set to 0.

Now for some choice of the f;, j, we want N (r) k(1 —607") be in the kernel
of v, : NU,/NU,;1 — V,, for each residue representative . The condition
only depends on the reductions § and f;, ;, and is F,-linear in them, so we can
impose it to hold only for a set of values for 6 that generate kg over IF,. Let
ai,...,05, besuch a basis for fx = [k : Fp], then we can decompose each

fr
filyjz = Z fiz,jeyko_‘k
k=1

and consider the f;, ;, r as unknowns over [Fp.
Fix a lifting o € Ok for each @y, we have an equation

Lo f
¢
Vu(NK(Tfo)/K(l - 07(7)71) + Z W}L( [Z fie-,je,kak‘| )‘iz,jzep ) =0

{=L, k=1

in V,, for each generator ¢ = aj. The codomain V,, has IF,-dimension equal to
the “multiplicity” of the ramification break A = Ly — L; + 1. So we have an
inhomogeneous system formed by fx - A equations over F,, for the same number
of unknowns f;, j, k-

Consequently we have a unique solution for the f;, j, 1 if we can prove that
the system is non-degenerate. We can equivalently prove that the connected
homogeneous system

(1 + Z Ty [Z fw,ﬂ,kak] Z/’jzﬂpt]) =0, for all 0

(=L,

has no non-trivial solution. Subtracting 1 and dividing by a suitable power of
Tk, the system can be interpreted as the request that the additive polynomial

Lo
_ — "
= E fi/z,j/z /\ibjzo

0=L,

should have range contained in a subspace of codimension Ly — L1 +1. Since the
powers of § appearing are p-th powers ranging from p”* to p~2, we have that its
corank as linear map is at most Ly — L1 (see [FV02, Chap. 5, §2]). Consequently
such a non-trivial solution of the homogeneous system is impossible, and the
original system is non-degenerate.

132



7.3. CONSTRUCTION OF TOTALLY RAMIFIED CLASS FIELDS

Theorem 7.3.7. Given a closed finite index subgroup N C K* corresponding
to a totally ramified class field, there exists an ordering of the representatives f; ;
appearing in the expansion of the coefficients of a generic Fisenstein polynomial
that allows to determine the coefficients of the reduced Fisenstein polynomial
generating the extensions corresponding to N.

It is indeed clear that the above procedure where the f; ; are obtained solv-
ing linear equations can be converted into an algorithm to construct explicitly
a minimal equation corresponding to a class field. The f; ; allowed by the ram-
ification data, but with (i,75) ¢ Ry for each ¢, can be assumed to be all 0, or
set to any arbitrary value (indeed, they are exactly the terms that are set to an
arbitrary value by the reduction algorithm). On the other hand, during the con-
struction we guarantee that for each m > 0 and prime with p, and for each 8, we
have Nk () k(1 —07™) € N, because the condition v, (Ng(r)/x (1 —07™)) =0
is verified for all u at some point of the algorithm, implying that all norms are
contained in N.

Remark 7.3.8. We observe that this construction produces an alternative and
constructive proof of the Existence Theorem of class field theory for totally rami-
fied extensions, because for each finite index closed subgroup N of K™ with index
n we construct an extensions of degree n having norm subgroup contained in N .
We can construct precisely one reduced polynomial of degree (K* : N) for each
N, and considering all possible reduction steps we have easily that the group of
norms has to be exactly equal to N, and that all intermediate fields L,+ /Ly, are
Galois, so the generated field L/K has to be Galois by Theorem

It would be interesting to extend this construction to recover the Artin map
from K* /N to Gal(K/L), proving that these two groups are indeed isomorphic
and describing explicitly the isomorphism. The above methods do not even give
an easy proof that the extension obtained is abelian, without assuming local class
field theory.
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