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CHAPTER 1

Introduction to Calculus of Variations

In this chapter, we will briefly describe how and why the field of calculus of variations
became so crucial in modern mathematics and introduce the basic notions such as the first
variation of a functional.

Since this is more of a descriptive part, we shall assume that everything is as much
regular as we need to carry out all the computations and come back to deal with it at a later
time.

1. Introduction

Let X be a space of functions and [’ a real-valued functional defined on X. The “goal”
of the course is to find minimisers of F' on X, namely
inf F(u) = sup{—F(u)}.
ueX uweX

We are interested in the existence and regularity of solutions, which is usually possible if
F'is ’nice” enough. However, sometimes even finding a way to approximate a solution via
numerical methods will be crucial.

Classical approach. If X = R" and F' : R" — R, then £ € R" minimiser of F'
satisfies the equation
VF(z)=0.
If, in addition, F’ is convex, then the converse is also true. In other words, minimisers are
completely characterised by the following relation:

VF(z)=0 <= F(z)= inf F(x).

r€R™

In the general framework, if u is a minimiser of F', then u satisfies the Euler-Lagrange
equation associated with F'. We will also see that, if F'is convex, then the vice versa holds.

Abstract setting. In general, X is an open set in a Banach space or a Banach manifold
(i.e., a C''-manifold without boundary modeled on a Banach space.) The functional
F:X—R

is Gateaux-differentiable (G-differentiable) at every point u € X with differential d f(u) :
Tan(X, u) — R. We expect that something along the lines of the following holds:

THEOREM 1.1. If u is a local maximum (or minimum) of F, then (df(u), v) = 0 for
all v € Tan(X, u).
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This framework can be developed (e.g., in the Variational Methods course), but we will
not do it because we are more interested in the existence of minimisers. Furthermore, some
problems arising in applications do not fit in this framework.

2. First variation of functionals and Euler-Lagrange equation

DEFINITION 1.2. Let X be a vector space (of functions). Fix a point v € X and fix a
direction v € X. The directional derivative of F' at v in the direction v is defined by setting

d
d¢ =0

We can either indicate it with the symbol 2 (u) or, with some abuse of notation, (dF (u), v).

F(u+ tv).

REMARK 1.3. We will try to avoid the second notation, (dF'(u), v), because when X
is only a vector space there is no guarantee that there exists such a linear mapping.

DEFINITION 1.4. Let X be a vector space. The map
oF
Xsv— —(u) eR
5, ()
is called first variation of F' at u.
REMARK 1.5. If u is a minimiser (or local minimiser) of F’, then the first variation of
F" at u is equal to zero, that is,

F
Z—U(u) =0 forallv € X. (L.1)

Note that this is the Euler-Lagrange equation in its simplest form. Furthermore, if F' is
convex, then the vice versa holds; in other words, the relation (1.1) implies that u is a
minimiser.

The relation (1.1) is often useless because using the Euler-Lagrange equation to find
minimisers requires a way to compute the directional derivative rather than the abstract
theory behind it.

We will now present several examples of simple minimisation problems which, we
hope, will give a satisfying understanding of the following phenomena:

(a) Weak and strong formulation of the Euler-Lagrange equation.
(b) Dirichlet boundary conditions and the appearance of Neumann ones.
(c) Obstacle-type problems.

(d) Higher-order problems; namely, the functional depends on derivatives of order
bigger than or equal to two.

(e) Vector-valued problems, e.g., u maps R" into R™.

(f) The space X is not linear but, for example, affine.
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2.1. Technical result. To formally compute the Euler-Lagrange equation, we first need
to recall a few technical results such as the divergence theorem and the fundamental lemma
in the calculus of variations.

LEMMA 1.6 (Divergence theorem). Let U be a vector field defined on ) of class C*.

Then
/ U-Vdaz/diVde.
a0 Q

COROLLARY 1.7. Let U be a vector field defined on ) of class C" and let v € C} ().

Then
/ (UU)-I/da:/div(vU)dx:/Vv~Ud93+/vdiVUda:.
o9 Q ) )

We now give the statement of the fundamental lemma in calculus of variations. In (1.4)
we do not need such generality, but we take the opportunity to give it once and for all.

LEMMA 1.8. Let f : Q — R be a L () function. If

loc

/ flz)v(z)de =0 forallv e CZ(N), (1.2)
Q

then f is identically equal to zero almost everywhere.

PROOF. The condition (1.6) implies that
/ f(x)v(z)dez =0 forallv € C.(2)
by means of an approxima?ion argument. We now claim that we can further require that
/Qf(a:)v(x) dr =0 forallv e LX°(Q).

The reason is that L3°(£2) can be obtained as the “pointwise limit” of uniformly bounded'
continuous functions. Assume now that f is not a.e. zero and let £ be a set of positive
finite measure such that

flg >0
Then we can choose v := X as a test function and notice that [, f(z)xg(z)dx > 0. This
gives a contradiction with the assumption and concludes the proof. U

2.2. Dirichlet boundary conditions. Let ) C R" be a bounded open set and consider
the vector space of continuously differentiable functions equal to zero at the boundary:

X={u: Q=R :uel'(Q), 0} = Cy().

We are interested in the minimisation of the following functional®

F(u):%/QquFder/ﬂf(x, u(z)) da.

u|6QE

IThis is important because we need to use Lebesgue’s dominated convergence theorem.
“The first term is usually referred to in the literature as Dirichlet energy.
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Let ¢ € R. To compute the first variation, we first evaluate F' at u + tv € X,
1
F(u+tv) = 5/ \Vu + tVo|* dz + / f(z, u+tv)de,
Q Q

and then we take (assuming that f is regular enough) the derivative with respect to ¢ at
t=0:

— | Fu+tv) :/Vu-Vvdx+/fu(:L‘, u)v dx, (1.3)
dt Q Q

where f,(z, u) is the derivative of f with respect to the second variable. We will refer to
(1.3) as weak formulation of the first variation. To go further, we can apply Corollary 1.7
to infer that

t=0

aa—i(u):/ag(Vu-y)vdo—/QAuvdx%—/qu(x, u)vdz,

and, since v € X is zero at the boundary, we finally get

oF
%(u) — /Q [fu(z, u) — Au] v dz. (1.4)

We will refer to (1.4) as strong formulation of the first variation since it requires more
regularity on u (e.g., C?) and Q) (e.g., Lipschitz) than (1.3). Now, if « is a minimiser, then

/ [fu(z, u) — AuJvdz =0 forallv € X,
Q

from which it follows (see Lemma 1.8) that u satisfies the Euler-Lagrange equation

—Au(z) = fu(z, u(z)) ifz e Q,
(1.5)
u(z) =0 if x € 0.

REMARK 1.9. If f(z, u) = p(x)u(z), then (1.5) becomes the so-called Poisson equa-
tion, which is the PDE describing the shape of the electric potential » inside a non-conductive
domain €2 (with conductive boundary) under the effect of a distributional charge p.

2.3. Neumann boundary conditions. Let X = C(Q) so that there is no boundary
condition. As before, we find that the directional derivative is given by

OF
%(M = /m(Vu . y)vda—l—/ [fulz, u) — Au] v de,

Q
but the first term is not zero anymore. We now claim that

g—f(u) =0 forallv e CY(Q)

if and only if u solves

—Au(z) = fu(z, u(z)) ifz e,
(1.6)

2 (1) = 0 if 2 € 0Q.
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The condition g—:j = 0 is referred to as Neumann boundary condition. One implication is
obvious, so we only have to prove that u is a minimiser implies u solution of (1.6). But
now we know that

0= / [fu(z, u) — Aujvdz forallv € C°(2),
Q

which implies (by Lemma 1.8) that —Au(z) = f,(z, u(x)). Now plug this back into the
directional derivative to find that

/ (Vu-v)jvdo =0
o0

for all v € C*(Q). However, the space of compactly supported smooth functions is a subset
of X, and hence

/ (Vu-v)vdo =0 forallve CX(Q) = Vu-v(z)= %(a:) =0.
o0 ov

2.4. Mixed boundary conditions. We now present a couple of one-dimensional min-
imisation problems in which the Lagrangian f is entirely general.

EXAMPLE 1.10. Let X = C'([a, b]) and consider the general functional

F(u) = / ’ f(z, u, 4) da.

Then the first variation is given by

(dF (u), v) :/ o, w, @)v+ fe(e, u, 48] da,

where & denotes the third variable of F, i.e., u. Integrating by parts, we find that

(dF (u), v) = [fe(x, u, u)v]f;:a +/ [—%fg(x, u, w) + fulz, u, 4)| vdz.

The Euler-Lagrange equation associated to the problem is given by
%fg(x, u, u) = fu(z, u, u) ifx € |a, b,
fe(x, u, 1) =0 ifr =aorxz=0>,

where the Neumann boundary conditions give the uniqueness of the solution. It is worth
remarking that, if we consider

X ={uecCa,t]) : ula) =0},
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then a straightforward computation shows that the Euler-Lagrange equation associated to
the problem is given by

L fe(z, u, ) = fulz, u, w) ifz € la, bl
u(z) =0 ifr=a,
fg(a:,u,u):() lfx:b

In particular, the presence of a Dirichlet condition at some point of the boundary prevents
the appearance of a Neumann-type condition there.

REMARK 1.11. Notice that, if we consider X = C'([a, b]; R™), then we need to be
careful carrying out these computations because the Lagrangian is given by

f:a, b x R™ x R™ — R,

which means that f, has to be replaced with V, f, the gradient with respect to u of f. It is
easy to check that the first variation is given by

b
(dF(u), v) = / Vuf(z, u, @) - v+ Vef(z, u, @) - Vo] de,

which, integrating by parts, leads to

(dF(u), v) = [Vef(z, u, 0) - v]i:a + /b {—%ng(:c, u, 4) + Vo f(z, u, 0)| -vde.

The Euler-Lagrange system of equations is obtained using Lemma 1.8 component by com-
ponent. It turns out that

AV f(z, u, @) = Vf(z, u, w) ifz € la,b],

Vef(z, u, w) =0 ifr=aorxz =0,
which corresponds to the system (as j =1, ..., m)

L0, f(x, u, 0) = 0y, f(x, u, w) ifx € [a, b,

Ve, flo, u, 1) =0 ifx =aorx=0.

The same computation with X replaced by C’;O (Q) leads to a similar system in which the
Neumann conditions are replaced by the Dirichlet ones

u;(z) = (up);(z) forallz € 0Nandall j € {1, ..., n}.

At this point, one might wonder why we only talk about Dirichlet and Neumann bound-
ary conditions since, from a mathematical point of view, there is no reason why we cannot
require something different. It is important to notice, however, that most problems arising
from Physics (or other disciplines) are naturally endowed with such conditions. The next
example will show why the problem is more delicate than it seems.
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EXAMPLE 1.12. Let F(u) = fab f(z, u) dz and let
X ={ucCa,b]) : ula) =uo(a), u(d) = u(b), u(a) = vo(a), u(b) = vo(b)}.
Clearly X is an affine space whose underlying vector space is
_ 1 . — _
B={veCa,b]) :v |{a7b} =0 ‘{a,b} =0},

so the first variation is given by

(dF(u), v) = [fe(z, U)U]Z:a + /ab [—ifg(fﬂ, u)~l—} vdz.

dx
The Euler-Lagrange equation associated to this variational problem is
%fg(xa u, U):O lf‘flfe [a, b]7

u(x) = ugp(z), w(r) =vo(x) ifx=aorz=0>o,

and, unless we are very lucky, the boundary conditions are incompatible because fixing the
value of u on {a, b} is already enough to infer existence and uniqueness. On the other
hand, if we consider

X ={uecCa,b]) : ula) =vo(a), u(b) = ve(b)},
then it is easy to verify that the Euler-Lagrange equation is
%fg(l’, u, ) =0 ifx€la, ),
(zr) = vo(x) ifr=aorx =",

Je(x, 4) =0 ifr=aorx=0.

The latter condition is obtained because v needs not to be zero at the boundary anymore,
and this leads to the same problem as above: the equation is over-determined.

The issue about what boundary condition is appropriate for a specific problem is strictly
related to the weak formulation in Sobolev spaces, which will be investigated later on in
the course.

2.5. Affine vector spaces. We now show that we can make the same computations in
a functional space X which is not a vector space, but rather an affine space. The main issue
to deal with is that
u,veX =5 uttveX.

Fix ug : 02 — R function defined on the boundary and define
X={u: Q=R :uecCiQ), u‘m =u} = C,, (Q).

The space X is not a vector space, but an affine one. We compute the directional derivative
as before and obtain

Sow = [ vu-Todet [ fule wds.
ov o0 Q
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Unfortunately, we cannot take anymore v € X because the element « + ¢v will not neces-
sarily belong to X because of the affine structure. That said, it is easy to see that

veC(Q) = u+tveX forallz € X,

which, in turn, implies that

oF
—(u) = / [fu(z, u) — Au]vde.
aU Q

This means that « minimiser implies u solution of the boundary-value PDE

—Au(x) = fulz, u(z)) ifz e,
(1.7)
u(z) = up(x) if x € 0.

2.6. Higher-order derivatives. The Lagrangian usually depends on the triple (x, u, u),
but this is by no means a rule. Indeed, there are a lot of problems - arising from the real
world - for which

f=flz, ua, ..., u™).
On the other hand, if no derivative appears in the Lagrangian f, then the problem is trivial

from a theoretical point of view (formally we have order-zero Euler-Lagrange equation),
but it can be not-so-easy from a computational stand.

EXERCISE 1.1 (Higher derivatives). Let % be the second-order derivative of u. Com-
pute first variation and Euler-Lagrange equation for the functional

b
F(u) :/ f(z, i) dx
in the following cases:
(i) X = C*([a, b]);
(i) X = C7 ([a, b]);
(i) X = C’ZO,UO([G, b)) == {u € C2 ([a, b]) : @(a) = vo(a), w(b) = vo(b)}.

EXERCISE 1.2 (Higher derivatives). Let A denote the Laplace operator (sum of second
derivatives). Compute first variation and Euler-Lagrange equation for the functional

Flu) = /Q Auf2(z) dz

in the following cases:

(i) X = C*Q);
(i) X = C2 (Q);
(iii) X = C2, ,,(Q).



13 2. First variation of functionals and Euler-Lagrange equation

2.7. Obstacles. A significant problem in the Calculus of Variations is to find an equi-
librium profile of an elastic membrane €2 with fixed boundary and constrained to lie above
an obstacle. Applications include the study of fluid filtration in porous media, constrained
heating and elasto-plasticity - see [?].

In this brief section, we will show a simple example of an obstacle-type problem, and
we will try to point out the main difficulties which derive from the fact that u + tv may fall
below the obstacle.

EXERCISE 1.3 (Obstacle). Let X be the subset of C}(2) which elements satisfies the
obstacle inequality
u(x) > up(z) forallz € F,

where FE is a compact subset of 2 and ug : £ — R is given. Compute the first variation
and the Euler-Lagrange equation for the functional

1
F(u) = §/Q|Vu\2d:c.

SOLUTION. First, notice that when u(xg) = ug(x) for some xg € E, it suffices to pick
av € C}(Q) satisfying v(z) < 0 to conclude that

dtg € (-5, 5) D u 4+ tov ¢ X
no matter how small 6 > 0 is. Indeed, it is easy to verify that
u+tv e Xforallt € (-6, ) = U‘E =0,

where E, .= {x € E : u(z) = ug(x)}. However, if we work with this class of test func-
tions, then making the usual computations leads to an incomplete Euler-Lagrange equation
since

—/vAudx =0 forallv e E,
Q
implies
—Au=0 ifzeQ\E,,
(1.8)
u(z) =0 ifz e 09,
but we have no information whatsoever on the behaviour of w on the set £,,. We thus go

back to the choice of v and notice that requiring something less (on t) leads to a larger class
of test functions:

u+tveXforallt e (0,) = veC&(Q)andv|E >0.

Recall that for a function p : [a, b — R the fact that « is a critical point only implies
that p’(a) > 0 and, similarly, b critical point implies p’(b) < 0. We now compute the first
variation of the functional taking into account that ¢ — F'(u + tv) is only defined on the
(0, 6); it turns out that

—/vAudeO forallv € Cj(Q) and v |, > 0.
Q w
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Using a variation of the fundamental lemma of calculus of variations, Lemma 1.13, we
infer that

—Au>0 ifz e

This, together with the information obtained in (1.8), leads to the full Euler-Lagrange equa-
tion
—Au(z) =0 ifx e Q\ E,,

—Au(x) >0 ifz e E,,
u(z) =0 it x € 0.

LEMMA 1.13. Ler f € L}, () be a function such that

/fgpdmzo forall p >0, p € C°(9), (1.9)
Q

then f(z) > 0 for a.e. x € Q.

PROOF. First, notice that given a nonnegative continuous function ¢ € C.(€2), we can
approximate it via nonnegative smooth functions. Indeed, it suffices to take the sequence

Pe(T) = @ * pe(),

where {p.}.~o is an approximate identity. It is easy to see that ¢, converges uniformly to
w and ¢, > 0 if we choose p nonnegative. We now claim that

/ feodz >0 forall p € LX°(N)
Q

satisfying ¢(x) > 0 almost everywhere. This is also achieved by approximating f €
L°(92) via a sequence of continuous functions f,, such that

fn(x) AERECN f(z)atae. z € Qand |f,(z)] < C.

Since these functions are uniformly bounded, we can apply Lebesgue’s dominated conver-
gence theorem to prove the claim. Notice that we can pick an approximating sequence of
nonnegative by replacing f,, with

gn () == max{0, f,(z)}.

Finally, we argue by contradiction. If f < 0 on E of positive finite measure, then take
¢ = xp (or replace it with a subset if it is not compactly supported) and notice that

/Ef(x) dz <0,

which contradict the assumption (1.9) with L2°(£2) in place of C2°(£2). O
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Abstract framework. To deal with obstacle-type problems, it is natural to require X
to be either the closure of an open set in a Banach space with C'-regular boundary or a
Banach manifold with boundary.

REMARK 1.14. Itis possible to give a notion of manifold with boundary in the infinite-
dimensional setting, although the definition is not topological and relies on the differential
structure - see [?] and the reference therein.

If we consider a Gateaux-differentiable function /' : X — R at all u € X, then it is
not so immediate to find an equivalent of Theorem 1.1 and some additional regularity is
required.

EXERCISE 1.4. Under which assumptions on ~ and 1 a solution u of the Euler-
Lagrange equation

—Au(z) =0 ifxeQ\E,,
—Au(x) >0 ifzeE,,
u(z) =0 it x € 09,
is also a minimizer of /' on X (as defined in the previous exercise)?
2.8. Further examples.

EXAMPLE 1.15. Let X = C’l(Q), Q open bounded subset of R", and

F(u) = /Qf(x, u, Vu)dz.

Then the first variation is given by
(dF(u), v) = / [fulz, u, Vu) - v+ fe(x, u, Vu) - Vo] de,
Q

and integrating by parts yields

@F(w. o) = [

(fe(x, u, Vu)-n)v do—i—/ [—div, fe(z, u, Vu) + fu(z, v, Vu)]-vdz.
20 Q

The Euler-Lagrange equation associated to the problem is given by
div, fe(z, u, Vu) = f,(z, u, @) ifz € [a, 0]
fe(x, u, Vu) - v =0 ifv € 09,

with Neumann boundary conditions if we do not require anything on X. Consider the
slightly modified ambient space

Xr={ueCQ): ul.=u, I'CQ}

r
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where I is closed and ug : T" — R is given. Then the first variation is the same, but the
admissible directions v are the ones such that v € C*(Q) and v |r = 0. Then

lexfg(SU, U, VU) = fu(x7 u, U’) l.fQ7
fe(z, u, Vu) v =0 if v € 90\ T,
u = ugp ifrel,

is the Euler-Lagrange equation, which boundary conditions are obtained by applying Lemma
1.8 to the integral on 002 \ T only.

EXAMPLE 1.16. Let Q2 C R", X = C} (Q, R™) and let

F(u):/ﬂf(Vu) dz.

Notice that, in this case, Vu is a m X n matrix so one would need first to introduce matrices
scalar product; to avoid this issue, we only specify all components. Let v be an element of
the underlying vector space and compute the t-derivative:

] dr =

d ov;
i t:OF(u +tv) = /Q [; fe,; (Vu) o,
/Q [Z fe.(Vu) - Vvi] dz.

i=1

We can now apply Corollary 1.7 to infer that

2= [ S| ar |

:/Q [Zdiv(fgi(VU))-vz‘] de,

employing the boundary condition (v = 0 on 0X)). Then Lemma 1.8 applies to each term
of the sum separately which, in turns, shows that the Euler-Lagrange system is given by

Z div( fe,(Vu)) - vi] dz =

div(fe(Vu) =0 ifz €9,
wi(z) = (uo)i(x) ifr € 09,

foralli e {1, ..., m}.
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EXAMPLE 1.17 (Laplace operator). Let v : 2 C R — R™ be a function. Then its
gradient Vu is a m X n matrix. Consider the functional

1
F(u) = §/Q|Vu|2dx,

and endow the space of matrices with the norm | M||3 = >_. . |M, ;| It follows that

1
F(u) = Zé/Q\VuiFdx.

In this case, the decoupled structure of the problem shows that the Euler-Lagrange equa-
tions are the Laplace ones for each component u;;, namely, we have

2¥]

Au; =0 foralli=1, ... n.

This is, unfortunately, a very lucky case. Indeed, if we replace the gradient with the symmet-
ric gradient, then the Euler-Lagrange system is not so simple. For example, the functional

F(@:%/g

represents the energy in linearized elasticity. The Euler-Lagrange system of equations, in
this case, is not made up of decoupled equations.

2

Vu+ V7T Qe

2

EXERCISE 1.5. Compute first variation and Euler-Lagrange equation for the functional
1 2
Fu)== [ |Vu|*dz
2 Ja

where X is C§(Q2) with prescribed L?-norm [, |u|* dz = 1.

SOLUTION. Notice that we cannot employ the methods we applied to all the previous
problems because the constraint on the L?-norm is hard to deal with. However, we can use
Lagrange multipliers and consider

1 A
Fy(u) = -/ IVl dz — 2G(u),
2/, 2
where G(u) = [, |u|*dz — 1. Then

Fy(u+tv) = % l/ IV (u+tv))* do — MG (u + tv) | ,
Q
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and hence the first variation is given by

d

— F,\(u+tv):/Vu~Vvdx—/\/uvdx:
dt l+=o0 Q Q

:_/Q(AU—I—)\u)vdzL'—i—/ (Vu-v)jvdr =

onN

= —/(Au + Au)vdz.
This leads to the Euler-Lagrange equat?on
—Au(x) = Mu(z) ifz e,
u(z) =0 if x € 09),

is nothing but the eigenvalue problem of the Laplace operator with Dirichlet boundary
conditions. U

EXERCISE 1.6. Compute first variation and Euler-Lagrange equation for the functional

1
F(u):§/§2|Vu|2dx+/Bquda,

where g : 9Q — R is given and X = C'(Q) so that |, 5 gudo is nontrivial. Compare it
with the case g = u, that is,

1 1
F(u) = —/ \Vu\z(x)dx—i-—/ |u|? dor.
2 Ja 2 Joa
SOLUTION. Letv € X and ¢ € R. Then
1
F(u—l—tv):—/ \Vu+th|2d:E—|—/ g(u +tv)do,
2 Ja B

and thus the first variation is given by

d
— F(u+tv):/Vu-Vvdx+/ gvdo.
dt lt=0 Q a0

We can apply Corollary 1.7 to the first term on the right-hand side. It turns out that u is a

minimiser if
/ (Vu - v)vdo — / Auv dx —i—/ gvdo = 0.
a0 Q 0

Choosing v € C°(Q2) C X, we can use Lemma 1.8 to infer that
Au =0,

while the Neumann boundary condition changes accordingly to the presence of g:
Vu-v(x)=—g(z) forall z € 0.
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If we consider the functional
1 1
F(u) = —/ \Vu\z(x) dzr + —/ |u|2da,
2 Jq 2 Jaa

then there are differences even at the level of first variation. Indeed, it turns out that

d
— F(u+tv):/Vu-Vvdx+/ uwwdo =
dt =0 QO 80

= —/ Auvdx—i—/ (Vu-v+u)jvdo
Q 09
The Euler-Lagrange equation corresponding to the problem is
—Au(z) =0 ifx e,
Vu-v(z)4+u(r) =0 ifz e Q.

3. Inner variation and free boundary problem

It is often useful to consider minimisation problems for functionals whose natural do-
mains are sets of functions which admit a finite number of discontinuities. These can either
be fixed or be an unknown themselves and for this reason, the latter will be called free-
discontinuity problems.

EXAMPLE 1.18. Let ¢ € [a, b] be a fixed point. Our goal is to find the first variation
and the Euler-Lagrange equation of the functional

b
F(u) :/ f(z, v)dx
when u belongs to the class
Xe:={u:[a, b] = R : u e C'([a, b)) possibly discontinuous at c} .

Since c is fixed we can simply split fa to avoid the discontinuity point c. It turns out that

F(u)—/cf(x, u)d$+/ f(z, @) de =: Fi(u) + Fa(u),

and it is easy to verify that minimising F' is equivalent to minimising Fy and Fy on C*([a, c])
and C*([c, b]) respectively. The Euler-Lagrange equation is

ax(felz, @) =0 ifz € a, ) U (e, b,

fe(x, u) =0 ifr=a,x=>bandx = c*,

(1.10)

where x = ¢~ and x = ¢ denote, respectively, the following limits:

lim fe(z,u) =0 and lim fe(x, @) =0.
T—c™ r—ct
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In this example, we decided to keep the discontinuity point fixed, but it makes sense to
wonder if moving it around [a, b] might lead to a better result in terms of minimising the
functional. Note that computing

d

T t:oF(u + tv)

is not enough anymore because it does not take into account the fact that ¢ moves. For this
reason, we now introduce a different type of variation which is usually referred to as inner
variation.

Inner variation. Let us consider the functional

F(u) = /abf(x, u, 1) de

and suppose that u belongs to a class of functions with enough regularity to justify the
following computations. For € C}([a, b]), define

O, (z) :=x +tn(x) forlt| < 0.

The idea is to use P, to obtain a new function through the composition. In particular, we
introduce the function

u(y) = wo @ (y)
and call it the inner variation of u with respect to 7.

REMARK 1.19. We are no longer deriving along straight lines, but we are considering
paths in the graph of the function v which means that our options are highly dependent on
the shape of u.

The map ¢t — F'(u;) is well-defined for |¢| < ¢ and maps an open interval to the real
line. It follows that if u is a local minimum/maximum, then

d

l _ 1
pr t:OF(Ut) 0 foreveryn e C,(a, b).

Before we compute the derivative explicitly, we would like to point out two important
properties of ®,. Indeed, if we take § > 0 small enough®, then it is easy to verify that

¢i(r) = 1+1tn'(x) >0,

3For example, smaller than the uniform norm of 7.
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which implies that ®; is increasing, C' with C'! inverse and mapping [a, b] into [a, b]. We
are thus allowed to use the change of variables formula and find that

b
sz/fWW@wMWM
b

:Af@w@mww@mw@@%m)@

" (0ua), ue), i) —— ) () do
[ 7)

Now derive the function with respect to . A simple computation shows that

%F(Ut) :/abf (@t(x), (), U(x)%) %cp;(x) do+ -

(@)
..+/ab

oy /ab fe (@t(x), u(z), u(ac)q)ix)) a(@#] P! () du.

The expression for the derivative is rather complicated, but when we evaluate it at £ = 0
everything simplifies immensely because the following identities hold:

0 0

By(r) =1, 5 @o() = nle), o) = i)

It turns out that

d

dt

t=0

b b
Flu) = [ foow aide+ [ (fule u ihn = fele, u, ] do =
b b
:/ [f(x, u, u) — fe(x, u, u)d]nde +/ folz, u, W)nde =

b d
:/a lfm—ﬂ(f—fgu)l ndz = 0.
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Since this is zero for all v € C!([a, b]), we can apply Lemma 1.8 to obtain the identity
d

folz, u, 0) = T (f(z, u, 0) — fe(z, u, w)u)

= fo+ futt + feii — feil — featt — feu® — fegiin =

= f:r: + fuu - f{:r:u - f{uu2 - fggﬂﬁ,
which ultimately leads to a slightly weaker type of Euler-Lagrange equation:

d .
{fu - afg] u=0. (1.11)

This result is slightly weaker than the one obtained via the straight lines variation because
directional derivatives are strictly related to the differentiability of F', while inner variation
may not give all possible directions.

EXAMPLE 1.20 (Free-boundary problem). Now consider the problem solved in Exer-
cise 1.18, but let the discontinuity point c move; namely, consider the class of functions

X={u:[a, b] > R : ue C'[a, b]) discontinuous at most at a single point } .

It is easy to compute the first variation with u + tv € X, choosing v to be discontinuous
at most at the point where u is. However, since we are not exploiting the fact that the
discontinuity point can move, we find once again the equation (1.10) although we expect
that more freedom yields a better result.

The idea is to use the inner variation discussed above. For n € Cl([a, ]), define
O, () := x + tn(x) and denote by u, the function

ue(y) = uo ;' (y).
The computations carried out above are still valid until we get to

b b
% F(u) = /a [f(x, u, w) — fe(x, u, u)u]nd —|—/a folx, u, @)nde.

However, at this point we cannot integrate by parts because of the discontinuity c. Splitting
the integral in the usual way (to avoid c) yields to

t=0

ct

/ab (f““” B %“ - ff“)) n+[(f = fe)nls =0

foralln € CX([a, b]). The integral is zero as a consequence of the Euler-Lagrange equa-
tion (1.10) so the boundary term must also be zero. This means that the function

= Jfeu

is continuous at c (i.e., the limit for x to ¢~ and c¢* coincide). Notice that this is an extra
condition since it does not follow from any other in (1.10).
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The inner variation leads to the Euler-Lagrange equation whenever u(z) # 0. Intu-
itively, this makes sense because we are moving along the graph of « and hence we do not
expect to find any kind of information where u is flat. The next remark shows how limited
inner variation can be in some situations.

REMARK 1.21. In the vector-valued case, namely u : [a, b] — R™, the same computa-
tion shows that

d .
fo= (= fe i),
where - denotes the scalar product. Differently from the variation along straight lines here

we only get one equation (instead of m) because we are just moving in the one-dimensional
set u([a, b]).

REMARK 1.22. If m = 1 and f(u, @) does not depend on x directly, then (1.11) reduces
to
f — f¢t = constant.

This means that we get a first-order equation which holds even if u belongs to C'! since we
do not need to integrate by parts. Indeed, recall that

0=/Xﬂwm—ﬁwwmmm

for all n € C!([a, b]); however, we cannot apply Lemma 1.8 because we have 7). The
following result is a slightly different version and allows us to conclude that f — feu is
constant even if u is C'* only.

LEMMA 1.23 (Du Bois-Reymond). If g € L ((a, b)) and

loc

b
/ gpdr =0 forall p € CZ(la, b)),

then g is equal to a constant at a.e. x € (a, b).

REMARK 1.24. Observe that with the language of distributions this lemma merely as-
serts that a function whose distributional derivative is zero must be constant almost every-
where.

PROOF. Suppose that (a, b) = R. Take an approximation identity p. and notice that
@ * € is still an admissible test function, that is,

b
/ glo*p) de=0 forall p € C>(a,b).
The regularity properties of the convolution implies that
b
/ (g% p)¢'de =0 forall p € C¥(a, b)

and, since g * p, belongs to C'!, we can integrate by parts and deduce that

g * pe = c(e).
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Finally the pointwise convergence a.e. of the convolution implies that g is constant almost
everywhere and the constant does not depend on e.

If (a, b) is a proper subinterval of R, one can fix a smaller interval (a — 9, b+9), d > 0,
and use the fact that the convolution is defined there. The reader might fill in the details as
an exercise. U

EXERCISE 1.7. Let Q C R" be a connected subset. Prove thatif g € L{ (Q) and
b
/ gdiv(p)dz =0 forall p € C2°(92),

then g is equal to a constant at a.e. z € ().

EXERCISE 1.8. Let X := C}(Q), @ C R"™ open, with the additional constraint that
$l|lullr2() = 1. Consider the Dirichlet energy

1

Compute the Euler-Lagrange equation of this functional using the Lagrange multiplier
method, namely

(dF(u), v) = MdG(u), v),

and try to justify the use of this kind of theorem in such an abstract framework.

SOLUTION. If u is a local minimum/maximum for F', then the Lagrange multiplier
theorem implies that there exists A € R such that

(AF(u), v) = MdG(u), v) forallv € Cy(£2).

The left-hand side gives [, (—Au)v dz, while the right-hand side A [, uv dz. Using Lemma
1.8 we can deduce the equation

—Au=XMu ifz e,
wx) =0  ifz e o,

which means that u is an eigenfunction of the Laplace operator. It can be proved that it
corresponds to the first eigenvalue for any elliptic operator div L, that is,

vaj 1a”(x)8i udx+fﬂao Yul?dz

AM(Q, L) = i
1§ L) uergilr(lg) fQ]ude

U

We will now provide a proof that shows why we can do all those computations (note
that we require the functionals F' and G to be actually of class C'). Since

(dG(u), v) :/qudx = dG(u) #0
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as a linear map, for otherwise it would be necessarily © = 0 which is impossible because
the L?-norm of u is equal to one. We say that v is tangent to X at u if

/uvdxzo,
Q

which is to say that v | u in L?(Q2). We now claim that for all v | u there exists a path
(=6, 0) >t +— u, € X for § > 0 sufficiently small such that ug = v and

0

J, u(x) = v(x).

t=0

The idea is to take u; := u + tv and normalize it in such a way that its L2-norm becomes
equal to one. One also needs to check that the derivative of F'(u;) is equal to the derivative
of F' along the direction v or, in other words, that

d

dt
If we give this for granted and take a local minimum/maximum u, then it is easy to check
that

F(u) = (dF(u), v).

t=0

—/vAud:z::(] for all v €1 win L*(),
Q

and using the inclusion ker(F') D ker(G), by a standard linear algebra result we deduce
that these functionals are proportional. Namely, there exists A € R such that

/(—Au — Au)vdr =0,
0

and this holds for all v € X. We can now conclude as we did before using Lemma 1.8. We
will come back to formalise these computations once we introduce Sobolev spaces which
arethe right framework.

REMARK 1.25. Notice that F'(u) = [, |Vu|?dx is a positive-definite quadratic form.
Using the divergence theorem, we easily deduce that

F(u) = /(—Au)udx = (—Au, u)r2(0)
Q
is also a positive-definite quadratic form and, more precisely, the one associated to the

Laplace operator —A with respect to the scalar product in L?(2). Furthermore, it follows
from the identity

(—Au, u)r2q) = / ]Vu]de = (u, —Au)2()
Q

that —A is a self-adjoint operator.
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4. Geodesics

Let M be a k-dimensional surface* of class 2 embedded in R™.

DEFINITION 1.26. Let 2y, 1 € M. A geodesic from z to =1 is a curve v : [0, 1] —
M connecting these two points and such that it minimizes the length functional

L0)+= [ hi)lds

Denote by X the set of all curves connecting zy and z;. The reader might notice that
this is slightly different from the one usually introduced in differential geometry to indicate
the length of geodesics; namely,

By = [ [ heras g

The reason is that we can use either Jensen’s inequality or Holder’s inequality to infer that

s < | [ o] g

with the equality that holds if and only if || is constant. However’, for all ~y there exists a
reparametrization 7 := «y o ¢ such that its speed is constant.

COROLLARY 1.27. If vy minimizes E in X, then it minimizes L. Moreover; the speed
90| is constant.

PROOF. Let v € X be any curve joining xy and x1, and let ¥ be the reparametrization
with constant speed. Then the inequalities above show that

L(y) = L(7) = E(¥) = E(70) = L(7),

s0 7o minimizes the length L. Also L(v) > E(vy0) > L(7) aty = 7o gives E(y) = L(v),
which is possible only when 7y, has constant speed. U

REMARK 1.28. Notice that L has a significant group of invariants such as reparametriza-
tions, but this is not true for F() and it actually selects the parametrisation which gives
constant speed. This is why it makes more sense to minimise F rather than L.

PROPOSITION 1.29. If vy minimizes E on X, then the Euler-Lagrange equation is
¥ L Matevery s € [0, 1]. (1.12)
In other words, the curvature i is orthogonal to M at all points ().
We might develop the same theory in the general framework of Riemannian manifold with a few changes.

The definition of geodesic and Proposition 1.29 need to be fixed, but otherwise everything else holds.
5Assuming that - is different from zero at all points, for example.
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PROOF. Start by considering a path ¢ — -, in X that originates from v and is defined in
such a way that v;(s) € M forall ¢, s € [0, 1]. Then s — ~(s) is a path in M and hence

0
g tzo’yt(s) € Tan, M

for all s. We define the set
Tan, X := {v: [0, 1] = R" : v(s) € Tany,) M, v(0) = v(1) = 0}

as the space on which we will move the possible variations of . We claim that there exists
t — 7 path in X such that 79 = 7 and, as before, satisfying

gt t_O%(x) = v(z).

We can choose v;(s) = v(s) + tv(s) + w(t, s), where the remainder w belongs to O(t?)
uniformly with respect to s and its derivative

Ow 9
%(t S) = O(t )7

once again uniformly with respect to s. Using the existence of a tubular neighbourhood we
can define a projection from R™ to M (at least locally) in such a way that ~,(s) for [t| < §
and s € [0, 1] remains inside of M. Finally, one simply needs to verify that

_d
Cdt

and then use the explicit formula for £' to deduce that

1
/ v -vdx =0
0

for all v € Tan,X. This implies 4 orthogonal to all v’s in such a tangent space and hence
using an appropriate variation of Lemma 1.8 we conclude. U

0 E(y) = (dE(7), v),

t=0

5. Minimal surfaces

PROPOSITION 1.30. If X is a d-dimensional surface of class C? in R*™! which min-
imizes the area functional A(X) among all ¥ d-dimensional surfaces in R with pre-
scribed boundary T, then

HZO(‘T) EO? (113)

where Hy is the mean curvature of X..

PROOF. The set of competitors in this case is given by all d-dimensional surfaces with
the same prescribed boundary and to avoid technicalities we define

X :={Y cR?: ¥ d-dim. surface s.t. 9% = I'}.
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Let 1y be a unit normal to Xy and let v : ¥y — R be a regular function which is zero® on a
neighbourhood of the boundary 0%. Define
Oy(x) :==x + tv(x) - no(x)

and notice that for |¢| < d, § small enough, this is a diffeomorphism so that ¥, = ®,(3)
2o and X; € X since points on the boundary are not moving. Then

d

dt li=o
but we first need to give a meaning to the area functional and evaluate it at ;.

>~

A<Et) =0,

(1) Step 1. The differential of ®; : ¥; — 3; is a linear map between the respective
tangent spaces
d®,(z) : Tan,Xg — Tan, ;.
We can choose two orthonormal bases on these tangent spaces and find a matrix
that represent d®,(z); this is usually denoted by V,®,(z). The Jacobian is hence
given by
J®,(z) == ‘det(%@t(a;))

so we can use the change of variables formula to infer that

Y

A(Xy) = JO(x) dx.

Yo
However, the choice of the basis on >; depends on ¢ and hence the formula above
is quite hard to deal with. Consider the differential
d@t(x) : TanIEO — RdJrl

and complete a basis of Tan, Y to a basis of R%*! by adding 7,(x). The basis on
the codomain vector space is now independent of ¢ and

is the (d + 1) x d matrix associated to the differential by this choice. One can
prove that

JO,(z) = /det(VID,(2)V, D, (2)),
which only makes sense because VI ®,(x)V,®,(z) is a square matrix.
(2) Step 2. We can now compute the differential explicitly as

d®,(z)[h] := h+t (no(x){dv(x), h) +v(z){dm(x), h)) .
Then the matrix associated to this linear map is
Idgya + tv(m)VTn(:z:)\l

\ tV., v(x) )

®This is a technical assumption which is useful to define variations of 3y. Below it will be more clear why
we need it.

V. 0i(x) =
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and hence
VI (2)V, @ (1) = Idgua + tv(z)(Vn(z) + VIn(z)) + OF?).
The determinant is thus given (using Taylor’s expansion) by
det(VI®,(2)V, @ (7)) = 1 + 2tv(x)Te(Vn(z)) + O(?),
and Tr(Vn(x)) is the mean curvature because V7 (z) is the second fundamental
form. Then
JO,(x) = \/det(VIDy(2)V,Py(2)) ~ 1 + to(z)H(x) + O(t?),
exploiting the Taylor’s expansion of the square root.
(3) Step 3. A simple computation shows that
d
dt
and we can apply Lemma 1.8 since v can be chosen among the ones with compact
support in > and we deduce that H = 0.

A(Yy) = /2 v(z)H(x)dx =0 forall v as above,
0

t=0

0






CHAPTER 2

Existence Results via Direct Method

In this chapter, we discuss the existence of solutions to minimisation/maximisation
problems via the so-called direct method, which consists in working in a weaker framework
where properties such as compactness and lower semicontinuity are straightforward.

1. Introduction to the direct method

Let F/ : X — [—o00, oo] be a functional. The idea behind the direct method is to
investigate the problem inf,cq F'(u), where ) may be a space that includes X endowed
with a topology that makes F’ lower semicontinuous and sublevels of /' compact.

DEFINITION 2.1. Let (X, d) be a metric space. A functional F' : X — [—o0, o0] is
lower semicontinuous at a point xy € X if

f(0) < liminf f(z).

The definition of lower semicontinuity can be stated in topological spaces using the
preimages of half-open sets (r, cc), but in this course we will not need this degree of
generality.

THEOREM 2.2. If K is a compact metric space and F' : K — [—00, 0] is lower
semicontinuous, then there exists u € K minimum point for F'.

PROOF. Let u, be a minimizing sequence and denote by m the infimum of F'. By
compactness, there exists a subsequence n (k) such that

k—o0

Up(k) — U
and since F' is lower semicontinuous, we also have that
m = lilgn inf F(upy) > F(u) = F(u) =m.
—00
O

The assumption K compact metric space for the applications is usually not verified.
Indeed, we can work in a general metric space and only require that [/ satisfies an additional

property.

DEFINITION 2.3 (Coercivity). Let (X, d) be a metric space. A functional F' : X —
[—o0, o0l is coercive if for all sequences (uy,),eny C X such that

F(u,) < ¢ < oo,
31



Chapter 2. Existence Results via Direct Method 32

there is a converging subsequence.

THEOREM 2.4. Let X be a metric space and let ' : X — [—o0, o] be a lower
semicontinuous, coercive functional. Then there exists u € X minimum point for F'.

PROOF. This is left as an exercise. A possible way is to observe that F' : X —
[—o0, o] is lower semicontinuous and coercive if and only if all sublevels

Ay(F)={ue X : F(u) < M}
are compact with respect to the topology given by the metric structure of X. 0

REMARK 2.5. Since we are interested in the minimization problem inf,cx F'(u), it
makes sense to weaken the coercivity assumption and merely ask A,/ (F) compact for
some C' > inf,cx F(u).

REMARK 2.6. In X = R", the definition of coercive functional is simpler. Indeed, one
can prove that

lim F(x)= o0

|z|—o00

is equivalent to F' coercive since bounded sets are relatively compact in R". Therefore,
the only sequences with no converging subsequences are the unbounded ones.

REMARK 2.7. If X is an open subset of R"™ and F' : X — [—o00, oo] a functional, then
F is coercive if and only if F(x,) — oo when |z,,| — oo or z,, converges to the boundary
of (). Note that

lim F(z)= o0

|z| =00
is enough if we replace €2 with its one-point compactifiation (the boundary is identified
with 00).

We conclude this section by describing an example of an infinite-dimensional metric
space X in which we can actually apply the stronger result Theorem 2.2.

THEOREM 2.8. Let (K, di) be a compact metric space, xq, x1 € K and assume that
there exists a curve of finite length ~ : [0, 1| — K such that

v0)=2—-0 and ~(1)=x.
Then there exists 7y geodesic connecting ro and .

DEFINITION 2.9. Let (X, d) be a metric space. We say that f : X — R is L-Lipschitz
if
d(f(z), f(y)) < Llz —y| forallz, y € X.

The sharpest constant in the inequality is called Lipschitz constant of f and it is usually
denoted by Lip(f).
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PROOF. Let X := {v : [0, 1] — K : ~is L-Lipschitz and v(0) = zo, 7(1) = 21}
endowed with the distance defined by setting
dx (v, 7) = sup dg(~(t), 7' (t)).

0<t<1

The space X is compact (by Ascoli-Arzela) and the functional F' that associated + to its
length is lower semicontinuous because it is given by the supremum of continuous func-
tionals; namely,

F(y)=  sup {Z dre(v(t:), ’V(til))} :

0<t1 <<t <1

Then Theorem 2.2 shows that there exists a minimiser v € X, but a priori we do not know
that it is the optimal path also among the ones that are not L-Lipschitz. The following result
concludes:

LEMMA 2.10. If v : [0, 1] — X is continuous and has length L(v) = { < oo, then
there exists o : [0, 1] — [0, 1] reparametrization such that 7 := ~y o o satisfies:
(i) dic(Y(1), (t') < Lt =t
(ii) 7 is (-Lipschitz.

’

2. Compactness in Banach spaces

The notion of compactness in Banach spaces is not as simple as in Euclidean spaces,
but there is a theorem that achieves it under mild assumptions.

DEFINITION 2.11. Let X be a topological vector space, and let S C X. The polar set
associated to S is the set defined by

Se={feX" ||f(z)|<1forallz e S}

THEOREM 2.12 (Banach-Alaoglu). Let X be a topological vector space, and let V
be a neighborhood of the origin. The polar V° is convex, weakly-x closed and weakly-+
compact.

COROLLARY 2.13. Let X be a Banach space. The closed unit ball By~ in X* is weakly-
% compact.

The version of the Banach-Alaoglu we are interested in requires X to be a separable
Banach space. The reason is that it yields a metric structure on the space.

THEOREM 2.14 (Banach-Alaoglu). Let X be a separable Banach space. Then the
closed ball Bx+(0, 1) C X* is weakly-* metrizable and it is sequentially weakly-* com-
pact.
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REMARK 2.15. If X is a reflexive separable Banach space and F' : X — [—o0, 00| a
functional, then F' is coercive with respect to the weak topology of X if and only if

lim F(z,) = co.
l[#n ||l x—o00

DEFINITION 2.16. Let 1 < p < co. A function f belongs to Wh?(R™) if f € LP(R")
and its distributional derivative D f € LP(R").

LEMMA 2.17. The space W P(R") is reflexive for all 1 < p < oo and separable for
alll <p < oo

THEOREM 2.18. Let ) be a regular' open set in R", 1 < p < 0o and (up)neny C
WhP(Q) be a bounded sequence. Then there exists a subsequence n(k) such that

[ tn(ky — ullLr) — 0,

Vg — Vu  weakly in LP(Q).
PROOF. The sequence u,, is uniformly bounded in the WP-norm so there exists a
positive constant ¢ such that
||Un||Lp(Q) + ||Vun||Lp(Q) < c < 0.

It follows from Theorem 2.14 that (up to subsequences) w,, and Vu,, converge weakly in
LP(€2) to u and v respectively. It is easy to verify that in a distributional sense we have

v = Vu,

and therefore v € WhP(Q). Finally, we can apply the Sobolev (compact) embedding
theorem that holds for the inclusion

WhP(Q) — LP()
to infer that u,, converges strongly to v in L”(€2). O

REMARK 2.19. If F : WhP(Q)) — [—00, oo], then F' coercive with respect to the weak
topology is equivalent to F'(x,) — oo whenever ||z,||w1.») — co. In other words, the
following are equivalent:

(a) For all sequences u,, such that F'(u,) < ¢ < oo there exists a subsequence such
that u,) — u strongly in LP(Q) and Vu,g) — Vu weakly in LP().

(b) Whenever ||u,||w1.»@q) — oo there holds
F(u,) = .
PROPOSITION 2.20. Let X := W12(Q), where Q is a regular open subset of R™. Let

F(u):/g[%wumg(x, 0| dz

and assume that g : () X R — R satisfies the following assumptions:

I As an exercise, the reader might try to find the minimal assumptions on 2 for which the result holds. Observe
that the regularity is only required for the compact embedding.
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(a) It is Borel-measurable in both variables.
(b) The map u — g(x, u) is lower semicontinuous at almost every x € ).
(c¢) It has a quadratic growth, that is,
g(x, u) > clul* forall u € R and almost every x € .
Then F' is (weakly) lower semicontinuous and coercive on X. In particular, F' admits a
minimum point u € X.

PROOEF. The coercivity of F'is an easy consequence of (c) since
1
F(u,) > §||VUnH12L2(Q) + CHUHH%Q(Q) = Cl||“n||%vlﬂ(9)

so F'(uy) goes to oo whenever ||uy,|lw1.2(q) — oo. For the lower semicontinuity simply
split F' as the sum of F} 4+ I3 and observe that the Dirichlet energy

1
Fi(u) := §/Q|Vu|2dx

is lower semicontinuous since this is always the case for a norm on a Banach space (with
respect to the weak topology). Now let u,, — w and use Fatou’s lemma to deduce that

liminf F(u,) = lim inf/ g(x, u,)dx > / liminf g(z, u,) dz.
Since u,, converges strongly to v in L*(£2), up to a subsequence we know that u,, converges
pointwise to u almost everywhere and hence by (b) we infer that

/lim inf g(z, u,)dzr > /g(x, w)dx,
Q Q

n—oo

and this concludes the proof. U

REMARK 2.21. The almost everywhere pointwise convergence forces us to pass through
a subsequence. However, in the last step the lim inf is with respect to n. This is justified
because we can use the usual sub-subsequence trick.

EXERCISE 2.1. The space X is usually unknown for a given functional. Why in Propo-
sition 2.20 we work in the Sobolev space W'2(Q)? What happens if we try to do the same
in W12(Q) for some p # 2?

HINT. The functional is coercive on W1 ?(Q) when 1 < p < 2, but it is not when
p > 2. The semicontinuity, on the other hand, is harder in W1 ?(Q) because we have the
W1 2(Q2)-norm and requires the characterization of closed convex sets that follows. U

LEMMA 2.2. Let X be a Banach space.

(a) If C C X is a convex set, then C' is closed in norm if and only if C' is weakly
closed.
(b) If C C X* is a convex set, then C'is closed in norm if it is weakly-x closed.
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PROOF. One implication is clear in both the assertions: if C'is closed in the weak (or
weak-x) topology, then it is bounded in norm.

(a) Assume that C' is closed in the strong topology: we want to prove that the com-
plement A := C° is weakly open. Let o ¢ C and apply Hahn-Banach theorem to
find a linear continuous functional f € X* and a real number o € R such that

(f, ) <a<(f,x) forallze C.

It follows that V' := {x € X | (f, ) < a} is an open neighbourhood of x,
strictly contained in A, and this is enough to infer that A is weakly open.

(b) It follows easily from the definitions, but it is interesting to see a counterexample
for the opposite implication. For example, a non-reflexive Banach space X is
closed in norm (as a subset of the bi-dual X**), but it is weakly-* dense and thus
it cannot be weakly-x* closed.

O
EXERCISE 2.3. Prove that, if we replace the assumption (c) in Proposition 2.20 with
g(z, u) > w(|ul), where w(t) — oo as t — oo,
then the same conclusion holds.

Before we can solve Exercise 2.3, we need a characterization result for the weak (weak-
 in W1 (Q)) convergence in Sobolev spaces in terms of uniform boundedness.

PROPOSITION 2.22. Let 1 < p < oo, ) open subset of R" and u,, a sequence in
WP (Q). Then the following assertions are equivalent:
(i) u, converges weakly to u in WhHP(Q) (resp. weakly-x in W' > (Q)).
(ii) u, and Vu, converge weakly to u and Vu respectively in LP()) (weakly-* if
p = 00).
(iii) If p > 1, then u,, converges weakly to u in LP(S)) and Vu,, is uniformly bounded.

(iv) If p > 1 and 2 is regular (i.e., with Lipschitz boundary), then u, converges
strongly to u in LP($2) and V', is uniformly bounded.

REMARK 2.23. In (iii) we need p > 1 because the weak limit of a sequence in W 1(Q)
can be a L'-function with weak differential Vu in the class of measures (more precisely,
u € BV(Q)).

REMARK 2.24. In (iv) we need, in addition, a regularity assumption on {2 because the
equivalence requires a setting in which the Sobolev embedding theorem works.

PROOF. The first equivalence follows from the fact that the embedding WP (Q2) —
(LP(€2))"! is an isomorphism of Banach spaces. O

PROPOSITION 2.25. If 1 < p < oo, a weakly closed subset E of W1P(Q) is weakly-
compact if and only if it is bounded.

HINT. The Banach space W?(Q) is both reflexive and separable for 1 < p < co. O
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COROLLARY 2.26. The topology is metrizable on L. In particular, a lower semicontin-
uous coercive functional is a sequentially lower semicontinuous coercive functionals and
vice versa.

REMARK 2.27. If p = oo, the results above are true if we replace the weak topology
with the weak-x topology.

LEMMA 2.28. Let X be a weakly closed subset of WHP(Q) for 1 < p < oco. A
functional F : X — R U {+£oo} is coercive if and only if

|tn|[wrp@) = 00 = F(un) — 00.

SOLUTION OF EXERCISE 2.3. To prove that F is coercive, let (i, )neny C W1 2(2) be
a sequence such that ||uy, ||y1.2() — oo. Thanks to the previous remark, we only need to
prove that

lim F(u,) = oo.
n—oo

Notice that ||, ||w1.2(q) — oo is equivalent to saying that at least one between ||uy, || L2(q) —
oo and ||V, 12() goes to infinity. If

HVU/TLHL2(Q) — 0Q,

then it is easy to verify that F'(u,,) > 1||Vu,| 12() — 00, so we can assume without loss
of generality that

|tnl[z2(@) = 00 and  ||Vu,||r2@) < C < oo.

By Poincaré’s inequality (see Theorem 2.35) we have

[ i = (ol o < [V ey <
Q

Vo = ]{}v(x) do

is the mean value of v on w C R™. We now claim that for each M > 0 we can find ny € N
such that

where

Q
[ual = 20Y 2 2 forn > .
This would be enough to conclude since we have the estimate

/f(x, Up)dz > TM(M) —— 00,
0
which gives that F' is coercive. To prove the claim, consider the set

A={x € Q : |u,(x)] < M}.
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We remarked above that by Poincaré’s inequality we have

(un)al = M) 4] = [(un)al|A4°) ~ M4
< [ (=l + I(w)al) do

< [ fun— (w)alde < €,
Ac

which ultimately means that |A¢| — 0 since (|(u,)q| — M) — oc. O

EXERCISE 2.4. Let X = W1 2(Q) and consider the functional

1
F(u):/—|Vu\2dx+/pudx,
Q2 Q

where p : {2 — R is a function with zero mean, that is,

/pdx:().
Q

Discuss the existence of a solution «# and show that, if we assume fﬂ pd # 0, then there is
no minimizer and inf,cx F'(u) = —o0.

SOLUTION. If pg # 0, then it is easy to see that inf,cx F'(u) = —oo since
u(z) =t = F(u) = tpq,

which goes to minus infinity when ¢ — oo (or t = —o0, depending on the sign of pg). On
the other hand, if pn = 0, then

F(u)=F(u+t) forallteR
S0 it is not restrictive to assume that uqg = 0. Let
X'={ueX: ug=0},

and notice that it is closed (and thus weakly closed) in X. The functional F' is coercive on
X’ because the Sobolev norm,
IVull L2 () + |ual,

is equivalent (see Section 2.2) to the usual one, namely ||u||y1,2(q). Furthermore, on X’ the
L?-norm of the gradient is all that is left since ug = 0 and hence

1 1
F(u) = Sllulle = llolz@llullize = 51Vuliz@ = Clolewl Ve,

and this goes to infinity as soon as ||Vul|12(q) — oo. O
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2.1. Trace operator. We now would like to consider a minimization problem for a
function F' defined on a Sobolev space with the additional constraint that « ‘ 0o = Uo- We
begin with a fundamental lemma.

LEMMA 2.29. Let Q) = R" and 1 < p < oo. Then there exists a constant C' such that

1

[/ lu(x', 0)|P dx’} ’ < Cllullwrry forallu € CLQ).
o9

An immediate consequence of this lemma is that the map v — ‘r with [' = 0Q) =
R"~!x{0} defined from C! (2) into L?(T") extends, by density, to a bounded linear operator
WhP(Q) — LP(Q). This operator is, by definition, the trace of u on ' and corresponds to
the restriction to I' when u is regular.

There is a fundamental difference between W1?(Q) and LP(f2): the functions in the
latter do not have a trace on (). Anyway, it is easy to extend the argument above to )
regular open set of R” (for example, of class C'! with T" bounded) via local charts.

REMARK 2.30. The Sobolev space VVO1 'P(Q)) is the kernel of the trace operator, that is,
WyP(Q) = {ue WHP(Q) : ul,,=0}.

EXAMPLE 2.31. Let X := W,?(Q) = {u € W'? : }89 = uo} and consider the
functional

1
F(u) = / ~|Vul? dz.
Q2
It is easy to verify that W;:*(Q) is a closed affine subspace of W' *(Q2), and hence weakly
closed. The functional F' is lower semicontinuous as usual and coercive on WJ{JQ(Q) since
O(u) = [lull200) + [[Vull 2@

is an equivalent norm on W2(Q). Since u must coincide with ug at the boundary, the term
||| 2 (00) is fixed and finite so

Hun||W1,2(Q) — 00 == HVUHLZ(Q) — 00,
which means that I’ is coercive.

2.2. Equivalent norms on Sobolev spaces. We now want to prove that the norms
we introduced earlier are actually equivalent to the Sobole norm. We prove a much more
general result from which the Poincare inequality will follow as well.

PROPOSITION 2.32. Let €2 be a connected subset of R", k, p positive integers and E a
Banach space. Assume that the operator

T:WkP(Q) - R,
is linear, bounded and satisfies ker(T) N P_[t] = {0}. Then
®(u) = | Tulle + [[V*ul L@

is an equivalent norm to || - ||y » (), where V¥ is the kth derivative.
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PROOF. It is easy to verify that ® is a seminorm. We only need to check that
O(u)=0 = u=0,

but this is an immediate consequence of the kernel assumption. Indeed, we know that
®(u) = 0 implies that both T'(u) = 0 and V*u = 0. A standard result asserts that the latter
(on a connected set) implies that « is a polynomial of degree £ — 1 a.e. so

u € ker(T) NP[t] = {0} = u=0.
The operator 7' is bounded, and hence one inequality is for free:
®(u) < Cllullwr.rg)-

For the opposite one, we argue by contradiction. Let u,, be a sequence in W1?(Q) such
that

D) <~ and gy = 1
Since ®(u,) — 0, we also have Tu,, — 0 in E and V*u,, — 0 in LP(Q2). Then u,
converges (up to subsequences) weakly to some u and
VFu =0 almost everywhere in ) = wu is a polynomial of degree at most k — 1.
Furthermore, we have the convergence
Tu,, — Tu

by continuity of 7', which immediately tells us that 7w = 0. Hence « must be zero since
no polynomial of degree k£ — 1 belongs to ker(7"). By Sobolev embedding w,, converges
strongly (with all its derivatives) to zero and this leads to a contradiction since

1= liminf [Ju, [ws) < |ullwss@) = 0.
O

REMARK 2.33. Notice that we can remove the assumption {2 connected replacing
ker(T) NP [t] = {0} with ker(T") Nker(V¥) = {0} but we must require that ker(V*) is
a finite-dimensional vector space.

COROLLARY 2.34.
(i) If Q is regular (i.e., C' and bounded), then the norm || - || w1.»(q) is equivalent to
||Tu||Lp(aQ) + ||Vu||Lp(Q).
(ii) If Q2 is connected (otherwise the kernels might intersect), the Sobolev norm is
equivalent to
|ual + [IVul| Ly ()
forl < p < oo
(iii) If € has finitely many connected components (e.g., it is regular), then
[ul| o) + [[Vul[ @)

is equivalent for all q < p*, the critical Sobolev exponent.
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COROLLARY 2.35 (Poincare inequality). Let ) be connected. If A : W*P(Q) — E
is a bounded operator, E Banach, and ker(A) contains all polynomials in Py._4, then there
exists C such that

1AWz < ClIV™ull o0y 2.1

PROOF. Assume for simplicity & = 1. Let T : Wh?(Q) — W1P(Q) be a bounded
linear projection on constant functions, for example

T(u) = jiudx

for some A C €2 with finite measure. Then
O (u) == [|[Tullwrr) + |Vl zr@)
is an equivalent norm by Proposition 2.32, which means that
|Au|g < C®(u) forallu € WHP(Q).
But A(u) = A(u — Tu) because of the assumption on ker(A). It follows that
[Aulle < C@(u — Tu) = |T(u — Tu)wr.e) +C|| V| o,

~~
=0

and this concludes the proof. U

REMARK 2.36. The same proof works for £ > 1, but finding a projection 7' on poly-
nomials of degree at most k£ — 1 is not as trivial. The reader might try to find it out as an
exercise.

COROLLARY 2.37. Let ) be a bounded regular connected set and let 1 < q < p*.
Then

lu = wallLaay < Ol Vull Ly,

where u 4 is the average of u over a set of positive and finite measure A.

PROOF. The operator A : W1?(Q)) — L7(A) defined by setting

Au) :=u—uy

is linear and bounded. We can apply Corollary 2.35 to conclude. U

EXERCISE 2.5. The constant C' in Corollary 2.37 depends on p, ¢, {2 and A. If we let
A =, how does C' behaves with respect to scaling of €2?

3. General theory of existence for integral functionals on Sobolev spaces

In this section, our goal is to discuss the existence under general assumptions of critical
points for functionals of the form

F(u) = /Qf(x7 u, Vu)dz, (2.2)
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where? f : Q x R™ x R™™ — [0, oo| is a Borel (measurable would not be enough)
function. In the sequel, we will always assume that W1 7((2) is endowed with the weak
topology for 1 < p < oo because we characterized coercivity already in a simple way.

3.1. Coercivity. We prove a first criterion for coercivity when f does not depend on
u. In this case, coercivity can only be achieved in subspaces such as VVO1 'P(£2) because

F(u) = F(u+ o)

so we can take a sequence of constants ¢, — oo and u € WHP(Q) to conclude that
Uy, = u + ¢, converges to infinite in norm, but F(un) = F(u) does not.

PROPOSITION 2.38. Let () be connected. If F'(u fQ x, Vu) dz, then F is coercive
in VV0 "P(Q) if there exists § > 0 such that the followmg p-growth condition holds:
[z, &) = 0l¢

PROOF. By Corollary 2.34, on W, "?(£2) the norm || V|| 1» (o is equivalent to the Sobolev
norm (since u at the boundary is equal to zero). Therefore

unllwir) — 00 = [|[Vu| ey — o0,

and hence using the growth condition we conclude that

n—o0

F(u,) > 6||Vug| 1e) —— oo.
U

EXERCISE 2.6. Is it possible that ¢ in the p-growth condition can depend on = without
an uniform lower bound?

We now prove a criterion in the general case, that is, for f that depends on (z, u, Vu).

PROPOSITION 2.39. Let ) be connected. If F(u fﬂ x, u, Vu)dz, then F is
coercive in WYP(Q) if there exists 6 > 0 such that the followmg p-growth condztlon holds:

fl@, u, &) = o(Jul” + [€]7).

The proof of this result is similar to the previous one, but it is actually possible to
require much less. For example, we can require that

f(@, u, €) = 0[E" + w(|ul)xalz), (2.3)
where 0 < |A| < oo and w(t) — oo ast — oo.

PROOF. By Corollary 2.34, on W?(Q) the norm Phi(u) := ||Vul|rsq) + | [, udz]
is equivalent to the Sobolev norm since €2 is connected. Let u,, be a sequence such that

O (u,) — 0.

’In general f may take values in (—oo, oo], but in that case one needs additional assumptions on f because
(2.2) may not be defined.
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If || V|| Lr(q) — 00, then coercivity is trivial using (3.1). So we can assume that ||V, || 2r ()
is umformly bounded by a constant C' and | [, v dz| — co. Then by Poincaré’s inequality

/ [un — (un)al dz < || V|| r) < C7,
A

and if we take M > 0 arbitrarily big, the set A,, := {x € A : |u,|(x) < M} has measure
that goes to zero using the same argument as in Exercise 2.3. Then

F(u,) > /A\A f(z, up, Vu,)de > w(M)|A\ A, = w(M)|A|

using the second part of (3.1), and the conclusion follows by taking the limit as M goes to
infinity. U

EXERCISE 2.7. If we assume that f takes values in (—oo, oo|, what additional con-
ditions are sufficient for a similar result to hold? Note that we not only need to prove
coercivity, but also the well-definition of F'.

3.2. Weak lower semicontinuity. We now prove a criterion for the weak lower semi-
continuity of F : W1P(Q)) — (—o0, oo| in terms of strong lower semicontinuity and
convexity.

THEOREM 2.40. If F' is lower semicontinuous and convex, then F' is weakly lower
semicontinuous provided that 1 < p < oo.

This result follows from the following more general statement since being lower semi-
continuous is equivalent to the closeness of sublevels C; := {u € WhP(Q) : F(u) < t}.

LEMMA 2.41. If E is a Banach space and C' C E is convex and closed, then C' is
weakly closed.

REMARK 2.42. The problem with p = oo is that the weak topology is not metrizable on
compact sets and hence we cannot use the equivalence between compactness and sequential
compactness.

COROLLARY 2.43. If F(u) = [, f(z, Vu)dz, f Borel, and (z, -) is lower semicon-
tinuous and convex with respect to & for a.e. x € QQ, then F'is lower semicontinuous and
convex on WhHP(Q).

PROOF. Lower semicontinuity is a consequence of Fatou’s lemma (as we did in the
proof of Proposition 2.20) while the convexity is trivial. U

We conclude this section with a result that generalises the previous one to integral
functionals whose Lagrangian depends on (x, u, Vu).

THEOREM 2.44. Let F'(u fQ x, u, Vu) dz and suppose that the Lagrangian

FiQxR" xR™ =0, o0
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is positive® and Borel*. Then the following assertions hold:

(i) If for a.e. x € ) the function (s, §) — f(x, s, §) is lower semicontinuous, then
F is strongly lower semicontinuous on Wh?(Q2).

(ii) If for a.e. x € () the function (s, ) — f(x, s, &) is convex and lower semicon-
tinuous, then F is convex and weakly lower semicontinuous on W' ?(Q2).

PROOF. We first prove (i). Let u, be a sequence converges strongly in W1?(Q) to
some u and recall that this is equivalent to

u, - u and Vu, = Vu,

strongly in L?(£2). Up to subsequences, we can assume that u,, converges almost every-
where to u and similarly Vu,, to Vu. By lower semicontinuity of f we have

f(z, u(x), Vu(zr)) < lirrlriglff(x, un (), Vu,(z)),

and this concludes the proof since

F(u) < / liminf f(z, u,, Vu,)dx
Q

n—oo

= lim inf/ f(z, u,, Vu,)dr = liminf F(u,).
n—oo [¢) n—oo

The assertion (i1) now follows easily since in Banach spaces it is always true that strongly

lower semicontinuous plus convex is equivalent to weakly lower semicontinuous. For this,

simply apply Proposition 2.2 with a nonempty sublevel of F" in place of C. U

REMARK 2.45. A Lebesgue-measurable function coincide with a Borel one up to a set
of zero measure, so we can always assume that functions in L?(€2) are Borel (choosing the
right representative).

4. Is convexity always a necessary condition?

In the general setting of Banach spaces, convexity is not always a necessary condition
for a functional to be weakly lower semicontinuous. In this section, we will discuss a few
particular instances in which convexity is needed and see how the scalar-valued and the
vector-valued cases are different from each other.

THEOREM 2.46. Let F'(u) = [, f(Vu)dz, where u is a scalar function, and assume
that f : R" — [0, o] is Borel. Then the following assertions hold:

(i) If F' is strongly lower semicontinuous on W4?(Q), then f is lower semicontinu-
ous.

3As we mentioned above, this assumption can be replaced with something else that makes the integral of f
well-defined.

“This assumption is necessary because the composition of Lebesgue-measurable functions is not necessarily
Lebesgue-measurable.
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(ii) If F is weakly lower semicontinuous on WP (Q), then f is convex.

PROOF. For simplicity, we prove (i) under the additional assumption “(2 bounded”, but
with little effort it can be removed. Take &, — £ in R™ and consider

up(z) =& and wu(z) = .
Then u,, — win C*(Q2) and strongly in W?(Q) for all p > 1. By Fatou’s lemma we have

Q[ lim inf £(&,) = lim inf F(u,) > F(u) = Q£ (),

and this shows f that lower semicontinuous with respect to . To prove (ii) let &y, & € R”,
A € [0, 1] and consider the convex combination

=X+ (1 -

The goal is to construct a sequence u, that converges weakly in W1?(£2) to some u such
that Vu = £ everywhere and, for all € > 0,

& onaset A, with |A.| — A,
Vu(z) =
& ontheset Q\ A with |[Q\ A — (1 —X)|Q].

Suppose we have a sequence satisfying these properties. Then

Fuc) = f(&o) A + (&)1 Acl,

and by Fatou’s lemma we infer the thesis:

QI [f(€)A + f(€)(A = N = lim F(u) > F(u) = |2 (E).

e—0t

To construct the sequence, let u(x) = £z and define v : R — R to be a 1-periodic function
with slope v that satisfies

A ifreZ+10,1—-A],
1')(:10):{

A—1 ifzeZ+[1—\ 1],
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as in the following picture:

1 .
)

0.75 1
0.5+

0.25 ¢

T
1 2 3
Set u(z) := ev @) + &x. Then u, converges uniformly to v as € — 0 and hence in

LP(Q) for all 1 < p < oo. Furthermore, the gradient is given by

(& - fo)x) & ifzeQ\ A,
Vu(x) = AT P
u(r) =&+ < (&1 — &) {fo ——

€

where A, is the union of stripes of tickness e and (1 — \)e orthogonal to &; — &,. Then
V. is uniformly bounded in L>°(€2) and hence in every L”(£2), which means that

ue —u in WhP(Q)

weakly for all 1 < p < oo and weakly-* for p = oco. Since’ |A.| — A|Q] as e — 07 and
similarly |2\ A.| converges to (1 — )|, this concludes the proof. O

The same result can be proved when 1W"?(Q) is replaced with 1;-?(2), the Sobolev
space with prescribed value at the boundary. The construction of u., in this case, requires
extra care as we will see soon.

THEOREM 2.47. Let F(u) = [, f(Vu)dz, where u is a scalar function, and assume
that f : R" — [0, o] is Borel. Then the following assertions hold:

(i) If F is strongly lower semicontinuous on W:P(SY), then f is lower semicontinu-
ous.

(ii) If F' is weakly lower semicontinuous on W (), then f is convex.

SThis implication is left as an exercise for the reader. A possible approach would be to take ¢ : R — R which
is 1-periodic and equal to zero for 0 < ¢ < 1 — Xand 1 for 1 — XA < ¢ < 1. Then ¢(e~'t) converges weakly
(or weakly-x*) to \.
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PROOF. We only prove (ii) when ug = 0. Let &y, & € R", A € [0, 1] and consider the
convex combination

§= Ao + (1= A&
Our goal is to construct u, — u in W?(Q), 1 < p < oo, such that Vu(z) = £ on some
' C 2 compactly contained and Vu, as in the previous theorem but inside €)', and

Vu.=Vu inQ\ (2 UB)

with |Vu.| < C on B,, a set whose volume satisfies | B,| — 0. Suppose for the time being
that we are able to construct such a sequence. Then

)= [ p(Vadet [ f(Tu)de+ f@IAL+ 1€\ Al
Q\(2'UB.) Be
and taking the limit as ¢ — 07 the right-hand side converges to
lim F(u) = F(Vu)dz + 0+ [Q[Af(S) + (1 = A) f(&)]-

e—0t Q\Q’

Notice that the red part is not true, unless we put an additional assumption on f, but we
come back to this later. Assuming that the convergence above holds, we have

f(Vu) de + [ [Af(&) + (1 = A)f(&2)] = lim inf F'(uc)

Q\Q e—0

2= [ 00l

and this immediately leads (the additional term vanishes) to

AM(&)+ (1 —=N)f(&) > f(§) = fis convex.

Notice that fQ\Q, f(Vu) dz can be removed if the value of the integral is finite. A possible
assumption that makes this true together with red is

f(&) < w(l)),

where w is increasing and maps [0, co) to [0, o). To construct u., let Q' be a ball with
closure strictly contained in 2 and take v € C2°(£2) in such a way that

w(z) =&x inQ
using a smoothing argument. Then
ue(x) = u(x) + ev (M> o(x),
€

where o () is a cutoff function equal to 1 on €’ and 0 on 2 \ ('), where (£2'),.. denotes
a r. open neighborhood of €. Then it makes sense to choose

B€ = (Q/)Te \Q/7
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and all it is left is to balance r(¢) properly, i.e. in such a way that the gradient of u. is
uniformly bounded as required on the set B.. A simple computation shows that

Vu, = Vu+ o.Vou, + Voo,

v(z) = ev ((51 : 50))

The first term is uniformly bounded and, similarly, the second term is uniformly bounded
because Vv, only takes two values. It follows that

[Vielloo < [[Vulloo + [[VUloo + VO] lool[Velloo < C1 + [V |l0o][Ve] 0o-

where

By definition, ||v.||o has order € while ||Vo,|| goes to infinity as r.. Thus, to equilibrate
these two quantities, we simply choose 7. in such a way that

e—0t

ere — 0.

For example, one can take 7(¢) = /€. The construction works as the reader can verify and
this concludes the proof. 0

4.1. General theory. We now give two statements relating lower semicontinuity of
the functional and convexity of the Lagrangian under general assumptions, completing the
scalar and the one-dimensional cases.

THEOREM 2.48. Let F(u) = [, f(z, u, Vu)dz with f : @ x R™ x R™" — [0, oo
Borel and assume that the followmg holds:
(i) f(x, -, -) is lower semicontinuous for almost every x € €);
(ii) f(z, u,-) is convex for® almost every x € Q) and every u.
Then F is weakly lower semicontinuous on W (Q) for any p.

This theorem follows immediately from a much more general result that holds even if
the gradient Vu is replaced by an independent function v € LP(2).

THEOREM 2.49. Let F(u, v) = [, f(x, u, v)dz with f : Q x R™ x RM — [0, o]
Borel and assume that the following holds:
(i) f(z, -, -) is lower semicontinuous for almost every x € €);
(ii) f(z, u,-) is convex for almost every x € Q) and every u.
Then F is lower semicontinuous on LP(Q, R™) x LP (Q, RM), where s and w denote,

respectively, strong and weak topology.

We prove this theorem under the additional assumptions that f(z, -, ) is continuous
uniformly with respect to (x, u, £) and |{2| is finite.

®Notice that you cannot interchange the quantifiers in this assertion as the meaning would be entirely different.
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PROOF. Take u, — u strongly in L?(2) and v, — v weakly in L?(€2) and suppose’

that u,, converges to u uniformly. Fix 7 and take ¢ such that
V(z,u, ) €Ax R xRY : |u—u| <6 = |f(x, u, &) — f(z, o, &) <.

Then there exists 7 such that for all n > 7 it turns out that |u,, () —u(x)| < d forall z € €,
and hence by uniform continuity we have

f (@, un(z), §) — f(z, u(z), §)] <.
Integrate both sides with respect to = to obtain the estimate
‘F(una Un) - F(“? Un)| < U‘Q‘a

which holds for all n > n. However, we know that v — F(u, v) is weakly lower semicon-
tinuous on LP(€2, RM) by assumption using Theorem 2.44, and hence

liminf F(u,, v,) > liminf F(u, v,) — n|Q| > liminf F(u, v) — n|Q|.
n—00 n—00

n—oo

Since |2| has finite measure, we conclude the proof using the fact that > 0 can be chosen
arbitrarily. U

We now briefly explain how to remove the additional assumptions, both via some kind
of approximation argument. First, to remove the uniform continuity one notices that:

(1) If F(u) = sup,,ey Frn(u) for every u and F,, is lower semicontinuous, then F' is
also lower semicontinuous.
(2) If g : X — [0, o0] is lower semicontinuous, where X is a metric space, then

() = inf{gly) + ~d(z, v)}

is the pointwise infimum of %-Lipschitz functions so it is also %-Lipschitz. More-
over, g. is monotonically convergent to g and given an explicit formula for the
approximation, so it is not hard to introduce more variables.

For what it concerns the measure of €2, the idea is to take a sequence €2/, C € of sets
with finite measure and use them to approximate in the “right” way (2.
THEOREM 2.50. Let F(u) = [, f(z, u, Vu) dx with u either scalar (m = 1) or one-
dimensional® and assume that
(i) f is continuous with respect to all variables;
(ii) F is weakly lower semicontinuous on W,:?(Q) for some p and some .

Then f(x, u, -) is convex for every x and every u.

"Here you can, for example, use the usual subsequences argument together with Egoroff’s theorem.
8In other words, w is defined on [a, b] and hence n = 1.



Chapter 2. Existence Results via Direct Method 50

PROOF OF THE SCALAR CASE. Fix T € ), u € ) and consider the convex combina-
tion £ := Ay + (1 — A)&;. The thesis is equivalent to proving that
f(@, 1, &) < M(Z, 0, &) + (1= Nf(Z, T, &)
Fix nn > 0. We claim that there exists €)' neighborhood of Z and § > 0 such that
|f(x, u, &) — f(z, 4, &) <n forallz € Y, |u—u| <dand & € B(E, R)

with R big enough for &y, £; to belong to the ball. As in the proof of Theorem 2.46, we can
choose u(z) = u + &x for all z € Q' and

m@):e¢(£i%;ﬁﬂ>.

Let o, be a cutoff function such that o. = 1 on Q' and o.(x) = 0 if d(z, ) > /e. The
approximating sequence is, once again, given by

ue(x) = u+ o,

and therefore

F(u) = flz, u, Vu)dz + | f(z, u, §)da
o\ 9

> f(z, u, Vu)dz + f(z, @, || — n|Y|.
Q\Q

On the other hand, we have

F(u) = / flz,u, Vu)dz + [ f(x, u, £)dz
Q\(YUB.) Be
+ /Aef(x, u, &) dx + /Q/\AE f(z, u, &) de

g/ fmeMM+/f@w0M
O\ (Y'UB.) B.

+ f(@, w, &)|Ad + f(Z, a, &)\ Al +n|€].
Taking the limit as ¢ — 0T, we obtain the estimate

f(@, u, 9| —n|Q| < lim F(u)
e—0t

< )‘f(j7 u, €O)|QI’ + (1 - A)f(i7 u, gl)‘Q/| + 77’9/'7

and this concludes the proof because 7 can be chosen arbitrarily small. U
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EXERCISE 2.8. Prove the existence of minimizers, for 1 < p < oo, of

Flu) :/Q|Vu\pd:c+/gg(a:, u) de,

where u € WP(Q2) and g :  x R™ — R is lower semicontinuous in u for almost every
x € ) under the following sets of assumptions:

(i) If g(x, u) is nonnegative.
(ii) If g(x, u) > —c, for some positive constant ¢y € R.

(iii) If g(z, u) > —co — c1|ul? for 1 < ¢ < p. In this case, prove non-existence for
- / Vul? — Aul? da
Q

on I/VO1 P(Q)if g > pand A > 0. Show also that in the case p = ¢ the existence/non-
existence depends on the value of the parameter \.

EXERCISE 2.9. Study the existence of minimizer of

:/\Vu\pdx—l—/g(a:, w) dz,
0 0

where u € WHP(Q) and g : 2 x R™ — R is lower semicontinuous in u for almost every
x € () under the following sets of assumptions:

(i) If g(z, u) is nonnegative, show that existence is not guaranteed. Use, for example,
g = e“.

(i) If g(z, u) > w(|u|), where w(t) — oo as t — oo, show that we can recover
existence.

5. Young measures

In this section, we show that Theorem 2.48 (which we restate below for the reader’s
convenience) can also be proved via a general tool, known as Young measure, which will
also be helpful later on in the course.

THEOREM 2.51. Let F'(u) = [, f(z,u, Vu)dz with f : Q x R™ x R™™ — [0, o]
Borel and assume that the followzng holds
(i) f(z,-,-) is lower semicontinuous for almost every x € §);
(ii) f(x,u,-) is convex for almost every x € Q) and for every u € R™.
Then F is weakly lower semicontinuous on WP (Q) for any p.
REMARK 2.52. The standard proof of this result follows from the following two reduc-
tions to simpler cases:
(a) The function f(z,u, &) is continuous in all variables and convex with respect to &.

(b) The function f depends only on £ and is convex.
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To follow this strategy, it is first useful to prove the following Lusin-type result which
works, for example, for functions of two variables.

LEMMA 2.53. Let g : A X B — R be Borel and continuous with respect to the second
variable b. Assume that B is separable. Then for all ¢ > 0 there exists g : A X B — R
continuous with respect to both variables such that

9(a,b) = g(a,b)
foralla ¢ FE and allb € B, where E C A is a set of measure |E| < e.

HINT. To prove this lemma it is useful to consider g as a function of one variable,
namely
A3z +— g(z,-) € C(B, R),

and apply a Lusin-type theorem. U

5.1. Young measures. Let u,, : {2 — R be a sequence of functions converging in
measure (pointwise a.e.) to some u. Then, for all g : R — R continuous, we have

g o U, — gou.

But, if u,, converges weakly (in some LP-space) to u, one might wonder what happens to
the limit of the composition. It is well-known that if g is affine, then

gou, — gou,
but, if g is general, this is not true anymore as the next example shows.

EXAMPLE 2.54. Let g(s) = s* and let u,, be a sequence of oscillating functions taking
values in {£1} that converges weakly to zero. Then

goun(z) =1,
which means that it converges to the constant function 1, but gowu is the function identically
equal to zero and hence the convergence fails.

5.2. Setting. Let Q2 be an open set in R", K a compact metric’ space and let u,, :  —
K be a sequence of functions. Let P(K) be the space of probability measures on K.

DEFINITION 2.55. A function y : 2 — 73( ), T > g, 18 weakx-Borel if it is Borel
with respect to the weakx topology on P(K). In other words, the mapping

x»—)/ y) dpg(y

The following result, known as the fundamental theorem for Young measures, shows
that each sequence (actually, a subsequence) of maps as above generates a weakx-Borel
function with specific properties.

is Borel for all g € C(K).

9Separable would be enough here, but the metric structure simplifies the notations.
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THEOREM 2.56. Let u,, : 2 — K be a sequence of maps. Then there are a subsequence
U, and a weakx-Borel map i : Q0 — P(K) such that the following hold:

(i) For every g : Q@ x K — R such that g(x,-) continuous at a.e. = € ) and
Josup,ex lg(z,y)| dz < oo, we have

/Qg(x,unk(x))dx—)/g(/Kg(x,wdlum(y)) dr.

(ii) For every continuous map g : K — R

9ty (2)) 2 / 9(y) dpaly) in L(QR).

(iii) Forall g : 2 x K — R Borel and bounded such that g(x, -) is continuous for a.e.
x € ). Then it turns out that

aun(e) S [ g dnaly) i L7QR)
K
(iv) If K C R™, then u,, X U in L(Q,R™), where

() = /K v daa ().

(v) The measure i, equals 0, () for a.e. x € € if and only if u,, converges in
measure to Uy

The map x — p, is called the Young measure generated by the family of functions u,, (by
the subsequence, to be more precise).

EXAMPLE 2.57. Let K = [—1,1], Q@ = Rand u,(z) = f(nx) where f is the 1-periodic
function defined by setting

n lfOSx<)‘7
fz) =

In this case, |1, = X6y, + (1 — X)é,, is the map given by the Theorem 2.56. Note that
g(un(z)) = Ag(yr) + (1 — Ng(y2) fora.e x €Q

follows immediately from (iii), but it can be proved by hands even without relying on such
a powerful theorem.

Before giving the proof of Theorem 2.56, we recall a few basic facts from functional
analysis regarding dual spaces.

THEOREM 2.58. If E separable Banach space, then the dual of L' (), E) is L:°(Q, E).

REMARK 2.59. Note that the subscript w in L3(€2, £*) indicates that we consider
Borel functions with respect to the weak* topology on £™*.
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REMARK 2.60. The separability of F allows us to avoid measurability issues on L' (Q, F)
because the o-algebras generated by strong and weak topology coincide. We need to spec-
ify the topology on L{°(§2, E*) because

E separable =4 FE* separable.
PROOF OF THEOREM 2.56. For each n € N, consider the map defined by setting
P23 T = 0y, (2) € P(K).

Then (u™)nen is a sequence of maps from €2 to the probability measure space on K, which
is a subset of M (K), the space of signed measures on K. A well-known duality theorem
asserts that

M(K) = (C(K))"
which means that (u™),cn can also be considered as a sequence of elements that belong to
LX(Q, (C(K))*). This space is the dual (by Theorem 2.58) of

L'(Q,C(K))

and, since ||1"||oc = 1 by definition, we can apply Banach-Alaoglu to find a measure x and
a subsequence (ny)ren such that

pt = o in L (Q, M(K)). (2.4)
Now let G € L'(Q, C(K)). We can see G as a function g : Q x K — R satisfying

[ suwlge)las <.

yeK

The convergence (2.4) can also be rewritten as

/Q (4" (), G()) da — / (i), G(2)) dz,

forall G € L'(Q, C(K)), which is equivalent to requiring that

[ st anas = [ ( [ st dux@)) dr, 2.5)

where ¢ is the function associated to each G. This proves (i). To verify that y, belong to
P(K) for all x € Q, plug the function

g(a,y) == a(z) € L'(Q)
into (2.5). It turns out that

[ e s = [ a@(K)is

which implies p,(K) = 1 for a.e. z € Q since « is arbitrary in L' (2). To prove that p, is
not a signed measure, we simply notice that

™ oo =1 = |lulle <1,
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and this is enough to infer that x, is positive since we just showed that it has mass equal to
K atae. z € (). Now take

9(x,y) == a(z)B(y)
with o € L'(Q). We use (2.5) once again and find that

[ a@stun () az = [ ate) ( [ s dux<y>> dr,

which proves (ii). The assertion (iii) follows in a similar way so we leave it as an exercise
for the reader. To prove (iv), consider the function

9(@,y) = a(z)y
and use (2.5) to infer that

[ ot rae - [ o ([ vinm) a

holds for all € L! (€2). Finally, to prove (v), we consider the function
f(x,y) = dr (Y, us (7)),

where dj is the distance on K (which is a metric space). It follows that

[ ditun (@), vl do - [ ( / czK<y,uoo<x>>dux) da

and, since u,, converges in measure to ., we can use the Lebesgue’s dominated conver-
gence theorem (using the boundedness of the space) and infer that

0= [ ([ ity st )

which is equivalent to [, d (y, uso(2)) dps(y) for ae. @ € Q or, in other words, i, is
supported on {u(x)}. This concludes the proof of the theorem. O

REMARK 2.61. The measure ., is the Young measure generated by the subsequence
Uy, and it depends on the choice of such subsequence.

REMARK 2.62. If K is replaced by R™ we lose compactness; thus we consider the
one-point compactification of R™ and use it to produce a p in such a way that

pe € P(R" U {o0}).
The Young measure is usually the restriction of y,, to R™ (removing the oo point), that is,
fip = i LLR"™.

In general, /i, is a sub-probability measure. However, if one puts additional assumptions
on the sequence u,, then it is possible to show that there is no mass at infinity and hence
[i; 1s a probability measure.

EXERCISE 2.10. Find sufficient assumptions on u,, for i, to be a probability measure.
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Note that identifying p for a given sequence is usually complicated, but there are a few
examples in which this is possible with few efforts.

EXAMPLE 2.63. Let Q) = [0,1], K = [—L, L] and u,(z) = u(nz) and u : R — Risa
1-periodic function that takes values in {y1, ys} with proportion A and (1 — \). Then

Mz = )\(Syl + (1 - )‘)(Syzv
and it is interesting to notice that it does not depend on z.

EXAMPLE 2.64. Let u,, be as above, but consider the 1-periodic function u(zr) =
sin(27x). Then p, does not depend on v and

fe = ux(L1L[0,1]) = p(y) L' [-1,1],

where p is a density function that can be computed explicitly. This holds more in general
for 1-periodic functions (although it is not always easy to compute p).

There is an alternative way to construct p. Consider {2 x K and let A" positive measures

on ) x K defined by
A= / (Sx’un(x) dz.
Q

Then ||\"|| = |€2| and, up to subsequences, A\ —* X on Q2 x K in Cy(2, K). It is easy to
see that

()N = LML,

where 7, is the projection on €2, and by a well-known result we can disintegrate \ as

/)\x dx
Q

with A\, € P({z} x K) forallz € Q. So A\, = 0, ® ps, and p, € P(K) is the image of
x € ) via p, i.e., the Young measure.

6. Relaxation with semicontinuity

Let u, : €2 — K be a sequence and let z — pu, the Young measure associated to a
specific subsequence (we will ignore the subscript ny in this section) of w,,.

LEMMA 2.65. Let f : Q x K — [0, 00] be a Borel function such that f(zx,-) is lower
semicontinuous for almost every x € ) and set

F(u) = /Q (@, u) da.

Then

imint ) > [ ([ 5o duat)) e
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IDEA OF THE PROOF. Write f as the pointwise supremum of an increasing sequence
¢i + Q@ x K — [0,00) of Borel functions such that ¢;(z, -) is continuous for almost every
x € (). We can thus apply (i) of Theorem 2.56, find that

/Q F (&, un(2)) do > /ﬂ 01(2, un(2)) dz /Q ( /K #1(z,) dugc(y)) dz,

and use the standard tricks we have seen already to conclude. U

REMARK 2.66. If we assume moreover that X' C R™ and f(z,-) is convex for all
x € (). Then Lemma 2.65, together with Jensen’s inequality, allows us to infer that

nggglfF(un)z/Qf( /ydux )dx—/fxuoo

where v 1s the baricenter given in (iv) of Theorem 2.56. Notice that Jensen inequality is
also necessary, which means that the convexity of f(z,-) here is necessary to obtain the
weakly lower semicontinuity of F'.

THEOREM 2.67. Let f : Q x R™ x R™™ — [0, 00] be a Borel function such that
f(z,-,-) is lower semicontinuous for a.e. x € Q and f(x,u,-) is convex for a.e. x € §) and
all uw € R". Then the functional

/ f(z,u, Vu)d

is weakx lower semicontinuous on W1 > (Q,R™).

PROOF. Letu,, = uy in W1>°(£2) and consider the Young measure x + \, € P(R" x
R™*™) generated by a subsequence of

U i= (Up, V).
By Sobolev embedding theorem
Uy, — Uy Strongly (i.e., pointwise convergence)

so ), is a Dirac mass on the first variable, that is, A\, = 0y (2) ® p,. Then

liminf F'(u,) > / </ f(z,u,é) dA(u,{)) dz
n—reo Q \JRrxRmxn

-/ ( | @0 dux@) a

> /Q F(2, (), Vit () i,

where the last inequality follows once again from Jensen and the fact that the baricenter of
i is exactly given by (). O
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The weakx lower semicontinuity of F'(u fQ x,u, Vu) dx proved above is a con-
sequence of the following more general result which can be proved with minor changes.

THEOREM 2.68. Let f : Q x R" x R™™ — [0, 00| be a Borel function such that
f(z,-,-) is lower semicontinuous for a.e. x € Q and f(x,u,-) is convex for a.e. x € §) and
all w € R". Then the functional

F(u,v) = /Qf(x,u,v) dz

is lower semicontinuous with respect to strong convergence of u in some LP-space and
weak convergence of v in some Li-space.

REMARK 2.69. As usual, when ¢ = oo in the statement the weak convergence should
be replaced by the weak* convergence.

PROOF. Let u,, — uy, strongly in LP(2), v,, — vy in L(£2) and consider the Young
measure = — A, € P(R" x R™*™) generated by a subsequence of

Wy, = (Up, Uy).

The strong convergence in the first variable implies that A\, is a Dirac mass on the first
variable, that is, A\, = 0, (2) ® p1,.. Then

lim inf F(uy,,v,) > / (/ flz,u,é) d)\(u,f)) dz
n—oo Q \JRrxRmx*n

:/Q (/Rn f(@, u0e (), €) dw(f)) dz

> / £ (@ 100(), Vo))

where the last inequality follows once again from Jensen and the fact that the baricenter of
i 18 exactly given by v (). O

REMARK 2.70. Notice that we tacitly assumed that u,, and v,, are uniformly bounded
sequences for otherwise the proof above would fail. The idea is to consider

K := (R" U {o0}) x (RN U {c0}),

the one-point compactification of R™ x R¥, and the corresponding Young measure \,. It
is not hard to verify that

/ (2, Un, V) da:—>/(/ xyd)\())da:

holds for all functions g : 2 x R™ x RY — R which are continuous in (u,v) and, for
example, tend to zero as v and v tend to zero.

This additional requirement makes g continuous on K as well. Since it is still possible
to approximate f with an increasing sequence of functions of this kind, we can prove
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the weak lower semicontinuity using a similar (but much more technical) strategy as in
Theorem 2.68.






CHAPTER 3

Convexity and Lower Semicontinuity

I will write the introduction after the chapter is complete!

1. Introduction
Let 2 C R™ and consider the functional
F(u) = /Qf(Vu) dz,
where f : R™*™ — [0, oo is a lower semicontinuous function. We proved in Theorem 2.46
the following chain of implications
f convex = F convex = F weakly lower semicontinuous on W'*(Q, R™)
for all 1 < p < oo - replacing weakly by weaklyx when p = oo -.

REMARK 3.1. Notice that F' weakly lower semicontinuous on W1?(Q R™) implies
that the Lagrangian f is convex if either m = 1 or n = 1 (see Theorem 2.50), so in these
two special cases we can close the circle of implications and we get the equivalence

f convex <= F weakly lower semicontinuous on W'?(€, R™).

REMARK 3.2. Recall that in Theorem 2.50 we defined a sequence of functions . in

such a way that the gradients are given by
& ifz e\ A,
Vu(z) =
50 ifz e Ae;

where A, is the union of stripes of tickness Ae and (1 — \)e orthogonal to & — &,. This
means that, when &; and &, are vectors, there exists € such that

& —&Le
However, when &; and &, are matrices (namely, m and n are both different from 1), the
condition on the stripes translates to
Ss—&=ae,

which means that the matrix &; — &, is equal to the matrix given by the tensor product of
two vectors @ and €. This should give a hint on why convexity is hard to achieve as soon as
min{m,n} > 1, but the next result gives a precise explanation.

61
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DEFINITION 3.3. A function f : R™*™ — [0, o] is rank-one convex if
PN+ (1= V) < Af(€0) + (1— NF(E)
for all A € [0, 1] and all &y, &, € R™*" such that
rank(&; — &) = 1.

PROPOSITION 3.4. Let min{m,n} > 1. If F weakly lower semicontinuous on WP (), R™),
then f is rank-one convex.

We will be more precise in the next section, but there is an additional notion, polycon-
vexity, which is easily seen to be different from convexity such that

f polyconvex == F weakly lower semicontinuous on W*(Q, R™),

with the same replacement as above if p = oco. In particular, we can summarise everything
we said until now in the following scheme of implications:

f polyconvex == F weakly Isc on W?(Q2,R™) = f rank-one convex.

This means that there must be a kind of “middle ground notion of convexity”, different
from the others, which gives equivalence with weakly lower semicontinuity. This notion is
known in the literature as quasiconvexity and it can be proved that

f convex = f polyconvex — f quasiconvex —> f rank-one convex.

In particular, if m = 1 or n = 1, then these classes coincide with one another (because the
smallest and the largest do) and it is known that for n > 2 and m > 3 they are all different.

REMARK 3.5. [Open Problem] If n = m = 2 it is still an open problem (with many
important consequences) to determine whether or not

f quasiconvex <= f rank-one convex.
On the other hand, it is well-known that convexity, polyconvexity and quasiconvexity are

all different classes.

2. Polyconvexity

The goal of this section is to give a formal definition of policonvexity and show that it
is indeed enough to obtain weak lower semicontinuity of the functional - although some
restrictions on p appear due to technical reasons -.

DEFINITION 3.6. A lower semicontinuous function f : R™*" — [0, co] is polyconvex
if it can be written as

f(&) = g(M(£))

where M () is the vector of all minors of the matrix £ and g is a convex function.

EXAMPLE 3.7. If m = n = 2, f is polyconvex if f can be written as

f(&) = g(&, det &)

with g : R?*2 x R — [0, 0o] convex.
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THEOREM 3.8. If f is polyconvex, then F(u fQ f(Vu)dx is weakly lower semi-
continuous on WP (Q) for p > min{m, n}.

Before we can deal with this theorem, we first need to state and prove a couple of
technical results concerning the convergence of minors.

LEMMA 3.9. Letm =n = 2. If u, — uo in WHP(Q,R?) and p > 2, then
det(Vu,) — det(Vuo,) in L3 (R?).
PROOF. First, assume that u € C?(Q,R?). It is easy to show that the determinant of
the gradient, which is equal to
Ouy Ous  Oug Oy

det(VU) - 8%1 81'2 B (91’2 01’1’

can also be rewritten as

0 1 0u 0 L 0u
= () 0 () o

where u!' and u? are the components of . We now claim that (3.1) holds even if there is
less regularity, namely v € WP (Q, R?) with p > 2, but the equal sign has to be intended
in the distributional sense.

This follows from a standard approximation argument via smooth functions v,, (con-
verging strongly in WP to v) so it suffices to show that the left-hand and the right-hand
sides of (3.1) are both continuous in the distributional topology. By Holder’s inequality,

2 2 2 2

1 nsoo. 1 Oy nooo, OV, . 1OVS e 10U

v, — v and in ! = v, >V
6:):2 8932 81’2 0@

which gives the continuity in the distributional topology of the right-hand side of (3.1). A
similar argument works for the left-hand side. Now, by Sobolev embedding,

. b
in L2,

u', converges strongly to u’ fori = 1,2 in L?,

and, since the sequence of the derivatives converges weakly in LP, a well-known result in
functional analysis asserts that the product u1 ‘9“ - converges weakly in L%, Therefore

det(Vun)

converges in the sense of distributions to det(Vu,) and, since, det(Vu,,) is uniformly
bounded in L we easily infer that

det(Vu,) — det(Viu) in L.
O

REMARK 3.10. If p = 2, the same result holds true but we have to replaced the weak
convergence with the weakx one. The reader might try to prove it as an exercise.

Note that in the proof of this lemma the dimension of the ambient space, {2 C R™, does
not matter and hence m is arbitrary. We can thus replace the gradient with any 2 x 2 minor
M (Vu,,), and the proof only requires small changes.
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LEMMA 3.11. Let m = n. If u, — s in WP(Q,R™) and p > n, then
det(Vu,) — det(Vus) in L= (R™).

PROOF. The argument is similar but it is necessary to use a different identity. More
precisely, if u € C?(, R™), then we can use multilinear algebra to write

det(Vu)da' A--- Ada™ = dug A --- Adu,

= d(uydug A -+ - A duy,).

This identity holds, as above, even for functions with lower regularity (namely in W1P).
Furthermore, it allows us to conclude by induction because

u' converges strongly by Sobolev embedding in L?,

and dus A - - - A du,, converges weakly in Lt by inductive hypothesis. Then the product
converges weakly in L= as explained before, and hence

det(Vuy,)

converges in the sense of distributions to det(Vue). Since det(Vu,,) is uniformly bounded
in L=, we easily infer that

det(Vu,) — det(Vius) in L.
0

PROOF OF THEOREM 3.8. We put the additional assumption p > min{m, n}. Now, if
we write

FWJ:LMMWMDM7

then we can use Lemma 3.11 together with the convexity of g to infer that F' is weakly
lower semicontinuous (as in Theorem 2.46). ]

3. Quasiconvexity

Let f : R™*™ — [0, 00) be lower semicontinuous and locally bounded. Before we give
the definition of quasiconvexity, we first recall a useful characterisation of convexity.

PROPOSITION 3.12. Let B be the unit ball of R™. The function f is convex if and only
if for every ¢ € R™*" and every v : B — R™*™ with zero average,

/vdx:O,
B

‘éf@+wmwuzf@>

The following definition of quasiconvexity is due to Morrey. See, for example, the
paper [1].

it turns out that
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DEFINITION 3.13. The function f is quasiconvex if for every ¢ € R™*" and every
u € Wy>°(B,R™) it turns out that

ﬁf@+vwwww2ﬂ®- 3.2)

PROPOSITION 3.14. If f is convex, then f is quasiconvex.

PROOF. It is enough to show that functions u € W,"*°(B, R™) have gradient with zero
average over B. Equivalently, we can prove that

1
O qe =0,
B 8.271

where ! is the first component of u. This is fairly easy because we can use the identity

and the right-hand side is, by the divergence’s theorem, equal to

/ ul v de.
oB

Since u vanishes on the boundary (as it belongs to W, (B, R™)), we infer that the last
integral is zero and thus [ B g—zi dx = 0 as well. 0

We are now ready to give the main result concerning quasiconvex functions, which is
the equivalence between quasiconvexity and weakx lower semicontinuity on W1 (Q, R™).

THEOREM 3.15. Let f be as above, §2 C R", and consider the functional

Flu) = /Q F(Vu) dz.

Then the following assertions hold:
(i) If f is quasiconvex, then F is weaklyx lower semicontinuous on W>(Q, R™).

(ii) If F is weaklyx lower semicontinuous on W1 (Q, R™), then f is quasiconvex.

REMARK 3.16. With extra (growth) assumptions on f, one can prove that f quasicon-
vex implies F' weakly lower semicontinuous on W1?(Q, R™) forall 1 < p < oo.

We will now only prove the point (ii) since it is easier and come back to (i) after we
studied specific properties of quasiconvex functions.

PROOF OF (11). Let £ € R™*™ and u € WOI’OO(B). Our goal is to prove (3.2), that is,

‘éf@+VM@ﬁM2f@)
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Assume & = f(0) = 0 for simplicity' and suppose that there exists 7 > 0 such that
QD @ := Cube(r),

namely €2 contains a cube with side-length r. For ¢ € N fix a partition of the cube in ¢"
sub-cubes with sides of length 7 and in each small cube C; of this partition fit a ball

B(x;,r;) =B (xi, 2%) )

Let us consider the sequence of functions

X (%) if x € B(x;,r;) for some i,
ug(x) ==

2

0 if « does not belong to any ball B(x;,r;).

Then u, converges uniformly to the function identically zero because

c ¢
luelloo = 5 llulloc =0,

and it is easy to verify that | Vuy||. < C, with C' uniform constant, since

V() Vu (—m;_ﬂ“) if x € B(x;,r;) for some 1,
Up( T ) = o
if = does not belong to any ball B(x;, r;).

It can be proved (using, for example, Proposition 3.17) that u, € W, (). If we give this
for granted, then it is easy to show that

Flug) = /Qf(vuz) dz =

2S5 e

® > [/B F(Vu(z)) dx} =

(%)nﬁn/Bf(Vu(x))d:c:

(3)" ] rute)aa)

IThe proof for a generic ¢ is more or less the same, while the condition f(0) = 0 can always be achieved by
adding or subtracting a suitable constant to f.
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where the equality (x) follows from the change of variables formula. By weak* lower
semicontinuity of /' we infer that

]{Bﬂvu(x)) dr — (g)n/Bf(Vu(a:) dz) > F(0) = 0 = £(0),

and this concludes the proof. U

Concerning the technical point which we avoided, namely the fact that u, belongs to
VVO1 >°(Q2), one could try to use the following characterization.

PROPOSITION 3.17. A function u belongs to Wy ™°(Q) N C(Q) if and only if u belongs
tou € Lip(R™) withu = 0 on R™ \ Q.

REMARK 3.18. We say that u € W,™(Q) N C(Q) because we require u to be the
continuous representative of its class of equivalence (to avoid troubles in negligible sets).

PROOF FOR n = 1. Let u € Lip(R) and denote by Du its weak gradient. It is easy to
see that
u(z + h) —u(zx)
h
in the sense of distributions. This is an easy consequence of how distributions are defined
since we have the identity

u(z + h) —u(zx) O(x) — O(x + h)
/R . O(z)dz = /Ru(x) :

for any smooth function ¢ with compact support and the incremental ratio of a smooth
function converges to its derivative. Finally, using the fact that

u(x + h) — u(z)

— Du(x)

h
is uniformly bounded (because wu is Lipschitz), it must converge (by Banach-Alaoglu) to a
bounded function which means that Du, € L>(RR) and hence u € W,™(Q). O

REMARK 3.19. If u € WP(Q)NC(Q), p > n, then u is differential at a.e. x €  with
distributional gradient that coincide with the gradient Vu(z).

We will come back to the almost everywhere differentiability at a later time, but for the
time being it is useful to keep it in mind when p = oo.

PROPOSITION 3.20. In the definition of quasiconvexity, we can replace the unit ball B
by any bounded open set A C R".

PROOF. To prove this result, we first introduce a “definition” which will at the end be
equivalent to quasiconvexity. Namely, we say that f is A-quasiconvex if

][ f(€+ Vu(x))dz > f(€) forall € € R™" and u € Wy (A).
A
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A simple observation tells us that
f quasiconvex <= f is B(x,r)-quasiconvex for any ball B(z,r)
and now it is easy to conclude since if B(x,r) C A we get
f is A-quasiconvex = f is quasiconvex
and, if B(z, R) D A, we get the opposite implication
f is A-quasiconvex <= f is quasiconvex.

O

We now want to take a closer look to the chain of implications between the different
notions of convexity, that is,

f convex = f polyconvex —> f quasiconvex —> f rank-one convex

in the nontrivial case (=when both m and n are bigger than or equal to two).
PROPOSITION 3.21. The function f is polyconvex if f is convex.

PROOF. This follows trivially from the definition of polyconvexity because we can
choose g to be exactly equal to f. U

The next implication, f polyconvex = [ quasiconvex, follows from Theorem 3.15
together with Theorem 3.8, but there is also a direct proof which we will see immediately.

REMARK 3.22. Suppose min{m,n} > 1. We saw already an example of a polyconvex
function which is not convex, while for

f quasiconvex =~ f polyconvex
there is some work to do. Finally, showing that
f rank-one convex =~ f quasiconvex

is even harder and there are no known counterexamples in the case n = m = 2. If n > 2
and m > 3, the first work in that direction can be found in the paper [2].

Now, before we can give the mentioned direct proof, we need to present a few technical
results.

LEMMA 3.23. Ifu € Wy"™(B) and &€ € R™ ", then

]i]\/[(f + Vu(z)) de = M().

To prove this result, it is sufficient to replace M with the determinant (we leave to the
reader the task to figure out why). Before that, recall a well-known property:

LEMMA 3.24. For every v,v' € WH=(Q, R"™) such that v = v on 9 we have

/Q det(Vo) dz = / det(V9) da.

Q
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PROOF. Suppose that v is smooth. Then

/Qdet(Vv(x)) dz = / dv' Ao Ad”

Q

= / d(vtdv® A - Ado™)
Q

:/ vide? Ao A do”,
o0

and the last equality follows from Stoke’s theorem. Since we can replace the differential
form with its restriction to the tangent bundle, the integrand depends on v! and on the
tangential derivatives of the other components, which means that they ultimately depend
only on the value of v at the boundary. U

LEMMA 3.25. Ifu € W, °(B,R") and £ € R™ ", then

][ det(€§ + Vu(z)) dex = det(§).
B
PROOF. We use Lemma 3.24 with v(x) = £&x 4 u(x) and 0(x) = £x since w is equal to
zero at the boundary so v and v coincide there. U
PROPOSITION 3.26. The function f is quasiconvex if f is polyconvex.

PROOF. Suppose that f is polyconvex and let g be the convex function such that f () =
g(M()). Then

][ F(6 + Va(e)) de = ][ G(M(E + Vu(x)) dr,

B
and, using Lemma 3.23 together with Jensen’s inequality, we obtain

]i F(E + V() d > g(M(€)) = £(6),

which is exactly the definition of quasiconvexity (3.2). 0
PROPOSITION 3.27. The function f is rank-one convex if f is quasiconvex.

PROOF. Suppose [ quasiconvex and fix &y, &; € R™*" such that rank(&; — &) = 1,
ie., & — & =a®e. Fix A € [0, 1] and denote by £ the convex combination:

§:= Ao+ (1= A&
Our goal is to prove that

F&) < Af(&) + (1 = A)f (&)

The idea is the same one we used in the 1-dimensional case in Theorem 2.46. Namely, we
wish to construct a sequence u, : {2 — R™ such that

ue — u(z) := x  uniformly
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and Vu, is equal to &, on a set A? with constant measure AM, equal to &; on a set A! with
constant measure (1 — \) M, bounded on the “bad set” B. which measure satisfies | B.| — 0
and equal to £ on the rest. It is then easy to verify that

]i F(Vu)de > f(€)

as a consequence of the quasiconvexity of f. By passing this inequality to the limit as
e — 07 we finally get the desired inequality:

fF(€) < Af(&) + (L= N)f(&)-
O

REMARK 3.28. We tacitly assumed f to be locally bounded. Indeed, in the bad part B,
we cannot estimate the gradient and hence we need [, f(Vu.) dz to be finite.

We now want to show that rank-one convex functions are locally Lipschitz and, as a
consequence, the same is true for polyconvex and quasiconvex functions.

LEMMA 3.29. Let Q0 C R"™ be a convex set. If g : 2 C R™ — R is convex, then g is
locally Lipschitz on the interior part of €.

THEOREM 3.30. Let f : R™*"™ — [0, 00) be lower semicontinuous and locally bounded.
If f is rank-one convex, then [ is locally Lipschitz.

IDEA OF THE PROOF. Since f is rank-one convex, by definition f is convex on rank-
one lines in the space of matrices R™*"”, which means that

rank(§; — &) = 1 = f convex on the line of direction &; — &.

By Lemma 3.29, the function f is locally Lipschitz on rank-one lines. This is enough to
conclude because it can be proved that any two matrices can be connected via rank-one
segments in such a way that the total length is bounded. U

REMARK 3.31. The spirit of this result is similar to the assertion “f : R? — R locally
Lipschitz on both horizontal and vertical lines implies f locally Lipschitz on R2.”

We are now ready to prove the main result concerning quasiconvex Lagrangians (The-
orem 3.15), but for the sake of clarity, we give the accurate statement here again.

THEOREM 3.32. Let f : R™" — [0,00) be lower semicontinuous and finite and let
Q C R™. Consider the functional

F(u) ::/Qf(Vu)dx.

Then the following assertions hold:
(i) If [ is quasiconvex, then F is weaklyx lower semicontinuous on W (Q, R™).

(ii) If F' is weaklyx lower semicontinuous on W1 (Q, R™), then f is quasiconvex.
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(iii) If, in addition, f satisfies the p-growth condition

f(&) <1+ [Ef)

for some 1 < p < oo, then F is weakly lowersemicontinuous on W'P(Q, R™).

We are now ready to give the proof of the assertion (i) since (ii) was proved earlier and
(ii1) is more complicated and left to the interested reader.

PROOF OF (I). Let u, = 1y, in WH(Q, R™). The idea is to first prove the theorem
under restrictive assumptions on both €2 and u.., and then pass to the general case using
some tools from geometric measure theory.

Step 1. Assume (2 = B, where B is any ball, and u., identically equal to 0. Note that,
if each wu,, is identically zero at the boundary of B, then

Flu,) = / F(Vun) dz > [BIf(0) = Flus).

where the inequality > follows from the quasiconvexity (3.2). If u,, does not vanish at the
boundary of B, then the idea is to exploit the fact that u,, converges uniformly to zero and
modify u,, to some u,, satisfying, more or less, the following “properties’:

Un |y =0 and  F(t,) =~ F(uy).

To make this argument formal, start by introducing the distance function d(z) := dist(x, 0B)
and the function g, defined on B x R™ and given by

d
g(x,u) :=u 1/\ﬁ .
Jul
We can introduce the truncation operator T' which is defined as
Tu(z) == g(x, u(z))

for all u € W°°(B,R™). Now notice that g is Lipschitz as a function of (x, u) and hence
we can use the equivalence between W1 and Lip discussed earlier to conclude that

u € W (B,R™) = u € Lip(B,R™) = --.
- = Tu € Lip(B,R™) = Tue W"(B,R™).
Furthermore, it is not hard to verify that the following properties hold:
(1) Tu(x) = 0 whenever x € 0B since d(+) vanishes at the boundary of B;
(2) Tu(x) = u(x) on B\ A,, where A, = {x € B : |u(x)| > d(z)};

(3) V(Tu)(x) = Vu(r) at almost every = € B \ A, because they are Lipschitz (so
a.e. differentiable and a.e. point is a density point);

4) |V(Tu)(x)| < Lip(Tu) < c¢-Lip(u) at a.e. point and, in particular, ata.e. x € A,.
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Now recall that (by Theorem 3.30) f is finite and quasiconvex if and only if f is finite and
rank-one convex, which means that f is locally bounded. Let

w(t) == sup f(M) < oo

[M]<t

be the modulus of growth for f, which is finite for ¢ > 0 sufficiently small. It follows that

F(Tu):/Bf(V(Tu))dx
< /B RACES /A () dr

< F(u) + w(c - Lip(u))|Au|-

In particular, we can reverse the inequality to obtain

F(u) > F(Tu) - wc- Lip(u))|A,|
and, given that T'u is zero at the boundary of 1, we use that f is quasiconvex (3.2) to infer
that

F(u) > |B[f(0) = w(c- Lip(u))[ Ayl
Now notice that u,, converges to zero almost everywhere, so we can apply this inequality
to u := u,, and conclude that

F(un) = [B[f(0) = o(1) = F(ux) — o(1)

because the maps u,, are uniformly Lipschitz and - as the reader might try to check this by
themselves - we have |A,, | — 0. Taking the limit as n — oo yields

n—oo

and this concludes the proof of the first step.

Step 2. Assume {2 = B and u,, = affine function. Then u., has gradient equal to
some fixed £ and we can define a more efficient truncation by setting

T =t + T(u — us),
where 7' is the truncation operator defined in the first step. Arguing as above yields
F(u) > |B|f(€) — w(c- Lip(u))| Ay,
where A, == {z € B : |u(x) — us(x)| > d(z)}. Since u, converges to ., almost
everywhere, we follow the proof above and obtain the desired inequality:

Step 3. Suppose (2 and u,, arbitrary and fix ¢ > 0. Since u., is differentiable a.e. in
2, we can always find finitely many disjoint balls B; := B(z;,7;) C €) such that

i=1

<e
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and, if we set
UN(2) = Uoo (7)) + Voo (1) (2 — 27),
the following properties hold:
(1) |uoo(z) — u'(z)| < €-r;forallx € By;
(2) |V () — Vug(x;)| < eforall z € B; \ E;, where |E;| < €|B;].

We will come back to this fact at the end of the proof. Now take w and let T; be the
truncation operator on B; constructed in the previous step; namely,

Tou(z) == u'(z) + Ti(u(z) — u'(x))

where, setting d;(x) := dist(z, B;), we have

Tou(z) == u(z) <1 A |C3(<§))|> .

Arguing as in the previous steps, we can prove that

[ 170 dr > 1B176) = w(e-Li(w)| 4

where A .= {z € B; : |u(z) — u(z)| > d;(z)}. Then

u) > Zj;/&f(w)dw
> Z IBIF(E) — wle- Lip(u Z |
> 2 [ - Z )] - 00
e+i1 AL (u)

where A’ _(u) := {z € B; : |u(x) — uo(x)| > di(x)}. Now notice that u, is a sequence
converging to u., almost everywhere, so it is easy to verify that

> F(us) — ¢

n— 00

|AL (un)| =50,
and this leads to the desired inequality up to a big-O of €, namely
lim F(uy,) > F(us) — Ce,

n—o0

but this is enough to conclude because ¢ was arbitrary. 0

As promised, we will now make the geometric argument more precise and “show” that
such a decomposition in balls exists. We first need a couple of technical ingredients:
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THEOREM 3.33. Let i1 be locally finite measures defined on a metric space X satisfying

. . . 2
certain technical assumptions”, and let v € LY (X, u). Then

]{9 )~ @) () 0, (3.3)

for p-a.e. x € X. In other words, the function u is LP-approximately continuous in X.

COROLLARY 3.34. The gradient of the function u.,, given in Theorem 3.32, is LP-
approximately continuous for all 1 < p < oo. In other words,
|V () — Vuoo (Z)| < € forallz € B(Z,r)\ F,
where £ = E(e) is called exceptional set and satisfies |E| < €|B(z,r)].

THEOREM 3.35. Let Q@ C R™ and p > n. Any function u € WP N C°(Q,R™) is
differentiable at a.e. x € ().

PROOF. Fix aball B := B (z,r) and notice that by the generalised Poincaré inequality

1

sup u(a) — u(z)| < ¢ (]{3 \Vu|pda:) "

It is not hard to verify (use, for example, a dimensional argument) that c is a constant that
depends linearly on r. It follows that

sup [u(z) — u(F)| < ¢r (]i Vuf? dx>;

reB

for some universal constant ¢. We can subtract any linear function to u, so we choose
Vu(z) and assume that Z is a point of LP-approximate continuity. It turns out that

1

sup ||u(x) — uw(Z) — Vu(z)(z — 2)|| < r (]i |Vu(z) — Vu(z)|? dx> ’ :

zeB

which concludes the proof because the right-hand side is O(r) using (3.3) together with the
fact that a.e. point of €2 is a density point for €. U

COROLLARY 3.36. The function u., in Theorem 3.32 is differentiable at a.e. x € §.

We can now go back to the existence of the balls for u.,. Fix € > 0 and use the results
above to infer the existence of some r(¢) > 0 such that for all » < r(e) we have

[thoo () = Uoo(T) — Ve (Z)(z — Z)| < €|z — Z| < er forevery z € B(Z,r),
and, by approximate continuity, also
|\Vu(x) — Vu(z)| < e foreveryx € B(Z,r)\ E,

where F is a set depending on ¢ satisfying |E| < ¢|B(z,r)|. Let F be the family of such
balls for which, given any z € €, one can find B(z,r,) =: B, € F withr, — 0.

’In this point, we are purposely vague because we do not need this result in its full generality. The interested
reader might find more information in any standard GMT book.
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LEMMA 3.37. Let X be a metric space, let F := {B(x;,r;)}icr be a family of closed
balls with uniformly bounded radii that covers a set ! C X. Then there exists a disjoint
subfamily F' such that the rescaling

F' = {B(z,r;) | B(zi,r;) € F'}
is a covering of E.

This result is well-known in GMT and usually referred to as Vitali’s covering lemma.
A simple consequence of this result is that from our family F we can extract finitely many
balls in such a way that

i\ JBi| <e
i=1
and the required properties are satisfied.

4. A few remarks on Theorem 3.32

In Theorem 3.32, we proved the equivalence between quasiconvexity of the Lagrangian
f and weakx lower semicontinuity on WW1°°(€2, R™) of the corresponding functional

F(u) ::/Qf(Vu)dx.

At this point, it makes sense to ask what happens when f does not depend only on . More
precisely, we now consider a Borel function

f:QxR™x R™™ — [0, 00]

such that f(z, -, -) is lower semicontinuous for a.e. z € 2 and f(z, u, -) is quasiconvex for
a.e. € Q) and every u € R™. To investigate the weakx lower semicontinuity of

F(u) ::/Qf(x,u,Vu)dx

on W1*(€), Young measures play a fundamental role but, as expected, there are a few
details that needs to be discussed.

REMARK 3.38. If g is a convex function, then the inequality

][ g€+ ) duly) > 9(€)

holds for all ; probability measures with zero barycenter, that is,

/ydu(y) = 0.

This means that a quasiconvex function does not satisfy Jensen’s inequality with any prob-
ability measure p, and thus we need to obtain additional information on Young measures.

The result that follows asserts that Young measures generated by gradients belong to a
particular class of which has, among several others properties, barycenter zero.
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PROPOSITION 3.39. Let u,, be a sequence of uniformly bounded functions in WP (Q, R™)
and let () zeq be the Young (probability) measure on R™*™ generated by (Vuy, )nen. Then

fy € {7e(VV) L : v e Wy ™ (B,R™)}

for a.e. x € (), where ¢ is the translation operator on R™" and L is the renormalized
Lebesgue measure on the ball B.

REMARK 3.40. Since v ‘ op = U, it is easy to verify that

/ Voudz =0,
B

which means that Young measures generated by sequences of the type (Vu,),en always
have barycenter equal to zero.

REMARK 3.41. The main consequence of Proposition 3.39 is that a quasiconvex func-
tion satisfy a Jensen-type inequality. Namely, we have

/B F(€+ M) A(V0)L(z) > £(€)

for all v € W, (B, R™).



CHAPTER 4

Relaxation

I will write the introduction after the chapter is complete!

1. Introduction

Let X be a topological space and let F' : X — [—00, 00| be a functional which is not
necessarily lower semicontinuous.

DEFINITION 4.1. The relaxation of F' on X, denoted by F, is the lower semicontinuous
envelope of F, that is,

F(u) := liminf F(v) = inf {lim inf F(v,) | v, —x u}

vV—=U n—oo

REMARK 4.2. Notice that F is the largest lower semicontinuous functional on X (by
definition) which is < F' (using the constant sequence u,, = ).

PROPOSITION 4.3. Let F be a coercive functional on X. Then F is coercive.

PROOF. Recall that F' coercive is equivalent to saying that the sublevel {u € X
F(u) < M} is relatively compact in X for all M € R. Since

fueX: Fluy<M}c{ueX: F(u) <M},

it is easy to conclude that the sublevels of F are relatively compact in X, and hence F is
coercive. U

REMARK 4.4. The relaxation F is lower semicontinuous by definition. Therefore, if I
is coercive, then F' admits a minimizer. Namely, if u,, is a minimizing sequence for F/,

Flu,) == in3f5F<U)’
ve

then one can show that u,, converges (up to subsequences) to some v € X and

F(u) = min F(v) = ;relafEF('U)

PROOF. Let u, be a minimizing sequence for F' and let v € X be the limit of the
converging subsequence. By lower semicontinuity and F' < F' we have

. .
F(u) < lim F(uy,) = inf F(0),

while the opposite inequality follows from the definition of F. U
77
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Before we start developing the theory of relaxation even further, a couple of com-
ments/properties are in order:

(1) Minimizers of F “track” the behavior of minimizing sequences for F.

(2) The functional /' has a minimizer if and only if there exists « € X minimizer of
F such that )
Note that the property (2) is, in practice, more useful to prove that there are no minimizers
for a specific functional F’ rather than the opposite.

LEMMA 4.5. If g is continuous, then the relaxation of F + g is equal to F + g. In other
words, the following identity holds:
F+g=F+g.

At this point, one might wonder how to determine whether or not a specific functional
G is the relaxation of F. The following results answer this question.

PROPOSITION 4.6. Let I be as above. A functional G is the relaxation of F' (that is,
G = F) if the following two properties hold:
(i) G is lower semicontinuous on X and G(u) < F(u) for all u € X.
(ii) For all u € X there exists a sequence (uy)nen C X converging to u such that

G(u) = lim F(u,).

n—oo
The condition (ii) can be replaced by an seemingly weaker one which is, in practice,
often much easier to verify. First, we need to introduce the notion of dense in energy:

DEFINITION 4.7. Let G : X — [—00, 00| be a functional. A set D C X is G-dense (or
dense in energy for G7) if for all u € X there exists a sequence (U, ),en C D such that

U, % win X and  G(u) lim G(u,).
n—oo

We can now give the weaker characterization of the relaxation ' replacing X in (ii)
with a smaller set D which might be easier to deal with.

PROPOSITION 4.8. Let I' be as above. A functional G is the relaxation of I’ (that is,
G = F) if the following two properties hold:
(i) G is lower semicontinuous on X and G(u) < F(u) forall u € X.

(ii) For all uw € D, where D is G-dense, there exists a sequence (Up)nen C X con-
verging to u such that

REMARK 4.9. Let X be a standard Sobolev space. It often happens that /' is continuous

in the strong topology and lower semicontinuous in the weak one. In this case, it can be
proved that D = C* is dense in energy for F.
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2. Examples of relaxation theorems

In this section, we investigate the relaxations of a few functionals which are of common
occurrence such as the Dirichlet energy. We start with a general result:

THEOREM 4.10. Let 2 C R"™ and consider the functional

Flu) = [ f(Tu)as,

where u : Q@ — Rand f : R" — [0, 00] is a lower semicontinuous function. Suppose that
F is coercive. Then the relaxation with respect to the WP (Q)-weak topology is given by

F(u) = / g(Vu)dz, 4.1)
Q
where g is the convex envelope of f.

REMARK 4.11. The coercivity of F' can be obtained under suitable growth assumptions
on the Lagrangian f because the weak topology on W1P() is metrizable so

F coercive <= lim F(u) = oo.

|u| =00

REMARK 4.12. Guessing what functional could be the relaxation of F' is much easier
if one knows that /' has to be of the form

F(u) :/Qg(Vu)dx.

However, this is not easy at all to prove and it requires some integral representation theory.

In the remainder of the section, we will investigate the relaxations of some specific
functionals without relying on the result above. However, we first try to motivate the im-
portance of computing explicitly the relaxation through a simple example.

REMARK 4.13. We proved that the minimum of the problem

.1 _
mm{ﬁ/ﬂ|Vu|2da: ; u|m:u0}

is a function u that satisfies the Dirichlet’s boundary condition

“Au=0 ifzreQ,
U = ug if z € 092.

Notice that we tacitly assumed that u was smooth enough to integrate by parts twice taking
the second derivative. However, how can we be sure that such a u exists?

The idea is to extend F'(u) to W,-?(€2), prove the existence there and finally show the
regularity of the minimizer(s) to obtain a smooth solution.

We will describe this procedure (usually referred to as direct method) in the most gen-
eral case, explain what the strategy is and what are the problems.
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2.1. Direct Method. Let F' be a functional defined on some space X’ of “regular”
functions and suppose that X’ has no good compactness properties.

STEP 1. The functional F is not coercive. Find X D X’ such that the extension of F,
denoted by Fiy, 1s coercive and lower semicontinuous on X.

STEP 2. Find a function u € X that solves the minimizes the functional F.:.
STEP 3. Use regularity theory to conclude that z € X’ so that
F(u) = min F(v).

veX’
The procedure looks simple, but there are a couple of issues regarding the last step that we
need to consider (at least in the general case). More precisely:

(1) Regularity theory is, in general, quite hard.
(2) Regularity might fail. In other words, the minimizer @ of Fiy may not be an
element of the starting space X'.

The second issue is quite delicate to deal with because, if u does not belong to X', then it
might not even be a meaningful solution to our problem.

2.2. Relaxation. Let X’ C X be two functional spaces and F; the extension that is
coercive and lower semicontinuous on X. If u,, is a minimizing sequence for /' and u € X
a minimum of F,,, that is,

Fext (ﬁ) = min Fey ('LL),
ueX
then we expect u,, to converge to u. Therefore, it makes sense to wonder whether or not

F..; and the relaxation F of F are in some ways connected to each other.

DEFINITION 4.14. Let F' : X' C X — [—00, 00| be a functional. The relaxation of F
on X is defined as the relaxation possibly extended to oo. More precisely, we have

() inf {liminf, o F'(vy) | (vn) C X' stov, = u} ifu€ X,
u) = —
00 ifué¢ X'
REMARK 4.15. The functional F is the largest lower semicontinuous functional on X
that satisfies the inequality /' < F on X'.
EXAMPLE 4.16. Let Q) C R" and consider the functional

1
F(u) = §/§2]Vu]2da:+/gg(:c,u) dz,

where g : 2 x R — [0, 0] is a Borel function such that g(x, ) is continuous for a.e. x €
and satisfies the estimate

lg(z,w)| < C(1+ |uf?).
Let X' := C>(Q). Then the relaxation of F on X := W12(Q) endowed with the weak
topology is

_ 1
F(u) :§/Q|Vu|2dx+/gg(m,u)dx.
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HINT OF THE PROOF. It is enough to show that X’ is dense in energy in W12(Q). In-
deed, the functional F' is continuous with respect to the strong convergence and

WLQ(Q) _ COO—<Q)H'IIW1,2(Q).
O

REMARK 4.17. What happens if g(z,-) is lower semicontinuous? The proof above
fails, but, if X’ = C*(€2), we could use a Lusin-type theorem (for Sobolev spaces) and
obtain the same conclusion.

EXAMPLE 4.18. Let X' := C’fjj(@), where ug is a smooth function, and suppose that
0N) is smooth. The relaxation of the functional

1
F(u) := §/§2]Vu]2d:c

on X := W,2(Q) is given by

1
G(u) = §/Q|Vu|2dx.

PROOF. Since G is lower semicontinuous on W,*(£2) with respect to the weak topol-
ogy and G(v) = F(v) for v € X/, it is sufficient to show that for all u € W,.*(Q2) there
exists a smooth sequence (uy)reny C X’ such that

up, = win W2(Q) and  F(uy) = G(u).

Since F(uy) = G(ug) and G is continuous with respect to the strong topology, it is enough
to find a sequence such that u; — u strongly in W12(Q). In other words, we need to prove
that X' is dense in energy in W:*(€2), but this is hard to do directly so we introduce an
auxiliary space which is easier to deal with, namely

X" = {ue W(Q) : u(z) = uo(z) for all x in a neighborhood of I} .

Step 1. We claim that X’ is dense in energy in X”. Let u € X", extend' it to W'2(R"),
fix e > 0 and take an approximating sequence (v, )e~o C C°(R™) such that

E—00

Hu — 'UEHWLQ(Rn) — 0.
Let U, be a 2e-neighbourhood of 0€2. We can always find a smooth function
A : Q2= [0,1]

such that A\, = 1 on a e-neighborhood of 99, A\, = 0 outside of U, and |V .| < €. The
function defined by setting

ue(x) == Ae(@)ug(x) + (1 — Ae())ve(2),

"Here you can use any extension operator defined on X’ as it does not really matter for the proof.
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is smooth and, actually, belongs to X’ for all ¢ > 0. We wish to estimate the L?-norm of
ue — u so we start off by noticing that

Ue —u = Ac(ug — u) + (1 — Ae)(ve — ).
The L?-norm of the first addendum is easy to estimate since
e—07T

et — )22y = / Mo —u)*dr < [ g —uf* dr =50

using the dominated convergence theorem as |uy — u|? is integrable and U, tends to the
empty set. The second addendum is even easier because

1L = A (ve = W)l 2@ < llve = ull 2y,

and the right-hand side goes to zero by construction of v.. In particular, u. converges
strongly to u in the L? strong topology. Now notice that

V(ue —u) = V(ug — u)Ae + (1 = A)V(ve — w) + VA ((ug — u) + (u —v,)),

and the first two terms can be estimated with no problems as above. The third addendum
can also be rewritten as follows

VAc((ug —u) + (u—ve)) = VAc(u — v)
because u coincides with 1 on a neighborhood of 0€2. It follows that
IVA(u = ve) [l z2(0) < VAo llve — llrao) < €7 Hlve — ullr2(@)

and, since we can decide how fast v, tends to u in L?(2), we infer that u, € X’ tends to
u € X" strongly in W12(Q).

Step 2. We claim that X" is dense in energy in W;-*(Q). Let u € W,-*(2). The goal
is to find a sequence u, € X" that converges to u strongly in W12(2).

Step 2.1. Assume that, given x € 0f) and 7 the external unit normal, it turns out that
up(x 4+ tn(x)) = ug(x) for [t| < § small enough.
Let €25 be the d-neighborhood of €2 given by
Qs :={z eR" : d(z,Q) <6},

and extend u to {25 by setting it identically equal to u, outside of {2 so that? the result is still
an element of W2(().

Step 2.2. Take &, : 2 — €. family of diffeomorphisms (we give the existence for
granted momentarily) satisfying the following three properties:

(1) Forall € > 0, | (z) — x| = O(e).
(2) Forall e > 0, |[V®.(z) — Id| = O(e).
(3) Forz € 0Qand 0 <t < ¢, ®(x —tn(x)) =z + (¢ — t)n(x).

2If we extend u with trace ug out of £ with a function having wug as trace, then the extension stays in the
Sobolev space.
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The conclusion now follows easily because we can take the sequence u, := u o &, € X"
and show that it converges strongly in W'2(Q) to u € W*(Q).

Step 2.3. The existence of the family of diffeomorphisms ®, is a consequence of the
tubular neighborhood theorem using that

Q x[=9,0] 5 (x,t) — xz + tn(x) € Us(00),
for 6 > 0 sufficiently small, is a diffeomorphism. U

EXAMPLE 4.19. Consider the Dirichlet energy functional

1
F(u) = §/Q|Vu|2dx

defined on the space of smooth functions with mixed boundary conditions, namely

/ 00 () — au —
%:{UEC (Q) : u‘m:uo,a—n)mzo}.

Then the Neumann boundary condition does not make sense on the Sobolev space W'2((2)
because g—z € L*(Q) has no trace on 0X). Nonetheless, the relaxation of F on W () is

_ 1
Flu) =+ / Vul? dz.
2 Ja
This means that, if t is a minimizer of I on W2 (2) there are two possibilities:

(a) Either g—;‘ = 0 and u is a minimizer for the original problem; or
o0

(b) g—g =% 0 and the original problem does not admit any minimizer.
a9
PROOF. The same proof given above works because of the construction along the nor-
mal unit vector on the boundary. U

EXAMPLE 4.20. Let Q) C R", n > 2, and consider the Dirichlet energy functional F
defined on the space

X ={ueC®9Q) : u(xo) =0, ul,, =u},
where x € §Q is fixed. Then the relaxation of F' on W&GZ(Q) is given by

- 1
F(u) = —/ |Vul?dz.
2 Ja
REMARK 4.21. The main issue here is that the Sobolev space W'2(Q) does not embed

into C(2) for these values of n.

Before we can prove that the relaxation of F* on the Sobolev space W,:*(2) is the one
given above, we need a technical result.

LEMMA 4.22. Let n > 2. Then there exists a sequence v, € C°(R") satisfying the
following properties:
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(a) vi(z) € [0,1] for all x € R";
(b) vi(0) = 1;

(c) supp(v) C B(0, 1), which means that ||vg|| L»@ny — O for all p > 1;
(d) || Vg L2@mny — 0.

PROOF. We first assume that n > 2. Let v : R” — [0, 1] be a C*° function supported
in the ball B(0, 1) such that v(0) = 1, and set

vg(x) == v(kz).
Since Vi (x) = kVu(kz) we have

|Vup|? dz = k? |Vu(kz)?dz = Ck*™ =0
R

Rn
because 2 —n < 0. If n = 2 this proof does not work anymore and one needs a different
construction using, for example, non self-similar radial functions. O

PROOF OF EXAMPLE 4.20. Let X" = C°(2). Since X” is dense in energy in W,-2(2),
it suffices to show that X’ is dense in energy in X”. Take u € X" and set

ug(x) == u(x) — u(ze)vr(z — x0),

where vy, is the sequence given in Lemma 4.22. It is easy to check that uy(x¢) = 0 and that
uy, — w strongly in W12(Q). O

REMARK 4.23. The embedding W'?(R?) — Cj(R?) fails because
I:C>®(R?*) — Cy(R?)

is not bounded, for otherwise it could be extended to W?(IR?). The counterexample here
gives a good sequence of functions to prove Lemma 4.22 when n = 2.

EXAMPLE 4.24. Let 2 C R"™ and consider the p-Dirichlet energy

F(u) :/ |Vul? dz
Q
forall u € X/, where
X ={uelC™Q) : ul,, = uo, u(z) =0}
and ug is a smooth function defined on 0S). The relaxation of I on WJ{;”(Q) is
F(u) —/ |Vul? dz
Q
if p <n, and
Jo IVulPdz  ifu € WiP(Q2) and u(zo) = 0,

00 otherwise,
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if p > n. The reason is that the condition u(xy) = 0 survives under relaxation and this can
be shown using the continuous representative.

EXAMPLE 4.25. If X' = C2(Q) and F(u) = § [, |Vu|* dz, then the relaxation of F
on WH2(Q) is given by

Jo |[VulPdz  ifu e W) and u = ug on 99,

F(u) =

00 otherwise.

This is, once again, due to the continuity of the trace operator that survives under relax-
ation.

3. Relaxation and p-capacity

Let F' be the Dirichlet energy,
1
F(u) = —/ |Vul|® d,
2 Jg

and consider the functional space X' := {C2(2) : u(wy) = 0} for some zo € Q. We
proved that the relaxation on W*(£2) endowed with the weak topology is

_ 1
F(u) = §/Q|Vu\2dx.

However, thp condition u(zg) = 0 is not preserved under relaxation, and therefore a mini-
mizer u of F'is also a minimizer of F if and only if it satisfies @(xo) = 0.

3.1. p-Capacity. Let F' be as above and consider the functional space
X ={C2(Q) : ul, =0},

where K C () is a compact set. At this point, it makes sense to wonder for which K the
relaxation of F" on W,-2(Q) is (once again) given by

_ 1
F(u) = §/Q|Vu\2d:c.

Let 1 < p < oo. To deal with this question, we first need to introduce the definition of
p-capacity.

DEFINITION 4.26. The p-capacity of a subset A C R" is defined as
Cap,(A) = inf{ IVulPdz : vwe CP(R") and u > 1 onsome U € N(A)} :
R

where N (A) denotes the set of all open neighborhoods of A.

The following theorem asserts that the value of the p-capacity of K determines how the
relaxation of the Dirichlet energy looks like.
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THEOREM 4.27. Let F' be the p-Dirichlet energy,
F(u) = / |VulP dz,
Q

defined on X' := {C2(Q) : u|, =0}, and let F be the relaxation on WP (Q). Then the
following assertions hold:

(i) If Cap,(K) = 0, then

K

F(u) = / |VulPdz.
Q
(ii) Let us consider the functional space
X:={ueW,?(Q) : Cap,({r € K : u(x) #0}) =0},

where u is the representative which is approximately p-continuous at every x € )
except in a set of null p-capacity. Then

Flu) = {fQ |[VulPdr ifue 2,
00 otherwise.

REMARK 4.28. Let u € W, :*(Q2) be a Sobolev function. If we set

u(z) = lim u(y) dy
r—0+ B(z,r)
then the Lebesgue theorem asserts that u is p-continuous at every x € ) except in a set of
null p-capacity. It is usually referred to as precise representative of .

PROOF OF (I). We must prove that for each u € W, () there exists a sequence of
smooth functions u; € C2°(€2) satisfying the constraint uy, | . = 0 such that

k—o0

up — u (weakly) in W'P(Q) and  F(u;,) — F(u).

Step 1. The space C22(€2) is dense in energy for F" in W, ?(£2) because it is strongly

dense and F is strongly continuous. Therefore, it suffices to consider v € CgS(€2).

Step 2. Since K has p-capacity equal to zero, we can find a sequence of smooth func-
tions v, € C°(R™) such that

|Vug P do LNy
Rn
and vy, > 1 on an open neighborhood of K. We would like to consider
ur(w) = u(z)(1 = vp()),
but we first need to modify vy in such a way that it satisfies the following two properties:
(a) vy is identically equal to 1 on K;

(b) v, has compact support contained in €.
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Assume for the time being that we can modify vy, to satisfy these properties. Then
ug(x) = u(x)(1 —vg(z)) =0 forallz € K
and
[ = url o) < lullzoe @ l[vellLr)-
Since vy has compact support in €2, we know that there exists a dimensional constant ¢ > 0
such that the following holds:
[0kl () < €l Vor]| o).
We plug this inequality into the one above and find that

k—o0

|u — url| ey < cllul|zoc @)l VUrl| o) — 0,

which means that u;, converges strongly to w in LP(2). In a similar fashion, we have

n— o0

IVu = Vg ey < [Vullze@llorll o) + IV okl ool Lo @) — 0,
and this concludes the proof of the theorem.

Step 3. To modify v, and achieve the property (b), namely that vy, is compactly sup-
ported in (2, it suffices to replace v; with vy - ©, where O is a smooth cutoff function.

To obtain the property (a) we can either truncate (and show that C2°(R") in the defini-
tion of p-capacity is too much), or compose v, with a suitable function. U

We now list a few properties of p-capacity (without proofs), which will be quite useful
in the investigation of the relaxation of specific functionals.

REMARK 4.29.

(a) In the definition of p-capacity, the space C>°(R™) can be replaced by Lipschitz
functions in Lip.(R™). In this case, we can assume « to be identically equal to one
on a neighborhood of A because truncation works in the Lipschitz class.

(b) If K is a compact set, the capacity is also given by
Cap,(K) ::inf{ |[VulPdz : we C(R")and u > 1 on K}.
Rn

PROPOSITION 4.30. Let 1 < p < oc. The capacity Cap,,(-) is an outer measure.

REMARK 4.31. If p = 1, then the p-capacity coincides with the (n — 1)-dimensional
Hausdorff measure H" L.

REMARK 4.32. If p > n, then Cap,(A) > 0 for every nonempty set A. In other words,
the p-capacity of points is positive, that is,

Cap,,({z}) > 0.
This is strictly related to the fact that for these values of p we have the embedding

WP (R™) < CO(R™).
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PROPOSITION 4.33. Let 1 < p < n. Then there exists a constant ¢ > 0 such that
Cap,(B(z,r)) = cr™P.

PROOF. The scaling with 7 is easy to verify, while the existence of the constant c is due
to the fact that sets of positive measure cannot have p-capacity zero whenn —p > 0. [

PROPOSITION 4.34. Let 1 < p < n. If H"P(A) = 0, then Cap,(A) = 0.
PROOF. Fix ¢ > 0. Since H" P(A) = 0 we can find a family of balls B; such that

AQUBi and er‘pge.
ieN ieN
The p-capacity is subadditive (because it is an outer measure) so
Cap,(A) < Z Cap(B;) = cZ’r?*p < ce,
ieN ieN
and we conclude using the arbitrariness of e. 0

EXAMPLE 4.35 (Electrostatic potential). A function u that achieves the infimum

Cap,(K) = inf{/ |Vu|*dz : u e CF(R"), u ‘K = 1}
Q
is also a solution to the PDE
Au(x) =0 ifr e R\ K,
u(zr) =1 ifallz € K,
lim‘x|_>ooﬂ(:1c) =0.

Integrating by parts and using the equation satisfied by u yields

Cap,(K) = —/uAudx = —/ Audz
Q K
because Au vanishes outside of K and 1 is identically one on K.

4. Relaxation that does not coincide with the initial functional

Let us consider the functional
F(u) = / f(z,u, Vu) dz,
Q

where f is continuous in all three variables and such that f(z,u, -) is convex and consider

the restriction on smooth functions X’ = C*°(Q2). We would like to know if the relaxation
F on the Sobolev space W'?(Q) coincide with F or not.

REMARK 4.36. If F(u) = F(u) for u € X, studying minimizers in the Sobolev space
gives important information on minimizing sequence in the space of smooth functions.

REMARK 4.37. If F'is continuous with respect to the strong topology on WiP(Q), then
the answer is affirmative and one can prove that F' coincide with F'.
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The next example, which is based on the pioneer work by Lavrentiev, gives an example
of a functional for which the relaxation fails to coincide with F'.

EXAMPLE 4.38 (7??, Ball-James). Let p < oo and consider the functional
1
F(u) = / 122% — u|P|u]” d.
0
Choose a < 1 in such a way that 2z € W, ([0, 1]), where uq is a function satisfying the

following boundary constraint: uy(0) = 0 and uy(1) = 2. Then

F(2z%)= min F(u) =0,
UeW&ép([Ole

and it is the unique minimizer with such boundary values. However, it can be proved that

min  F(u)>¢>0
uewdboo([orl])

by choosing properly [3 and ~y. This implies that the relaxation on W&ép ([0,1]) of the re-
striction to W;*°([0, 1]) is not equal to F.

REMARK 4.39. The minimizer of F on WP([0,1]) is not regular, that is, it is not of
class C*.

We now show how to choose  and 7y to prove the upper bound on the minimum of F
among all functions in the class W;,>°([0, 1]).

PROOF. Let u € W,>°([0, 1]). Then there exists 0 < a < 1 such that u(z) < z* for all
x € [0, a]. It turns out that

F(u) 2/ 2P| de.
0

Let v(2°) := u(x) for some § > 0 and notice that @t(x) = dz°~19(x°). Then
Flu) > / 2B =075 52 d,
0

and the change of variables ¢ = 2° yields the inequality

8

Flu) > / o()[1dE > ® =7+
0

provided that a5 + (0 — 1)y = § — 1, which can be rewritten as

_af+1—7v

-0 _—

Finally choose v and ( in such a way that the exponent of a does not allow the right-hand
side %=1+ to go to zero as a — 0. O

J
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5. Lavrentiev phenomenon

In the previous section, we provided an example of the so-called Lavrentiev phenome-
non, which can be “defined” in the following way:

DEFINITION 4.40. Let I’ be a weakly lower semicontinuos functional on a Sobolev
space X. We say that I exhibits the Lavrentiev phenomenon if the relaxation on X of the
restriction of F' to a space X’ of "regular” functions does not coincide with F.

REMARK 4.41. If X’ is (strongly) dense and F' is (strongly) continuous, then the relax-
ation of F’ coincide with [ itself.

We will now show another (rare) example of the Lavrentiev phenomenon, which is
particularly important because we consider vector-valued functions.

EXAMPLE 4.42. Let B := B(0,1) be the disk in R? and take a function ¢ : R* —
0, 00) such that p(x) = 0 if and only if |x| = 1. Let us consider the functional

Fu) = / () [Vl

where u : B — R2. In addition, set ug(x) := x to be the constant function defined on the
boundary 0B.

THEOREM 4.43. Let p < 2. The minimum of F over W, :*(B,R?) is
min  F(u) =0,

ueWyP(B,R?)
and it is achieved by the function u(x) = % Furthermore, there exists a constant ¢ > ()
independent of u such that
F(u) > c foreveryu € C'(B,R?) such that u op = Uo- 4.2)

REMARK 4.44. In (4.2) we can replace C! functions with Lipschitz ones. More pre-
cisely, it can be proved that there exists a positive constant ¢ independent of u such that

F(u) > ¢ forevery u € Lip(B,R?) such that u op = Uo-

PROOF. First, we use the simple algebraic inequality a® 4+ b* > 2ab to infer a similar
estimate between |Vu|2 and the determinant of the gradient; namely, we have

2 2
VP = 3 (g;‘f) > 2 det(Vu).

J

ij=1
It follows that
Flu) > 2 / o(u)] det(Vu)| de > 2 / o(y) dy
B u

(B)
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applying the change of variables formula with y = u(x). Notice that we do not have the
equality because u might not be injective and hence the multiplicity at each y be greater
than one. A standard result in topology tells us that B C u(B), and thus

F(u) 22/ o(y)dy =: ¢ > 0.
B
It is easy to verify that, as claimed, the constant does not depend on w. U
To conclude the section, a few remarks and exercises concerning this result are in order.

REMARK 4.45.

(a) The condition p < 2 is necessary to ensure that the function u(z) = Tal actually
belongs to W7 (B).

EXERCISE 4.1. If p < 2, it is easy to see that Vu € LP(B). However, this
only proves that u € W?(B \ {0}). How can one obtain v € W'?(B)?

(b) The functional F' is weakly lower semicontinuous on W1?( B, R?). However, the
relaxation of the restriction of ' to smooth functions is not equal to F' itself.

(c) If F is the aforementioned relaxation and ¢ the constant in (4.2), one might wonder
if it is true that the following equality holds:

F (i> e
|z]
This is possible only if all the inequalities in the proof of Theorem 4.43 are, in

fact, equalities.

EXERCISE 4.2. Verify whether or not F (é—|) = ¢ holds. The second and
third inequality are easy to fix, while the first one requires some care.

(d) As mentioned before, (4.2) is true even if we replace Cio (B) with Lipschitz func-
tions because the coarea formula used in the proof of Theorem 4.43 holds without
any changes.

(e) In (4.2) we can even replace C. (B) with W.7(B) with ¢ > 2, but the coarea
formula is not obtained as easily as above.

(f) The functional F is strongly continuous on W,?(B) for p > 2, so it does not
exhibit the Lavrentiev phenomenon. Not sure about p = 27

(g) The functional F" is not coercive on W, ?(B), but the perturbation
F.(u) :== F(u) + 6/ |VulP dz

is coercive for every € > (. Furthermore, if € is small enough F; still exhibits the
Lavrentiev phenomenon (and the non-regularity of minimizers).






CHAPTER 5

First Variation on Sobolev Spaces

I will write the introduction after the chapter is complete!

1. Introduction

Let I C R be a time interval and 2 C R™ and let g : I x  — R™ be a function
satisfying the following properties:

(i) Forevery z € Q, g(-,z) € C'(I);
(i) there exists to € I such that g(to,-) € L*(Q);

(iii) if g;(s, z) denotes the derivative with respect to ¢ of ¢, then

a(x) = sup lg:(s, )| € L'(€2).
se
PROPOSITION 5.1. The function defined by setting

G(t) ::/Qg(t,x)dx

is well-defined for every t € I and belongs to C(I). Furthermore, we have

G(s):/ggt(s,x)dx. (5.1)

PROOF. Using the property (ii1) we find that for all ¢ € I we have
l9(t, 2)| < lg(to, )| + a(x)[t = tol,

which, exploiting the property (ii), gives g(t,-) € L'(Q) for every ¢t € I. It follows that
G(t) is well-defined and finite for all ¢ € /. In a similar fashion, we have

g:(s,-) € L'(Q)

for all s € I because it is bounded by a L!()-function, a, by assumption (iii). To prove
(5.1) we start by defining the function

F(s) = /Qgt(s,x) da.

The dominated convergence theorem (using «) shows that /" is continuous. Therefore, to
prove that G(s) = F(s), by the fundamental theorem in calculus it is enough to show

Glss) — G(s1) = / " P(s)ds

S1

93
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for all s; < so € I. This can be proved easily using, for example, Fubini’s theorem. We
leave to the reader the task to fill in the details here. U

2. First variation in weak form and regularity theory

Let us consider the functional

1 b b
F(u)zi/ qum—f—/ g(z,u)dx,

where u € W,? ((a,b)) and g : (a,b) x R — R satisfies the following assumptions:
(i) g is Borel;

(i) g(z,-) € CY(R) for every = € (a,b) and there are ¢ € L' ((a, b)) and a modulus
of continuity w such that

|9u(, w)] < e(@)w([ul),

where g, denotes the derivative of g with respect to the second variable.

We are now ready to compute the first variation of the functional F'. We first take test
functions v € W, ((a, b)) because we need © to be bounded. It turns out that

(dF(u),v) = % 70F(u + tv)
d

o B /ab“2 dx+/abg(x,u) dx]
= / (i + gz, u)v) da

by applying the integral-derivative swap of Proposition 5.1. We shall refer to the last term
as first variation in weak form of F'.

Tt

REMARK 5.2. The functional F is not differentiable on W,-* ((a, b)) because we can

only compute a smaller set of directional derivatives with directions v € W, ((a, b)). If
we want F' to be differentiable, then we should assume c(z) € L*((a, b)).

Assume now that v is a minimizer for " on W,:? ((a,b)). Then forallv € C2°([a,b]) C
Wy (a, b) we have

(dF (), v) = / (it + gu(, u)v) de = 0,

which can also be rewritten as

b b
—/ M)dx:/ gu(z,u)vde.
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If we denote by D(u) the distributional derivative of 4, then this identity can be rewritten
(in the language of distributions) as

D(u) = gu(z,u).

This shows that u € W' ((a,b)) and, if ¢ € L*((a, b)), then we can go as far as to say
that uw € W>?2 ((a,b)). In particular, we conclude that

it = gy(z,u).

REMARK 5.3. If, in addition, the derivative g, is continuous, then the minimizer u is
regular and belongs to C?([a, b]).

If we now assume that v is a minimizer for £ on W2 ((a, b)) with no boundary condi-

tions, then we find that
b b
- / wdr = / gu(z,u)vde.

holds for all v € C*([a, b]) C W ((a,b)). As above we infer that

i = gu(z,u)

using as test functions the subspace C°([a,b]) C C*°([a,b]). Furthermore, using the in-
clusion

u € W' ((a,b)) C C" ([a,b])

we can integrate by parts and obtain Neumann boundary conditions (which make sense
only because the function belongs to C*):

a(a) = a(b) = 0.

REMARK 5.4. If we replace 42 by u”, then the same computation leads to

o [P b
5/ up_li)dx—l—/ gu(z,u)vdr =0

for all appropriate v. However, integrating by parts (assuming that we can do it) yields

b
/up_dedxz/ gu(z,u)vde,

but it does not give any information on the summability of i because of the term P =2
with p > 2 (the situation is even worse if p < 2). There are other ways around in higher-
dimensions, but here we cannot deduce anything on the regularity of % from

WP = g, (z,u).
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2.1. Vector-valued computation. Now let us consider the functional

1
F(u) = §/§2]Vu]2d:c+/gg(:c,u) dz,

where g : 2 x R — R is a Borel function such that g(z,-) € C'(R) for every z €  and
satisfies the estimates

l9(@, W], lgu(z, w)| < (1 + |uf?). (5.2)
If we make the same computation as above (assuming that we can swap integral and deriv-
ative without any problems), we find that

(dF (u),v) Fu+tv)

t=0

F/ |Vu|2dx+/g(x,u)dx}
=0 L2 Ja 9

:/Vu-Vvdx—i—/gu(x,u)vdx.
0 0

If w is a minimizer for F' in W*(), then it is easy that thanks to the estimates (5.3) we
can directly take as test functions all v € W,(Q). It turns out that

—/Vu-Vvda::/gu(x,u)vdx
Q

Q
holds, in particular, for all v € C'2°(Q2). In the language of distributions, this is as to say
that

T
d
Cdt

—Au = g,(z,u),
but it is not anymore trivial (and, in fact, it might require some additional assumptions?) to
show that from Au € L?(2) we can conclude u € W22(Q).
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2.2. Vector-valued computation. Consider the functional

1
:5/ |Vu|2dx+/g(x,u)dx,
Q Q

where g : Q x R — R is a Borel function such that g(z,-) € C*(R) for every x € ) and it
satisfies the following estimates:

l9(@, u)| < c(L+ |uf?),

(5.3)
|gu(@, w)| < e(1+[ul?).

If we make the same computation as above (assuming that we can swap integral and deriv-
ative without any issues), we find that

(AF(u),v) =

d_ F(u—l—tv)
d
dt

t0|: /|Vu|2dx—|—/ (:z:,u)dx}
/Vu Vvdw%—/ggu(x,u)vdx.

If u is a minimizer for F" in W,,?(), then it is easy that thanks to the estimates (5.3) we
can directly take as test functions all v € VVO1 2(Q). It turns out that

—/Vu-Vvdac:/gu(x,u)vdx
0

Q

holds, in particular, for all v € C2°(Q2). If we denote by Au the distributional divergence
of Vu, we find the Euler-Lagrange equation

—div(Vu) = —Au = g,(z,u),

where the equality has to be considered in a distributional sense. However, we need the
minimizer v to be more regular to talk about the Laplace operator in a pointwise sense.

REMARK 5.5. As in the one-dimensional case, we can also study minimizers v €
Wh2(Q) of F with no prescribed boundary conditions.

At this point, we are looking for results saying that u € W12(Q2) and Au € L*(Q) is
enough to conclude that u € W22(0Q).
We will see soon that the regularity of g plays an important role, but without extra

o 2,2
conditions we can only go as far as to say that u € W7 (Q).

REMARK 5.6. Obtaining more regularity (namely, u € W;>?) is crucial because we
want to integrate by parts the weak form of the first variation, namely

—/Vu-Vvdx:/gu(x,u)vdx.
0 Q
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The following result, which we give for granted, says that a Sobolev function v €
W1P(Q) is a.e. approximately differentiable when p < n. For p > n we know already that
Sobolev functions are a.e. differentiable so for all values 1 < p < oo it will make sense to
talk about the “differential” as a pointwise function.

THEOREM 5.7. Let 1 < p < oo and let u € WP(Q). Then for almost every T € ) it

turns out that
]{B(I,r)

as r goes to zero.
REMARK 5.8. Consequently, if we can prove that a minimizer u of F' belongs to
W22(Q), then it correct to talk about its Laplacian. Moreover, the Euler-Lagrange equation

v(x) —v(@) - Vo(@)(z — 2)|"

dr — 0
|z — Z|

—Au = gu(x,u)
will not be anymore an equality in the distributional sense.

PROPOSITION 5.9. If u € L*(R") and Au € L*(R"), where Au is the distributional
gradient, then u € W??(R") and there exists a constant ¢ > 0 such that

)- (5.4)

We will now give a proof of the estimate (5.4) which is “almost” correct because, as we
will see at the end, it works only under an additional assumption.

|ul[w22@ny < c(lull 2@y

PROOF. For the reader’s convenience, we divide the proof into three steps.

Step 1. Assume u € C2°(R™). We define the Fourier transform of u by setting

w(§) = / u(z)e " da,
so that, using a well-known property of the Fourier transform, there results

Vu(€) = €a(€).

In a similar fashion, if we denote by V?u the Hessian of u, we find that
V2u(§) = —(§ @ §)u(s),
where £ ® ¢ is the matrix with entries (£ ® &), ; = &;&;. The trace is given by
Tr (V2u(6) ) = —l¢Pas).
and by Plancherel’s identity we have
1 1
AU 2@y = 757 / [€[*al® dg = < € all 7z @eny-
L2(R") 27)" Jgn (27" L2(R")

Now notice that

Z (E®E)iyl? = Z 617 =112 1g17 = lel*,
j=1

1,j=1 3,j=1
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from which (using Plancherel’s identity again) it follows that

1 N
IVullZegny = 757 ISP a7y

(2m)
In particular, we have the quite surprising equality
HAUH%Q(R") = Hv2u||%2(R”)'

Next, we can use the trivial inequality ab < 3(a® + b?) with b = 1 to infer that
1
2 _ 2\ ~12
IVl = e [ Pl
1 1

< G | 00+ Kl

HUH%Q(Rn) + HAUH%Q(R")
- 2
In conclusion, we use the definition of the WW?2(R")-norm to achieve (5.4) for smooth
functions:

“uHIQ/VZv?(]R") = HUH%Q(R") + HVUH%Q(R") + ||V2UH%2(Rn)
3
< 5(““”%2(11@) + | AU 22 @n))-

REMARK 5.10. To prove that || Aul|72gn) = [[V?u|72(zn) We do not need the use the
Fourier transform. Let n = 2 (for simplicity) and notice that

|V2U|2 dr = / (ui + U§2 + U%Q + Ug1> dz,
R2 R2

where u;; is equal to 0,0, ,u. A double integration by parts shows that

/ uf2 dz = —/ ululggdx:/ U1 Uoo A,
R2 R2 R2

and we conclude since

[t ety ) de = [ (0 + i) da

:/ (U11+U22)2dl’
R2

= / |Aul? dz.
R2

Step 2. Now assume that v € L*(R™) has compact support. Take u, := u * p. where
pe is the usual regularizing kernel with compact support. Then u. € C.(R") so

3
HU€HI2/I/272(]R") < §(||Ue||2L2(Rn) + ||Au6||%2(R"))'
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However, we know that Au, = (Au) * p, so these estimates can be rewritten as
3
e gy < 5 (laclZagan, + 1(80) % ol
3
< §(||u||%2(Rn) + ||Au||%2(R"))
because the convolution decreases the norms. It follows that u. € W??(R"), and this is

enough to conclude that u € W22(R") by semicontinuity of the norm as ¢ — 0.

Step 3. Let © be a smooth cutoff function from R” to [0, 1] such that ©(z) = 1 for all
|z] < 1and ©(x) = 0 for all |x| > 2. Let ©.(z) := O(ex) and consider the sequence

ue(x) := u(z)O(z).

The functions u, are compactly supported so by the previous step we have

3
gy < 5 (el + 180 2 )
but, this time, things are not as easy because the Laplacian is more complicated:
Au, = 0. Au+uAO,+2Vu-VO,.
We now estimate the L?-norm of the left-hand side as follows:
AU 2@y < AU T2 @) [|Oell3 + Il Zo@ny O(€!) + [Vl 2gny O(€?)
~——
<1
since it is easy to verify that
HA@GHLOO(RTL) — 62||®€||L°°(R") — 0(62).

However, the right-hand side of the estimate is a problem because the term || Vu||7. (R") O(e?)
is fine only if we know already that Vu € L?(R"). Under this extra assumption we con-
clude that
[ullwz2@ny < c(lJull 2@y + [[Aul| L2 @n)).
O

REMARK 5.11. To prove (5.4) without assuming Vu € L?(R") use the fact that every
u € L*(R") is a tempered distribution. Then everything works as in Step 1 because the
Fourier transform is well-defined on the space of tempered distributions.

COROLLARY 5.12. Ifu € W"2(Q) and Au € L*(Q), then u € W22 ().

HINT OF THE PROOF. Let (' be a relatively compact subset of (2 and © a cutoff func-
tion. Apply Proposition 5.9 to the function @ := u©. U

REMARK 5.13. We cannot improve this result. Indeed, for every {2 C R" there exists
u € WH2(Q) N C*>(Q) harmonic (Au = 0) that does not belong to W?22((Q).
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PROOF. Consider 2 = B(0, 1) and let u,, be the real part of 2", that is,
u, = Re(z") = p" cos(nh).

It is easy to show that [|[u,[|72q) = n7" [VunlZ2q) = n and [[V2u,||7sq) ~ n’. Now
consider the function defined by setting

U= Z QU
neN
where o, are coefficients that need to be chosen in such a way that:

(i) The series >,y Qau, converges in W'2(Q) and, by completeness, we obtain
u € WH(Q).

(ii) The series )

(iii) The function u does not belong to W22(§2) - which is not guaranteed by the pre-
vious requirement.

nen Onl| VU 12 (o) diverges to infinity.

This is not trivial so we propose another way to get the same conclusion. Let X be the
space of harmonic functions in W1?(m) and consider the operator

T:X3ur— T(u) = Vu e L*(Q).

It is not hard to see that 7" is unbounded. If p. is a regularizing convolution kernel, then we
can define the family of operators {7}~ by setting

T.(u) = V2ux p..
These are all well-defined and continuous, but

sup || T¢|| = oo
>0

so by Banach-Steinhaus theorem we can find u such that

e—0t
1T (w)|| 20y —— o0

and, if one is careful enough, it can be proved that Au does not belong to L?(12). U

PROPOSITION 5.14. If u € W,*(Q) and Au € L*(Q), then u € W*(Q) provided
that ) is "sufficiently regular”.

REMARK 5.15. With sufficiently regular we mean that {2 must have a boundary of class
at least C2. Note that piecewise polygonal is not good enough in this case.

COROLLARY 5.16. Let ug € W**(Q). If u € W*(Q) and Au € L*(Q), then u €
W22(Q2) provided that Q is "sufficiently regular”.

We now give two wrong proofs of Proposition 5.14 to get a better understand of what
could go wrong when we try to extend the function u from €2 to R".
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WRONG PROOF 1. Approximate u. € W,(Q) with a sequence of smooth functions
uy € C°(R™) and apply Proposition 5.9 to each u;. We find the estimate

HukHWQ,Q(Rn) < C(HukHLQ(Rn) + HAukHLQ(Rn))-
for each £ € N, but the problem is that Auy has no reason at all to converge to Au. For
example, the function
u(zr) = sin(x)
belongs to W,((0, 7)) and its distributional second-order derivative is given by
0o + O — sin(x)

since — sin(x) is the second derivative inside the interval (0, 7), but we also have to keep
in mind the contributes from the boundary which are Dirac masses. However, if

wl(z) 2% 5o+ 6, — sin(x) in L3((0, 7)),
then we are not approximating u via smooth functions since u} ¢ L?*((0,7)). O

WRONG PROOF 2. Letu € VVO1 2(9) We can extend it to @ zero outside of () because
the trace is zero, but it might happen that

Au #£ Ad

because the normal derivative of the extension could have jumps at the boundary created
by the extension itself. U

Before we can give the correct proof of Proposition 5.14, a remark about odd extensions
of Sobolev functions is in order.

REMARK 5.17. If f € W;*((0,00)), then the odd extension
~ x ifx >0,
fay =410

—f(=z) ifx<0

belongs to W22(R). Indeed, it is easy to verify fewt? (R) since we are “gluing” together
two functions with the same trace so we only need to prove that

) (=) ifx >0,
9() = {—f”(—m) ifx <0,

is the second-order distributional derivative of the function f . A simple computation shows
that

/R F()g" () da = / " H@) (¢ (@) — () da
_ / " @) (p(e) — o(—a)) da =
_ / g(z)p(z) dz.



103 2. First variation in weak form and regularity theory

We integrated by parts twice and no boundary terms appear, even if p(x) — p(—z) has
derivative which is not compactly supported. The remaining boundary term would be

[f(@)(¢(2) = ' (=2)];2s »
but f € W;*(0, 00) so it vanishes.
CORRECT PROOF. Suppose {2 is the half-space, namely Q = RT x R"!, Take u €
W,y*(Q) with Au € L?(Q) and define the odd extension as

w(xy, ..., xy,) ifx; >0,

—u(—x1,29,...,x,) ifzy <O.

fb(l‘) = fb(l’l,...,xn) = {

As above, it is easy to verify that @ € W1?(R") and A4 is the odd extension of Awu so it
must be an element L?(R"). To conclude apply Proposition 5.9 to . U

REMARK 5.18. If Q) is a general subset with C'? boundary, the idea is to take a partition
of unity and decompose u accordingly. Then each “piece” can be reduced to the half-plane
by a change of variables - which is why we have to assume the boundary to be the graph of
a C? function -.

In the previous lecture, we proved that u € W?(R™) and Au € L*(R"), where Au is
the distributional Laplacian, is enough to conclude u € W%?(R") and

Huuw2,2(Rn) S C (HUHLZ(R") + HAUHLQ(R")) .

We also proved that the same is not true if R” is replaced by (2, unless we add additional
conditions as in the next proposition:

PROPOSITION 5.19. Let Q C R” be a set with boundary of class C*. If u € Wy*(Q)
and Au € L*(Q), then u € W.*(Q) and there is a constant ¢ := ¢(Q) > 0 such that
[ullw22(e) < e(llullr2@) + [Aullz2@))-
REMARK 5.20. The same conclusion is true with u € WJ&Q(Q), but we must require
the boundary datum u, to belong to the class W22(Q).

PROPOSITION 5.21. Let 2 C R" be a set with boundary of class C*. If u € Wh2(Q),
Au = f € L*() and 3* = 0 on the boundary 0S), then u € W>*(Q) and

HUHW“(Q) <c (HUHL2(Q) + HAUHLQ(Q)) .
for some positive constant c that depends on §).

REMARK 5.22. Since u, a priori, only belongs to WLQ(Q), the normal derivative does
not have a trace and hence the condition

ou
a—n—OonaQ
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is not a pointwise equality. However, it makes perfect sense in the “world” of distributions
and it is easy to verify that requiring

/ (fe+Vu-Vy)der=0 forall p € C°(R")
Q

is an equivalent condition to both Au = f and g—z 0.

o =
Before we can prove Proposition 5.21, we need to briefly discuss how to extend a
function and preserve the condition on the normal derivative.

REMARK 5.23. Let v € W22((0, 00)) be such that v(0) = 0. The odd extension does
not work in this situation, but the even extension

(2) v(z) ifx >0,
vy() =

P v(—z) ifx <0,
does the trick, namely v, (z) = 0.

EXERCISE 5.1. Let v € W22((0, 00)). Show that v, € W*?2(R) and the second deriv-
ative v, is the even extension of v.

PROOF OF PROPOSITION 5.21. Assume that Q = (0, 00) x R""!. The idea is similar
to Proposition 5.14, but given u € W »(Q2) with Vu € L*(2) we define
u(z) if x1 >0,
u(—x1,x9,...,2z,) ifx; <0,

up(z) = (z,...,2,) = {

and apply Proposition 5.9 to u,,. The case in which (2 is not the half-plane can be dealt with
in the exact same way (partition of unity + change of variables). U

REMARK 5.24. After one shows that u € W?%2(Q), the trace of the normal derivative
exists and hence the condition 5
u

an ‘BQ -
is a pointwise equality. Similarly, the Laplacian Aw is not anymore a distribution but an
actual L?(2)-function.

THEOREM 5.25. If1 < p < oo, u € W'P(R") and Au € LP(R"), then u € WP(R").

REMARK 5.26. The proof of this statement, unlike the case p = 2, is nontrivial. The
idea is to use once again the Fourier transform and show the key estimate

1920l ey < el Al zogar
forall u € C*(R"). If f := Au, then
f(&) = —l¢Pa(e).

We can recover © by writing (at least formally) that

R
Ue) =~ ©)
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1

TR Therefore, using standard prop-

It is well-known that there exists K such that K =
erties of the Fourier transform we find that

(&) = K(§)f(§) = F(K « f),
where F denotes the Fourier transform. It follows that
u=Kxf,

where K is (up to a constant) the fundamental solution of the Laplacian (|z|>~™ if n > 3
and log |z| if n = 2). Next, we apply the following fundamental result:

THEOREM 5.27 (Calderén—Zygmund). Suppose that the operator T’ given by

Tf(r)=pv. | K(x—y)f(y)dy

R
has kernel K that satisfies the following conditions:

(a) |K(x)| < clz|™ forall x € R";

(b) fr<|$|<RK(9§) dz =0forall0 <r < R < o0;

(c) f|z‘>2‘y| |K(z —y) — K(z)|dx < ¢ for a positive constant ¢ when |y| > 0.
Then for 1 < p < oo we have that T : L*(R™) — LP(R™) is a bounded operator.

At this point notice that K * f and V K * f both make sense as distributions, but V2K x f
only makes sense as a singular integral (as in the CZ theorem).






CHAPTER 6

['-convergence and Applications

I will write the introduction after the chapter is complete!

1. Introduction and first examples

The I'-convergence is, roughly speaking, a notion of convergence of functionals de-
signed to have the convergence of minimizers. Namely, if X is a metric space and

F,:X —[0,00]

a sequence of lower semicontinuous functions, then £, L, F should imply “that a sequence
x,, of minimizers for F}, converges to a minimum point z of F™.

We will now give the formal definition of I'-convergence and show that, under certain
conditions, the assertion in quotes holds.

DEFINITION 6.1. [I'-convergence] Let X be a metric space and F), : X — [0, 00]. We
say that F}, '-converges to F' : X — [0, oo if the following properties hold:

(i) For all x € X and all sequences (x,,),eny C X such that x,, — x it turns out that

liminf F),(x,) > F(z). (6.1)
n—oo
(ii) For all x € X there is a sequence (z,,)nen C X such that z, — = and
limsup F,(z,) < F(x). (6.2)
n—oo

The sequence x,, is usually referred to in the literature as recovery sequence.

REMARK 6.2. The condition (6.1) is usually called I' — lim inf inequality, while (6.2)
is known as [' — lim sup inequality.

PROPOSITION 6.3. Let x,, be a minimizer for F),, and suppose that F' is the I'-limit of
the sequence F,. If x, — T € X, then T is a minimizer for F'.
PROOF. It suffices to prove that given any x € X we have
Fix x € X and take a recovery sequence x,,. Then
F.(z,) < F(z,) = ligglf F.(z,) < lim F,(z,) = F(z)

n—o0

follows from (6.2), while the opposite inequality
liminf F,(z,) > F(Z)
n—oo

107
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follows immediately from (6.1). O

EXAMPLE 6.4. Let X = R and F,(z) := x* + sin(nz). We claim that
I — lim F,(z) =2* - 1.

n— o0
The I'—lim inf inequality is easy to check because —1 is the minimum of sin(nx). Similarly,
given x € R the recovery sequence is x,, € R such that
sin(nz,) = —1 foralln € N.

An immediate consequence is that, if T, is a minimizer for F,(z), then Z,, — 0 as the
function 2 + 1 has its unique minimum at T = 0.

It is worth noticing that Proposition 6.3 requires Z,, to be a sequence that converges to
some element of X. Thus, it makes sense to introduce the following notion:

DEFINITION 6.5. A sequence of functionals F}, : X — [0, oo] is said to be equicoercive
if {x,, } nen is relatively compact in X whenever

Fo(z,) <C <
for some uniform constant C' that does not depend on n.

PROPOSITION 6.6. Let x,, be a minimizer for F),, and suppose that F' is the I'-limit of
the sequence F),. If F,, is a equicoercive, then {x,, },cn is relatively compact in X and each
accumulation point is a minimizer for F.

REMARK 6.7. In the applications, we need to choose the “right” topology on the space
X. In fact, we need to find a good “balance” between these two points:
(i) If the topology is too weak, then the I' — lim inf inequality has to be tested on
more sequences and thus it might fail.

(i1) If the topology is too strong, then (6.1) is easier but the equicoerciveness (strictly
related to compactness) might fail.

REMARK 6.8. The statement of Proposition 6.6 concerns the convergence of minimiz-
ers, but it does not say anything about local minimizers.

REMARK 6.9. From a numerical point of view I'-converge is rather useless because it
gives no information about the rate of convergence of minimizers (so, given Z,,, we do not
know where to ’stop” to find a good approximation of ).

EXAMPLE 6.10. Let X = R and F,(z) = £ + sin(nz). Then

LS F=-1,

where F' is the function identically —1. Each x € R minimizes F so the I'-convergence
here gives no information whatsoever on ,, € argmin(F, ). However, the functional

Go(2) == n(F,(z) + 1) = 2° + n(sin(nz) + 1)
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is well-defined and satisfies argmin(F,,) = argmin(G,,). Furthermore, one can prove that

I — lim G, = 2%,

n—oo
which admits a unique minimum point. Therefore, any sequence T,, of minimizers for F,
must converge to x = (.
REMARK 6.11.
(i) To prove that F'is the I'-limit of F},, it suffices to show the I' — lim inf inequality
and to find a recovery sequence for all x € D, with D a F'-dense subset of X.

(1) F, L Fifand only if the epigraphs of F}, converge (in the sense of Kuratowski)
to the epigraph of F'.

(i11) The I'-limit does not always coincide with the pointwise limit. For example, let
X = R and consider the sequence

0 ifx§0andx2%,
F.(z) = . )
folz) f0<z<Z,

where f,, is a continuous function satisfying f, (+) = —1. The pointwise limit of
F,, as n — oo is the identically zero function, but

anF(x):: 0 ?fx#O,
-1 ifx=0.

However, if F), is pointwise increasing and lower semicontinuous for all n € N,
then the I'-limit and the pointwise limit coincide.
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2. Ginzburg-Landau scalar model

Suppose that we have a two-phases (say A" and A™) fluid inside a container. Our goal
is to study the equilibrium configuration of the fluid through the so-called Ginzburg-Landau
theory which was introduced in a more general situation to describe phases transitions.

2.1. Mathematical model. Let ) be a bounded smooth domain in R? (d = 3 in the
applications) and let u : Q — [—1, 1] be the order parameter, which describes the configu-
ration of the fluid and it is defined in such a way that

u(r) =1 = pure phase A",
u(x) = —1 = pure phase A~
u(z) € (—1,1) = mixed phase.

At the equilibrium configuration, © minimizes the functional
F.(u) = / (W (u) + €|Vul?) dx
Q

with the constraint
][udx—me (—1,1), (6.3)
Q

m fixed, where W : R — R is a double-well potential, that is, W is everywhere positive
and W (1) = W(—1) = 0. The most natural example of such a potential is

W(u) := (u* — 1)

REMARK 6.12. Notice that W favors phases separation, while the gradient term favors
the homogeneity of the fluid (because sudden transitions make |Vu| bigger).

QUESTION 1. If u. denotes a minimizer of the energy F., what can we say about its
asymptotic behavior as ¢ — 0?

To answer this question thoroughly, we plan (in the next couple of lectures) to carry out
the following strategy:

(1) Use a heuristic argument (from physics) to determine the behavior of £, and ..
(2) Exploit the heuristic result to guess a possible ['-limit.

(3) Introduce tools (such as finite perimeter sets) to find the right setting for which the
I'-limit exists and makes sense.

(4) Prove arelevant I'-convergence result and derive information about the asymptotic
behavior of u, as € — 0.

2.2. Heuristic argument, I. The first observation is that, since we only care about the
limit behavior as ¢ — 0, we can restrict to small values of €. In this case, the potential
W “dominates” the integral, and therefore we can expect u, to take the values 1 and —1
respectively in two sides of {2 which are separated by an “interface” (not a surface in
general) which we guess might be a d-neighborhood of some surface ¥ as in Figure 2?.
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The energy should consequently be concentrated in the phases transition d-neighborhood
and should be given by

5 1 €
F(u) ~ 1+6§ JE] = (5—1-3 1%,

where ~ means “equal up to a constant”. The term 62 comes out of |Vu|? because the
neighborhood has thickness equal to 4.

(6.4)

REMARK 6.13. The term ¢|3| that multiplies everything above is a good approximation
of the volume of the )-neighborhood of 3.

It is worth remarking that we cannot choose 9 > 0 to be too small or too large because
the right-hand side of (6.4) contains both § and 5. Thus, we consider

ts)

and notice that the minimum is achieved at 6 = €. This “proves” that the thickness of
the interface should be of order € and F. more or less equal to €|X|, but this is not yet an
asymptotic estimate.

min
>0

2.3. Heuristic argument, II. To find (heuristically) a more precise asymptotic esti-
mate, we use the following ansatz:
d
. < 2(55)) |
€

u(z) =

where dy, is the oriented distance from Y. Since it is arbitrary, we choose dy; to be positive
on the side where © = 1 and negative on the side where u = —1. It follows that

(=)

because (well-known fact) the modulus of the gradient of the distance dy; is always equal
to one. Using this ansatz, the energy can be rewritten as
2
) ] dz.

L[ () (2

Let ¥ :={x € Q : d(z,X) =t} fort > 0 (in such a way that > = ¥). Using the coarea
formula (which we will discuss briefly at another time) we find that

V(o) = ©

Fo(u)

97

Fe(u)

.
/.

:ejzy/_oo W (0 (8)) + [6 (8)?] dt

v (+(1) +

v

t

€

)

()

i

t

€

)

97

2| dt =
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where the symbol ~ means asymptotically equivalent. Notice that we can replace |X;| with
|| because the e-neighborhoods (as € — 0) are so close to 3 that the surface should not
change substantially. The equality, on the other hand, simply follows from the change of
variables ¢’ := E Therefore, the “right” (heuristically) expansion of the energy should be

F.(u) ~ oge| X,

where oy is the surface tension and it is obtained by minimizing the functional

/_Oo W) + [o()7] dt

among all v : R — [—1, 1] such that v(+£o00) = +1. We will come back to compute o
explicitly in the next point of the strategy.

Heuristic conclusion. The function u, takes the values 1 and —1 on two sides of {2
separated by an “interface” of thickness of order € around a surface >.. More precisely,

(o) = v (dze(x))

where v is a (quasi)minimizer of [ [W(v) + |0|*] d¢ and ¥ minimizes the area among
all surfaces that divide 2 in two sets A™ and A~ such that the volume constraint (6.3) is
satisfied, that is,

A*| — |A7| _
Q

2.4. Heuristic on ['-convergence. At this point, we would like to know whether or
not we can derive the asymptotic behavior of u,. formally using I'-convergence. This was
proved in 77 by Modica and, a few years later, an even stronger result was obtained via a
more “direct” proof, but we will not discuss it in this course. In any case, we have

m.

Jola F(u) := /QW(u) dez,

but this I'-limit is rather useless because any function taking values in {41} is a good
minimizer for F'. The heuristic argument above suggests that it could be better to consider

Ge(u) := @

and study the corresponding I'-limit, which will be denoted by G'.

REMARK 6.14. If the I'-limit G exists, then a natural guess would be a functional equal
to 0o|X| if u(x) = £1 ata.e. = € €2, where X is the "interface” between the two phases A™
and A, and equal to co otherwise.

The functional F, is well-defined on WW1?(Q2), but this is not the right space to study
the problem because functions in W 12(Q2) cannot possibly take only two values (jumps are
not allowed). Therefore, we need to find a way to solve the following issues:

(1) What functional space should replace the Sobolev one W12(2)?
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(2) How does the I'-limit GG looks like? The idea mentioned in Remark 6.14 is not
good enough because functions taking only two values form a class that is not
broad enough for equicoerciveness, etc.

(3) What kind of “interfaces” should we consider? Surely, it cannot be too regular for
otherwise, we would have issues similar to (2).

To conclude, we would like to compute o explicitly. Recall that it is given by the
minimum value of

/thwm+w@ﬂdu

[e.e]

where v : R — [—1, 1] ranges in some class and satisfies v(+00) = +1. Notice that we
need v € L?*(R), but the condition v(d+00) = =+1 implies that v cannot possibly be in
L?(R) so the Sobolev space W12(R) is not good enough. There are further issues:

(a) Translation-invariance.

(b) A function with derivative in L?(R) admits a continuous representative. However,
the values at =00 might not be well-defined. In particular, if v,, is a minimizing
sequence converging in W12(Q) to some v, there is no way to guarantee that v
will also satisfy the condition at infinity.

The idea is to prove existence of minimizers in a completely different way, namely we
provide a lower bound on the functional and show that it is achieved by some v.

REMARK 6.15. Assume that v € C'*(R). The algebraic inequality (a + b)? > 2ab and
a simple change of variables s = v(t) allow us to conclude that

| o)+ ioF) a2 [ el
> /OO 27/ W (u(t))v(t) dt
= /_112\/W(s) ds = oy.

Now notice that the inequality is (a + b)? > 2ab is an equality if and only if a = b,
while |0| = v is true provided that v > 0. It follows that the optimal v is the solution of

o(t) = VW (u(t))
with the additional constraint that v(4-00) = =41, and it can be proved that it is of class C"*
and, depending on the regularity of 1/, even more regular.
2.5. Tools: finite perimeter sets. The first step is to introduce functions with bounded

variation. Let ) be a regular bounded domain in R? and define

BV(Q) := {u € L'(Q) : Du is a vector-valued measure},
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where Du is the distributional derivative of u. In other words, if u € BV(£2), then there
are (4 positive finite Borel measure and f unit Borel vector field such that

Du = fp,
as distributions, which can immediately be translated to the condition

/udiv(gb) dx = —/ ¢ Du = —/ ¢- fdu forevery ¢ € C2°(92). (6.5)
Q Q Q
A standard argument in functional analysis allows us to extend the class of test functions
to CL(Q). The space BV (1) is a non-separable Banach space with norm
[ully = llullcr@) + [[Dull = llullzr @) + #(€).
PROPOSITION 6.16. For every 1 < p < oo, the Sobolev space W'P(Q) is contained in
BV(Q).

EXAMPLE 6.17. Piecewise-C' functions are contained in BV(2). Let u : Q — R be
such a function, let Q); be disjoint open subsets of ) such that

M
UE:(L

with boundary 0X); of class piecewise- Cl and let u; € CY () be functions such that
u = u; in the interior of Q; forall i = 1, ..., m. We claim that

Du-ZVul LU+ ) (uj — winij - HM L (09 0 09y),

1<j

where L is the d-dimensional Lebsgue measure, H~! is the (d—1)-dimensional Hausdorff
measure and n; ; is the normal pointing from ; to §2;.

REMARK 6.18. The Sobolev space W11(Q) is a closed subspace of BV((2).

We now list a few well-known results concerning bounded variation functions. We need
some regularity on €2 so we will tacitly assume that OS2 is Lipschitz.

THEOREM 6.19 (Embedding). The immersion BV (Q)) — LP(2) is continuous for ev-
ery 1 < p < p* and compact for every 1 < p < p*.

REMARK 6.20. The Poincaré inequality for BV (2) functions works in the exact same
way as for Sobolev functions in W11(Q).

THEOREM 6.21 (Compactness). Let u,, be a sequence of functions such that ||uy, ||gv ) <
C < occ. Then (up to subsequences) u,, converges in L'(Q) to some u € BV (Q) and

Du,, — Du
in the sense of measures, that is, if Du,, = f,p, and Du = fu, then

[ ot = [ opau forato e o v,
Q Q
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Furthermore, we have
lim inf g, () > p(£2).

n—

THEOREM 6.22 (Approximation). Let v € BV(Q)). Then there exists a sequence

(Un)nen € C®(Q2) such that the following properties hold:
(i) u,, converges to u strongly in L'(Q);
(ii) Du,, — Du in the sense of measures;

DEFINITION 6.23. A measurable set £ C () has finite perimeter in € if the character-
istic function y g belongs to BV (€2). The perimeter of F inside of €2 is defined by

Per(E,Q) := ||Dxg|| = sup {/Ediv(¢) dz @ ¢ € CF(Q), ||d]|oo < 1}. (6.6)

EXAMPLE 6.24. If E C Qand OENQ is a C*-hypersurface, then E has finite perimeter
and its distributional derivative is given by

Dxg = —n-H7'L(OENQ),
where 1 is the external unit normal of E. Furthermore, the perimeter is given by
Per(E,Q) = H"H(OE N Q).

REMARK 6.25. It is worth noticing that the definition of perimeter in {2 does not take
into account the portion of the perimeter of £ which is on the boundary of (2.

REMARK 6.26. The compactness and the approximation results given for BV (2) func-
tions can be easily specialized to hold for finite perimeter sets.
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2.6. Tools: finite perimeter sets. Recall that, given £ C (), we denote by yg the
characteristic function of .

DEFINITION 6.27. A measurable set £ C () has finite perimeter in ) if the character-
istic function y g belongs to BV (Q2). The perimeter of F inside of €2 is defined by

Perg(FE) := ||Dxg|| = sup {/Ediv(gzﬁ) dz @ ¢ € CF(Q), |9l < 1} : (6.7)

EXAMPLE 6.28. If E C Q and OE N is a C* surface, then E has finite perimeter and
its distributional derivative is given by

Dxp=—n-H"'LOENQ),
where 1) is the external unit normal of E. Furthermore, the perimeter is given by
Perg(E) = H"H(OE N Q).
PROPOSITION 6.29. If HY"1(OE N Q) is finite, then E has finite perimeter and
Perq(E) < H©HOENQ) (6.8)

The inequality in (6.8), as the next example shows, can be strict as a consequence of
the fact that the distributional derivative “does not take into account what happens if we
modify a negligible set in £.”

EXAMPLE 6.30. Let E be the unit disk B(0,1) C ). If we remove the diameter; we
obtain a new set E C ) such that

HIHOENQ) < HEHOE N Q).
On the other hand, it is easy to prove that Dx g = Dx j so using (6.8) we conclude that
Perq(E) = Perg(E) < H'(OEN Q) < HHOE N Q).
REMARK 6.31. If E C Q and OF is H% !-finite, then E has finite perimeter in €2 but it

is not trivial to determine the distributional derivative.

In the next example, we show that finite perimeter sets can be rather “wild” since they
might have boundary which is not negligible w.r.t. the Lebesgue measure £¢.

EXAMPLE 6.32. Let B,, := B(x,,r,) C ) be a sequence of balls satisfying
Z rflfl < 00.
neN

The set E := |J, oy Bn has finite perimeter as a consequence of Proposition 6.29, but
depending on how we choose x,, several weird behaviors can arise:

(1) If (x)nen is dense in Q2 and |E| < |Q
boundary is given by Q2 \ E, and

0E| = |Q\ E| = Q| — |E| > 0.

, then E is dense in ), its topological
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(2) There exists a set E of finite perimeter in () such that the topological boundary of
E is equal to ().

The following compactness result follows immediately from the compactness of BV (£2)-
functions. Is | - | denotes the Lebesgue measure, notice that

Ixa — x5l = [AAB,
where AA B denotes the symmetric difference of the sets A, B C ().

THEOREM 6.33 (Compactness). Let E,, C €) be a sequence of sets with uniformly
bounded perimeter, that is,
Perg(F) < C < 0.

Then there exists a finite perimeter set /' C () such that up to subsequences
|EAE,| “=% 0.
Furthermore, the perimeter is lower semicontinuous:
Perg(F) < liminf Perg(FE,).
n—o0

EXERCISE 6.1. Find a Borel set A C (2 such that Perg(A) = oc.

THEOREM 6.34 (Approximation). Let E C 2 be a set with finite perimeter. Then there
exists a sequence of sets E,, C () with smooth boundary in () such that
|E,AE| =20

and
Perqg(E) = lim Perg(FE,).

n—00

The next result, known as structure theorem, is highly nontrivial and the proof requires
a great deal of geometric measure theory.

REMARK 6.35. For d = 1, any finite perimeter set is, up to a Lebesgue-null set, equal
to a finite unions of intervals.

DEFINITION 6.36. The d-dimensional density of E at x is defined by

wherever this limit exists.

DEFINITION 6.37. The measure theoretic boundary of E, denoted by 0, F, is the set
O0.FE :={x € E : either ©4(F, x) does not exists or it belongs to (0, 1)}.
THEOREM 6.38 (Structure theorem). Let E C () be a set with finite perimeter. Then
the following assertions hold true:

(i) The measure theoretic boundary 0, E is H '-finite and rectifiable (=it can be
covered, up to a H**-null set, by countably many hypersurfaces 3; of class C1).
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(ii) For almost every T € O, E, there exists v(Z) such that
H(z)={zeR?: (z—2) v(z) <0}
satisfies the property
|(H(z)AE) N B(z,r)| < r?.
In other words, the density of H(z)AFE at T is equal to zero and, consequently,

1
@d(E7 Zf') - 5

The vector v(T) is usually called measure-theoretic outer normal of E at .
(iii) The distributional derivative of x g is given by
Dxg=-v-H"'L(0,.ENQ).
2.7. Tools: coarea formula. Let v : Q@ — R be a function of class C! such that
Vu(x) # 0 for all z € 2. For every t € R, we can consider the C'* hypersurface
Yp={x e Q : uzx) =t}

THEOREM 6.39 (Coarea). Let h : ) — [0, 00| be a positive' Borel function. Then

[ ([ @) ae= [ h@ivu)a ©9)

The proof of this result is left to the reader as an exercise. Notice that it can be easily
proved under these assumptions using a change of variables to reduce to Fubini’s theorem.

REMARK 6.40. The assumption Vu(x) # 0 that makes X, a regular surface is not
necessary, but proving the identity (6.9) is harder because we cannot reduce to Fubini.

REMARK 6.41. The assumption v € C*! (€2) is not necessary and, in fact, we can replace
it with Lipschitz. On the other hand, being differentiable a.e. is not enough - dealing with
less regularity is no easy task (nut it should be true if W!(Q)) for p > d).

REMARK 6.42. The coarea formula for bounded variation functions holds, but it is
necessary to change the definition of >, accordingly.

2.8. I'-convergence result. Let us go back to the Ginzburg-Landau scalar model but,
for the sake of simplicity, we will assume that the double-well potential

W:R —[0,00)

is a continuous function and satisfies W (u) = 0 when v = 0 (instead of u = —1) and
u = 1. For € > 0, recall that the energy is given by

Fe(u):/Q[W(u)—i-62|Vu]2} dz.

TAs usual we require the integrand to be positive for the integral to be well-defined and taking values in
[0, o0].
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We mentioned earlier that the I'-limit of £ is not interesting so we consider the rescaled

functional
1 1
E.(u):=-F.(u) = / [—W(u) + e[Vu]Q} dz.
€ QO €

Recall that we consider the constraint , udz = m, where m is a fixed number in (0, 1)
and notice that moving the well from u = —1 to u = 0 changes the value of o to

00—2/01\/st.

The following theorem was proved by Modica in 1987, but the result is usually referred
to as Modica-Mortola theorem because it is primarily based on the method introduced by
them in a paper in 1978.

THEOREM 6.43 (Modica-Mortola). Let us consider the functional space
X={u:Q—101] : ][udx:m}ng(Q)
Q
equipped with distance induced by the L' (Q) one. For ¢ > 0 and u € X define

0 %W(u)+e|Vu|2 dz ifu e Wh?(Q),
E.(u) = I [ }

00 otherwise

and

ooPerq(A) ifu=xa € BV(Q),
E(u) =
00 otherwise.

. . . . . r
Then E. is a equicoercive family of functionals and E. — E as ¢ — 07,
COROLLARY 6.44. Minimizers . of F, converge in L*(Q) to minimizers u of E.

Notice that the functional /~ admits a minimizer because we can apply lower semicon-
tinuity and compactness results for finite perimeter sets.

PROOF OF THEOREM 6.43. We can assume u, € C*°({2) because smooth functions
are strongly dense and F. is continuous with respect to the strong topology.

Step 1. We shall now prove equicoerciveness and the I' — lim inf inequality contem-
poraneously. Let u. € X be a sequence of functions such that

E(u) <C <o

for a uniform constant C' > 0. Then (up to subsequences) u, converges in L'(£2) to some
u € X and we have the inequality

liminf E.(u.) > E(u).

e—0
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Using the algebraic inequality a® + b? > 2ab we find that

E(uc) > / 2/ W (u.)|Vue| dz.
Q
If H : R — R is a function satisfying H(0) = 0 and H (u) = /W (u), then
E.(uc) > 2/ H(u.)|Vue| dz :/ \V(H o u.)|dz.
Q Q

Now denote H o u, by v, and notice that the inequality above implies

HVUGHLl(Q) < C < o0,
where C'is a uniform constant. Since BV ({2) has good compactness properties (see Theo-
rem 6.21) we have

[ve — vl =20 and liminf |V g1 > [|Do].
e—0

The limit function v € BV(Q) may not be in W!(Q) so we need to use the distributional
derivative Dv. In any case, this implies that

ue = H ' (v,) L@, = H(v)

and, consequently, we conclude that
/I/VuE dx—>0:>/W ))der =0 = u = xa.

Since v = H o u takes the values H(0) = 0 and H (1) = oy, we necessarily have

U =00XA
and, given that v € BV(£2), the set A must have finite perimeter. The I — lim inf inequality
is now easy since

liminf E, () > liminf/ Vo2 dz > | Dol
Q

n—oo n— oo
and || Dv|| = ogPerq(A).

Step 2. We can find a recovery sequence for functions of the form u = y 4 with 0A
smooth and transversal to Jf2 as a consequence of Theorem 6.34. If

m@wzv<%§@>7

where v is the solution of ©(s) = /W (v(s)) with boundary conditions v(—oc0) = 0 and
v(o0) = 1, then it is easy to show that

lim E(ue) = E(xa),

e—0

and this concludes the proof. 0




CHAPTER 7

Rearrangement inequalities

I will write the introduction after the chapter is complete!

1. Introduction

Let A C RY. Throughout this section we will always denote by | A| the volume (w.r.t.
the Lebesgue measure) of the set A.

DEFINITION 7.1. The symmetric (or radial) rearrangement of A, denoted by A*, is the
open ball with center zero and volume |A|. In other words,

A= {z e R? : wylz|? < |A]},
where wy is the volume of the unit ball in R.

DEFINITION 7.2. Let u : R? — [0, 00] be a measurable function. The symmetric
decreasing rearrangement of u is the function u* : R? — [0, o] such that

{z eR? : w*(z) >t} = ({z eR? : u(z) > t})* (7.1)
holds for all ¢ > 0.

REMARK 7.3. If we require u to take values in [—o0, 0], we can define the symmetric
increasing rearrangement by simply replacing superlevels with sublevels in (7.1).

REMARK 7.4. It is possible to define the decreasing rearrangement of a measurable
u : RY — [—o00, oc] that is finite a.e. using the distribution

du(s) : [0,00] = [0,00]
defined as d,(s) := [{x € R? : f(z) > s}|. The decreasing rearrangement (which is not
symmetric anymore) is the function

a(t) == inf{s € [0,00] : d,(s) < t}.

It can be proved that it shares several properties with the symmetric rearrangement intro-
duced above, but we will not discuss it any further in this course.

REMARK 7.5. Let u*(z) be the symmetric rearrangement of u : R — [0, 00]. Then
there exists a radially symmetric function p : [0, c0) — [0, oo] such that

u*(x) = p(lx]).
Furthermore, the function p is decreasing and left-continuous.
121
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We conclude this section with a final remark.

REMARK 7.6. The definition can be extended to any  C R¢ and u : Q — [0, 0o], but
we usually introduce u* to compare it with u so we would like to have

=0

This means that either € is R? or €2 is an open ball centered at the origin 0.

2. Main properties of the symmetric rearrangement

The goal of this section is to study the main properties of the symmetric rearrangement
which will later be useful in a couple of applications.

REMARK 7.7. We denote by E;(u) the superlevel of u, that is,
Ey(u) :={x e Q : u(z) >t}
in such a way that the following identity holds by definition:
(Ee(u)* = Ey(u”).

In what follows, we will always assume that v and v are measurable functions defined
on R? taking values in [0, co] so that the symmetric rearrangement is well-defined.

PROPOSITION 7.8. If u > v, then u* > v*.
PROOF. If u > v, then E;(v) C E;(u) for all ¢ > 0. This immediately implies that
Ey(v") = (Ey(v))" € (Ey(u)” = Ey(u),
which, in turn, gives u* > v* as claimed. OJ

THEOREM 7.9. Let u be as above and let g : [0,00) — [0, 00| be a lower semicontinu-
ous function with g(0) = 0. Then

/R glu(r)) dr = / g (w)) . (12)

PROOF. We divide the proof into two steps: we first prove (7.2) under additional regu-
larity assumptions and then we reduce the general case to it by approximation.

Step 1. Assume that g € C*°([0, 00)) with compact support spt(g) C (0, 00) so that it
stays away from origin and oo. For every s > 0 we have

so taking s = u(x) yields

u(z) u(z)
o) = [ it — [ guyar= [ ao [ g ar

Rd
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By Fubini’s theorem (which we can apply thanks to the extra assumptions on g) we find
that

/Rdg(“(x))df - /0 RO,
- /ooog(t”Et(“*)' dt = /R g(u(2)) da

and this concludes the proof.

Step 2. We use the usual approximation via an increasing sequence of functions g,, and
use the monotone convergence theorem to conclude that

[ ontu)de 2= [ glula)) da

and
/Rd gn(u(z)) dx LA g(u*(z))da.

Rd

O

COROLLARY 7.10. Forall 1 < p < oo the symmetric decreasing rearrangement pre-
serves the LP-norm, that is,

|| Loy = ||| Lo (a)- (7.3)

THEOREM 7.11. Let u and v be as above and let h : R — [0, 00| be a lower semicon-
tinuous, even and convex function with h(0) = 0. Then

/R h(u(r) — o)) do > / B (z) — v (x)) da. (7.4)

R4

PROOF. We divide, once again, the proof into two steps assuming at first more regular-
ity and then using an approximation argument to conclude.

Step 1. Assume that b : R — [0,00) is even, convex, belongs to the class C* and
h(0) = 0, and notice that ~2(0) = 0 as well. Given s’ > s > 0 we have

s’ s’ t/
h(s'—s) = / h(t' —s)dt’ = / dt’/ h(t" —t)dt.

Taking s’ = u(z) and s = v(z) leads to

u(x) t
h(u(z) —v(z)) = /( | dt’ /( )h(t’ —t)dt.

Let AT = {z € R? : u(x) > v(x)} so that the identity above holds for all z € A*. Then

| htate) = eopac = [ [ / (()) a | () (' 1) dt] da
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and it is rather easy to see that in the right-hand side = ranges in Ey (u) \ E;(v). We now
apply Fubini’s theorem and find that

/ h(u(z) —v(z))de = // h(t"—t)|Ep(u) \ E(v)| dt'dt.
A+ 0<t<t' <00
If weuse A~ = {x € R? : u(x) < v(z)} instead of AT, we obtain a similar identity:
/ h(u(z) —v(z))dz = // h(t' —t)|Ey(v) \ Ey(u)|dt'dt.
- 0<t<t' <o

The decomposition R = A+ U A~ immediately implies that

/ h(u(x) — v(z)) dx = // h(t' —t) (|Ey(u) \ Ey(v)| + |Ey(v) \ Ey(u)|) dt'de.
Rd 0<t<t'<o0
We now notice that, given A and B sets in R, it is always true that

|A\ B| > (|A] = 1B])",

where (-)* denotes the positive part of the quantity between brackets. On the other hand,
the rearrangements A* and B* are balls centered at the origin so

(1A = 1B*)" = [A"\ B
because they are contained one inside the other. In particular, it turns out that
| B (u) \ Ee(v)] > (|EBe (u)| = [E(v)])
= (|Bv(u”)] = [E(v7)])"
= |[Ey(u) \ Ey(v")],
and, similarly,
|Ev(0) \ Ex(u)| = [Ep (%) \ Ex(u”)].
Since we proved already that

[ @=venae= [ ) () \ B @)+ B\ B drat

we simply put these last two estimates together to obtain (7.4).

Step 2. We use the usual approximation via an increasing sequence of functions h,,
and use the monotone convergence theorem as above. U

COROLLARY 7.12. The symmetric decreasing rearrangement % is a contraction from
LP(RY) to LP(RY) forall 1 < p < oo, that is,

v — vl Lo@ay > [|u* — v || Lo (Ra)-

THEOREM 7.13. If u € WYP(RY) with p > 1, then uv* € WYP(RY). Similarly, if
u € BV(R?), then u* also belongs to BV (R?).

THEOREM 7.14. Let 1 < p < oo and let u € WP(R?), 1 < p < oo. Suppose that
f:]0,00) x [0,00) = [0, 0] is a function satisfying the following properties:
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(1) f is lower semicontinuous in both variables;
(2) f(u,-) is convex for all u € [0, 00);
(3) f(u,0) =0 forallu € [0,00).
Then
/ f(u, |Vul|) dz Z/ fu*, |Vu]) de. (7.5)
R4 R4
PROOF. Assume enough regularity for u and f. Since f(u,-) is convex we can find
coefficients a, b depending on both w and £ such that
flu, &) >aé —b forevery € € [0,00) and f(u,&) = a& — b.
Let u = u*(z) and £ = |Vu*(z)|. Then
Flu (), [V (@)]) = a(u (), [Vu* (@) Vu* (2)] = bu* (), [Va* (),

but it can be readily checked that a and b only depend on u* because the gradient of radial
functions has modulus which is radial as well. Then

[ @9 @hds = [ aw@)ve@lde = [ @),

R4
and we can apply (7.2) to conclude that

/R b(u*(«)) da = / b(u(z)) da.

R4
To deal with the other integral we use the coarea formula and write

/ a(u*(z))|Vu*(z)|dz = / a(t) dt/ dH !
Rd 0 Zt(u*)
= / a()HT (D, (uh)) dt,
0
where ¥, (u*) is the level surface of u*, namely

Yi(u*) ={x € R* : u*(x) =t}.
Since ¥, (u*) is the boundary of E;(u*), we can apply the isoperimetric inequality to assert
that
|Be(u")| = | Ee(u)] = HTH(Be(u")) < HTH(Si(w))
because F;(u*) is a ball so its perimeter is the smallest one for fixed volume. This means
that

/ At M (5, (w)) dE < / (O H (5 () dt
0 0
and applying coarea formula again to the right-hand side we find that

/O N a(tyH (B (u)) dt = /]R a(u(@))| V()| dr.

Putting everything we proved so far together leads to (7.5). U
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COROLLARY 7.15 (Pélya-Szego). For 1 < p < co and u € WHP(R?) we have
IVull Lo ey > ([ VU || o (ay.- (7.6)

2.1. Application: best constant for Sobolev embedding. It is well-known that
||u||LP*(]Rd) < OHVUHLp(Rd)

for all u € C°(IR?), so we can also extend it to the closure of C°(IR?) with respect to the
seminorm || Vul| .p(gay. The sharp constant C' > 0 is given by
[l o (R9)
sup  T—————.

ueC (RY) HVUHLP(Rd)
However, applying (7.6) and (7.3) immediately implies that we can take the supremum
among radial functions. Determining the right v and the value of C'is particularly important
in several fields of mathematics such as analysis of PDEs.

2.2. Application: first eigenvalue of —A. Let ) be a bounded set in R%. Then

@) = e Ve
wew2@) vl 2@
is the first eigenvalue of the Laplacian in (2 with Dirichlet boundary conditions. It is easy
to see that
A7) < A(Q)
so for a fixed volume m of (2 the optimal eigenvalue (i.e., the smallest possible) is achieved
by the ball.



CHAPTER 8

Isoperimetrical Inequalities (by Aldo Pratelli)

I will write the introduction after the chapter is complete!

1. Introduction to finite perimeter sets

Given m > 0, we would like to solve the problem of minimizing the perimeter for a
given area, that is,
J(m) := min Per(F), (8.1)

|[El=m
where E ranges among all sets in RY. A priori there is no reason why a minimum should
exist, but we will soon see that any ball of volume m works.

REMARK 8.1. The minimization problem (8.1) is translation invariant. In other words,
it is easy to see that
J(m) = Per(E) = J(m) = Per(E + )
for all x € RV,

Before we can go any further, we need to establish what we mean exactly by “perime-
ter”. It could seem a good idea to define

Per(E) = HN1(OF),

where OF is the topological boundary of F but, as the next example shows, this is a good
definition only for sets £ with boundary smooth enough.

EXAMPLE 8.2. Let E be the unit disk B(0,1) C RY. If we remove the diameter, we
obtain a new set E C RY such that
HN_I(ﬁE) < HN_I(aﬁ).
This is a situation that we would like to avoid, so the idea is to use bounded variation

functions as “the characteristic will not be able to see that the diameter was removed.”

DEFINITION 8.3. A set E C R" has finite perimeter if yz € BV(R"). The perimeter
of E is given by the total variation of the distributional derivative, that is,

Per(E) := |Dxg|(R"). (8.2)
REMARK 8.4. If E has finite perimeter and Lipschitz boundary, then the distributional
derivative is given by
Dxp = —vg-H""(0F),
127
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and therefore the total variation coincides with the naive notion of perimeter:
|DxE|(RY) = HYH(0E).

EXAMPLE 8.5. If E is the unit disk B(0,1) C RN and F the set obtained by removing
the diameter, then it is easy to see that

[Dxe|(RY) = |Dxz|(RY) = Per(E) = Per(E).

REMARK 8.6. The situation can be much more complex. If E is a ball and E the set
obtained from E by adding all hyper-planes with a rational coordinate, then

Per(E) = Per(E),
but the topological boundary changes drastically dF is the sphere and OF the whole RY.

The notion of topological boundary is therefore not good in this setting and must be
replaced by a different one. The idea is to find it in such a way that

Per(E) = HY 10" E)
holds even if E is not regular, where 0* F is the “new boundary”.

DEFINITION 8.7. Let E be a set of finite perimeter. We say that x belongs to the
reduced boundary of E, denoted by x € 0*E, if there exists v € SV ~! such that

+ —
BT E@I0B) L (B anB)
1B (e 1B (w0

where Bt and B~ are respectively defined as
Bt (z,e) = {y € B(z,¢) : (y—x)-v >0},
B~ (z,¢) ={y € B(z,¢) : (y—x)-v <0}
In this case, the unique v achieving this will be called outer normal to 0*F at x.
THEOREM 8.8. Let E be a set of finite perimeter. Then
Per(E) = HY (0 E).
DEFINITION 8.9. The N-dimensional density of E' at z is defined by

. |EnB(z,r)]
E = lim ————=—
OnE o) = I Bt )

wherever this limit exists. We shall denote by E? the set {p € E : On(E,p) = d}.

REMARK 8.10. If £ has finite perimeter, then the characteristic function x g belongs to
LY(RY). It follows that H"-a.e. p € F either belongs to E° or E'.

COROLLARY 8.11. Let E be a set of finite perimeter. If p € O*E, then p € E3.
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For a general set £ C R”" we have the chain of inclusions (that would be equalities
with some regularity assumptions):

O°EC FE: CRY\ (E°UEY).
It is not completely trivial, but it can be proved that these are at most different up to H™¥ -

negligible sets of points.

2. Existence of minimizers

Let us take a step back in the previous section and consider the functional we are inter-
ested in minimizing, that is,

J(m) := inf{Per(FE) : |E|=m, E C RV}.

Notice that J(m) > 0 but, a priori, it may only be an infimum. Furthermore, for all z € RY
and A > 0 we have

|E+ x| =|E| and |\E+z|=\"|E|
The perimeter is translation invariant but scales with a different factor, that is,
Per(AE + z) = AN "'Per(E),

so it is enough to solve the isoperimetric problem for a fixed value of m = 1 and find the
value of the minimum for all m > 0 using the identity

J(m) = m%J(l).

2.1. Existence, Part I. Let E; be a minimizing sequence for .J(m), namely they sat-
isfy the volume constraint | E;| = m and

Per(E;) N\, J(m).
The sequence x g, is contained in BV(R™) and it is uniformly bounded because
IXE, |1 ®yy =m and Per(E;) < C < oo
as the sequence of perimeters converges to .JJ(m) as real numbers. By compactness
xe, — f
for some f € BV(RY) in the weak sense of measures (up to subsequences). However, this
implies the strong convergence in L;. (R") and hence
LilOC
XE]' — f
This gives pointwise convergence a.e. starting from functions that only take values in {0, 1}
so f is also the characteristic function of some set £. Furthermore, we have

[Dxel(RY) < lim inf | Dy, [(RY) = lim inf Per(E;) = J(m)

so E has finite perimeter which is less than or equal to J(m) so, if F has volume m (which
is not true in general), then F is the desired minimum point.
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Before we can go on with the proof of the existence, we need to find a reasonable way
to modify the sequence £; in such a way that the limit has volume exactly equal to m.

REMARK 8.12. Let ¢ > 0 be fixed, F C R and consider a section {(x,...,1,) €
F : xy =t} satisfying
HN_I(Ft) S €.

The section divides F in two parts, the left one F; given by {x € F' : 1 < t} and the right
part F,. givenby {x € F' : x1 > t}. Itis easy to verify that

N—

Per(F) > Per(F,) + Per(F,) — 2¢ > J(1) [w% LR = 2
If we assume that Per(F) < J(|F|) + 1, then it follows that

N—
N

N-1 1 N—1
J) |[FI* =[RS = B | 2 =36
Using the sub-additivity of the function f(x) = 2"~ we find that
No1 N1 No1
[EI < [E[ 4 [E
which in turn implies that there must be some positive § = §(€) such that
min{|Fy|, |F.|} <.

In other words, the volume of one of the two parts must be close to zero, that is, less than §
where § — 0 ase — 0.

2.2. Existence, Part II. Up to a translation we can always assume that

1By N {z, > 0} = %

If € > 0 is given, then for all j big enough it turns out that
Per(E;) < J(m) +e.

By Fubini’s theorem we can always find 0 < ¢ < 5* such that

HYYWE; N {z, =t}) <,

and by Remark 8.12 there is 6 > 0 such that

|E; N {zy >t} <.

Notice that it cannot be the left part because ¢ is positive and we already know that there is
m/2 mass in the interval ¢ < 0. Therefore

m
€
and, in a similar fashion, one can prove that

‘Ej N {xl < —@H < 4.

c =
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In both cases, the number § does not depend on j. If we do the same for all directions in
RY, then we easily find that

N
En -2 2]

€ €

>m — 2NJ.

We have strong convergence in Li (R") so inside these boxes the convergence is strong,

and therefore it suffices to notice that

= lim >m — 2NJ.

m m]N
Jj—00

E| > 'Eﬂ [——,—

m m]N
€ €

B[
J € €

The arbitrariness of € allows one to conclude that | E'| > m — 2N and, by taking the limit
as € — 01, we easily obtain

|E| >m = |E|=m.

3. Symmetries in minimizing the perimeter

Let £ C RY be a set of finite perimeter, let II be an affine (N — 1)-dimensional
hyperplane and define the two half-spaces RY and R” in such a way that

RY\ I =RY URY.
Assume that
|ENRY| = |ENRY|
and define E~ and E™ as the two set symmetric sets with respect to II, that is,
Et :=RYNE)UrRYNE)

where 7 is the symmetry reflects (RY N E) with respect to the hyperplane II, and in a
similar way we can define £~. Notice that

[E] = |EY[ = |E7|
holds by construction.

PROPOSITION 8.13. Let E be as above. Then

Per(E) > Per(E*) + Per(E™)
> 5 :

PROOE. First, notice that the reduced boundary of £ satisfies
FETCRYNIE)UrRYNO*E)U(IINI*E)
where 7 is the symmetry defined earlier. Replacing RY with RY we find a similar inclusion
for the reduced boundary of ££~, which leads to
Per(ET) 4+ Per(E™) <2 [HYN ' RY NO*E) + HYN {RY NO*E) + HY{IIN O E)]
= 2Per(F),

and this concludes the proof. U
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REMARK 8.14. Suppose that £t has smaller perimeter. Since F and £ have the same
volume, the previous proposition tells us that £ is a better candidate for

min {Per(4) : ACRY, |[A|=m}.

We can use any bisecting hyperplane and, in particular, the coordinate ones, to infer that £
can always be replaced by its /NV-symmetrization.

4. Steiner symmetrization
Let E C R be a set and for HV"!-a.e. z € RV~ define
E,={teR: (z,t) e E} CR.

The set £, is well-defined H'-almost everywhere (thanks to Fubini’s theorem), and there-
fore we have a function ¢ : RV~! — R such that

p(x) = H'(Ey).

DEFINITION 8.15. The Steiner symmetrization of E is the set

E:Z{(x’,t)e]RN : —@<t<%w/)}.

We will now study the main properties of Steiner symmetrization. It is worth remarking
that it is useful in the minimization problem because it does not increase the perimeter.

PROPOSITION 8.16. Let E be the Steiner symmetrization of E. Then

Per(E) < Per(FE).
PROOEF. Suppose |E| < oo.

Step 1. Let {E;};cn be a sequence of smooth sets such that xz, — xp in L'(RY),
Dxg, —* Dxg in the weak sense of measures and

Per(E;) 2% Per(E).

Now recall that the perimeter is lower semicontinuous and y B X in LY(RY) as a
consequence of x g, — xg. It turns out that
Per(E) = lim Per(E;)
Jj—00
> lim inf Per(E})

j—00
> lim inf Per(E;) > Per(E)
j—00
so we only need to prove the thesis for smooth sets.

Step 2. We now assume that F is a smooth set of finite perimeter with at most a finite
number of points with vertical tangent at the boundary, that is,

{r €0E : v(z) e RV Y ={my,... 2.}
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We can consequently find finitely many disjoint open sets A, C R ~! and associate to each
one a number k(¢) defined as the number of “sections” in which the set

(AgXR)ﬂE

is divided as a consequence of the fact that some of the points with vertical tangent will
also be in A,. Thus for all £ we can find smooth functions g;',, g;, : A, — R such that

9140 < gfr,z <Gy < < glj(é),é
and (A, x R) N E is contained in the following union of graphs:

k(0)
|J (graph(g;,) U graph(g;,)) -

i=1
In other words, the reduced boundary 0*F is locally the graph of a smooth function and
the perimeter of £ can be written as

Per(E) = HN ! (8*E N (U Ay x R)) .
V4
‘We now notice that
Y (@) w e AY) = [ (14 VgR) a7 )

and the right-hand side integrand (1+|Vg|?) is a strictly convex function of ' so it satisfies
the following inequality:

VIFIVGP+/1+ Vg P \/1 WZIE: |v9—|>2
2 - 2 ‘

We can now use the perimeter formula above with Ein place of E. In particular, it is easy
to prove that

HNTH(O"E N (A x R)) =2 /A \/@ AHN ()
< 2/A \/1+ <|Vg+| ; |Vg_|)2dHN1(x’)

< [ [VITIGP+ VI+ Vg P] an¥ (s,
Ay

assuming that k(¢) = 1 and noticing that p(z') = g7 (2') — ¢~ (2’) so that Vp(2') =
Vgt (2') — Vg (2) and

V(2] < [Vg™ (@) + [Vg~ ()]
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A similar argument works for k£(¢) > 1. Since there are only finitely many A, we obtain
similar estimates for all ¢ and put all together to conclude that

Per(E) < Per(E),
proving the theorem. O

REMARK 8.17. The functions used above are strictly increasing and strictly convex.

REMARK 8.18. Suppose that () is a smooth cube (i.e., a cube with smoothened ver-
texes) and add a “small” cubic perturbation on one of the sides obtaining (),,. Then

Per(Q,) = Per(Q,),

but after the Steiner symmetrization the set Qp only moves the perturbation to look “more
symmetric” but it does not get absorbed to become once again a smooth cube.

At this point, we would like to say that all the sections are segments, but this is only
true in the smooth case as we show in the next lemma.

LEMMA 8.19. Let E be a smooth set with no vertical points at the boundary and let
I':= {2’ e RN"' : E, consists of at least 2 segments,

where “consists of at least 2 segments” is a well-defined notion up to a H"2-negligible
set and can be written as

H(0*Ey) > 2.

Then there exists a continuous and increasing function 1) such that 1)(0) = 0 and ¢ (x) > 0
for all x > 0 for which the following perimeter estimate holds:

Per(E) > Per(E) + Per(E) - (7;6;—(15))) . 8.3)

COROLLARY 8.20. If E C R¥ is a set of finite perimeter, then

Per(FE) > Per(FE).

PROOF. Let E; be a sequence of smooth sets with no vertical points at the boundary
such that g, — xg in LYRYN), Dy g; —" Dxg in the weak sense of measures and

Per(E)) Emia Per(FE).

Notice that
lim inf HNH(T;) > HYH(D),

Jj—00
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but the right-hand side is actually equal to the limit the sequence H"~!(T';). In any case,
using (8.3) and the properties of 1) we find that

Per(E) = lim Per(E;)
j—o0

> lim {Per(E}-) + Per(E;) - v (%)}

> lim inf Per(E;) + liminf |Per(E;) - ¥ HYTHTY)
T j—oo J j—00 J Per(E])

~ N-1 )
e s e ()

< bex(E) + Pe(E) - 6 (lim infj;eoro(g) B (Fj))

_ HN -1 (F)
> Per(E) + Per(E) - —_—
> per(B) + Par() v (2 ).
where the last inequality follows from ¢ increasing. Since 1)(z) > 0 for all z > 0 we easily
conclude from this estimate that

Per(E) > Per(E).
O

COROLLARY 8.21. Isoperimetric sets are convex. In other words, if E is a minimum
point, then the set of points with density 1 (denoted by E") is convex.
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In the previous lecture, we stated (without proof) the following lemma, which gives a
precise estimate of the difference between the perimeter of £ and the perimeter of E.

LEMMA 8.22. Let E be a smooth set with no vertical points at the boundary and let
I':= {2/ ¢ RN"' . E, consists of at least 2 segments},

where “consists of at least 2 segments” is a well-defined notion up to a H" ~2-negligible
set and can be written as

(0 Ey) > 2.

Then there exists a continuous and increasing function 1 such that 1)(0) = 0 and ¢ (z) > 0
for all x > 0 for which the following perimeter estimate holds:

Per(E) > Per(E) + Per(E) - ¢ (%(15))) . (8.4)

We also stated and proved a corollary that holds for set of finite perimeter so it now
only remains to show that (8.4) holds for smooth sets.

PROOF. Let 7(t) := /1 + ¢? and recall that the perimeter of E can also be written as

Per(B) = 2 / . (M) AHN (),
RN -1{p(a’)>0} 2

while the perimeter of £ is slightly more complicated and equal to

q k()

Per(E) = [ ST I + (V)] a1 )

>0} j=1 i=1

where ¢ is the number of disjoint sets A, and k() is the number defined in the previous
lecture. Remember also that

q k()
p(r') =Y g5 + gy (2] |

j=1 i=1

so we have an easy estimate on the absolute value of the gradient of ¢:

q k()
Vo) <Y 0N [IVgh )] + Vg, ()] -

j=1 i=1
Using the strict convexity of ¢ for a fixed 1 < j < ¢ we find that
k(5) Zk(j) |V + /0 — (o
_ ‘ o1 IVg (@) + Vg ;(@)]
>~ [V, + (Vg7 @) ] = 2k()r ( L S }

=1

7t

= 2 )T( 2k(j)
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Summing over all possible j’s, we find the following inequality:

q k()

ZZ T(|Vg (")) + 7(|Vg; (@' ZQ!{: (’VSD(( ))’) .

7j=1 =1

There are now two possible scenarios. If k(j) = 1 for all j, then we simply obtain
Per(E) > Per(E),

which was already known. On the other hand, if k£(j) > 2 for some (at least one) j €
{1,...,q}, then we find a more precise perimeter inequality:

Per(E) — Per(E) > /F [47 (W) — 27 ('V@—Q@Mﬂ dHN ()

We now introduce a positive and strictly decreasing function f in such a way that the right-
hand side can be rewritten in a more compact way. More precisely, let f be such that

[ () —r (7)) =t = [ w1

Notice that f(0) = 2 and lim,_,, f(s) = 0. Consider the decomposition ' = 't UT"~ in
such a way that the measures are equal, that is,

HNI(D)

HETHET) =1 (IT) = —

It is easy to verify that |Vo(2')| > |[V(y')| forall 2’ € I't and all ¥/ € I'~. Therefore, we
can find a positive constant M such that

V()| =2 M = [Ve(y)]
forall 2/ € T and all 4/ € I'~. This means that

(VY i 2 () o

Per(E) > Per(E) > 2 / : 5

T+

and, given that 7 (%) > %, we obtain an upper bound for M:

2Per(FE)
M < H T

Since f is strictly decreasing, we can use this bound to say that

o0 s 1 (20,
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To conclude, we put this together with the estimate on the difference between the perimeters
obtain above to find that

Per(E) — Per(E /f Ve(2)]) dHN ()

zf(M)w

2Per(E) \ HNHT)
= (HN—l(F)) 2Par(E) )

In particular, the desired inequality (8.4) is obtained by choosing 1 as

ot = f (%) .

The function v satisfies all the required properties and hence Lemma 8.22 is proved.  [J

REMARK 8.23. The same formula (8.4) can be proved for finite perimeter sets using
the approximation by smooth sets with no vertical points at the boundary.

5. The isoperimetric set is a ball

The final goal of this section is to prove that the set with the minimal perimeter for a
fixed volume is the ball. First, we need a technical result:

LEMMA 8.24. Let E be a isoperimetric set which is symmetric with respect to the origin
(any point would be fine). Then E is a ball.

PROOF. Throughout this proof, we will always use the symbol E to denote E*, the set
of points with density one. In particular, we can assume that £ is convex.

Step 1. We first notice that (due to our assumptions) there exists a function £ : SV~ —
R such that for all § € SN¥~! we can write

E'NR-0 = [—0(0),0)] - 0.

In other words, ¢ describes the segment in £' with direction given by 6. Fix §,v € SV-!
with 6 - v > 0 and let II be the hyperplane passing through v such that

(Span(4,v))* C IL

Then II bisects £ (i.e., it divides £ in two halves with same volume) which is symmetric
w.r.t. the origin, so we can divide it as in the previous lecture:

E=FE"UE".

Now let P = ¢(0) - # and () be its symmetric with respect to II. Denote by E’ the set
obtained by symmetrization (w.r.t. II) starting from the half-space that contains P, that is,

PeRY = E' =E"Upn(E"),
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where pry is the reflection with respect to II (and similarly if P € R”). Then E’ is isoperi-
metric and both P and () belong to the boundary 0E’. Moreover, for A € (0, 1) we have

AP, AQ € (E')!
and, more precisely, the whole segment with extrema AP and \() does:
AP,AQ) C (B

Now let R := # € II and notice that AR € (E’)!. Since E’ coincides with F on one
half of the space, it also turns out that AR € E has density one. It follows that

() > |R| = €(0) - v (8.5)
foralld,v € S¥ ! such that§ - v > 0.

Step 2. Let us consider a finite number of directions 6;, 1 < ¢ < M, in such a way that
0y = 6, 03y = v and for all 7 we have

6; € Span(v, ).
Let o € S! be the angle between 0 and v in such a way that
0 - v =cosa.

It is easy to verify that the scalar product between any two consecutive directions is

92‘ . 0i+1 = COS (%) s

so using (8.5) a finite number of times yields

((v) = ((Bar) > (Bar-) cos () > 1(6) cos (%)M |

If we send M — oo, we find that
U(v) > L(0) = L(v) =L(0),
which means that ¢ is a constant function and therefore E is a ball. OJ

THEOREM 8.25. Let E be an isoperimetrical set. Then E is a ball.

PROOF. Up to translations we can always assume that
|[EN{z, >0,...,2; >0} =277|F| foranyl<j<N.

Now E! is isoperimetric because {z; = 0} bisects E, where E' is the symmetrization of
the right part, that is,
{z e RN : (2], 22,...,25) € E}.
Similarly, the second hyperplane {25 = 0} bisects F; (although it may not bisect £, and
hence the set
E? = {x e RY : (o], |2o|, 23,...,2n5) € E}
is isoperimetric as well. We can iterate the argument to find that

EN:{$ERN . (‘xlla-"7’xN’)€E}
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is 1soperimetric. Furthermore, by construction it is symmetric w.r.t. the origin (actually,
something more), so we can use Lemma 8.24 to infer that E* is a ball. Then

Eﬁ{(IJ1>O,...,IN>O}

is also a ball and, since we can do the same for all possible quadrants of the space RY, we
immediately conclude that F itself is a ball. U

6. Generalization to more than one set: clusters

Let m € (RT)M be a M-tuple of real positive numbers. The goal of this section is to
minimize the functional

M
HN! (U G*Ei>
=1

among all sets E1, ..., Fy C RY with empty intersections (E; N E; = () and satisfying
the volume constraint |Ey| = my, ..., |Ey| = myy.

REMARK 8.26. The problem is nontrivial. Suppose that M/ = 2 and take two disjoint
balls that satisfy, singularly, the isoperimetrical problem with masses m; and ms. If we
move them closer and closer, we notice that the parts of the boundaries around points
which are almost “in contact” look flatter and flatter. Therefore, we are essentially counting
the perimeter of these flat parts twice (once for each ball), and this is obviously not so
convenient. In particular, the solution to the clustering problem is not a disjoint union of
balls but rather (?) a figure obtained by merging them so that the issue above does not arise.

6.1. Existence of a minimizer. Fix m € (RT)M. We shall denote clusters by italic
letters as follows

g - {El,...,EM}.
We will also say that £ has mass m and write |E| = m if and only if

|E;| =m; foralll <i< M.

We would like to find an optimal cluster £ := {F}, ..., )} that achieves the minimum
of the variational problem

J(m) = |51\Iifm Per(&), (8.6)

where the perimeter of the cluster is defined by setting

Per(€) := HN ! (U a*a-) .
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6.2. Proof, Partl. Let {€7} jen be a minimizing sequence of clusters for the functional
J, and denote by Ej the sets inside of each £. Fix 1 < ¢ < M and notice that

||XE;'||BV(RN) <(Cp<oo

is uniformly bounded in BV and hence, up to subsequences, we have that  ; converges in
4
BV to a characteristic function x , for all 1 < ¢ < M. Furthermore,

XE] " XEl, = 0
holds for all £ # ¢’ so we can send j — oo (as both converge strongly locally in L' and in
other any LP) to find that the limit sets are also disjoint:
X, X5, =0 = E,NEy=0.
It is easy to see that
Per(&) = HY ' (UL,07E,) < liminf Per(£7) = J(m)

Jj—00
by lower semicontinuity, so we only have to prove that the limit cluster £ satisfies the
volume constraint.

REMARK 8.27. Notice that the perimeter of any cluster can be rewritten as

Per(€) = % [Z Per(E;) + Per (U Ej>

Jj=1

Y

and this is exactly what we need to prove the lower semicontinuity since each perimeter in
the right-hand side is computed at a single set rather than a cluster.
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The goal of today’s lecture is to prove that we can find an optimal cluster & that satisfies
the mass constraint and, not surprisingly, we will follow what we did for a single set.

REMARK 8.28. Recall that, in the isoperimetrical problem with a single set, a funda-
mental step was proving the inequality

J(m' +m") < J(m') + J(m")
for all m/, m” > 0. This was an immediate consequence of the scaling property
N—-1

J(m) =m*7 J(1),

which holds for all m > 0. However, for clusters we do not have such a scaling property
because two vectors m and m’ in (R*)* are not necessarily proportional.

Nevertheless, we can assume (for the time being) that for all m/,m” € (R*)™ \ {0}
the perimeter inequality

J(m' +m") < J(m') + J(m")
holds. By continuity for all ¢ > 0 we can find a positive ¢ such that
min{|m’|, |m"|} > e = J(m') + J(m") — J(m"+m") > 6.

Now let £ be a cluster with total mass equal to m = m’ + m” and perimeter satisfying the
inequality Per(£) < J(m) + ¢ and, in addition, assume that

N-1 Y 0
HN- (L:_JI(E N{xz; = t})) <3
We now denote by &, the left cluster, that is, the cluster that consists of the sets
Ei¢:=FE;N {z; < t}
and, similarly, define the right cluster &,. Set m’ := |&,| and m” = |&,|, and notice that
J(m) > Per(€) — g > Per(&) + Per(&,) — 0 > J(m') + J(m") — 4,
which, in other words, tells us that
J(m'+m") > J(m') + J(m").

However, this is in contradiction with the estimate that we assumed to be true so the only
possibility is that one of them is not bigger than €, namely

min{|m’|, |m"|} < e.

At this point, the existence of a minimizer with total mass m can be achieved as in the
isoperimetrical problem with a single set, but we will not give the details here.
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REMARK 8.29. Notice that
J(m' +m") < J(m') + J(m") (8.7)

implies the existence of a minimizer, but the opposite is true as well (and this can be proved
arguing by contradiction). More precisely, the following two implications are true:

existence of a minimizer for all m = (8.7) for all m.

and
(8.7) for a fixed m = existence of a minimizer for the same m.

To prove (8.7) we start by introducing the notion of irreducible vector m but, as we will
see in the end, it is only useful for the proof but has no real meaning.

DEFINITION 8.30. We say that a vector m € (RT)M is irreducible if there is no way to
decompose m as a sum m = m’ + m” with the additional property that

J(m') + J(m") = J(m).
REMARK 8.31. In other words, m is irreducible if any decomposition m = m’ + m”

satisfies the estimate (8.7).

We will prove that m can always be written as a sum ) _, m9 of vectors such that each
m is irreducible and the perimeter satisfies

J(m) = Z J(m®).

The first step to prove this decomposition is the following lemma, which is easily proved
using the definition of “being irreducible”.

LEMMA 8.32. For all m € (RT)M \ {0} there exists m' € (RT)M \ {0} irreducible
such that

J(m) = J(m')+ J(m—m').

PROOF. If m is irreducible, then we simply take m’ := m. If not, then by definition
there must be m’ # m” nonzero vectors such that m = m’ + m’ and

J(m) = J(m')+ J(m").
Since m” = m — m/’ this concludes the proof. O

At this point we must prove that we do not have too many “pieces” which are too small,
meaning that at least one irreducible vector must be long enough.

PROOF. Let m € (R*)™ and suppose that m = 35, m® is a decomposition in

irreducible terms such that
k

J(m) =Y J(m")

/=1
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and |m| < % for each ¢ where C'is a (big) constant. Then
RN A v
J(m) < Nw¥ ijN =: C'\m),
j=1

where wy is the volume of the unit ball in R" and the m;’s are the components of m as a
vector in (R*)M. On the other hand, it is easy to verify that

J(m) = J(|ml),

which in turn implies the inequality

> Jm D) = "I (Im9)) =: Kml,

k
/=1 /=1

where K is a constant that depends on the ratio @ In particular, if we choose the constant
C' big enough, K will become strictly bigger than C” leading to a contradiction since

C'lm| > J(m) > K|m| = C' > K.

Now define

7 :=inf {lm’] L m = Zm“), J(m) = Z J(m®) and |m’| = m?x|m(£)|} .
‘

¢

If the minimum is achieved, then m/ is irreducible (otherwise we could get a better one). If
not, let us take a minimizing sequence 7);.

REMARK 8.33. If J(m) = Y, J(m®), then we can also write
J(m) = J(m') + J(m" +m") 4 -+,
which means that we can always put things back together.

As a consequence of this observation, we notice that given a decomposition m =
>, m® with |m/| = max, |[m(®|, then we can always write it as

m = Zm@
‘

with m’ = m/ which is at least % of m because of the result above and

7]

|m?| < N forall{ =1,... k.

This concludes the proof of (8.7). To pass from the estimate to the existence of minimizer,
we need to prove that the optimal cluster is bounded (which was clear for the problem with
a single set as balls are always bounded).
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REMARK 8.34. We shall now prove that the solution of the one-set isoperimetrical
problem is bounded (without knowing that it is a ball), but the same works with minor
changes to prove that a optimal cluster is bounded.

PROOF. We will prove that the isoperimetrical set £’ is bounded in a single direction as
the boundedness is obtained by repeating the same argument in all directions. Let

a(t) == |En{z >t}
The goal is to show that for ¢ big enough « vanishes. Clearly, « is decreasing and goes to
zero as t — oo and its derivative is given exactly by
)= -HN"YEN{z, =1t}).

Suppose that £ has a “tentacle”, which means an unbounded (possibly thin) part in the
chosen direction with nonzero volume. We would like to show that cutting the tentacle at a
finite x; and using the remaining volume in another part of £’ gives a better set in terms of
perimeter, meaning that £ itself will not have a tentacle.

REMARK 8.35. If F is a set of finite perimeter, for each x € 0* E there are €, a positive
constant /' and a set GG such that for all 0 < € < € we have:

(1) G coincides with E up to a ball B(z, €);
2) |G| = |E|+¢
(3) Per(G) < Per(F) + Ke.
We now choose ¢ big enough so that «(¢) < € and we modify the set £ by removing

the tentacle and pushing £ slightly at some point of the reduced boundary obtaining a set
F that satisfies the properties (a), (b) and (c). Then

Per(F) < Per(F)

< Per(FE) — Per(F N{x; > t}) + 2|/ ()| + Ka(t)

< Per(E) — K'a(t)' ™ + K'alt) + 2| (t)].
Therefore, for t > t we have the inequality

K'a(t)'5 ~ Ka(t) < 2|a/(1)]
so up to a change of constant
K'a(t)~ < |o/(t)]-

A standard argument in calculus shows that this inequality implies () = 0, concluding
the proof. 0
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