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Weighted inequalities

Consider a (sub)linear operator T : Lp → Lp

‖Tf‖Lp 6 c(T)‖f‖Lp

where

c(T) := sup
f∈Lp

f 6=0

‖Tf‖Lp

‖f‖Lp

=: ‖T‖B(Lp)

How does T act on the support of f?
• Replace dx with w(x) dx, for w ∈ L1

loc, w(x) > 0 a.e.

1 For which weight w is c(T ,w) finite?

2 Can we characterise them, given T and p?

3 How does c(T ,w) depend on w?
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Definition (Calderón–Zygmund kernel)

A function K(x,y) on R× R \ {x = y} such that |K(x,y)| 6 C|x− y|−1

and

|K(x+ h,y) − K(x,y)|+ |K(x,y+ h) − K(x,y)| 6
C|h|α

|x− y|1+α

for some α ∈ (0, 1] and all |x− y| > 2|h|.

Definition (Singular Integral Operator)

A map T : C∞
c → (C∞

c ) ′ associated with a Calderón–Zygmund kernel K
such that

〈Tf,g〉 =
¨

R×R
K(x,y)f(y)g(x) dy dx

for f,g ∈ C∞
c with disjoint supports.
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Definition (Littlewood–Paley kernels)

A family of functions {Ψt(x,y)}t>0 such that

|Ψt(x,y)| 6 C
tα

(t+ |x− y|)α+1

|Ψt(x+ h,y) − Ψt(x,y)|+ |Ψt(x,y+ h) − Ψt(x,y)| 6
C|h|α

(t+ |x− y|)1+α

for some α ∈ (0, 1] and all t > |h|.

Consider the Square function

Sf(x) :=

(ˆ ∞
0

|θtf(x)|
2 dt

t

) 1
2

, θtf(x) =

ˆ
Ψt(x,y)f(y) dy

Example (Littlewood–Paley square function)

Let ψ ∈ S (R),
´
ψ = 0 and consider θtf = f ∗ψt, ψt(·) = t−1ψ(·/t).
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1 For which w is c(T ,w) finite?

Theorem (Hunt, Muckenhoupt, Wheeden et al. ∼ 1973)

Let T ∈ {Singular Integral Operator, Square function, Maximal function}

bounded on Lp for p > 1, then

c(T ,p,w) = ‖T‖Lp(w) <∞ ⇐⇒ w ∈ Ap

Definition

A weight w is a Ap Muckenhoupt weight if

[w]Ap
:= sup
I⊆R

(
1

|I|

ˆ
I

w

)(
1

|I|

ˆ
I

σ

)p−1

<∞
where σ := w1−p′

is the dual weight.
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3 How does ‖T‖Lp(w) depends on [w]Ap
?

Theorem (Hytönen 2012)

If T is Singular Integral Operator bounded on L2, then

‖T‖L2(w) 6 c[w]A2

Singular Integral

‖T‖Lp(w) 6 c[w]
1
p
·max{p,p′}

Ap

Square function

‖S‖Lp(w) 6 c[w]
1
p
·max{p

2 ,p′}

Ap

Maximal function

‖M‖Lp(w) 6 c[w]
1
p
·p′

Ap
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p

y=p'

y=p/2

y=p

Figure: Dependence on [w]
1/p
Ap
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Sparse domination

Definition (Sparse family)

Let η ∈ (0, 1). A collection S ⊆ D is η-sparse if for every I ∈ S there
exists EI ⊆ I such that {EI}I are disjoint and |EI| > η|I|.

Equivalently: if there exists Λ > 1 such that for any J ∈ D∑
I∈S
I⊂J

|I| 6 Λ|J|

then S is 1/Λ-sparse.

Example

Finite families are sparse (Λ = #S )

Finite overlapping:
∑
I∈S 1I ∈ L∞

S = {[0, 2−n)}n∈N is 1/2-sparse

E[0,2−n) = [2−n−1, 2−n)
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Sparse domination

Given f and g find S ⊆ D such that

|〈Tf,g〉| 6 c
∑
I∈S

( 
I

|f|

)( 
I

|g|

)
|I| (1)

Remark. If T satisfies (1) then ‖T‖L2(w) 6 c[w]A2
.

|〈(Sf)2,g〉| 6 c
∑
I∈S

( 
I

|f|

)2( 
I

|g|

)
|I| (2)

Remark. If S satisfies (2) then ‖S‖2
L3(w) 6 c[w]A3

.

‖Sf‖2
L3(w) = ‖|Sf|

2‖L3/2(w) = sup
g∈L3

〈(Sf)2,g〉
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Theorem (A2 theorem for sparse operators)∑
I∈S

(
1

|I|

ˆ
I

|f|

)(
1

|I|

ˆ
I

|g|

)
|I| . [w]A2

‖f‖L2(w)‖g‖L2(σ)

Let w(I) :=
´
Iw and consider

MD
wf(x) := sup

I∈D

(
1

w(I)

ˆ
I

|f|w

)
1I(x)

Lemma

For 1 < p <∞
‖MD

wf‖Lp(w) 6 cp‖f‖Lp(w)

Let σ := w−1, then

[w]A2
= sup
I⊆R

(
1

|I|

ˆ
I

w

)(
1

|I|

ˆ
I

σ

)
= sup
I⊆R

w(I)

|I|

σ(I)

|I|
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Proof. Let ‖f‖L2(w) = ‖g‖L2(σ) = 1. Bound |I| 6 2|EI|. Since 1 = σw,

1

|I|

ˆ
I

|f| =
σ(I)

|I|

(
1

σ(I)

ˆ
I

|f|wσ

)
1

|I|

ˆ
I

|g| =
w(I)

|I|

(
1

w(I)

ˆ
I

|g|σw

)

∑
I∈S

( 
I

|f|

)( 
I

|g|

)
|EI| =

∑
I∈S

σ(I)

|I|

w(I)

|I|
〈|fw|〉σI 〈|gσ|〉wI |EI|

6 [w]A2

∑
I∈S

ˆ
EI

〈|fw|〉σI 〈|gσ|〉wI dx

6 [w]A2

ˆ
R
MD
σ (fw)

σ w

MD
w(gσ) dx

. [w]A2
‖fw‖L2(σ)‖gσ‖L2(w)

= [w]A2
‖f‖L2(w)‖g‖L2(σ)
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Sparse T1 theorems

Can we derive sparse bounds from minimal conditions?

Theorem (David & Journé 1984)

Let T be a Singular Integral Operator (SIO) with Calderón–Zygmund
kernel. If there exists C > 0 such that

〈|T1I|,1I〉+ 〈|T?1I|,1I〉 6 C|I| (3)

holds for all intervals I ⊆ R, then ‖T‖L2 <∞.

Theorem (Lacey & Mena 2016)

Let T be a SIO with Calderón–Zygmund kernel that satisfies (3). Then
for any f,g ∈ C∞

c there exists a sparse collection S such that

|〈Tf,g〉| 6 c
∑
I∈S

( 
I

|f|

)( 
I

|g|

)
|I|
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Let T be a Singular Integral Operator (SIO) with Calderón–Zygmund
kernel. If there exists C > 0 such that

〈|T1I|,1I〉+ 〈|T?1I|,1I〉 6 C|I| (3)

holds for all intervals I ⊆ R, then ‖T‖L2 <∞.

Theorem (Lacey & Mena 2016)

Let T be a SIO with Calderón–Zygmund kernel that satisfies (3). Then
for any f,g ∈ C∞

c there exists a sparse collection S such that

|〈Tf,g〉| 6 c
∑
I∈S

( 
I

|f|

)( 
I

|g|

)
|I|

11



Sparse T1 theorems

Can we derive sparse bounds from minimal conditions?

Theorem (Christ & Journé 1987, Auscher, Hofmann, Lacey, et al. 2002)

Let S be a square function associated to {θt}t>0. If there exists C > 0
such that ˆ

I

ˆ `I

0

|θt1I|
2 dt

t
dx 6 C|I| (4)

holds for all intervals I ⊆ R, then ‖S‖L2 <∞.

Theorem (B. 2020)

Let S be a square function associated to {θt}t>0 satisfying (4). Then for
any f,g ∈ C∞

c there exists a sparse collection S such that

|〈(Sf)2,g〉| 6 c
∑
I∈S

( 
I

|f|

)2( 
I

|g|

)
|I|
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Remark

If f and g are constant and supported on I, then

ˆ
I

(Tf)g dx = 〈f〉I〈g〉I〈T1I,1I〉 6 C〈|f|〉I〈|g|〉I|I|

ˆ
I

ˆ `I

0

|θtf(x)|
2g(x)

dt

t
dx = 〈f〉2I〈g〉I

ˆ
I

ˆ `I

0

|θt1I|
2 dt

t
dx

6 C〈|f|〉2I〈|g|〉I|I|

take S = {I}.

Decompose f,g on Haar functions {hI}I∈D

hI := (1Ir − 1Il)|I|
− 1

2

I

Let ∆If := 〈f,hI〉hI, then

f =
∑
I∈D

∆If :=
∑
I∈D

∑
i∈{r,l}

(〈f〉Ii − 〈f〉I)1Ii

13
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Decomposition

In [Lacey–Mena 2016]:

〈Tf,g〉 =
∑
Q∈D

∑
P∈D
〈T∆Pf,∆Qg〉

Decompose R2
+ using WR := R×

[
`R
2 , `R

)
¨

R2
+

|θtf|
2g

dt

t
dx =

∑
R∈D

¨
WR

∣∣θtf∣∣2g dt

t
dx

R

WR

and decompose f and g
¨

R2
+

|θtf|
2g

dt

t
dx =

∑
R∈D

¨
WR

∣∣θt ∑
P∈D

∆Pf
∣∣2 ∑
Q∈D
Q⊆R

∆Qg
dt

t
dx

14
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Decomposition

¨
R2

+

|θtf|
2g

dt

t
dx =

∑
R∈D

¨
WR
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P∈D
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∣∣21Rg dt

t
dx

Different cases given R:

P far from R P close to R P ⊃ R or P ⊆ R

0-2 2 4 6 8 10 12 14

-2

2

4

Figure: Hilbert transform of 1[−1,1)
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2g

dt

t
dx =

∑
R∈D

¨
WR

∣∣θt ∑
P∈D

∆Pf
∣∣2g dt

t
dx

Different cases given R:

P far from R P close to R P ⊃ R or P ⊆ R

Definition

Fix r ∈ N. An interval R ∈ D is good if d(R,∂P) > `R for any P ∈ D

with `P > 2r`R otherwise R is bad.
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Shifted dyadic grids Dω

Let x ∈ (0, 1).

Then [x]2 = 01001001000101 . . . = {ωn}n∈N

Dj Dj + x

= Dj +

∞∑
n=1

ωn2−n

= Dj +
∑

2−n<2−j

ωn2−n

if 2−n > 2−j then Dj + 2−n = Dj

Given ω = {ωn}n∈Z define

R+̇ω := R+
∑

2−n<`R

ωn2−n

Let Dωj := {R+̇ω,R ∈ Dj} and

Dω :=
⋃
j∈Z

Dωj
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Independence

Definition

Fix r ∈ N. An interval R ∈ Dω is good if d(R,∂P) > `R for any P ∈ Dω

with `P > 2r`R, otherwise R is bad.

Position of R depends on

R = R0 +
∑

2−n<`R

ωn2−n

Goodness of R depends on the position of P

P = P0 +
∑

2−n<`P

ωn2−n

= P0 +
∑

2−n<`R

ωn2−n +
∑

`R62−n<`P

ωn2−n
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Independence

Let P be a probability measure on Ω := {0, 1}Z and Dω = Dωgood ∪ Dωbad.

If R = R0+̇ω then

1R0+̇ω : Ω→ L∞(R)
1Dω

good
: Ω→ L∞(Dω)

are independent random variables.

For R ∈ Dω it holds

Eω
[
1R

]
· Eω

[
1Dω

good
(R)
]
= Eω

[
1R · 1Dω

good
(R)
]
= Eω

[
1Rgood

]
If P

(
{R ∈ Dωgood}

)
> 0, then

E
[
1R

]
=

1

E
[
1Dω

good

]E[1Rgood

]
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New decomposition

∑
R∈Dω

¨
WR

∣∣θt ∑
P∈Dω

∆Pf
∣∣2g dt

t
dx

Different cases given good R ∈ Dω:

P far from R P close to R P ⊃ R P ⊆ R
`P > 2r`R `R 6 `P 6 2r`R `P > 2r`R

d(R,∂P) > `R d(R,∂P) 6 `R d(R,∂P) > `R

?

Consider ∑
R∈Dω

¨
WR

∣∣θt ∑
P∈Dω

P⊃R(r)

∆Pf
∣∣2|g| dt

t
dx
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Stopping cubes

Definition (Stopping cubes)

Given Q0 ∈ D let A(Q0) be the collection of maximal S ∈ D in Q0 :

either 〈|f|〉S > c〈|f|〉Q0
or 〈|g|〉S > c〈|g|〉Q0

for some c > 1. Define S iteratively:

S0 := {Q0}, Sn+1 :=
⋃

Q∈Sn

A(Q), S :=
⋃
n∈N

Sn.

Definition (Stopping tree)

Given R ⊂ Q0, let

R̂ := min{S ∈ S , S ⊇ R}

Let Tree(S) := {R ∈ D : R̂ = S}.

S

A(S)
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Telescoping trick

∑
R∈Dω

¨
WR

∣∣θt ∑
P∈Dω

P⊃R(r)

∆Pf
∣∣2|g| dt

t
dx

Let P ⊃ PR ⊃ R,

then ∆Pf = 1PR
∆Pf+ 1P\PR︸ ︷︷ ︸

d(R,∂PR)>`R

∆Pf.

∑
R∈D

¨
WR

∣∣∣θt ∑
P⊃R(r)

(〈f〉PR
− 〈f〉P)1PR

∣∣∣2g dt

t
dx

For any S ⊃ PR, 1PR
= 1S − 1S + 1PR

= 1S − 1S\PR
.∑

P⊃R(r)

(〈f〉PR
− 〈f〉P)1PR

− “far terms” = 〈f〉R(r)1S

Let S = R̂(r), then we reduce to∑
R∈D

¨
WR

∣∣θt〈f〉R(r)1S

∣∣2g(x) dt

t
dx
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Testing in action

Assume that 1Rg(x) = 〈|g|〉R.

Lemma

Let S = R̂(r). Then∑
R∈D

¨
WR

∣∣θt1S〈f〉R(r)

∣∣2〈|g|〉R dt

t
dx .

∑
S∈S

〈|f|〉2S〈|g|〉S|S|.

Proof.

S

WR

`S

∑
S∈S

∑
R :R̂(r)=S

〈|f|〉2R(r)〈|g|〉R
¨
WR

∣∣θt1S∣∣2 dt

t
dx

.
∑
S∈S

〈|f|〉2S〈|g|〉S
∑
R⊆S

¨
WR

∣∣θt1S∣∣2 dt

t
dx

.
∑
S∈S

〈|f|〉2S〈|g|〉S|S|.
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What if g is not constant on R?

Then g is concentrated on small cubes Q ⊂ R.

Let xQ be the center of Q.

Idea: If
´
Q g = 0 use regularity of Ψt.

ˆ
Q

|θtf|
2g dx =

ˆ
Q

(
|θtf|

2 − |θtf|
2(xQ)

)
g dx

=

ˆ
Q

(
θtf− θtf(xQ)

)(
θtf+ θtf(xQ)

)
g dx

For (x, t) ∈WR
ˆ (

Ψt(x,y) − Ψt(xQ,y)
)
f(y)

ˆ (
Ψt(x,y) + Ψt(xQ,y)

)
f(y)

.
ˆ

(`Q)α

(t+ |x− y|)α+1
|f(y)| dy

ˆ
tα

(t+ |x− y|)α+1
|f(y)| dy

=
(ˆ (`Q · t)α/2

(t+ |x− y|)α+1
|f(y)| dy

)2

=: (KQt f)
2
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Can we write
1Rg 6 c〈|g|〉R1R +

∑
Q⊂R

bQ

where 2r`Q < `R, bQ supported on Q,
´
bQ = 0 ?

Proposition (Calderón–Zygmund decomposition on r-grandchildren)

Let r ∈ N and g ∈ L1(R). For any λ > 0 there exists a maximal
collection L⊆ D and functions a and b such that g = a+ b, with
‖a‖L∞ 6 2r+1λ and

b :=
∑
Q∈L

∑
Qr∈chr(Q)

bQr
, where bQr

:=
(
g− 〈g〉Qr

)
1Qr

.

Proof. Let {Q}Q∈L be the maximal cubes from the Calderón–Zygmund
decomposition g at λ > 0. Let Qr be a r-grandchild of Q. Then

‖a‖L∞ 6 sup
Qr

 
Qr

|g| 6 sup
Qr

|Q|

|Qr|

 
Q

|g| 6 2r+1λ
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Apply the decomposition:∑
R∈D

¨
WR

∣∣θtf|2|g| dt

t
dx

.
∑
R∈D

¨
WR

∣∣θtf∣∣2〈|g|〉R dt

t
dx+

∑
R∈D

¨
WR

∣∣θtf∣∣2 ∑
Q⊂R

bQ
dt

t
dx
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