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Part 1

Riemann Surfaces



Chapter 1

Introduction

1.1 Motivating Examples

Let f : R — R be the function defined by the formula f(x) := (m2 + x?’)f. We want to
evaluate the integral between zero and minus one of f, that is,

I:/_Olf(:r)da:.

Set z := t? — 1; the differential is given by dz = 2tdt, and, if we change variables in the
integral above, then it turns out that

0
I :/ 2% (+* — 1) dt,

-1
and this can be easily computed by standard means. This substitution does not come out
of nowhere; indeed, we can consider the curve in R? defined by C : 3% = 23 + 22, and take
the parametrization given by a beam of lines originating from the point (0, 0).

More precisely, let us consider the family of lines
ry 1y =tx,

intersecting C in the origin. Clearly, it is singular
us point (of order 2) in the intersection; thus by Bezout’s
theorem there exists a unique p € C such that r,NC =

m"‘ {0, p}, and the order of p is 1. Consequently, we have
24 2 48 42 | 08 a4 04 ns\ 12 16 2 24 y2 — 1'3 + 1’2 €r = t2 — ]_
4 y=tx y=t(t>-1),
2 i.e., the substitution used above: x = t> — 1.

. In other words, we used the same method
(rational parametrization through lines) as in ratio-
nal, trigonometric integral formulas, derived in the
first year of calculus.

Figure 1.1: y? = 23 + 22
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Remark 1.1. The curve C is rational, i.e., it is bira-

tional to A! (or to P! if we consider t € R U {oo}).
More precisely, the subset T' := {(z, f(x)) : # € R} C R? can be parametrized by rational
functions of ¢.

Definition 1.1 (Abelian Integrals). We say that
/R(w, z(w)) dw (1.1)
¥

is an abelian integral if v : [0, 1] — C is a path, R is a rational function and w and z(w)
satisfy a polynomial relation P (w, z) = 0.

Example 1.1. Let us consider the relation z = f(w) = w?. For every Z # 0, oo there exist
w1, wy € C such that f(wy) = f(ws2) = 2.

More precisely, outside of Z = 0, co, we have a double cover of
C, thus it makes sense to consider two copies of the complex
plane C; 2 C and Cs = C, such that C; corresponds to {w;}.

However f~1(0) = {0} and there exists an action of monodromy
in a neighborhood of 0, i.e., any closed path of base point Z
switch the two roots (wy — ws, wy — wi). Thus, the key
idea is to modify (slightly) C; and Cy in such a way as to, by
monodromy, pass from w; to ws.

Consider the half line (from 0 to co) given by

Fi 1.2: 2(w) 2 {Re(w) > 0, Im(w) = 0} C C,
igure 1.2: z(w) = w

and cut both C; and C, along it. At this point we can enlarge
both cuts, and glue together along the corresponding edges,
obtaining a surface homeomorphic to the sphere (see Figure 1.3).

Example 1.2. Let us consider the polynomial relation 22 = f(w) = (w? — 1) (w? — 4). For
every w # +1, £2 there exist C; = C and Cy = C, copies of the complex plane, for the
possible values of z. Consider the half lines (from £1 to £2) given by

(Re(w) € [-2, —1], Im(w) = 0} C C,

{%e(w) € [1, 2], Im(w) = 0} € C.

Cut both C; and C; along them. At this point, we enlarge both the cuts and paste together
the corresponding edges, obtaining (this time we are concerned about what happens at co)
Figure 1.4.
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Figure 1.3: Topological moves of Example 1.1
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Figure 1.4: Topological moves of Example 1.2




Chapter 2

Introduction to Riemann
Surfaces

In this chapter, we introduce the notion of Riemann surface, and we profoundly analyze the
fundamental example: smooth algebraic projective curves.

In the final part, we discuss two examples - both of which will appear many times in the
remainder of this course: the Riemann sphere, and the complex torus.

2.1 Main Definitions and Basic Properties

In this section, we give the definition of Riemann surface. The reader should pay attention
to the fact that a Riemann surface does not need to be connected, but we will ask for it in
the definition because we will mostly be dealing with connected compact Riemann surfaces.

Definition 2.1 (Riemann Surface). Let X be a topological manifold. We say that X is a
Riemann surface if the following properties are satisfied:
(a) dimg X = 2.
(b) X is Hausdorff, second-countable (i.e., there exists a countable basis) and connected.
(c¢) X has a complex structure. Namely, there exists an atlas
U={pi U= V; CC},y

such that ¢ : U; — V; is a homeomorphism of open sets, and the transition maps
i, j=pj o (pi_l are biholomorphic functions. In particular, the map

@i j i (UinU;) cC—o; (UsNU;) CC
is holomorphic with respect to the complex variable z.

Definition 2.2 (Biholomorphic). Let f : U C C" — V C C" be a complex function. We
say that f is biholomorphic if f is holomorphic, bijective and its inverse f~! : V — U is
also holomorphic.
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Remark 2.1. A Riemann surface X is always orientable. In fact, the Jacobian of the
transition maps is always strictly positive (since ; ; is holomorphic), hence the atlas is
orientated. The interested reader may find a complete proof of this fact here.

Theorem 2.3 (Structure). Let X be a compact Riemann surface. Then X is either home-
omorphic to a sphere (g(X) =0), a torus (g(X) =1) or a n-torus (g(X) =n).

g/\/\fk) C’\/\)VC T\\(’,OVCW\ ’Tcm.us

K'Y | X =
A
m_Tows

Figure 2.1: Structure Theorem for Compact Riemann Surfaces.

2.2 Projective Curves

Let P2(C) be the complex projective space of dimension 2, and let [z; : 23 : 2] be the
coordinates so that {zp = 0} is the line at infinity. An algebraic curve is defined as

X :={F(z1, 22, 20) = 0},

where F is a homogeneous' polynomial of degree d. Recall that

(a) X isirreducible <= F is irreducible;
(b) X isreduced < Z(F) = /I(F),

where Z(F') is the ideal associated to F (in this case, simply Z(F') = (F)).

LFor every A € C, it turns out that F(\z1, Az2, A20) = A? F(21, 22, 20).


https://math.stackexchange.com/a/174365
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N.B. From now on we will assume that X is an drreducible and reduced (projective)
algebraic curve.

Definition 2.4 (Singular points ). A point p € X is singular for X if
_OF

Definition 2.5 (Smooth). The (projective) algebraic curve X C P?(C) is smooth if and
only if no point p € X is singular.

F(p)

(p)=0, Vi=0,1,2.

Remark 2.2. The projective complex plane P?(C) admits a standard atlas U := {(U;, ®i)}tizo,1, 25
which is defined by setting

Zi %

Ui = {Zl # 0} and ©; Uz — (C2, [Zl L 29 Z()] — (Zj, Zk) .

Then U induces, by restriction, an atlas on X, which is given by
X={UinX, 0i[ )} o1 0

Proposition 2.6. The projective algebraic curve X is smooth if and only if the affine
algebraic curve X; == X NU; C U; =2 C? is a smooth for everyi =0, 1, 2.

Theorem 2.7 (Implicit function). Let F € C|z1, 22| be any polynomial, and denote by
X = {F =0} C C? the associated algebraic variety.

Let p € X be a point such that 0,, F(p) # 0. There are a neighborhood U, of p and a
holomorphic function G : U — V such that

XNU=A(z1,G(z1)) |z1 €V }.

Corollary 2.8. Let p € X be a smooth point. There exists a neighborhood U, of p (which
is exactly the one given by Theorem 2.7), such that X has a local complex structure, that is,

UNX ={(z1,G(z1)} = {z |21 €V}
Theorem 2.9. Let X C P%(C) be a smooth algebraic curve of degree d. Then X is a

compact Riemann surface, and its genus is equal to

(d-1)(d-2)

g(X) = f

Proof. We will prove this result later, but the reader which is already interested in a simple
proof of this fact, may jump and take at look at this paper. O

2.2.1 Multiplicities

Recall. Let X C P?(C) be any irreducible and reduced algebraic curve, and let us denote
it by
X = {F‘(Z’l7 292, Zo) = 0},
where F'is an homogeneous irreducible polynomial of degree d such that the associated ideal
(F) is radical. Let p € X be a singular point of X, that is, a point where F and all its
derivatives vanish:
oF oF oF

F(p)—aizlp _ngp —8720

(p)=0


https://math.la.asu.edu/~paupert/degreegenus.pdf
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Definition 2.10 (Multiplicity). The multiplicity of a point p in X is the least integer k
among all the multiplicities of p with respect to the intersection between X and the lines
passing through p.

More precisely, we define
molt, (X) := min {molt, (r, X) : r line passing through p}.

It is straightforward to prove that a point p € X is smooth if and only if its multiplicity
molt,, (X) is equal to 1. In particular, any singular point has multiplicity greater or equal
than 2.

Proposition 2.11. Assume that p := (0, 0, 1) belongs to X. The dehomogenization of F
with respect to the coordinate zy (i.e., in Xo = X NUy) is given by

F(zlv 22, 1) = Z Fk(zla 22)7

k>m

where the Fy are homogeneous polynomials of degree k. Then the multiplicity of X at p is
the minimum degree of the dehomogenization, that is,

molt, (X) =m.

Definition 2.12 (Ordinary point). Let p € X be any singular point, and suppose that its
multiplicity is equal to m. We say that p is an ordinary multiple point if, locally,

where the H; are linear forms such that H; = H; < i=j.

Example 2.1.

(1) An ordinary double point is locally (in a neighborhood of p := (0, 0, 1)) given by the
equation 27 - zo = 0 (see e.g. Figure 2.2, left).
(2) A non-ordinary double point is locally given by an equation of the form 23 = 22, and

it corresponds to a singular cuspid kind of point (see e.g. Figure 2.2, right).

2.2.2 Resolution of the Singularities

Introduction. Let X be a singular projective algebraic curve. The primary goal of this
subsection is to give to the reader two methods which are useful to resolve the singularities
of X, that is, to find a smooth algebraic curve X and a surjective map

d: X — X.
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]

9\ v 5‘(14, W_{)’\A‘UMU\“J

,;lou kee_ 0’\<\—\IV‘°’*3 FQ\M-\—

foimt

O P

Figure 2.2: Examples of singular points: left ordinary, right non-ordinary.

Topological Approach. Let p € X be an ordinary multiple point, and let U/ be a neigh-
borhood of p that does not contain any other singular point of X. By definition, the
polynomial F' is locally (i.e., in ) given by the product of m linear forms:

F=1]]H;
j=1
If we denote by A the Poincaré disk, that is,
A:={zeC||z| <1} and A" = A\ {0},

then the algebraic curve - without the singular point p - is locally homeomorphic to the
union of m copies of A*; more precisely, it turns out that

UN{H; =0})\ {p} = A", Vjie{l, ..., m}.

Consequently, the algebraic curve X is locally homeomorphic to the wedge of m disks (A)
of center p, that is, there is a homeomorphism

UﬁX%"}n\A.
j=1

If we remove the singular point p, the wedge is clearly homeomorphic to the disjoint union
of the m disks deprived of their centers, i.e.,

UNX)\{p}=| | A~

Jj=1
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At this point, the resolution of the singularity p is entirely straightforward: we add a center
to each disk A*. Formally, we define the smooth manifold

X =X \{phHU{a, .-, am},

and we prove that it is homeomorphic to a disjoint union of balls, i.e.,

m

X=[|@auigh=[]a

j=1

In the general case, we give a brief sketch of what the ideas behind are. Take any p € X
and any chart which sends p to the origin of C in such a way that there exists (locally) a
function f: X — C with the additional property that

IS EYN
is a covering of order m.

On the other hand, we know that the connected coverings of A* =2 S are all and only
of the form z — z™. Thus we only need to add m points over the point (0, 0).

3
Y = m e

OO - s,

< Q
[\e

W~

Figure 2.3: Idea behind the topological approach.

Blowup Approach. Let p = (0, 0) € C2. The blowup of C? at the point p is defined as

follows:
B, ((CQ) = {(z1, z0; [a:B]) | 210 = 2zpa} C C* x P(C).
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There exists a map
m: Bl, ((CQ) — C2

such that 7=1(p) = P1(C). We denote by E the fiber 7—!(p), and, from now on, we will refer
to it as the exceptional line (since it contains the directions of the lines passing through p).

Consequently, the complement of F in the blowup is homeomorphic to the complement
of the fiber, that is,
BL, (CH)\E=x""(C*\{(0,0)}).

Assume that p = (0, 0) € Xy is a singular point of the affine algebraic curve Xy :=
{F(z1, z2) = 0} € C2. Then F is a sum of homogeneous polynomials of order > m, that is,

F(z1, 22, 1) = Z Fi(z1, 22),
k>m

and we may assume, without loss of generality, that {z; = 0} is not tangent to X, (i.e.,

a #0).

If we set v := b/a, then we can define the strict transform of F' with respect to the
coordinates (z1, v) as follows:

F(z,v):=F(z1, z1-v)- 27" (2.1)
In a neighborhood U of p the map
Xo={F=0} = XonU — XonU

is surjective, and it is straightforward to prove that u is a slope coefficient of a tangent line
at p to X if and only if it belongs to F.

Remark 2.3. If X is a singular algebraic curve, then there is no guarantee that X will be
smooth after a single application of the blowup approach.

The next result states that a finite sequence of blowups is enough to obtain a smooth
algebraic curve, and in Example 2.4 we describe a case where two steps are necessary.

Theorem 2.13. Let X be a singular algebraic curve. There exists a finite sequence of
blowups _ _ _
X" — X"l X X

such that X" is a compact Riemann surface (thus a smooth algebraic curve).

Idea. The proof of this result is divided into three steps. The reader may try to prove it as
an exercise.

Step 1. There are only finitely many singular points in X. Hint: apply Bezout’s theorem
applied to the polynomials (F, F'), where F' is the usual derivative of F.

Step 2. Local resolution of the singularities.



17 2.2. PROJECTIVE CURVES

Step 3. For every singular point p € X, the quantity molt, (X) eventually decreases to 0
as the second step is repeated. O]

Definition 2.14 (Infinitely Near). Let p € X be a singular point. A point ¢ is infinitely
near to p € X, and we denote it by ¢ € E(p), if ¢ belongs to the exceptional line E.

Theorem 2.15. Let X C P%(C) be an irreducible and reduced algebraic curve.

(a) If X is smooth, then X is a compact Riemann surface of genus

(b) If X is singular, then there exist a compact Riemann surface X and a birational
morphism 7 : X —» X (that is, an isomorphism outside of singular points) such that

g(;() _ (d—1)2(d—2) Y 5,

where 6, s equal to

_mp(mp_l) mg (mg — 1)
g, = el =l) s mam 1)

- 2
q€E(p)

2.2.3 Examples
In this brief subsection, we describe the resolution of singularities in very few simple cases,
and we come back to the first example of the course.

Example 2.2. Let X be, locally, the algebraic curve defined by the polynomial

The reader may check that p = (0, 0) is singular, and its multiplicity is equal to 2. If we set
Z9 := v - 21, then the strict transform of F' is given by

F(z,v) = [2f —v®2f] 212 = 1 =02

Consequently, the intersection £ N {F(z, v) = 0} is made of two points (v = 1), corre-
sponding to the singular cross of lines in X (see Figure 2.4, left).

Example 2.3. Let X be, locally, the algebraic curve defined by the polynomial
F(z1, 22) := 23 — 22 = 0.

The point p = (0, 0) is singular, and its multiplicity is also equal to 2. If we set 29 := v - 21,
then the strict transform of F' is given by

ﬁ(zl, v) = [zf —UZZﬂ =z — 02

Clearly the point ¢ € E(p) is smooth, but it is tangent to the exceptional line E, thus the
contribution of §, is nonzero (see Figure 2.4, center).
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Example 2.4. Let X be, locally, the algebraic curve defined by the polynomial

F(z1, 29) := 2} — 23 = 0.

The point p = (0, 0) is singular, and its multiplicity is also 2. If we set zo := v - 21, then the

strict transform of F' is given by

2.2 2 2 2

F(z,v) = [2f —v?27] 272 =27 — 0%

The algebraic curve X! is singular and, actually, it is the same algebraic curve of Example
2.2. If we set zy := h - v, then the second strict transform of F' is

F®(h, v)=1-h?,

thus X2 —» X! —» X is the resolution of singularities X (see Figure 2.4, right).

K=

P:[o,'u)

t-@°

s
(\X
—

A=

P= {o,o]

X2
f
£
¢
“

Figure 2.4: From left to right: Examples 2.2, 2.3 and 2.4

Example 2.5 (Global). Let X C C? be the affine curve defined by the equation

25 —

(27 —1)(2f —4) = 0.

Its projective closure is obtained via homogenization of the equation, that is,

X :={F(z1, 22, 20) = 0} C P*(C),

It is a simple exercise to prove that the only singular point is py, =

belongs to the line at infinity.

F(z1, 22, 20) = (zf — zg)(z% — 423) — zg zg

(0, 1, 0) and that it

m\

(0
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Consequently, about p., it makes sense to use the chart with coordinates (z1, 1, 2¢) in
such a way that, at least locally, the algebraic curve is given by the equation

X ={z — (e = 2) (s —420) =0} "= {5 = ()"}

As a consequence, around p, the situation is similar to the one studied in Example 2.4. In
particular, there is a compact Riemann surface X, whose genus is given by

g()?):3—5pm:1,

and a surjective map X —» X. We conclude that X = T, that is, X is homeomorphic to
the complex torus (see Example 1.2).

The result is coherent with the fact that the algebraic curve X may be obtained from a
3-torus by gluing together the two extremal holes and throttling them in such a way to get
a 1-torus with a weird point ps.

Remark 2.4. The genus that we have introduced in this subsection is called arithmetic
genus of a planar algebraic curve, and it is equal to the leading coefficient of the Hilbert
polynomial (associated to the local coordinate ring).

This notion of genus is equivalent to the topological one if X is a smooth algebraic curve,
where

(X, Z
Gtop (X) := %, ht = dim H' (X, Z).
Recall that, equivalently, we have
X)+2
Grop(X) = %7

where X0p(X) is the topological Euler characteristic.

2.3 First Examples Riemann Surfaces

Recall that a Riemann surface X is a Hausdorff, second-countable, connected manifold
endowed with a complex structure.

Riemann Sphere C,. Let S? := {(z1, 72, 23) € R® : 2% + 23 + 23 = 1} be the two-
dimensional sphere, and let us consider the atlas given by the stereographic projections:

T T2

®o Uo = 52 — {N} — (C, Qﬁo(xl, x2, 1'3) =

+1
1—1‘3 1—1‘3’

I i)
(U :=82—{S} =»C ) = ]
w11 {S} ) 1(x1, T2, T3) T o +21 o

If we set A" := {(Uo, o), (U1, ¢1)}, then one can easily check that it is not a holomorphic
atlas since the transition map
€L Y
+1
2 4+y? w4 y?

Po,1 =100 (z, y) =

2Indeed, it is straightforward to prove that my., =2, mg,, =2 and mgz = 1.
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does not satisfy the Riemann-Cauchy equations®. Therefore, we try to modify one of the

charts above, e.g. we take the conjugate of ¢q:
L1 L2

pr:U :=52—{S} > C = — )
Y1 Un {S} ) p1(x1, T2, 3) T 11+x3

The transition map becomes

Yo,1 =P109y (z, y) =

i

T Y 1
— -z
2 +y? Pty oz

and it is an easy exercise to check that it is holomorphic, that is,

A= {(Uo, ¢0), (U1, 71)}

is a holomorphic atlas of Cw. In particular, the atlas A induces a holomorphic structure on
the Riemann sphere C', and, as a consequence, it turns out that C. is biholomorphic to
P(C).

In fact, if we consider the complex projective space with coordinates [zg : z1], together
with the atlas

UO 2:{2’0750}, U1 22{217&0},
then the coordinate in Uy is z = j—;, the coordinate in Uy is w = %J and the transition map

above is the change of coordinates from Uy to Uy

1
zelUy—w=-€U.
z

Complex Tori T. Let A C C be a lattice of the form Zw; + Zwsy, where {wy, wa} are
linearly independent over R, that is,
w

=L eC\R
wa

The complex torus is defined as the quotient space T = (C/ ‘A which is topologically homeo-
morphic to the product S' x S*.

Letw:C — C/A be the standard projection. The topology on T is the quotient topology,
thus we only need to equip it with a complex structure.

For any point z € C\ A there is a neighborhood U, C C such that U, N A = (). If we set

d:=min{d(&, &) : &1, & € A},

then, given z € C\ A and p = 7(z) € T, the key idea is to find a neighborhood of p, starting
from the image of U, via the map 7. Indeed, the set

Az, e):={€e€C : |-z <e e< b},

3A function f =u+12v: A C C — C is holomorphic if and only if

Oz u=0yv and Oy u = —0g v.



21 2.3. FIRST EXAMPLES RIEMANN SURFACES

is strictly contained in U, for a suitable choice of € > 0, thus we can find a local holomorphic
structure at each point p by using the covering

F= { (v(p, T g e>) }peT ’

where v(p, €) is homeomorphic to A(z, €) via .

For any pg, p1 € T there are charts ¢y : Uy := v(po, €) = A(zg, €) and 1 : Uy =
v(p1, €) = A(z1, €); thus the transition map is given by the composition

<plo<p61:(C—>(C.

If o (Up) and ¢1(U7) belong to the same fundamental parallelogram of C\ A, then there is
nothing to prove since we can define the transition map as the identity on the intersection.

On the other hand, if ¢o(Up) and ¢4 (U; ) belong to different fundamentals parallelograms,
then it turns out that

T (<p1 o goal(z)) =m(z), Vz € wo(Uo) N p1(Uy).

Consequently, the function 1(z) := ¢ 0 ¢y '(2) — 2 is continuous and with values in A, a
discrete set, thus it needs to be locally constant. In particular, the transition map is locally
given by

propyt =2+

which is clearly holomorphic. Therefore the atlas F induces a complex structure on T.

Remark 2.5. If T; and Ty are two complex tori, then we will prove in Section 4.2 that Ty
is not necessarily biholomorphic to Ts.

On the other hand, the first example shows that every Riemann surface, whose genus is
g = 0, is biholomorphic to P*(C).
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‘ %\f{ vV :
n

Figure 2.5: Complex Tori




Chapter 3

Functions and Maps

3.1 Functions on Riemann Surfaces

Definition 3.1 (Holomorphic function). Let X be a Riemann surface. A function f: X —
C is holomorphic at p € X if there exists a chart around p

@:Up%AQC

such that the composition f oo~ : A — C is holomorphic at ¢(p) (or, equivalently, if it

is holomorphic in an appropriate open subset of A containing ¢(p)).
Example 3.1. Let X = C,, be the Riemann sphere and let p,, be the point at infinity.
The reader may easily prove as an exercise that

1
f(2) is holomorphic at p,, < f (z) is holomorphic at 0.

Hence, if f(z) = p(2)/q(z) is a holomorphic function and a quotient of polynomials, then
the degree of p needs to be less or equal than the degree of q. Notice that this is not a
sufficient condition.

Example 3.2. Let X C P?(C) be a smooth algebraic curve and let p = [21 : 22 : 29] € X

such that zg # 0. Then 21/29 and 25/ 29 are locally holomorphic functions in P?(C), that is,
21 z2
a3 4 2
20 X % |x
are holomorphic functions at p.

Notation. Let X be a Riemann surface and let U C X be an open subset. We denote the
set of all the holomorphic functions from U to C by

Ox(U):={f:U — C | f holomorphic}.

Definition 3.2 (Singularities Type). Let f : U\ {p} — C be a holomorphic function and
let ¢ : U, — A be a chart around p. We say that the singularity at p is
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(1) removable if p(p) is a removable singularity for fop~!: A* C C — C;
(2) a pole if p(p) is a pole for fop~™t: A* C C — C;
(8) essential if o(p) is an essential singularity for fop~!: A* c C — C.
Definition 3.3 (Meromorphic function). Let X be a Riemann surface. The function f :
X — C is meromorphic at p € X if
(a) there exists an open neighborhood U C X of p such that f is holomorphic in U \ {p};
(b) p is either a removable singularity, or a pole.

Proposition 3.4 (Characterization). Let X be a Riemann surface, and let f : X — C be
a meromorphic function. Then f locally is the sum of a Laurent series

flz) = Z en 2",
n>k
and vice versa.

Definition 3.5 (Order). Let f : X — C be a meromorphic function. The order of f at
p € X is the minimum integer k in the Laurent series expansion with nonzero coefficient,
that is,

ord,(f) =min{k : ¢ #0}.

Remark 3.1. Any holomorphic function is also a harmonic function (by Riemann-Cauchy);
hence holomorphic functions satisfy the maximum principle.

Theorem 3.6 (Maximum Modulus). Let f : U C X — C be a holomorphic function defined
on any open connected subset U of X. If there exists p € U such that

[f@) <|fp)l,  Veel,

then f is constant.

An important consequence of this theorem is that introducing only the holomorphic
functions on compact Riemann surfaces would be a great restriction.

Corollary 3.7. Let f : X — C be a holomorphic function and let X be a compact Riemann
surface. Then the function f is constant.

Theorem 3.8. Let f : PY(C) — C be a meromorphic function. Then f is a rational
function, that is there exist p, ¢ homogeneous polynomial of the same degree such that

Proof. Let us set Uy := {zg # 0} C P1(C), and recall that Uy = C with coordinate z = 21 /2.
Consider the dehomogenization

f(z) = f(z 1),
and let

{N}jer = {zeros and poles of f in Uo} and ej i=ord#(A;).
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The function

R(z) := H (z = X))

JjeJ

comes with the same poles and zeros of fin Uy, so we may extend it to a function R defined
on the whole projective space P!(C) as follows:

R(Z) = Zg H (b] 21 — aj Zo)ej 5

jeJ
where \; = [a; : b;] and n = — 3", e;. In conclusion, we notice that the function
_ [

has no zeros or poles in Uy, hence we only need to check the infinity point po, = [1 : 0].

Useful Trick. If p, is not a pole for g, then g has no poles, and it is hence constant. If
on the other hand, g has a pole in p,, the reciprocal 1/g is holomorphic and consequently
constant. O

3.2 Holomorphic Maps Between Riemann Surfaces

In this section, X and Y will denote Riemann surfaces unless stated otherwise.

Definition 3.9 (Holomorphic Map). A mapping F': X — Y is holomorphic at p € X if
and only if there exist charts ¢ : U, — Ay on X and ¢ : Vp(,) — Az on Y such that the
composition 1) o F' o p~1 is holomorphic at ¢(p).

It is particularly useful to visualize the definition above through the following commu-
tative diagram:

Up —— Vi)

L 5

ACC LA, cc

Definition 3.10. A mapping F': X — Y is holomorphic if and only if it is holomorphic at
each point p € X.

Lemma 3.11. Let F': X — Y be a map between Riemann surfaces.

(a) The identity idx : X — X is holomorphic.
(b) The composition between a holomorphic map and a holomorphic function is a holo-
morphic function.

More precisely, if F: X =Y and g: W CY — C are holomorphic and W is an open
subset of Y, the composition g o F is a holomorphic function on F~Y(W).
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(¢) The composition between holomorphic maps is still a holomorphic map.
More precisely, if F : X —Y and G: W CY — Z are holomorphic maps and W is
an open subset of Y, the composition G o F is a holomorphic map from F~*(W) to Z.
(d) The composition between a holomorphic map and a meromorphic function is a mero-
morphic function.

More precisely, let F : X — Y be a holomorphic map, let g : W CY — C be a
meromorphic function and let W CY be an open subset. If F(X) is not contained in
the set of poles of g, then go F is a meromorphic function on F~1(W).

(e) The composition between a holomorphic map and a meromorphic map is a meromor-
phic map.

More precisely, let F : X — Y be a holomorphic map, let G : W CY — C be a
meromorphic map and let W CY be an open subset. If F(X) is not contained in the
set of poles of G, then G o F is a meromorphic function from F~Y(W) to Z.

Proof. These are all trivial facts, thus the proof is left to the reader as a simple exercise. [l

Let FF: X — Y be a nonconstant holomorphic map between Riemann surfaces. For
every subset W C Y, F induces a C-algebra homomorphism

F* 0y (W) 2225 0 (P71 (W)).

Similarly, F' induces a C-algebra homomorphism between meromorphic functions on W and
meromorphic function on F~1(W) via composition:

g—goF
E—

F* : My (W) Mx (F~H(W)).

If F: X —>Y and G:Y — Z are holomorphic maps, then it is trivial to prove that the
operator * reverses the composition order, i.e.,

(GoF)" = F*oG".
Corollary 3.12. Riemann surfaces equipped with holomorphic mappings form a category.

Proposition 3.13 (Open Mapping Theorem). Let F : X — Y be a nonconstant holomor-
phic map between Riemann surfaces. Then F' is open.

Corollary 3.14. Let F: X — Y be a nonconstant holomorphic map. Assume that

(a) X is a connected and compact Riemann surface;

(b) Y is a connected Riemann surface.
Then the map F is surjective, and Y is compact.
Proof. From the Open Mapping Theorem 3.13 it follows that F' is an open map. Conse-
quently the image of X, FI(X), is open in Y.

On the other hand, X is compact and hence F(X) is a compact subset of a Hausdorff
space Y, which means that F(X) is closed. Finally, since Y is connected and F' is noncon-
stant, we infer that F(X) =Y. O
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3.3 Global Properties of Holomorphic Maps

Let f be a holomorphic function defined on a Riemann surface X. The complex plane
C =:Y is a Riemann surface; hence we may always identify f with the holomorphic map
f: X—=Y.

Meromorphic Map Identification. Let f be a meromorphic function defined on X.
By definition, f is holomorphic away from its poles, and thus it assumes as values complex
numbers. Therefore, it is natural to define a map F : X — C, by setting

(3.1)

Fla) = f(2) ?f v iy not a pole of f,
00 if « is a pole of f.

Theorem 3.15. There exists a 1 — 1 correspondence between

Holomorphic maps
F:.: X —C,

which are not identically oo

Meromorphic functions f
defined on X

Sketch of the Proof. First, we observe that the function defined by (3.1) is holomorphic at
every point of X. The proof of this simple fact is left to the reader as an exercise.

Observe also that, since Co, =2 P1(C), holomorphic maps F : X — C,, are in correspon-
dence with holomorphic maps F : X — P!(C), hence it suffices to prove that there is a 1-1
correspondence

F:X —PY{(C)

which are not identically oo

Meromorphic functions f
defined on X

} Holomorphic maps

Let p € X be any point. Locally - in a neighborhood U, > p - the function f is the ratio of
two holomorphic functions, i.e.

f(x):@ VeeU, CX.

The corresponding map to P1(C), in this neighborhood of p, is given by
Uy, 2z~ [g(x) : h(z)] € P*(C).

A meromorphic function is not globally the ratio of holomorphic functions; thus this repre-
sentation is possible only locally, in a neighborhood of each point. O

Normal Form [2]. In this paragraph, we want to briefly introduce the so-called normal
form of a holomorphic map between Riemann surfaces.

Proposition 3.16. Let F : X — Y be a nonconstant holomorphic map, and let p € X be
a point of the domain. There exists a unique integer m > 1 which satisfies the following
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property: for every chart ¢ : Uppy C Y — A centered' at F(p), there ewists a chart
¢:U, C X = A centered at p such that

poFop (z)=2"

Definition 3.17 (Multiplicity). The multiplicity of F' at p, denoted by mult, F’, is the
unique integer m such that there are local coordinates near p and F'(p) with F' having the
form z — 2.

C

-~ “ 2z
’\/&D L
e /

Py
[M:i\

Figure 3.1: Idea of Normal Form and Multiplicity

There is an easy way to compute the multiplicity that does not require finding charts
realizing the normal form. Take any local coordinates z near p and w near F(p), and let

20 P and wgy +— F(p).

There exists a holomorphic function h such that w = h(z) in such a way that wy = h(zo);
hence the multiplicity mult, F' of F' at p is one more than the order of vanishing of the
derivative h'(zg) of h at zp, that is,

dh
mult, F' =14 ord,, (d) .
z

In particular, the multiplicity is the exponent of the lowest strictly positive term of the
power series for h. Namely, we have that

h(z) = h(z0) + Zci (z—20)" = mult, F=min{i €Z |¢; #0}.

3.4 The Degree of a Holomorphic Map

In this section, we introduce the notion of degree of a holomorphic map, and we set the
ground for the main result of this chapter: the Hurwitz formula.

LA chart ¢ is centered at a point g € X if p(q) = 0.
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Theorem 3.18. Let F': X — Y be a nonconstant holomorphic map between connected and
compact Riemann surfaces. For each y € Y, the quantity

dy(F):== > mult,F
PEF~1(y)

is constant, independent of y € Y.

Proof. The idea of the proof is to show that the map y — d, (F') is a locally constant function
from Y to Z. Since Y is connected, a locally constant function must be constant.

Step 1. Let y € Y and let F~'(y) = {z1, ..., x,} be the fiber. Set molt,,(F) :=m; to
be the multiplicity at x;, for each j =1, ..., n.

By Proposition 3.16 (normal form) there are neighborhoods U; of z; such that U;NU; = ()
for ¢ # j, and I |UV sends z; to w; = 2.

Step 2. The thesis is equivalent to the existence of a neighborhood U of y with the
additional property that, for any 3’ € U,

n

F~Yy) c U U;.

Jj=1

We argue by contradiction. Suppose that there exists a sequence of points (px)reny C X
such that

n
Pk ¢ U U]7
j=1
but F(py) converges to y. Since X is compact and F is continuous, there exists a subsequence

(Pk,, )hen such that py, m Z and F(Z) = y.

Hence Z must be equal to z; for some j € {1, ..., n}, but this is absurd since no point
of the sequence (pi)ren lies in the neighborhoods U; of the z;’s. O]

Definition 3.19 (Degree). Let F' : X — Y be a nonconstant holomorphic map between
connected and compact Riemann surfaces. The degree of F', denoted by degF', is the
quantity d,(F') computed at any possible y € Y.

Corollary 3.20. Let F : X — Y be a holomorphic map of connected compact Riemann
surfaces. The map F is locally biholomorphic to 1o F o1 (sending z to z) and deg F = 1
if and only if X 2Y.

Notation. Let F: X — Y be a mapping of Riemann surfaces.

(a) A point p € X is called a ramification point if molt,(F) > 2.
(b) A point ¢ € Y is called a branch point if it is the image of a ramification point.

(c) The ramification index in p € X is defined as molt,(F) — 1.
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3.5 Hurwitz’s Formula

Introduction. Let X be a compact connected Riemann surface of genus g. The Euler-
Poincaré topological characteristic is defined as

Xtop = bO - bl + b27

where b; := dim (H;(X, R)) = rank (H;(X, Z)) is the i-th Betti’s number. In a similar
fashion, if X is a manifold, then

n

dimg(X) =n = xtop = Y _(—1)7 - b;(X).
=0

Lemma 3.21. Let X be a compact connected Riemann surface of genus g(X). Then
bo = by = # connected components =1,
while Hy (X, Z) = Ab(m1(X)). In particular, the following identity holds:
Yop = 2 — 2g(X). (3.2)

Proposition 3.22. The FEuler-Poincaré characteristic does not depend on the triangulation
of X, that is,
Xtop =V — € + f7

where v is the number of vertexes, e is the number of edges and f is the number of faces.

Proof. A sketch of the argument may be found in [2, Page 51]. O

Theorem 3.23 (Hurwitz’s Formula). Let F': X — Y be a nonconstant holomorphic map
between compact Riemann surfaces of genus g(X) and g(Y') respectively. Then

2 (g(X) — 1) =2deg F - (g(Y) — 1)+ Y _ [mult, F — 1] (3.3)
pEX

Proof. The Riemann surface X is compact, thus the set of ramification point is finite and
the sum on the right-hand side is finite.

Step 1. Let us take any triangulation 7 of Y, such that each branch point of F' is a vertex.
Denote by v the number of vertexes, e the number of edges and ¢ the number of triangles
(faces).

Assume that, if ¢ € Y is a branch point and T 3 ¢ a triangle, then T is contained in a
neighborhood U, of ¢ such that

F:l_q|Uj—>Uq
j=1

is in normal form. Lift this triangulation to X via the map F, i.e. 7/ = F~(7), and notice
that any ramification point is a vertex of a triangle.
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Step 2. Since there are no ramification point over the general point of any triangle, each
one lifts to deg(F) triangles in X. Let ¢ € Y be any point; then

F Y g)= Y 1=degF+ > [1-mult,F].
pEF~1(q) PEF~1(q)

The number of edges of 7/ is ¢/ = deg F - ¢, the number of triangles is ¢’ = deg F' - t and the
number of vertexes is

v = Z deg F + Z (1—mult, F)| =

qev(Y) pEF—1(q)

=degF-v— Y > [mult,F—1]=

qev(Y) peF~1(q)

=degF-v— Z [mult, F' —1].
pev(X)
Therefore we have that
29(X)—2=—-v"+¢€ -t =

—degF v+ Z [mult, F — 1]+ deg F-e —deg F - t =
pev(X)

=2deg F'- (g(Y) — 1)+ Y _ [mult, F — 1],
peX
since every ramification point in X is, actually, contained in the set v(X) of vertexes of X

by construction. O

Remark 3.2. Let X be a compact Riemann surface. Then there are only finitely many
points p € X with multiplicity greater or equal than 2.

Remark 3.3. The Hurwitz’s formula (3.3) gives us more information than the value of the
genus. In fact, if we divide it by 2, it turns out that

g(X) =deg F - (g(Y)—1) + % > [mult, F — 1]+ 1,
peX

and thus

(a) 9(X) > g(Y);

(b) the sum ) (mult, F' —1) is even.

Example 3.3. Let F : P}(C) — P!(C) be a function induced by a homogeneous polynomial
p of degree d. More precisely, if z = z1/z is the coordinate associated to the chart Uy :=
{z0 # 0} = C, then the restriction of F' to Uy is given by

F:Uy=C —C, z — p(z).

We are interested in finding the ramification points and computing the multiplicities (to
check the validity of the Hurwitz’s formula).
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Step 1. The ramification points, away from infinity, are the discrete set given by
{ramification points of F}NUy={z€ C |p'(2) =0},
and hence there are d — 1 (not necessarily distinct) ramification points.
Step 2. On the other hand, at the infinity point p.,, we simply pass to the second chart
Uy :={z1 # 0} 2 C, with coordinate w = zy/z1, and we notice that
F(w) = w®.

Therefore, we can infer that
multe (F) =d — 1,

and, recalling that g(P*(C)) = 0, the Hurwitz’s formula (3.3) yields to
—2=d-(-2)+R < R=2(d-1),

which is coherent with the computation above.



Chapter 4

More Examples of Riemann
Surfaces

In the first part of this chapter, we show a simple application of the Hurwitz’s formula: we
compute the genus for a smooth algebraic curve X C P?(C), finally proving what we have
mentioned several times, that is,
d—1)(d—-2
)= =10=2)

Next, we study the group of automorphisms for compact Riemann surfaces of genus 0 and
1; in the final part, we investigate the action of finite groups G, and we prove an estimate
on |G| which follows from the Hurwitz’s formula.

4.1 Application of Hurwitz’s Formula
Genus of Algebraic Curves. Let X = {f(z1, 22, 20) = 0} C P?(C) be an algebraic
curve, defined by a homogeneous polynomial f of degree equal to d.

Assume that X is smooth (so that X is a Riemann surface, by Dini’s theorem') and
assume also that, up to a change of coordinates, the following properties are satisfied:

(@) p=[1:0:0] ¢ X;

(b) {22 # 0} is not tangent at any point of X.

Let us consider the projective line L = {z9 = 0} = P!(C), and let us denote by 7 : X — L the
associated projection. As usual, we can work in the chart Uy = {29 # 0} with coordinates

1See Theorem 2.7.
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z = 2z1/z0 and w = 25/2( so that

First, we observe that by assumption (a), the degree of the map associated to f is exactly
equal to d on the intersection X N {zy # 0}.

On the other hand, at infinity there are no ramifications, and thus R = R ’ .- More

. . . . . . . Y
precisely, the ramification points of X N Uy may be explicitly found as a solution of the
system

or, equivalently, of the system
f(zla 22, ZO) = 0
%(217 22, ZO) =0.

Hence by Bezout theorem the sum of the multiplicities of the ramification points is equal to
the product of the degrees, that is,

R=d -(d-1).
Finally, from the Hurwitz’s formula (3.3), it turns out that

(d—1)(d-2)

29(X)-2=-2d4+ R = g(X) = 5 ,

as we suggested many times in the previous chapters.

The reader may consult [2, pp. 144-145] for a different approach to the problem, which
still results in a simple application of the Hurwitz’s formula.

4.2 Automorphism of Riemann Surfaces

Genus 0 Automorphisms. Let X be a compact Riemann surface of genus zero. If
f :PY(C) — PY(C) is an automorphism, then its degree is necessarily deg f = 1, and thus

f(z0, z1) = (@21 + b2y, c21 +d ).

A necessary condition for f to be an automorphism is that the two linear polynomials have
no zero in common, that is,

det <(Cl Z) =ad —bc # 0.
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In the affine setting (e.g. in Uy = {z¢ # 0}), it turns out that, with respect to the coordinate
z = z1 /70, the mapping is given by

az+b

F:CocC, T

In particular, the group of automorphism of P*(C) can be completely characterized as
PGL(2; C) = GL(2 C) (. > Aut (P1(0)),

and the isomorphism is explicitly given by

GL(Z C) s a= (Ccl Z) — f(20, 21) = (a1 + b2, c21 + d 2) € Aut (P(C)) .

Genus 1 Automorphisms. In this paragraph, we characterize the holomorphic mappings
f between complex tori and give a criterion to decide if f is an isomorphism or not.

Proposition 4.1.

(1) Let X be a compact Riemann surface of genus g(X) = 1.

Then X is isomorphic to a complex torus (C/A, with A = Z w1 + Z ws lattice generated
by R-linearly independent elements wi and wo.

(2) Let wi, wy € C be two elements such that

w

L e C\R,
2

T =
w

and denote by A the associated lattice. Then the quotient C/A is a compact Riemann
surface of genus one.

We are now ready to prove the main theorem about holomorphic maps between complex
tori. In particular, by the end of the section, we shall show that there are non-isomorphic
complex tori (and hence non-isomorphic Riemann surfaces of genus one).

Theorem 4.2 ([2]). Let X = (C/A and let Y = (C/F be compact Riemann surfaces of
genus 1. A holomorphic map f : X — Y is induced by a function G : C — C defined
by G : z — vz 4+ «, where a and v are fivred complex numbers. Moreover, the following
properties hold true:

(a) If 0 — 0, then a =0 and f is a group homomorphism.

(b) The mapping f is an isomorphism if and only if v- A =T.

Proof. By composing f with a suitable translation on Y we may always assume that f(0) =
0.
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Step 1. Since g(X) = ¢g(Y) = 1, the Hurwitz’s formula (3.3) proves that f is an unramified
map. In particular, it is a topological covering, and hence so is the composition f o wx :
C—-Y.

Since the domain is simply connected, this must be isomorphic - as a covering - to the
universal covering p : C — Y. Therefore there is a map G : C — C and a commutative

diagram
C C
X f

—Y
Step 2. The map G is induced on the universal coverings by the commutativity of the
diagram above and sends 0 to a lattice point; we may assume in fact that G(0) = 0, since
composing with translation by a lattice point does not affect the projection map 7. Moreover
f is a well-defined map of quotients, thus

G
—
X

f(X)CY = G(A) CT,

that is,
G(z+4) =r G(2), Vi e A.

Therefore there exists a lattice point w(z, £) € I such that
w(z, 0) =G(z+¢) — G(z) €T.

But T is a discrete subset and C is connected, thus we infer that w(z, £) is locally constant
in the variable z. In particular, it turns out that

8, [G(z+0) —G(2)] =0, VLA,

and thus G’ is invariant for A (i.e., up to translations for elements of the lattice). As a
consequence, G’ is uniquely determined by its values on a fundamental parallelogram Pj.

Step 3. Therefore G’ : C — C is a holomorphic function, whose value is determined by
G| p,» and thus it is bounded (since P is compact). By Liouville’s Theorem?, there exists
v € C such that G'(z) =~ and this concludes the proof of the point (a).

Step 4. Finally, if y-A =T, then y~.T = A, and so the map H(z) = v~ ! (2 — «) induces
a holomorphic map from Y to X which is an inverse for G. O

Remark 4.1. The degree of f is also given by the index of v - A in T, that is,
deg f = ‘F/fy/\‘ :

In particular, if f is an isomorphism, its degree is equal to 1 and v- A =T.

2See Corollary 3.7.
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Proposition 4.3. Let X = C/A be a compact Riemann surface of genus 1. The holomorphic
map
X=X, e e

is an automorphism of X - sending 0 to 0 - if and only if either

(1) A is a squared lattice, and v is a 4"-root of unity; or

6th

(2) A is a hexagonal lattice, and v is a 6" -root of unity; or

(8) A is neither squared or hexagonal, and v = £1.
Proof. By Theorem 4.2 a necessary condition for f : X — X to be an automorphism

(sending 0 to 0) it that v- A = A, and thus ||y|| = 1. If v = %1 there is nothing else to
prove.

Assume that v ¢ R and let £ € A\ {0} be an element of minimal length. Then so is v - £
and it belongs to A. Clearly v - (7€) € A, thus there exists m, n € Z such that

Y l=nl+ml,
therefore v is a root (of norm equal to 1) of the polynomial
p(N) =\ —m A +n, m, n € Z.
The proof is now complete since

p(A) = A2 £ 1 ~ A is a square,

p(A) = A2+ X £1~ A is a hexagonal.
O

Corollary 4.4. Let X be a compact Riemann surface of genus 1. Then X = C/A, where
A=, 7) and 7 =&+ 17 is a complex number such that n > 0.

Proof. If A= (w1, wa), then one can consider the isomorphism of lattices given by
~ w
G:AN— A wy — 1, wg»—>—2.
w1

If the imaginary part is not positive, then we may consider the isomorphism of lattices given
by

H:A— A, w1 — wo > 1.
w2

O

Corollary 4.5. Let A = (1, 7) and let A’ = (1, 7') be two lattices defined over C. Set
X = (C/A and X' = (C/A/, Then X = X' if and only if there exists

(i Z) € SL(2, 2),

_a+br
Ce+dr!

such that
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Proof. By Theorem 4.2 a sufficient condition for X to be isomorphic to X’ is the existence
of a complex number v € C such that v-A = A’

Equivalently, we only need to prove that there is v such that (v, v 7) generates the lattice
A’. The inclusion C is satisfied if there are integers a, b, ¢, d such that
y=c7' +d, yr=at +b.
Eliminating « from these equations gives a relation between 7 and 7/, that is,
_a+br
ct+dr'’

Finally, for v and 7 to generate A’, the determinant of the matrix (i.e., ad — bc) must be
equal to &=1. But it is easy to see that it is exactly equal to 1, since both 7 and 7’ lie in the
upper half-plane. O

Conclusion. We proved that the group of automorphisms of a compact Riemann surface
X fixing 0, denoted by Auto(X), is isomorphic to

Autp(X) = Z/4 if A is square;
Autg(X) = Z/G if A is hexagonal;
Autg(X) = Z/2 otherwise.
This simple result yields to a surprising fact: the complex torus defined using a square

lattice is not isomorphic to a complex torus defined using a hexagonal lattice.

Thus there are non-isomorphic complex tori, i.e., if g > 1 then there exist surfaces of the
same genus which are not isomorphic (this does not happen for g = 0 since the only surface
of genus zero is the projective space).

4.3 Group Actions on Riemann Surfaces

Finite Group Actions. In this section, G will denote a finite group and X a Riemann
surface. In the last paragraph, we will briefly talk about the case of G infinite.

Definition 4.6 (Action). An action of a group G on a set X isamap p: G x X — X,
denoted by (g, p) := g - p, which satisfies the following properties:

(1) (gh)-p=g-(h-p)for any g, h € G and p € X;

(2) e-p=pfor p e X, where e € G is the identity.

The reader who is already familiar with the basic definitions may skip this paragraph.
The orbit of a point p € X istheset G-p:={g-p|geG}. If AC X is any subset, we
denote by G - A the set of orbits of points in A, that is,

G-A=JGp

peEA
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The stabilizer of a point p € X is the set of the elements of the group G not moving p, i.e.,
G9p={9€Glg-p=p}

Theorem 4.7 (Class Formula). Let G be a finite group acting on a set X. For any p € X
it turns out that

|G- pl- 19| = 1G] (4.1)
Definition 4.8 (Effective Action). Let G be a finite group acting on a set X. The action

is said to be effective if the associated kernel is trivial.

More precisely, the kernel K associated to an action is the intersection of all stabilizer
subgroups
K= G-
peX

Therefore it is a normal subgroup of G, and thus the quotient group Q/ K acts on X with
trivial kernel and identical orbits to the action of G. In particular, we can always assume
without loss of generality that an action is effective.

Definition 4.9 (Holomorphic Action). Let G be a finite group acting on a set X. The
action is said to be holomorphic if for every g € G, the bijection

pg: X2dpr—g-peX
is a holomorphic map from X to itself, i.e., ¢, belongs to Aut(X).
Remark 4.2. The quotient space associated to an action, denoted by X/g7 is the set of
the orbits. Recall that the topology on X/g is easily defined via the natural projection, i.e.,
Uc X/g is open <= 7 '(U) is open in X.

Recall also that 7 is an open map when the action is continuous (or, even better, holomor-
phic).

Stabilizer Subgroups. In this short paragraph, we list some facts about the stabilizer
subgroup of a finite group G, acting holomorphically and effectively on a Riemann surface.

Proposition 4.10. Let G be a finite group acting holomorphically and effectively on a
Riemann surface X, and let p € X be a fived point.

(1) The stabilizer subgroup G, is a finite cyclic group.

(2) If G is not finite, then G, is still a cyclic group if it is finite.

(8) The points of X with nontrivial stabilizers are a discrete subset.

The Quotient Riemann Surface. In order to put a complex structure on the quotient
surface X/G7 we must find complex charts.

Proposition 4.11. Let G be a finite group acting holomorphically and effectively on a
Riemann surface X, and let p € X be a fived point. Then there exists an open neighborhood
U of p such that:
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(a) U is invariant under the action of the stabilizer subgroup Gy;
(b) UN(g-U) =10 for every g ¢ G,;

(c) the map U/gp — X/g, which sends a point g € U to its orbit [q], is a homeomorphism
onto an open subset of the quotient X/g;

(d) no point of U, except p, is fized by an element of G,.

Sketch of the Proof. Suppose that G\ G, = {g1, ..., gn} are the elements of G not fixing
p. A Riemann surface is, in particular, Hausdorff, thus, for each i = 1, ..., n, we can find
open neighborhoods V; of p and W; of g; - p such that V; N W; = 0.

In particular, g;l - W, is an open neighborhood of p as i ranges in {1, ..., n}. Let us
consider R; =V, N (g;1 . Wi), and let us set

U := ﬂ g-R, where R= ORi.
9E€Gy i=1

This is exactly the sought open neighborhood of p, and it is now easy to check that it
satisfies the properties (a)-(d). O

Theorem 4.12. Let G be a finite group acting holomorphically and effectively on a Riemann

surface X. The quotient X/g is a Riemann surface, whose complex charts are given by
Proposition 4.11.

Moreover, m : X — X/g is a holomorphic map, whose degree is equal to |G|, such that
mult, (7) = |G,| for any point p € X.

Ramification of the Quotient Map. Let G be a finite group acting holomorphically
and effectively on a Riemann surface X, and denote by Y = X/g the quotient space.

Suppose that y € Y is a branch point, and let z1, ..., x5 be the points of X lying above
y, i.e., 7 (y) = {z1, ..., #5}. Clearly the x;’s are all in the same orbit by definition, thus
they all have conjugate stabilizer subgroups, and each one of them is of the same order 7.

Moreover, the number s of points in this orbit is the index of the stabilizer, and so is
equal to |G|/r. This argument proves the following lemma:

Lemma 4.13. Let G be a finite group acting holomorphically and effectively on a Riemann
surface X, and let Y = X/g be the quotient.

For every branch point y € Y, there is an integer r > 2 such that 7~ 1(y) consists of
exactly |G|/r points of X, and at each of these preimage points m has multiplicity exactly
equal to r.

Corollary 4.14. Let G be a finite group acting holomorphically and effectively on a Riemann
surface X, and let Y = X/g be the quotient. Suppose that there are k branch points
Y1y --+, Yp €Y such that, for each i =1, ..., n, ™ has multiplicity r; at the |G|/r; points
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above y;. Then

el
29(X) ~2=1G| 2g(¥) ~2) + > (ri 1) =

= |G

2g(Y)—2+g(1—:i>].

Lemma 4.15. Let 1, ..., i be given integers such that r; > 2 for each i. Let

Then it turns out that

(a)
k=1 anyry
R<2 & (k {ri})={F=2 o,
k=3 {ri}={2,2,r3}; or
k=3 {rz} = {23 3; 3}3 {2a 33 4} or {27 Sa 5}
(b)

k=3 {ri}={2, 3,6}, {2,4, 4} or {3, 3, 3}; or

R=2 < (k, {Ti})Z{k_4 {ri} =12, 2,2, 2}.

(c) IfR>2then R>2+ L.

Hurwitz’s Theorems on Automorphism For compact Riemann surfaces of genus big-
ger or equal to 2, Corollary 4.14 leads to a bound on the order of the group G acting
holomorphically and effectively.

Theorem 4.16 (Hurwitz’s Theorem). Let G be a finite group acting holomorphically and
effectively on a compact Riemann surface X of genus g(X) > 2. Then

Gl <84-(9(X) —1).

Proof. By Corollary 4.14 it turns out that
29(X)—2 =G| {zg(X/g) —2+R], (4.2)
where R is defined as in the Lemma above.
(1) Suppose that g (X/g> > 1. If there is no ramification, i.e., R = 0, then g (X/g> >2
(since g(X) — 2 > 0), and this implies immediately that
9] < g(X) - 1.

If the ramification is nonzero, i.e., R # 0, then R > 1/2. Therefore 2 g (X/g) —24+R >
1/2, and from (4.2) it follows that

Gl <4-(9(X) - 1).
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(2) Assume then that g (X/g) = 0. Then (4.2) reduces to
29(X)-2=1g] [R-2],
which forces R > 2. Therefore Lemma 4.15 implies that R — 2 > 1/42, i.e,
Gl <84-(9—1),
as claimed.

O

In fact, the group of all automorphisms of a compact Riemann surface of genus at least
two is a finite group. It implies that for such a Riemann surface, we have

|Aut(X)| <84 - (¢9(X) — 1),

since the full group of the automorphisms certainly acts holomorphically and effectively on
X; we shall prove this later on in the course.
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Chapter 5

Differential Forms

The main result of this chapter is the residue theorem for compact Riemann surfaces, which
will be extremely useful in some of the most significant results of this course (e.g., Serre
duality theorem).

5.1 Holomorphic 1-forms

Definition 5.1 (Holomorphic 1-Forms). Let V' be an open subset of C. A holomorphic
1-form (in the coordinate z) on V is an expression w of the form

w = f(2)dz,

where f : V — C is a holomorphic function.

Let wy = f(z)dz, wa = g(w) dw be holomorphic 1-forms, respectively in the coordinates
z and w, defined on open subsets V;, V5 C C.

Definition 5.2 (Transformation). Let T' : Vo — Vi be a holomorphic map such that
z = T(w). We say that w;y transforms to we under T if and only if

g(w) = f (T(w)) - T'(w), VweVa.
Remark 5.1. If T is an invertible transformation and S is its inverse, then w; transforms
to wo under T if and only if wy transforms to w; under S.

Definition 5.3 (Meromorphic 1-Forms). Let V' be an open subset of C. A meromorphic
1-form (in the coordinate z) on V is an expression w of the form

w=f(z)dz,

where f : V — C is a meromorphic function.

Let w1 = f(z)dz, we = g(w) dw be meromorphic 1-forms, respectively in the coordinates
z and w, defined on open subsets V;, V5 C C.

Definition 5.4 (Transformation). Let T : Vo — V; be a holomorphic map such that
z = T(w). We say that wy transforms to we under T if and only if

gw) = f(T(w)) -T'(w),  Vwe Vs
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Differential forms on Riemann surfaces. In this paragraph, we extend, in a natural
way, the definition of holomorphic 1-forms on Riemann surfaces.

We denote by X a Riemann surface, and we let A = {pq : Uy = Vo € Clyer be a
complex atlas associated to X.

Definition 5.5 (Holomorphic Form, [2]). A holomorphic 1-form on X is a collection of
holomorphic 1-forms {wg}, one for each chart ¢ : U — V in the coordinate of the codomain
V', such that if two charts have overlapping domains, then the associated holomorphic 1-form
wg, transforms to wy, under the change of coordinate T := ¢y o ¢y *.

On the other hand, to define a holomorphic 1-form on a Riemann surface one does not
need to give a holomorphic 1-form on each chart, but only the charts of some atlas.

Lemma 5.6. Let {w,} be a given collection of 1-forms, one for each chart of the atlas A,
which transform to each other on their overlapping domains. Then there exists a unique
holomorphic 1-form on X extending this collection on any of the charts of X.

Definition 5.7 (Meromorphic Form, [2]). A meromorphic 1-form on X is a collection of
meromorphic 1-forms {wy}, one for each chart ¢ : U — V in the coordinate of the codomain
V', such that if two charts have overlapping domains, then the associated holomorphic 1-form
wge, transforms to wy, under the change of coordinate T := ¢ o ¢y L

Order. Letp € X be apoint and let w be a meromorphic 1-form, defined in a neighborhood
U C X of a point p.

Let z be a local coordinate centered at p, in such a way that w = f(z)dz for some
function f : U — C, meromorphic at the point z = 0.

Definition 5.8. The order of w at p, denoted by ord,(w), is the order of the function f
at the origin z =0, i.e.,
ord,(w) = ordo(f).

It is a simple exercise to prove that this definition does not depend on the particular
local representation f of w, nor on the neighborhood U of p.

C*> Forms. Let X be a Riemann surface and let p € X be a point. If we take a chart
p:U, S vcecc

centered at p, with local coordinate z, then a straightforward computation yields to the

following result:
0 1/ 0 0 0 1/ 0 0
— == -1, — = =—+1=— .
0z 2\0x oy 0z 2\0x dy

In particular, a function f : V C C — C is holomorphic at p if and only if

of
—(p) =0.
55
Therefore the differential of a C'*° function f : U, C X — C is given by
df = 8—f dz + ﬂ dz.

0z 0z
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A 1-form w of class C° is an expression of the form
w=gi(z, 2)dz + g2(z, 2) dz,

and it is holomorphic if and only if g; is a holomorphic function not depending on Zz, and go
is identically equal to 0, i.e., a holomorphic 1-form of class C'*° is an expression of the form

w=g1(2)dz.

In conclusion, if w is a 1-form of class C'°°, then its differential dw is a 2-form and it is given

by the formula
(092 Ogq _
dw-(az 55 dz Ndz.

5.2 Integration of a 1-form along paths

Path Integration. Let X be a Riemann surface and let

p:U SV CC
be any chart. If v : [a, b] — X is a piece-wise differentiable path such that v ([a, b]) C U,
then the composition ¢ 0 : [a, ] = V C C is also a path, sending ¢ to z(t).

If we identify U ~ V, then the 1-form can be locally written in the form w = g (2, 2) dz+
92(z, Z) dz and thus we can define the integral along 7 as follows:

[ [ lon Gl 20) 20 + g2 (101, 20) - 7 0)] (5.1)

If v : [a, b)) = X is a generic path, then 7 ([a, b]) is a compact set in X and thus there
exist a finite number of charts ¢1 : Uy — Vi, ..., ¢, : U, = V,, such that

n

A(a, 1) < |J U

i=1

If we let v; :== 7~ ‘U_, we can define the integral of w along v as

[ [l G0 50) 20 + g Gl020) - F @ . 52)

Winding Number. Let v : [a, b] — C be a closed path around the origin. The integral
1 1

—dz

21 4

I,(0) :
is called winding number of ~ and, intuitively, it counts the number of complete rotations
around the origin.

More precisely, it depends only on the class of homotopy of 7, and it is easy to prove
that, if + is homotopic to S! counterclockwise oriented, then I, (0) = 1.
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Figure 5.1: Covering of the path v

Lemma 5.9. Let X be a Riemann surface, and let p € X be any point. If w is a meromor-
phic 1-form locally defined on a chart U, around p and v is a simple path, contained in Up,
not enclosing any other pole of f, then

1
Resp(w) = Tm/w
v

Recall that the residue of w at a certain point p € X is defined by looking at w locally.
More precisely, if w = f(z) dz in a neighborhood of p, then

f(z) = Z cn 2",
n>m
and the residue is exactly the coefficient of 1/z, i.e., c_1.

Theorem 5.10 (Stokes). Let X be a Riemann surface and let D C X be a triangulable
domain, whose border is piece-wise differentiable. If w is a C°° 1-form on X, then

/aDWZ//de. (5.3)

Theorem 5.11 (Residues Theorem). Let X be a compact Riemann surface and let w be a
meromorphic 1-form on X. Then the sum of the residues is zero, i.e.,

Z Res,(w) = 0.

peX

Proof. The set of poles of w is a discrete subset of X, thus it is finite by compactness of X.
Assume that pyq, ..., p, are the poles of w, and let 71, ..., 7, be simple paths enclosing only
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the corresponding pole p;. Let D; be closed sets such that 0 D; = ;, and let D = X\U"_; D;;
then

/w:2ﬂ'zRespi(w), Vi=1,...,n.
i
Formally 8 D = — """ | v; (see Figure 5.2), therefore

n

2771iRespi(w):Z/%w:—/aDw:—//DdoJZO,

i=1
since w is holomorphic on D. O

Corollary 5.12. Let X be a compact Riemann surface and let f : X — C a nonconstant
meromorphic function. Then the sum of the orders is zero, i.e.,

Z ord,(f) = 0.

peX

Proof. First, we observe that ord,(f) = n if and only if - locally - it turns out that
f(2) = cn 2"+ O(z").

Consider the logarithmic differential

w:%df,

and notice that the differential of f is (locally) defined by
df = f(2)dz =nc, 2" Tdz +....

In particular, multiplying by 1/f we find that
1 n
sdaf=(Z+..),
FU=E

and thus the key identity

ord,(f) = Res, (ch df> ,

which concludes the proof since the sum of the residues is zero by Theorem 5.11. O
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Figure 5.2: Idea of the Residues Theorem proof
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Chapter 6

Sheaf Theory

In this chapter, we want to introduce and develop the sheaf language to simplify the com-
prehension of the next topics.

In particular, we present the cohomology groups (which will ease the discussion of the
divisor vector space L(D)), and we also prove the long exact sequence in cohomology theorem
(which will be used extensively in the next chapters.)

The reader may consult these notes for a more in-depth dissertation.

6.1 Definitions and First Properties

Definition 6.1 (Sheaf). Let X be a topological space. A sheaf F on X associates to each
open set U C X an abelian group F(U), along with a restriction map p% : F(V) — F(U)
for any open sets U C V, satisfying the following conditions:

(1) Compatibility Conditions.

(1.1) F(0)=0.
(1.2) pY =idy.
(1.3) W CV cCU, thenp%:p%opg.

(2) Locality Conditions.
(2.1) It U := {U;}; is a covering of U, then

ceFU) :o

U,i:O Vi = o=0.

(2.2) For any covering U := {U,};er of U and any collection {o;};cr of sections o; €
F(U;) it turns out that, if

%ily,nu; = %9 }UmUj

for any 14, j, then there exists o € F(U) such that o ‘U_ = 0;.
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If F satisfies only the compatibility conditions, then we say that F is a presheaf.

Definition 6.2 (Stalks). Let F be a sheaf on a topological space X, and let p € X. The
stalk at p, denoted by F,, is the direct limit of all sections containing p.

More precisely, suppose that U and V' are two open subsets, both containing p, with two
section oy and oy ; define an equivalence relation

oy ~oy < AW CUNV : UU|W:UV’W'

Then the stalk at p is defined by setting

Fpi=lim FU)= | | | FO) |/ ~.

Usp Usp

There is a group homomorphism py : F(U) — F, mapping a section o, to its equivalence
class, and the image is called the germ of o,.

Example 6.1. To get accustomed with the definitions, the reader may try to check that
the following are all sheaves.

(a) The (locally) constant sheaf U — C(U) = C, denoted by C, whose restriction maps
are the identities between the copies of C.

(b) The sheaf of holomorphic functions U +— Ox (U) := {f : U — C | f is holomorphic in U }.
For any p € X the stalk is given by

Ox,p={f:X — C | f is meromorphic outside of p }.
(c) The sheaf of meromorphic functions U — Mx (U) := {f : U — C | f is meromorphic in U }.
(d) The sheaf of the holomorphic differentials U + QY (U) := {f(z)dz | f is holomorphic in U }.

Morphisms of Sheaves. Let & and F be sheaves on X. A morphism f: & — F is a
collection of group homomorphisms fyy : £(U) — F(U) such that the following diagram is
commutative

EU) —— FO)

that is, (fu(0)) |y, = fv (o |y)-
Example 6.2 (Inclusion Maps). The first kind of morphisms between sheaves we study are

the inclusion maps. Indeed, they come up whenever, for any U C X, the group F(U) is a
subgroup of the group G(U).

(1) Constant sheaves: Z C R C C.

(2) Holomorphic/Meromorphic sheaves: C C Ox C Mx.

(8) Nonzero holomorphic/meromorphic sheaves: O% C M%.

(4) Sheaves of functions with bounded poles: if D1 < Dy are divisors on X, then Ox[D] C
Ox[Ds).
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Kernel. Suppose that ¢ : F — G is sheaf map between two group sheaves on X. Define
a subsheaf IC C F, called the kernel of ¢, by setting

K(U) := ker(év)

for any U C X, that is, the group associated to the open set U is exactly the kernel of the
group homomorphism ¢y : F(U) = G(U).

Proposition 6.3. Let ¢ : F — G be a sheaf map between two group sheaves on X.

(a) The kernel K is a sheaf.

(b) The cokernel (which is defined in the same way) is a presheaf, but it is generally not
a sheaf.

Associated Sheaf. If F is a presheaf, then it is always possible to extend it to a sheaf
F, which is usually called associated sheaf.

For example, we define coker(f)(U) to be a collection of sections o, € G(U,) for an open
covering {U, }o of U, such that for all a and g it turns out that

Oa |UomU5 —0p |UaﬂU5 € fu.nus (F(Ua NUp)).

The definition depends on the choice of an open covering. Thus we need to find a way to
get rid of this obstacle.

The idea, as we shall see also later in the course, is to use the direct limit. More precisely,
we identify two collections {(Uy, 04)} and {(V3s, og)} if for all p € U, N Vp there exists an
open set W satisfying p € W C U, N Vg, such that

Ta |y — 08 |y € fiv (F(W)).

This identification yields an equivalence relation and correspondingly we define the coker
sheaf as the group of equivalence classes of the above sections.

6.2 Exact Sequences

In this section, we introduce a fundamental notion that is used vastly in algebra and geom-
etry: short exact sequences, and the long exact sequence in cohomology theorem.

Short Exact Sequences of Sheaves. We say that a sequence of sheaf maps

0—>IC—>]-'3>Q—>0

is a short exact sequence if the sheaf map ¢ is surjective and K is the kernel sheaf associated
to ¢.

Remark 6.1. There is an equivalent - and maybe more useful - definition of a short exact
sequence of sheaf maps, which relies on the notion of a short exact sequence of abelian
groups. More precisely, the sequence of sheaf maps

0F S¢S H-0
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is an exact short sequence if and only if

[ W,
0—F, —Gp —H,—0
is an exact sequence of abelian groups, for every p € X.

Example 6.3. Here is a brief list of short exact sequences.

(a) On a Riemann surface, the sequence

0-5C—0x %0l 50

is exact, since the kernel sheaf of the differential map is exactly the (locally) constant
sheaf.

(b) The sequence
02— 0x 5 0% =0

is exact, since the kernel sheaf of the exponential map is exactly the integer-valued
(locally) constant sheaf.

(c) The sequence
050k 5L %62 50
is exact.
(d) The sequence
05 C—C® Lker(d: &y - €%) =0

is exact, since the kernel of d in this setting is exactly the constant functions space.

Sheaves on Riemann surfaces. Let X be a compact Riemann surface and let p € X.
The skyscraper sheaf centered at p is defined as

0 ifx#p
((Cp)x = . .
C ifzx=np.
We can also define the sheaf of holomorphic functions such that p is a zero, that is,
JIx,p = {f is holomorphic and f(p) = 0},

which can be easily denoted using the divisors. In fact, if we let f € J,, then it is easy to
prove that div(f) > p, and thus we may denote it by

JIx,p = Ox[—p].

Proposition 6.4. Let X be a compact Riemann surface. There exists an exact sequence of
sheaf maps

0 — Ox[—p] = Ox fH—f(p)>(Cp—>O.

Idea of the Proof. Notice that, if x # p, then
(Cp)e =0 and  (Ox[-p|)s = Ox,s
and that

(Ox[—p])p = {maximal ideals in Ox,,} and
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6.3 Cech Cohomology of Sheaves

In this section will assume that every covering is locally finite. This assumption is by no
means necessary at this point, but it will come in handy (and, actually, necessary) soon.

Cech Cochains. Let F be a sheaf of abelian groups on a topological space X. Let

U := {U;}; be an open covering of X, and fix an integer n > 0. For every collection of
indices (ig, ..., in), we denote the intersection of the corresponding open sets by
Ui, ....i, = Uy -0 U,

The deletion of the k-th index is denoted by the symbol 4y, and it is clear by the definition
that
Uio, oovin © Uig, i

Definition 6.5. A Cech n-cochain for the sheaf F over the open cover U is a collection of
sections of F, one over each Uj, .., -

The space of Cech n-cochains for F over U is denoted by cn (U, F). In particular, a Cech
0-cochain is simply a collection of sections, that is, one gives a section of F over each open
set in the cover. Similarly, a 1-cochain is a collection of sections of F over every intersection

of two open sets of the cover; the typical notation for a 1-cochain is (f; ;) € F (U; N Uj).

Remark 6.2. If ¢ : F — G is a sheaf map, then it induces map on the cochains space
¢:C"(U, F) = C"(U, G)
for any open covering U, defined by
(fio, orvin) == (D(fig, ...in)) -

Cech Cochains Complexes. Define a co-boundary operator

d:C"(U, F) = C" U, F)

by setting
d((fio,m,in)) = (gi07~--7in+1)’
where
n+1
Gio, wyint1 = Z(_l)k p (fim --477;/}\c»~~-7in+1) ’
k=0

In the above formula p denotes the restriction map for the sheaf F corresponding to the
inclusion U, C UZ-O -~

et yeeslls oo tn

Any n-cochain ¢ with d(c) = 0 is called a n-cocycle; the space of n-cocycles is denoted
by Z™(U, F) and it is simply the kernel of d at the n-th level.

Any n-cochain ¢ with ¢ = d(¢’) for some (n — 1)-cochain ¢’ is called a n-coboundary; the
space of n-coboundaries is denoted by B™(U, F).

It is straightforward, but tedious, to prove that d o d = 0. Thus we have a Cech cochain
complex

0% U, F) LS u, F) S Cru F) S
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Cohomology with respect to a Cover. The fact that d> = 0 implies that for every
neN - -
B™"U, F)c Zz™(U, F).

Definition 6.6 (Cohomology). The n'* Cech cohomology group mr U, F) of F with re-
spect to the open cover U is the quotient group

aw, Fy =" f)/én(% 7y

There is a lot of work behind the following definition (see [2, pp. 295-297]), but the
main point is that we can define a Cech cohomology group independent of the cover U. In
fact, one introduces a refinement of ¢ and proves that the cohomologies can be compared
and they depend only on the particular coverings.

Definition 6.7 (Cech Cohomology). Fix a sheaf F and a integer n > 0. The n'" Cech
cohomology group of F on X is the group

H"(X, F) = %)nH’L(u, F).

Proposition 6.8. Let X be a complex manifold, paracompact and smooth. If R is the
constant sheaf on X, then

H"(X, R) = H,(X, R) = Hj,, (X, R).
Remark 6.3. There is an isomorphism
HY(X, F) = F(X).
In fact, the 0-coboundary is given by {0}, while the 0-cycle is given by
70X, F) = {{f}ver | fa— f3 =0 in Uy N U for any o, B€T}.

Therefore f, = fz in the intersection U, N Ug easily implies that it is possible to extend
both f, and fz to a function f in X.

In particular, if X is a compact Riemann surface, then the 0 cohomology group of the
holomorphic sheaf is given by

H(X, Ox) = Ox(X) =C,

since a holomorphic function defined on the whole compact X is bounded and thus constant.

6.4 Sheaves of Oy-modules

Sheaves of Ox-modules. Let X be a complex manifold (i.e., a manifold with a holo-
morphic structure).

Definition 6.9 (Coherent). A sheaf F of Ox-modules is coherent if and only if for any
p € X there exist an open neighborhood U C X and an exact sequence

0% (U) = O%(U) - F(U) — 0,

i.e, if and only if it is finitely presented.
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Example 6.4. Let X be a Riemann surface. Then the holomorphic 1-form sheaf QY is
invertible and the isomorphism is given by

QL (U) 3 f(2)dz — f(2) € Ox (V).
Example 6.5. If dim¢X = n, then
O(X)n_»Q.lX(U)a (fl,7fn)'—>fldzl++fndzn7

where 21, ..., z, are local coordinates. Clearly the sheaf is coherent but it is not invertible.

Fundamental Properties. In this paragraph we briefly discuss some of the most impor-
tant properties of the particular class of sheaves we just introduced.

Definition 6.10 (Support). Let F be a sheaf on X. The support of F is defined as the set
of the nontrivial stalks, that is,

spt (F)={z e X | F, #0}.

Proposition 6.11. Let X be a compact complex manifold (with holomorphic structure) and
let F be a coherent sheaf over X.

(a) The p-th cohomology group HP(X, F) is a finite-dimensional C-vector space.
(b) The p-th cohomology group is zero for any p > dim¢X.

Corollary 6.12. Let X be a compact Riemann surface and let F be a coherent sheaf over
X. Then the p-th cohomology group is given by

=0 ifp=>2

Hq&Jﬁ{#o ifp=0, 1.

Theorem 6.13. Let X be a compact complex manifold (with holomorphic structure). If

05 F 565 H -0

is an exact sequence of coherent Ox-modules, then there is a long exact sequence in coho-
mology, that is, there exists O such that

e

) 22, HH) S HY(F) = ...

) HO(¥)

0— HY(F H(G

is an exact long sequence.

Idea of the Proof. We can always choose a covering U := {U, }oer such that, for any U,, it
turns out that

0= F(Us) £25 G(UL) L2 H(U) — 0

is a short exact sequence. Consequently, the sequence

HO(p) HO ()

0 — H°(F)

H(G) H(H)
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is exact, but the latter map may not be surjective (in general, it will not be). We want to
define a map 9 : HO(H) — H'(F) that makes the sequence exact at H°(H).

Let 0 € H°(H) and let us consider two open sets of the covering, e.g., U, and Ug. We
already know that there exists s, € G(U,) such that s, +— o |U and there exists sg € G(Ug)
such that sg — o |U5' Let us set 6(0) == So — 55 = G, 8-

Clearly go,5 € Z' (UsNUs) € G (U, NUg) and by the exactness of the local sequence,

it turns out that ¥(ga, 3) = 0 in H (U, N Up) and therefore there exists fo, g € F (Us NUg)
such that

¢(fa,8) = ga, p-
We can set
9(0) == {fa,6}a, 5 € H'(F)
and, by using the induction principle, we conclude the proof. O

Corollary 6.14. Let X, F, G and H be as above. Then

dime(spt(F) |
Xx(G) = x(F) + x(H), where  x(F) = Z (=1)"dim¢ (H*(F)) .

=0

6.5 GAGA Principle

Let X be a projective manifold, equipped with the Zariski topology, and let
O¥& .= {f: X — C | f algebraic}.

On the other side, let X be a compact holomorphic manifold, equipped with the Hausdorff
topology, and let
O% :={f: X — C | f holomorphic } .

Theorem 6.15. Let X be a smooth projective manifold. Then there exists an application
Fr— Fi=F Q) Ok,
Oalg
X

where F is a coherent sheaf of (’)i(lg-modules and F" a coherent sheaf of O% -modules, such
that
H%ar(Xv “F) g HIZ;Iall(X’ fh)'

6.6 Invertible Oy-module Sheaves

Definition 6.16 (Invertible). A sheaf £ of Ox-modules is invertible if and only if there
exists a covering U := {U; };cr of X such that:

~

(a) For any i € I, there is an isomorphism ¢; : L(U;) — Ox(U;).
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(b) For any 4, j € I, there is an invertible function f; ;, defined on U; N Uj, such that
b = fi,j - ;-
Remark 6.4. Let £ be an invertible sheaf of O x-modules and let U;, U;, Uy, € U. It follows
from the definition that, in the triple intersection, the following relation holds true:

fi,k :fi,j‘fj,k-

Remark 6.5. Equivalently, a sheaf F of Ox-modules is invertible if and only if for every
p € X there is an open neighborhood U of p, such that O ’U = F ’U as sheaves of O ‘U-
modules on the space U.

The invertible sheaves are locally free rank one @-modules. An isomorphism ¢y : O |U —
F |U is called a trivialization of F over U.

Remark 6.6. By definition, if U is an open neighborhood of p such that O |U = F |U, then
there is an isomorphism ¢y : O(U) — F(U).

Let us consider the complex projective line P!(C) endowed with the usual atlas given by
Up = {[1: z1]}, with local coordinate z := 21/z¢, and Uy = {[2¢ : 1]}, with local coordinate
w = zp/21.

Example 6.6. For any fixed m € 7Z, we consider the invertible sheaf Opi[m], which is
defined as follows:

(a) for i =1 and ¢ = 2, there are isomorphisms Op:[m](U;) = O(U;) = O(C);

> m
1
J1,0= <>
20
We are interested in computing the 0-cohomology group of Op:[m] for m = 0, m = 1 and
m € Z.

(b) the transition map is given by

(1) If m =0, then it is straightforward to prove that

O]pl [0} = O]pl and HO (Pl, O]pl) =C.

(2) Let m = 1. By definition of the sheaf Op:[1], it turns out that

Jf(z) € Op1(Up) such that f is holomorphic in Uy,

Jg(z) € Op1(U1) such that g is holomorphic in Uj.

To compute the group H° (Pl, (’)ﬂm) we need to check how f and g glue in the inter-
section Up N U;. The assumption (b) on the transition map easily implies that

f(z):zg(1>, VzeUyNnU;.

z

If we use the Laurent develop, it turns out that

flz)= Zai 2t and g(z) = Z b; 27,

i>0 i>0



60 6.7. OPERATIONS ON SHEAVES

hence f(z) = z - ¢(1/z) in the intersection if and only if

b_
f(z)=ap+a1% and g(z) = 71 + bo.

Therefore we can easily conclude that

of degree 1 in zg and 21

H° (P!, Op[1]) {

homogeneous polynomials}

(3) Let m > 0 be any positive integer. There is an isomorphism

{p(zo, 21)

which is defined by

homogeneous polynomials

of degree m in zg and z;

} ~ o (Pl, Op1 [m]) .

p(zo’;nz:l) in UO
20
P(Zo7 21) — (20, 21)
% in U.
1

The same result holds true for m < 0, but there are no polynomials of degree less than
zero. In particular, the H° cohomology group is the trivial one, that is,

H° (P!, Op1[m]) =0, VmeZ .

6.7 Operations on Sheaves

Tensor Product. Let £ and F be invertible sheaves of O x-modules. Their tensor product
is the sheaf denoted by £ ® F which is defined, in terms of co-cycles, as follows:

(L, F) > (lij, fi,j) — i fi; €LOF.
For example, if m, k € Z, it is relatively easy to prove that the following isomorphism exists:
Op1[m] ® Op: [k] = Op1 [m + k].
Inverse. Let £ be an invertible sheaf. The inverse is denoted by £~! and it is the unique

sheaf such that
L&L=0y.

In particular if X is a Riemann surface or, more generally, a complete holomorphic manifold

({invertible sheaves} , ®) is a group.

For a more precise formulation of the above argument, the reader may jump directly to
Section 10.1.
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Line Bundle. There is a correspondence between invertible sheaf on a smooth manifold
X and line bundles, that is,

Invertible sheaves
on X smooth

} <~ {Line bundles} .

If X is an invertible Riemann surface, then
3U := {U,}ier covering such that
{F — X Line bundle} <+~ F; : F ‘Ui — U; x C which sends z to (z, fi(z2))
and f; = g;, ;- f; in the intersection U; N Uj.
A holomorphic section of F' is simply the holomorphic mapping f; : U; — C such that
fi:gi,j'fj in UiﬂUj.
In particular, there is a correspondence

F sheaf of the sections of F' <— F' — X Line bundles,

given by
fi(and g; ;) — F - U; x C : 2z (2, fi(2)).

Algebraic Curves. Let F be an invertible sheaf. Clearly it corresponds locally to ¢; = 2™
which is 0 if and only if z = 0 is a point of multiplicity n; (an analogous argument works
for o0).

If X C P?(C) is a smooth algebraic curve of degree d, then we can always consider the
vector subspace made up of fixed degree smooth algebraic curves, that is,

W := {smooth algebraic curves of fixed degree h} C P*(C).

By Bezout’s theorem', it follows that for any Y € W, the intersection Y N X is given by
h - d points with the right multiplicities (this assertion is not very precise, but we only want
to give a rough idea of this construction).

Let Y7, Yo € W and consider the points p; € X NY; and ¢; € Ys; since W is a vector
subspace, also the linear combinations of these two elements will individuate Y3 € W, such
that the points r; € X NYj3 are linear combinations of the previous points (see the Figure
6.1).

1Let X and Y be plane algebraic curves of degree n and m respectively. Then there are m - n points in
the intersection X NY, counted with the respective multiplicities, provided that X and Y have no common
components.
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Figure 6.1: Idea of the construction
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Chapter 7

Divisors

7.1 Divisors on Riemann Surfaces

Definition 7.1 (Divisor). Let X be a Riemann surface. A divisor D on X is a discretely
supported function D : X — Z, that is, a formal sum

D= D(p)-p,
peEX
where D(p) € Z is equal to the multiplicity of D at p, and D(p) # 0 for only finitely many
peX.

Divisors Group. Given D; and D, divisors on X, there is a sum operation which is
defined by setting
Dy + Dy =Y [Di(p) + D2(p)] - p,
peX
and it is easy to prove that D + D, is still a divisor on X. In particular, if we denote the
divisors on X by Div(X), it turns out that (Div(X), +) is a commutative group.

Definition 7.2 (Degree). Let X be a Riemann surface. The degree is the mapping

deg:Div(X) = Z, D=y D(p)-p— »_ D(p).

peX peX

Principal Divisors. Let X be a compact Riemann surface and let f : X — CU {c0} be
a meromorphic function. There is a mapping div : M (X; CU {oco}) — Div(X) defined by
setting
div(f) := Y ord,(f)-p.
peX
The divisor associated to a function is called principal and, by the Residues Theorem 5.11,
it turns out that the degree is always equal to 0, that is,

deg (div(f) = Y ordy (/) = 0.

peX
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Example 7.1. Let X = P'(C) and let f(z0, 21) = 20 (20 — 21) 21 2. The principal divisor
associated to f is given by

div(f)=1-[0:1]+1-[1:1]—-2-[1:0],
coherently with the properties already discussed above.

Definition 7.3 (Poles/Zeros divisor of f). Let X be a compact Riemann surface and let
f:X — CU{oo} be a meromorphic function. The divisor of the zeros is defined as

divo(f):= Y ordy(f)-p,
p:ordy(f)>0
while the divisor of the poles is defined as
divee(f) := > (—ordy(f))- P.
p:ordy(f)<0
Definition 7.4 (Effective Divisor). Let X be a compact Riemann surface. A divisor D €
Div(X) is effective if D(p) > 0 for every p € X.

Consequently, any divisor D € Div(X) may be written as a difference between two
effective divisors, that is,
D =Dy— Ds.

Finally, there is a partial order on the set of all divisors which is defined by

Di>Dy <— Dy —Dy >0 «<— Dl(p)—DQ(p)ZO vaX

7.2 Invertible Sheaf of Oy-modules associated to a di-
visor D

Let X be a compact Riemann surface. The sheaf of Ox-modules associated to a divisor
D € Div(X) is denoted by Ox[D], and it is defined by setting

X2D2U+— Ox[D|(U) :={f:U — C | f is meromorphic and div(f) > —D}.
Proposition 7.5. Let X be a compact Riemann surface and let D € Div(X). Then Ox|[D]

is an invertible sheaf.

Proof. Let spt (D) = {p1, ..., pn}. If we set Uy := X \ {p1, ..., pn}, then Ox [D] (Up)
consists of meromorphic functions with no poles, that is, it is isomorphic to the group of
holomorphic function defined on Uy:

OX [D] (Uo) = Ox(Uo).

For any ¢ = 1, ..., n we may choose a neighborhood U; 3 p; such that U; NU; = () whenever
1 # j. If the multiplicity of p; is equal to n;, then we may locally (in U;) choose p; = 2™ in
such a way that D ’U’_ = div(y;) for any i = 1, ..., n. Thus there is an isomorphism

Ox(U) & Ox[DIU),  frs ~ - F.

%
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More precisely, there is an equivalence

Ox[D)(U;) = {f : U; = C | f is meromorphic and ordy, (f) > —n; } — {f = g}’

Pi

where g : U; — C is holomorphic. Indeed, in a more general setting than X Riemann
surface, it turns out that the transition maps are given by

P
fis =22,
! Pi

O

Definition 7.6. Let X be a compact Riemann surface and let D € Div(X). The Oth
cohomology group is the vector space of the global sections of Ox[D], and it is denoted by
L(D).

More precisely, it turns out that
L(D) := H° (X, Ox[D]) = {f : X — C | f meromorphic and div(f) > —D}.

Example 7.2. Let X = P}(C), p =[1,0] and D = 1-p. If we denote by z = z1/z the
local coordinate in Uy = {[1 : 2]} 2 C, then p = 0 in Uy. By definition

Op:[D] (Up) = {f : Uy — C | f meromorphic and ordy(f) > —1},
hence the following equality also holds true:

Op: [D] (Uy) = {g(Zz) | g : Uy — C holomorphic in Uy } .

Assume that w is the local coordinate of Uy = {[z¢ : 1]} = C; it remains to study how the
functions behaves in the intersection Uy N U;. If we use the Laurent develop, it turns out

that
=Y az  and  fw)= Y qui= Y ez

i>—1 i>—1 i>—1

hence f(z) = f(w) in the intersection if and only if
flz) = %Jrao and flw)=ap+a_1w.
Therefore we can easily conclude that
Op:[D] (Uo) = {% + ao} and  Om[D](U1) = {a—1w +ao},
that is, there is an isomorphism (see Example 6.6)

Op1[D] = Opi[1].

We conclude this section with a brief discussion of L(D), as D ranges in the divisor group
of a Riemann surface X. First notice that if D; < D, then there is a natural inclusion
L(D1) € L(D2).
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Empty L(D). Recall that a meromorphic function f is holomorphic if and only if div(f) >
0; therefore
L(0) = O(X) :={f: X — C | f holomorphic on X }.

In particular, if X is compact the only holomorphic functions on the whole X are the
constants; thus L(0) = O(X) = C.

Lemma 7.7. Let X be a compact Riemann surface. If D is a divisor on X with degree
strictly less than zero, then L(D) = {0}.
Proof. Let f € L(D) be a nonzero function. The divisor

E =D +div(f)

is positive (E > 0), by definition of L(D). Therefore deg(F) > 0 and we conclude that there
is a contradiction by taking the degree of the defining formula of E:

deg(E) > 0 > deg(D) = deg(F).
O

Proposition 7.8. Let X = P1(C) be the complex projective space and let D € Div(X) be a
positive divisor such that deg(D) = d. Then

L(D) = H° (Pl, Op:1[D]) = {homogeneous polynomials in zo, z1 of degree d} .
Proof [?]. Let us write the divisor as

D:iei-)\i—&—em-oo
i=1

with \; € C distinct, such that e; +---+ e, + es = d > 0, and let us consider the function

With the above notation, it turns out that the thesis is equivalent to proving that

L(D)={fp(2)-g(z) | g(2) is a polynomial of degree at most deg(D)} .

Step 1. Fix a polynomial g(z) of degree e and notice that oo is a pole of g, whose degree
is equal to e. The divisor of fp(z) is exactly

i=1 i=1
therefore

div (fp(2) - 9(2)) + D = div(g) +div(fp) + D >

> (Zei—l—em—e) 00 = (deg(D) —e) - o0,

which proves that e < deg(D). This proves that the given space is a subspace of L(D).
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Step 2. Vice versa, let us take any nonzero h(z) € L(D) and let us set g := fLD We have

div (g) = div(h) — div(fp) > —D — div(fp) >

> <—Zei — eoo> -00 = —deg(D) - o0,

which shows that g can have no poles in the finite part C, and can have a pole of order at
most deg(D) at oo. This forces g to be a polynomial of degree at most deg(D). O

7.3 Linear Systems of Divisors

Linear Equivalence. In this paragraph, we introduce the notion of equivalence between
divisors (on a compact Riemann surface) and prove that it is an equivalence relation in the
space Div(X).

Definition 7.9 (Linear Equivalence). Let X be a (compact) Riemann surface and let
Dy, Dy € Div(X). The divisors are said to be linearly equivalent if there exists a meromor-
phic function f : X — C such that

div(f) = Dy — Ds.
Notation. If Dy and D are equivalent divisors, we shall write Dy ~ Dy (or Dy = D).

Proposition 7.10. Let X be a compact Riemann surface.

(1) ~ is an equivalence relation in Div(X).

(2) D ~ 0 if and only if there exists a meromorphic function f : X — C such that
D = div(f).

(8) If Dy ~ D, then deg(D;) = deg(Ds3).
Remark 7.1. If X = P!(C), then
O]pl [D] = O]pl [deg(D)]

immediately implies that Dy ~ Ds if and only if deg(D;) = deg(Ds).

Linear Systems. We are finally ready to introduce the notion of linear system associated
with a divisor D € Div(X).

Definition 7.11 (Complete Linear System). Let X be a Riemann surface and let D €
Div(X) be any divisor. The complete linear system of D, denoted by |D], is the set of all
nonnegative divisors £ > 0 which are equivalent to D, i.e.

|[D|={FeDiv(X) |E~Dand E>0}.
There is a geometric/algebraic structure to a complete linear system |D| which is related

to the vector space L(D). Let P(L(D)) be the projective space associated to the vector
space L(D); we may define a function

S:P(L(D)) — |D]



69 7.3. LINEAR SYSTEMS OF DIVISORS

by sending the span of a function f € L(D) to the divisor div(f) + D. Note that this map
is well defined, since the divisor of a multiple A - f is equal to the divisor of f.

Lemma 7.12. If X is a compact Riemann surface, the map S defined above is a 1-1
correspondence.

Proof. Suppose that there are functions f, g : X — C such that S(f) = S(g). If we cancel
the D’s, it turns out that div(f) = div(g) or, equivalently, that

div (f) =0.
g

The function f/g has no zeros or poles on X, thus (by compactness of X) it must be a
identically equal to a nonzero constant A\ € C, i.e., they are the same element in the domain
of S.

Let E € |D| be any divisor. By definition £ ~ D and E > 0, therefore there exists
f € L(D) such that
E=div(f)+ D,

which is equivalent to S(f) = E, i.e., S is surjective. O
Thus for a compact Riemann surface, complete linear systems have a natural projective
space structure.

Example 7.3. Let X = P}(C), let p =1[0: 1] € X and set D := 1-p. We have already
proved that

z

HO (P, Op: [D]) = {“Z+b}

in Uy = {z0 # 0} with local coordinate z = z1/z9. The linear system |D| is given by the set
of positive divisors F, such that
E — D =div(f).

The meromorphic function f has a unique zero of order 1, and hence
div(f)=q—p ¢€P(C),

implies that
|ID|={E=1-q|qeP'(C)}.

Proposition 7.13. Let X be a compact Riemann surface and let D € Div(X). Then

deg(D) <0 < H"(X, Ox[D]) =0 < |D|=0.

Proof. The former equivalence is easy and it has already been proved above. For any
E € |D|, it turns out that

E>0 E>0 . "
. == — absurd, F is positive.
E =D +div(f) deg(E) =deg(D)+0<0
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7.4 Divisors and Maps to Projective Space

In this section, we shall be concerned with the possibility to embed a Riemann surface into
a projective space holomorphically.

Holomorphic Maps to Projective Space. The first step is to understand what is the
meaning of a “holomorphic map to the complex projective space P"”.

Definition 7.14 (Holomorphic Map). Let X be a Riemann surface. A map ¢ : X — P
is holomorphic at the point p € X if there are a neighborhood U, of p and holomorphic
functions oy, ..., o : Uy = C, not all zero at p, such that - locally - ¢ has the form

o) =[oo(z): ... :on(x)].

Observe that, if one of the 0;’s is nonzero at p, then it will be nonzero in a neighborhood
of p; thus the map given by the o;’s is be well defined - at least locally.

Maps to Projective Space as Meromorphic Functions. On a compact Riemann
surface, the holomorphic maps are constant, and thus one cannot expect to use the same
holomorphic function o; at all points p € X to define a holomorphic map.

Let X be a Riemann surface. Choose n + 1 meromorphic functions o = (o, ..., oy) on
X, not all identically to zero. Define ¢, : X — P™ by setting
0o (p) = [o0(p) : - s on(p)]. (7.1)

A priori ¢, is defined at p if

(1) pis not a pole of any o;, and

(2) p is not a zero of every o;.

The reader may check by herself that ¢, is holomorphic at all points p satisfying both
condition (1) and (2) (i.e., it is holomorphic at every definition point).

On the other hand, the function may also be defined on points which violate the first
condition, as a consequence of the next result.

Lemma 7.15. If the meromorphic functions og, ..., o, are not all identically zero at p,
then the map (7.1) given above can be extended to a holomorphic map defined at p.

Proof. Set

m:=  min ord,o;.
1=0,...,n

By definition there is a neighborhood U, of p such that

i ‘Up
has not other pole inside U, that is, using the local coordinate z it turns out that

m

gi(z) =z " oi(z)
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is a holomorphic map at all point of U,, for each ¢ = 0, ..., n. Therefore, it suffices to
define the function ¢, at the point p as follows:
©o(p) :=1[g0(p) : ... 1 gn(p)l =2""[o0(p): ... 1 ou(p)].
O

Example 7.4. Let X =P(C),p=[1:0] € X, and let D = 2-p € Div(X). In the previous
section we have proved that the 0-th cohomology group may be identified as follows:

H° (P!, Op:[D]) = { Z% P(z)

deg(P) < 2} .

It is easy to prove that in homogeneous coordinates we have the identity

cozg—i—clzozl—l—@z%}
)

2
21

H° (P!, Op:[D)) = {

and hence a basis of the 0-th cohomology group is given by

2 2
_{ ”0 2021 Y 2!
o= | — s g1 = 2 and g9 — | — .
Z1 9 Z1

As a consequence, Lemma 7.15 allows us to write the ¢, : P — P? as

[20 : 21] — [zg D202 zf] ,
which is the so-called Veronese embedding (see Figure 7.4). Clearly the image of this map
inside P? is given by
{[yo g1 coye) € P2(C) | yi = yon}v
and hence
E =div(f) + D, E > 0 such that
|D| = ¢ E € Div(X) f has a pole of order 2 in p and
f has two zeros of order 1 (g1 and ¢3)

More precisely, in P? the divisor E = ¢q; + g2 corresponds to the intersection of the line ¢
with the image of the map ¢, .

Formally, it turns out that, if ¢ : X — P" is holomorphic and H is a hyperplane of P™,
then the intersection H N ¢(X) may be regarded as a divisor of X.
Definition 7.16 (Hyperplane Divisor). Let

H = {h =Y a;y = o} c P"(C)
=0

be a hyperplane. If ¢ is a point of ¢(X)NH, and hg = Y., b; y; defines a hyperplane such
that ho(q) # 0, then we define the pull-back of H as

% h
CED SN D SN CR I
qEHNP(X) |pEe~1(q) 0
Remark 7.2. In the previous definition, we divide h by hg since h is a holomorphic map

and, as we have already proved earlier, it would be constant on any compact Riemann
surface.



72 7.4. DIVISORS AND MAPS TO PROJECTIVE SPACE

. 'Lﬂily)
) |PL
a1 %i QlJr W)_ v 2

Figure 7.1: Veronese Embedding

Correspondence Linear Subsystems-Subspaces. In this paragraph, we want to prove
that the only restriction for ¢ p| not being holomorphic, is that there exists a point p € X
such that p € spt E for every divisor F € |D|.

Definition 7.17 (Base Point Free). Let V' C |D| be a linear system on a Riemann surface
X. A point p € X is a base point of V if and only if every divisor E € V' contains p, that is,

E >p.
A linear system is base point free - b.p.f. from now on - if there are no base points.
Remark 7.3. A point p € X is a base point for a linear system V C |D| if and only if
fpy =0, VfeVCH (X, Ox[D]).
Equivalently, if oq, ..., o, is a basis for V, then p is a base point if and only if
oi(p) =0, Vi=0,...,n.

Let VE H° (X, Ox[D]) be a linear subsystem. Suppose that V is b.p.f, and suppose
also that V is a projective space of dimension n 4 1. It induces a morphism

p: X = P*C)=P(V") x+— (oo(x), ..., on(T)),

where V¥ is the geometric dual of V' (i.e. the vector space of the hyperplanes of V'), and
the o; are meromorphic functions not identically equal to zero.

Theorem 7.18. There is a 1-1 correspondence

{ b.p.f. linear systems V. C HY (X, Ox|[D]) with non degenerate image

holomorphic maps ¢ : X — P"(C)
g
of projective dimension n+ 1, and D a d—dz’m’sor}

such that ©*(H) is a d-divisor

The holomorphic map needs to have a non-degenerate image, and this assumption cannot
be relaxed. Indeed, if the image p(X) is contained in a hyperplane of P*(C), then the
correspondence fails to be 1-1.
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The reader may prove this fact by herself; e.g., consider a map X — P2 and look at it
as immersed in a higher-dimension space X — P?(C) — P3(C).

Proof. Let V be a b.p.f system as in the assumptions. The associated holomorphic map is
the one we have already constructed above, i.e.,

v: X 5 P*C)=P(V") x+— (oo(x), ..., on(x)).

Suppose that yo, ..., y, are the coordinates of P", and let p € ¢(X) N H be any point,
:{hZ: Zaiyi:O} and Ho = {h() = Zbiyi:()}
i=0 1=0

be hyperplanes such that p ¢ Hy. By definition it turns out that
h
= Zordp <O(p) P
ho
peX
and this divisor has clearly degree equal to d.

The opposite arrow is a direct consequence of Lemma 7.19 which is stated and proved
right below. O

Lemma 7.19. Let ¢ : X — P*(C) be a holomorphic map and assume that it is b.p.f., i.e.,
for any p € X there exists i such that o;(p) # 0. Let

- Z min (ordy,(07)) - p

peX
and let H :={h:= )" ;a;y; = 0} be a hyperplane. Then
div (Z i aZ) + D = ¢*(H).
i=0

Proof. Let p € X, let j be the index such that ord,(D) = —ord,(0;), and let hy := y;. It
easily follows that

h - ag;
—op= a; — = ord, (¢* ) = ord, a; o; | —ord,(o;j),
; 73 ’ Z =ord, (D)

therefore

{¢"(H) | H projective hyperplane } = {div(f)+ D | f € (o0, ..., on) }.

Example 7.5. Let ¢ : P! — P2 be the Veronese embedding, i.e.,

2
Z| 20
(ZO; Zl) — (ga ;7 1) ’
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locally in the chart Uy. The divisor is given by
-D=-2.[1,00 = D=2-p, p:=[1, 0],
and notice that p(p) = ps € p(PL) C P2

Let H be the hyperplane defined by the equation h := agyo + a1 y1 + a2 y2 = 0 and let
Hj be the hyperplane defined by the equation hg := yo = 0. Then the pullback is given by

@ (H) =div (a2 + a1 20 21 + az z3) —div (25) + 2+ p = div (ao 2§ + a1 20 21 + a2 23) ,
coherently with the fact that the Veronese embedding is globally given by

(20, 21) —> (zg, 20 21, zf) .

7.5 Inverse Image of Divisors

Let X and Y be compact Riemann surfaces and let F': X — Y be a holomorphic function.
The pullback via F of ¢ € Y is defined by

F*(q)= > molt,(F)-p.
pEF~1(q)

Definition 7.20 (Divisor Pullback). Let D be a divisor on Y of the form

D=> n(q)-q

qeyY

The pullback of D via F is a divisor on X, defined by the formula

F*(D) =Y n(q)- F*(q).

qey

Proposition 7.21. Let X and Y be compact Riemann surfaces and let F': X — Y be a
holomorphic function.

(1) The pull-back F* : Div(Y) — Div(X) is a group homomorphism.
(2) If g: Y — C is a meromorphic function, then
F*(div(g)) =div(F*g) =div(go F).
(8) The degree is multiplicative, i.e.,
deg (F*(D)) = deg(F) - deg(D).

(4) The pull-back commutes with the holomorphic function sheaf associated to a divisor,
that is,
F* (Oy[D]) = Ox [F*(D)].
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Theorem 7.22. Let X be a compact Riemann surface, and let ¢ : X — P"(C) be a
holomorphic map. Assume that Y = ¢(X) C P™ is a smooth algebraic curve of degree
e:=deg(Y). Then

deg (p*(H)) =deg(Y) -deg(p: X = Y).

Remark 7.4. In general, the image Y = ¢(X) is an algebraic curve (not necessarily smooth)
- and a Riemann surface -, whose degree is defined by the formula

deg(Y) =deg(Y N H) = Y ordy(H).
qeEYNH

Proof. Let us consider a point p € X, and let us consider the hyperplanes

H = {hzzn:aZ%:O} and HO = {ho :En:blylz()}
=0

=0

such that p(p) € HNY and ¢(p) ¢ Hy. By definition, it turns out that

ord, (¢*(H)) = ord, (ho o <,0> = molt, () - ordy(p) (ho) ,

therefore

deg (p*(H)) = Z molt, (¢) - ordy(p) (:0> =

peX

- Z Z molt,(p) -ord, (H) | =

aeY [pep—'(q)
=deg(p: X =>Y)- Zordq(H).

qeyY
—_————

=e

7.6 Canonical Divisor
The sheaf QY consists of all the holomorphic 1-forms defined on X. Recall that, locally, a
1-form can be identified to a holomorphic function, i.e.,

Q% dwr— w=f(2)dz.

In particular, the reader may check by herself that Q% is an invertible sheaf. Let U = {U, };c1
be a covering of X, and let ¢; : U; — V; C C be a collection of charts such that

U SV, =2A, w| — fi(z)dz.

U;

The transition maps are denoted, as usual, by ¢; ; = ¢; o <p;1. It follows that, if the
intersection U; N U; is nonempty, the 1-forms can be glued together by

wj = (Wi °wi, ;) ¢ 5 (7.2)
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Proposition 7.23. Let wy, wy € QY. There exists a unique meromorphic function g : X —
C such that we = gwy. In particular, locally

we = fa(z)dz = g(2) f1(z) dz,

where w; = f;(z)dz.

Proof. Let U = {U, }icr be a (connected) covering of X. For each ¢ it turns out that
_ r(» ) . o~
wr = f; (2)dz and wy = f;7(2)dz inU;, — V.

Since fi(l) (z) and fi(z) (z) are both holomorphic at every point of the open set V;, the function

is meromorphic at every point of V;. In the intersection U; N Uj, it follows from (7.2) that

(1P 0pis) #isz) 4@

hi(z) = = o i j(2),
(fi(l) o @id—) . 80;7]-(2) fi(l) J

that is, the function
9(z) = h; 0 pi(2) for x € V; and z = ¢(2),
is a well-defined meromorphic function on the whole surface X. O

Definition 7.24 (1-Forms Divisor). Let X be a Riemann surface and let U = {U, };¢s be a
covering of X. The canonical divisor associated to the holomorphic 1-form w € Q%, denoted
by div(w), is locally defined by

div(w) ’U = Z ord,(f) - p,

peU;
where f is the function such that w = f(z)dz in U;.

Proposition 7.25. Let X be a Riemann surface and let wi, wy € QY be holomorphic
1-forms. There exists a meromorphic function g such that

div(wi) = div(w1) + div(g),

that is, wy ~ wa.

Proof. A simple corollary of Proposition 7.23. O

Definition 7.26 (Canonical Divisor). A divisor Kx € Div(X) is a canonical divisor if it
is the divisor of a holomorphic 1-form, that is,

Jwe Q% Kx = div(w).

Remark 7.5. The canonical divisor is not unique, but, for any K% = div(w’) and any
K% = div(w"), it turns out that K% ~ K¥%.
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Remark 7.6. There is an isomorphism Ox[Kx] = QL as invertible sheaves, since the
co-cycles are the same.

Example 7.6. Let us consider the sheaf Q]%J,l, and suppose that z is the local coordinate of
Up and w is the local coordinate of U;. It turns out that

1 1
w:f:>dw:——2dz in Uy NUq,
z z

therefore

fo(z)dz = fi(w)dw <= fo(z) = —2—12 f (i) dz.

In particular, the co-cycle is given by

1 Z1 -2
) =-%=-(2)

and this immediately implies that Qf, & Op1(—2).

Example 7.7. Let X = (C/A be a Riemann surface of genus 1. Then w = 1-dz is
a holomorphic 1-form, but it is zero at the quotient. In particular, Kx = 0 and thus
QL 2 Ox[Kx] = Ox.

7.7 Riemann-Hurwitz Theorem

In this final section, we want to state and prove the Riemann-Hurwitz theorem, which links
the canonical divisor of two compact connected Riemann surfaces via a morphism.

Theorem 7.27 (Riemann-Hurwitz). Let X andY be compact connected Riemann surfaces,
and let m: X =Y be a morphism. Then

Kx N’/T*(Ky)—f—R,

where R is the ramification divisor, and it is defined as

R= Z (ordp(m)—1)-p

peEX

Proof. Recall that there is an isomorphism between invertible sheaves Q. 2 Oy [Ky| since
the co-cycles coincide.

Step 1. Let p € X, and let ¢ € Y be a point in the image (i.e. m(p) = ¢). Let W, be a
neighborhood of ¢ in Y such that

Wy = f(w) dw7

where Ky = div(wy). By Proposition 3.16, there exists a neighborhood U, of p in X such
that

7T|U:Up—>Wq§Y, z—w=2z"
P

where p «<— 0 and g <— 0.
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Step 2. By definition, we have that
7 (f(w) dw) = f(z™) - (mszl) dz,

where, intuitively, the first term corresponds to the differential wx, and the second term
corresponds to the ramification at p.

Therefore, by taking the divisors of both left-hand side and right-hand side, we have that

div (wX \Up) = div (f(z™)) = 7" (div(f (w))) + div (z""1)
and this concludes the proof, since

Kx =div(wx) = 7" (div(wy)) + Z (ord,(m) — 1) - p.
peEX

O

Corollary 7.28. Let X be a connected Riemann surface of genus g, and let Kx be a
canonical divisor of X. Then deg(Kx) =29 — 2 = —Xop(X).

Proof. Let m: X — P! be a morphism of degree d. Such a map always exists, but the result
is highly nontrivial®. It follows from the Riemann-Hurwitz Theorem 7.27 that

Kx =7"(Kp)+ R = deg(Kx) =d-deg(Kp)+ » _ (ordy(m) —1). (7.3)
=-2d peX

On the other hand, the Hurwitz Theorem 3.23 gives us the identity

Xtop(X) =d - XtOP(Pl) - Z (ordy(m) — 1), (7.4)
peX

hence, if we combine (7.3) and (7.4) together, then we can conclude that
deg(Kx) =29 — 2 = —Xtop(X).
O

Remark 7.7. As a consequence of the previous result, it turns out that there are three big
families of algebraic curves, i.e.,

g=0 deg(Kx) <0

g=1 deg(Kx)=0
g>2 deg(Kx) > 0.

1In Section 9.3 we have proved that there is a meromorphic function f : X — C, and we know that this
can be identified with a holomorphic map F : X — P*(C).



Chapter 8

The Riemann-Roch Theorem
and Serre Duality

Let X be a Riemann surface, and let be given a divisor D € Div(X). The primary goals of
Chapter 8 and of Chapter 9 are the following:

1) Find an isomorphism for the Oth cohomology group H° (X, Ox[D]), or, at least, an
estimate of the dimension h° (X, Ox[D]).

2) Study the map ¢ p|. More precisely, we would like to know if |D| is a b.p.f. linear
system (i.e., if ¢ p| is a morphism) and, in that case, if ¢ p| is injective (or, even
better, an embedding).

8.1 Rough Estimate of h° (X, Ox|[D])

Remark 8.1. Let X be a compact Riemann surface, and let p € X. There exists a short
exact sequence of sheaves, given by

0—=17Z,—-0x =+C, =0,

where 7, is the sheaf of the ideals of the function vanishing at p, Ox is the holomorphic
function sheaf and C,, is the skyscraper sheaf.

Proposition 8.1. Let X be a compact Riemann surface, and let p € X. There is an
isomorphism of sheaves
Ip = OX [—p]

Proof. Notice that, locally, p is the divisor of a function ¢ : U — A C C that sends p to
0. The reader may fill in the details of the proof as an exercise, following one of the two
possibilities below:

(1) Prove that Ox[—p] is locally generated by ¢, as a consequence of the fact that the
sheaf Ox|[p] is (locally) generated by the function i.
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(2) Prove that for any subset U C X
feOx[-pU) = f=¢-y,

where ¢ is an holomorphic function defined on U.

O

Proposition 8.2. Let D € Div(X) be a divisor, and let p € X be a point. Then there is a
short exact sequence of sheaf maps

0— Ox[D —p] - Ox[D] = C, — 0.

Proof. Tt suffices to prove the exactness in each position.

Left Exactness. There is a natural inclusion
Ox|[D —p] <= Ox|[D],
as a consequence of the fact that
divf+D—-p>0 = divf+(D—-p)+p>0.
—_——
=D

Middle/Right Exactness. Let U, C X be an open neighborhood of a point y # p € X,
and assume that p ¢ U,. In this case it is straightforward to prove that

Ox[D — p)(Uy) = Ox[D](Uy)
is an isomorphism, coherently with the fact that

Cp(Uy) = 0.

Let U, C X be an open neighborhood of p. If we set m := ord, D’, then it turns out that
there is a meromorphic function

f(z) = 2=+ p(z) locally in U,
for some h non-vanishing at p, such that
div f ‘Up + (D —p) ‘Up = —p.
It follows that the function f generates the cokernel, and thus
0Dl 1y () e,

since C - {z™*1} is supported at p. O
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Remark 8.2. More generally, there is a functor
F: (Div(X), +) — ({invertible sheaves}, ®),
defined by
D — Ox|D] and Dy + Dy = Ox[D1]) ® Ox[Ds] =2 Ox[Dy + Ds.
It is not hard to prove that this functor is exact, since
(0= Ox[-p] = Ox = C, = 0) ®0o, Ox[D]

is isomorphic to
0— Ox[D —p] — Ox[D] = C, — 0.

This functor is analyzed more in-depth in Section 10.1 using the language of the Picard
group.

Remark 8.3. Recall that
H°(X, Ox[D]) =0,
|D| = 0.

degD <0 =

Proposition 8.3. Let X be a compact connected Riemann surface, and let D be a divisor
of positive degree d > 0. Then the following estimate holds true:

hY (X, Ox[D]) < d+ 1. (8.1)

Proof. We first distinguish between divisor with empty linear system and divisor with a
nontrivial linear system, and then we proceed by induction on the degree of D.

Case |D| =0. If |D| =0, then deg D = 0 (since it is positive by assumption) and thus we
infer by the previous remark that

h® (X, Ox[D]) = 0.

Case |D| # (), Base Step. Let D be a divisor of degree 0, and let E € |D| be an effective
divisor linearly equivalent to D.

Clearly E is the null divisor 0 (the coefficients are positive, and they sum to zero;) thus
|D| = {0} and the dimension satisfies the estimate (8.1) as expected:

h® (X, Ox[D]) = 1.

Case |D| # 0, Inductive Step. Let D be a divisor of degree d, let E € |D| be an effective
divisor, and take p € spt(E). By Proposition 8.2 there is a short exact sequence

0— Ox[E —p] - Ox[E] - C, =0,
which induces a long sequence in cohomology (see Theorem 6.13):

0— H° (X, Ox[E —p]) = H* (X, Ox[E]) = H* (X, Cp) — ...
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The map H® (X, Ox[E]) — H® (X, C,) is not necessarily surjective, therefore we can only
infer an inequality between the dimensions, i.e.,

h? (X, Ox[E]) < h® (X, Ox[E —p]) + h° (X, C,).

In conclusion, recall that there is an isomorphism H° (X, C,) = C, and apply the inductive
hypothesis to obtain the sought inequality:

RO(X, Ox[E]) <(d—1)+1+1=d+1.

O

Skyscraper Sheaf. Let X be a Riemann surface, let p € X be a point and take any
natural number n € N. Take D € Div(X) and set A :=n - p; by Proposition 8.2 there is a

short exact sequence
0 — Ox[D — A] - Ox[D] - Oa — 0.

The sheaf O is the skyscraper sheaf, supported in {p}, and such that
0 ifg#p

(Oa), =
9% =Cr ita=p,
s P

where Ox_, is the stalk of the holomorphic function sheaf at p, and Mx,, is the maximal
ideal at p. More precisely, in the local coordinate we have p = 0 and div(z) = p, which in
turn implies that

Oxpfymy = {an+-+++ an 1},

Remark 8.4. The above argument can be easily generalized to a linear combination of
points.

(a) The isomorphism H° (X, Oa) = C" proves that

RY (X, Op) = n.

(b) By Proposition 6.11 it turns out that
H' (X, 05) =0,

since the dimension of the support is zero - i.e., strictly less than the index of the
cohomology group.

(c) fA=mny-p1+---+nk-pk, then O, is a skyscraper sheaf supported in {p1, ..., pr}-
In a similar fashion, the reader may prove that

k
=1
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8.2 Riemann-Roch Formula

The major result we want to achieve in this section is the Riemann-Roch formula for compact
connected Riemann surfaces.

Remark 8.5. Recall that the dimension of X over C is, by definition, equal to 1. Therefore
Betti’s numbers are all zero except for h? and k', that is,

k' (X, Ox[D])=0  Vj>2, VD e Div(X).

Definition 8.4 (Holomorphic Euler Characteristic). The Euler (holomorphic) characteris-
tic of a surface X with respect to a divisor D € Div(X) is defined by

x (X, Ox[D]) = h° (X, Ox[D]) — h' (X, Ox[D]).

Definition 8.5 (Arithmetic Genus). The arithmetic genus of a Riemann surface X is
defined by
pa(X) =1—-x(X, Ox).

Remark 8.6. If X is a compact connected Riemann surface, then h° (X, Ox) = 1 and
hence

pa(X) = hH (X, Ox).

Theorem 8.6 (Riemann-Roch). Let X be a connected compact Riemann surface, and let
D € Div(X) be any divisor. Then it turns out that

X (X, Ox[D]) = deg D + x (X, Ox), (8:2)
or, equivalently, that
K (X, Ox[D]) - h* (X, Ox[D]) = deg D +1 — po(X). (8.3)

Proof. We first assume that the divisor D is effective and we derive (8.2) by induction on
the degree of d = deg D; only then we solve the general case.

Effective Divisor, Base Step. If degD = 0, then D = 0 (since the coefficients are
positive and their sum is equal to zero). It follows that

Ox[D]g(QX — (8.2).

Effective Divisor, Inductive Step. Suppose that degD = d > 0, and let p € spt(D)
be a point. By Proposition 8.2 there is a short exact sequence

0— Ox[D -p] - Ox[D] = C, =0,
which induces an identity on the Euler characteristics, that is,
X (X, Ox[D]) = x (X, Ox[D —pl) + x (X, Cp).

As we have already observed, the Euler characteristic of C, is given by the difference between
h® (X, Cp) and h' (X, C,); since the dimension of the support is less than 1, it turns out
that

x(X,Cp)=h"(X,Cp) —h' (X,Cp)=1-0=1.

Using the induction hypothesis, we immediately obtain the thesis for an effective divisor:

X (X, Ox[D]) = x (X, Ox) + deg(D) — deg(p) + 1 = x (X, Ox) + deg(D).
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General Divisor. Let D be any divisor, and let
D=D"—-D"

be the decomposition of D in the positive part and the negative part (both of which are
effective). As usual, by Proposition 8.2 there is a short exact sequence

0— Ox[Dt —D7] = Ox[Dt] = Cp- =0,
which induces an identity of Euler characteristics, that is,
X (X, Ox[D]) = x (X, Ox[DT]) = x (X, Cp-) =
=x(X,Ox) +degD" —deg D™ =
=X (X, Ox) +deg D,

and this concludes the proof. O

8.3 Serre Duality

The primary goal of this section is to use every tool we have introduced so far to prove the
notorious Serre Duality Theorem, which will come to handy to justify different results in
the following sections.

Theorem 8.7 (Serre). Let X be a compact connected Riemann surface, let Kx be a canon-
ical divisor and let D be any divisor on X. Then there is an isomorphism

H' (X, Ox[D])" = H° (X, Ox [Kx — D)),

where ¥ denotes the dual vector space.

8.3.1 Mittag-Leffler Problem

Let X be a compact Riemann surfaces. Let pi, ..., ps € X be given points, and suppose
that for any ¢ =1, ..., s there is a polar polynomial, that is,

hi(z) = Z ay 2~ in Up, = A neighborhood of p; with local coordinate z.

In this section, we investigate the Mittag-Leffler problem, that is, we want to determine if
there exists a function meromorphic on X such that:

(1) The function f: X — C is holomorphic outside of the finite set {p1, ..., ps}-

(2) The principal part of f in U, is given by the polar polynomial h;.
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A meromorphic function f : X — C satisfying these properties exists locally, but the
problem is to find one globally defined. The answer, as we shall be able to prove soon,
depends on

H° (X, Ox[D]) and  H'(X, Ox[D]),

where the divisor is simply defined by

s
=1

Laurent Tails. Let X be a Riemann surface, let p € X be a point, and let U, > p be an
open neighborhood with coordinate z,. A Laurent tail with respect to p is a function of the
form

kP
p(2p) = Z a; 2y, (8.4)
i=—np
where a; € C are complex coefficients.

Definition 8.8 (Laurent Tail Divisor). A Laurent tail divisor on X is a finite formal sum

Z rp(2p) - Py

peX

where r,(—) is a Laurent polynomial in the local coordinate z,, that is, a Laurent series of
the form (8.4) with a finite number of terms.

Notation. Let X be a Riemann surface. We denote by Tx the set of all the Laurent tail
divisors defined on X.

Definition 8.9 (Laurent Tail Sheaf). Let
D= D(p)p e Div(X).
peEX

The Laurent tail divisor sheaf associated to D is defined by setting

U Tx[DJ(U) = > rp(=)-p|VpeU : ky < -D(p) ¢, (8.5)
peX

where k), is the maximal order of the function r,, as defined in (8.4).

The reader may check by herself that (8.5) actually defines a sheaf. For every divisor
D € Div(X), there is a truncation map

tp: Tx(U) — Tx[D)(U),

which is defined by
> (=) p— Y to(rp)(=) - p,
peX peX

where
—D(p)-1

tp(rp)(zp) = Z aiz;.

1=—Np
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Meromorphic Field. Let us consider the field
M := {field of meromorphic function on X} .
The constant presheaf may be also defined by setting
Mx(U):={f:U —= M| f continuous and M has the discrete topology } ,

in such a way that
U connected = Mx (U) = M,

and the restriction maps are the identity maps. If we denote by M x the associated sheaf,
then one can prove that

(a) H° (X, Mx) =M, and
(b) H' (X, Mx)=0.
In particular, for every divisor D € Div(X) there exists a homomorphism of sheaves
ap : Mx — Tx[D],

which can be easily defined locally as

—D(p)—-1
pel, = f(zp): Z aiz;)'—>’rp(zp): Z a; 2"
i>—ny i=—np

By definition, the kernel of ap is isomorphic to O x[D]; hence there is a short exact sequence

of sheaf maps
0— Ox[D] — Mx a—D> Tx[D] —0

inducing a long exact sequence in cohomology, that is,

0— H° (X, Ox[D]) = H* (X, Mx) 22 H° (X, Tx[D]) — H* (Ox[D]) — 0.
By Remark 6.3 we can infer that

HY (X, Mx)2M(X) and  H°(X, 7x[D]) = Tx[D](X),

and thus it follows that

L(D) := H (X, Ox[D]) 2 ker(ap) and  H'(X, Ox[D]) = coker(ap).
By definition, there is an isomorphism

Ox[K, — D] = Q% [-D],

from which it follows that

H" (X, Ox|K, — D]) = H" (X, Qx[-D]) =

= {w = f(2)dz | f meromorphic and ord,(f) > D(p) }.
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8.3.2 Proof of Serre Duality Theorem

Road Map. In this section, we finally demonstrate the Serre Theorem 8.7 based on what
we have proved so far. The road map of the proof is the following:
(1) There exists a pairing
Res(-, -) : H° (X, Q%[-D]) x Tx[D](X) — C.
(2) The map defined above pass to the quotient. More precisely, it turns out that
Res(-, T) =0 VT € Im(ap),
and hence there exists a pairing

Res(-, ) : H° (X, Q%[-D]) x coker(ap) — C.

(3) The pairing defined in the previous step is non degenerate.

Proof of Theorem 8.7. The argument is rather involved. Hence we divide it into many
different steps.

Step 1. Let
Res(-, -) : H° (X, Q% [—D]) x Tx[D](X) — C, (w, T) — Res(w, T)

be the map defined by
Res(w, T') Z Res, (T, w)
peX

More precisely, if U, is an open neighborhood of a point p € X with local coordinate z,,
then it turns out that

' —D(p)-1 _
w= Z (cizy) dzp and T, = Z a; z,,
i>D(p) i==sp

and thus
Res, (T w) Z G—i—1"Ci
i>D(p)

is exactly equal to the coefficient of 2z, 1

Step 2. In this step, the primary goal is to prove that the map defined above descends to
the quotient in the second variable, that is, to

TPl

Let f € M be a meromorphic function, let p € X be any point, and let z, be the associated
local coordinate; then

—D(p)-1

Z aiz;%ap(f)(zp): Z aiz;.

1>—n, i>—"ny
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The residue at p is thus given by
Res,(f - w) = Z a—i—1 - ¢; = Resp(ap(f) - w)
i>D(p)

since the terms whose index is j > —D(p) of ap(f) do not give any contribution to the sum
above. The Residue Theorem 5.11 immediately implies that

> Resy(f-w) =0 == Res(ap(f) w) =0,
peX

which is exactly what we wanted to prove.

Step 3. In this step, we want to prove that the functional
Res: H’ (X, Ox[Kx — D]) = (H" (X, Ox[D]))",  w+> Res(w, —) (8.6)

is an isomorphism (i.e., the pairing is non degenerate).

(a) Linear. The linearity of the map (8.6) follows easily from the properties of the residue.
(b) Injective. Let D =73+ D(p)-p, and let w be such that
Res (T, w) =0, VT:ZTp~p
peX

Let p € X be a point, let z, be the local coordinate, and let k£ = ord,(w) (in particular,
—1—k < —D(p)). It follows that

2k p e Tx[D](X),

and also that, if we set w:=3) .o, (cl- z;) dzp, with the lowest coefficient ¢, different
from 0, then one can easily check that
Res(w, 27177 . p) = Resp(zpflflC . Zci z;, dz; = ¢k,
i>k
which is not zero. This contradiction shows that Res(w, —) cannot be the identically

zero map on H' (X, Ox[D]), unless w = 0.

(c) Surjective. Recall that

#' (x, 0x[D) = T PIE) 4 ),

Let us consider a functional ® : Tx[D](X) — C vanishing on the image of ap, that
is, assume that

® |Im(0¢D) =0.

We want to construct a differential form w € H° (X, Q% [-D]) such that
®(—) = Res(w, —).

The proof of this property is a consequence of two technical lemmas; hence we interrupt
the argument for a few pages and resume it when we are ready to conclude.
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Truncation Maps. Let Dj, Dy € Div(X) be two divisors, and assume that Dy < Ds.
There exists a truncation map

tpy : Tx[D1)(X) — Tx[Da](X),

which is defined by

—Di(p)-1 —Da(p)—1
E a; 2 —> E a; 2*.
i>—ny i>—ny

Let D ~ D’ be linearly equivalent divisors (i.e., D' = D — div(f)). Let p € X be a point,
and let r, € Tx[D](X) be the Laurent tail given by

—D(p)—1

rp(2p) = Z aiz;.

i>—ny

There is a unique integer h such that f(z,) = zg (i.e., it is a map of order h at p, and z, is
the local coordinate at p), and thus

—D(p)—1
(f-rp)(zp) = > @z and  deg(f-r,) < —D(p)+ord, f = —D'(p).

i>—"ny
We conclude that there exists an isomorphism
py : Tx[D)(X) —— Tx[D — div f](X),

which is defined by
ST ra(=)p—= Y (For) (5) p.

peEX peX

To prove that ¢ is an actual isomorphism, it is enough to check that the map

s Tx[D — div()](X) — Tx [D](X)

|

is the inverse.

Remark 8.7.

(a) It may be useful to rewrite the isomorphism as
[ Tx[D + din](X) - Tx[D](X)

(b) Let ® : Tx[D](X) — C be a linear functional. If ® vanishes on Imap, then the
composition ® o p¢ vanishes on the whole image of apydiv f-

Lemma 8.10 ([2]). Let ®; and ®5 be two linear functionals defined on H* (X, Ox[A]) for
some divisor A € Div(X). There is a positive divisor C' and nonzero meromorphic functions
f1, f2 € H (X, Ox[C]) such that

d; 0 tﬁ_c_divfl opp =Pyo0 tﬁ_c_div fa g Ly
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as functionals on H' (X, Ox[A — C)). In other words, the two maps on Tx[A — C](X) in
the diagram

Tx[A—C —div fi](X) —— Tx[A](X)

Kfy x

Tx[A - Cl(X) C

By V

Tx[A = C = div f)(X) —— Tx[A](X)
are equal for some C and some f1, fo € H° (X, Ox[C]) \ {0}.

Proof. We argue by contradiction. Suppose that no such divisor C' and functions f; exist.
Then for every positive divisor C' it turns out that the C-linear map

HY (X, 0x[C]) x H* (X, Ox[C)) — (H' (X, Ox[A - C)))°
defined by sending a pair (f1, f2) to

A—C—div(f1)

Oy ot! —C—div f»

o g, — By ot o,
is injective. In particular, for every such C' we must have
Rt (X, Ox[A—C]) >2-h° (X, Ox[C]), (8.7)
and, as a consequence of the Riemann-Roch Theorem 8.6, we can also infer that
Rt (X, Ox[A—C]) = h° (X, Ox[A—C]) + g(X) — 1 — deg(A - O). (8.8)
The divisor C is positive; hence
RO (X, Ox[A—C)) <h® (X, Ox[4]) and  deg(A —C) < deg(A).
It follows from (8.7) and the Riemann-Roch Theorem 8.6 that
B (X, Ox[A = C)) 2 2410 (X, Ox[C]) = 2[deg(C) + 1 — g(X)] = 2deg(C) + K1,
where K is a constant, and it follows from (8.8) that
h' (X, Ox[A = C]) < deg(C) + (h° (X, Ox[A]) + g(X) — 1 — deg(A)) = deg(C) + Ko,

where K is another constant. These growth rate are clearly incompatible for deg(C) suffi-
ciently big, and this gives the sought contradiction. O

Lemma 8.11 ([2]). Let Dy € Div(X) be a divisor, and let w € H? (X, Q%[-D1]) be a
differential form. Suppose that there is another divisor Dy > Dy such that the residue map

Res(w, —) : Tx[D1](X) = C
vanishes on the kernel
Ker (tg; - T [Dy](X) —> T[Dg](X)) .

Then w belong to H° (X, Q% [-Ds]).
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Proof. We argue by contradiction. If w ¢ H? (X, Q% [—D,]), then there exists a point p € X
with k = ord,(w) < D2(p). Let us consider the Laurent tail divisor

Z:z;k71~p.

Then Z € ker(tgi), but the residue map does not vanish; this contradiction proves the
lemma. O

Proof of Theorem 8.7, Part II. We are now ready to finish the proof of the Serre duality
theorem.

(d) Surjective, Part II. Let ® : H! (X, Ox[D]) — C be a functional, which we consider
as a functional on Tx[D](X), vanishing on ap(Mx).

Let w be a holomorphic 1-form, and let K = div(w) be a canonical divisor so that
we H° (X, Ox|K]) = H° (X, Q%)
Let A € Div(X) be a divisor such that A < D and A < K, so thatw € H° (X, Q% [-A]).

Let us set &4 := ® oty : Tx[A](X) — C. By Lemma 8.10 it turns out that there
exists a divisor C' > 0 and f1, fo meromorphic functions such that

Dy oty O oy = Res(w, =)oty ST oy, (8.9)
In the right-hand side of (8.9) we have the map Res(w, —) o tﬁ_c_div 2 which is

nothing else than the residue map Res(w, —) acting on Tx[A — C — div f2](X); on the
other hand, the composition Res(w, —) o uiy, is exactly equal to

Res(f2 - w, —) : Tx[A — C|(X) = C,
and hence the identity (8.9) becomes

@0ty Moy = Res(fy-w, —).

Composing with i1y, it turns out that
P o0 tﬁ_c_di"fl = Res (fQ W, —)
fi
as functionals on Tx[4 — C' — div f1](X).
We observe that (f2/f1)w belongs to H° (X, Q% [C + div f; — A]), and also that
Res (fQ ‘W, —) =0 on Ker (tﬁ_c_div fl).
f1
By Lemma 8.11 we have that (f2/f1)w € H® (X, Q% [—A]), and hence
f2 )
Res| = w,— )| =d4.
(fl !

By definition, the map ®4 is the composition between ® and tg; hence the residue
map above vanishes on the kernel of Ker(t’g)7 which, in turn, implies that
% ‘we H (X, Qx[-D]) = @ = Res (fQ ‘W, —> :H' (X, Ox[D]) — C,
1

fi
and this completes the proof of the theorem.
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8.4 The Equality of the Three Genera

Corollary 8.12. Let X be a compact connected Riemann surface and let Kx be a canonical
divisor. There is an isomorphism

H' (X, 0x)" =2 H° (X, Ox [Kx]).

Definition 8.13 (Geometric Genus). The geometric genus of a Riemann surface X is
defined by
pg(X) =1’ (X, Ox[Kx]).

Corollary 8.14. Let X be a compact connected Riemann surface. The three notions of
genus are equivalent, that is,

Pa(X) = py(X) = g(X).
Proof. The Serre Duality Theorem 8.7 immediately implies that
pa(X) = b (X, Ox) = h° (X, Ox[Kx]) = py(X),
therefore it remains to prove that one of them also coincides with the number of holes g(X).

The Riemann-Hurwitz formula 7.27 asserts that deg(Kx) = 2(g(X) — 1), while the
Riemann-Roch Theorem 8.6 asserts that

K’ (X, Ox[D]) — h' (X, Ox[D]) = deg D + 1 — po(X).
The Serre Duality Theorem 8.7 implies
29 —1=2p,(X)—h' (X, Ox[Kx]),

hence it suffices to prove that h' (X, Ox[Kx]) = 1. But this is, once again, a simple
consequence of the Serre duality:

Y (X, Ox[Kx]) = h° (X, Ox) = 1.

8.5 Analytic Interpretation (Hodge)

Let Q% be the sheaf of holomorphic 1-form. There exists a short exact sequence of sheaves

0= C— oy 2% ol o,

where the middle map is locally defined as follows:
F(2) — df(2) = f'(2)d=.
The long exact sequence in cohomology is thus given by

0— H°(X,C)— H°(X,Ox) = H° (X, Q%) - H' (X, C) — ...

.= HY (X, O0x) = H' (X, Q%) - H* (X, C) = 0.
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Clearly H* (X, C) = H* (X, R) ®g C implies that
H°(X,C)=C,
H' (X, C) = C%,
H? (X, C)=C,
while
HY(X,0x)=C = H°(X,0x)=H'(X,C),
H (X, Q%) = H° (X, Ox[Kx]),
H' (X, Q%) =H'(X, Ox[Kx]) 2 H° (X, Ox) = C= H? (X, C).
We infer that there is a short exact sequence
0— H°(X, Q%) - H'(X,C) » H' (X, Ox) =0,
and it induces an equality on the dimensions of the cohomology groups, i.e.,

pa(X) +pg(X) =2g.



Chapter 9

Applications of Riemann-Roch
Theorem

In this chapter, we fully exploit the Serre duality theorem and the Riemann-Roch theorem
to show major results about both high-degree and low-degree divisors.

Moreover, we prove that, if X is a compact Riemann surface and D € Div(X) is a divisor
such that deg D > 2 g(X) + 1, then the analytic manifold

is also an algebraic curve.

In the last sections, we investigate the canonical map, and we set the ground for the
notorious Clifford theorem.

9.1 Very Ample Divisors
Definition 9.1 (Very Ample Divisor). Let X be a holomorphic manifold. A divisor D €
Div(X) is said very ample if the associated map
@p|: X = P*(C) =P (H° (X, Ox[D])")
is an embedding.

Remark 9.1. In particular, a divisor D € Div(X) is very ample if and only if

1) the linear system |D| is b.p.f;
2) the morphism ¢|p, is injective;
3) the differential d (<p|D|)p is injective at all points p € X.

Definition 9.2 (Ample). Let X be a holomorphic manifold. A divisor D € Div(X) is
ample if there exists a natural number k& € N such that the divisor k- D is very ample.
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Remark 9.2. Let D be a b.p.f. divisor. The morphism ¢|p| : X — P"(C) is defined by
pr—(o0(p), -+, on(p)),
where oy, ..., 0y, is a basis for H° (X, Ox[D]).

1) The morphism ¢|p is injective if and only if, for any p, ¢ € X, there is a global section
f € H° (X, Ox[D]) such that f(p) # f(q).

Equivalently, o p| is injective if and only if

(a) thereis f € H° (X, Ox|[D]) such that f(p) =0 and f(q) # 0;
(b) there exists E € |D| such that p € spt(F) and g ¢ spt(E).

2) The differential d (go‘D‘)p sends the tangent space Tp X to the tangent Ty, , (p)P",

thus it is injective if and only if there exists f € H? (X, Ox[D]) such that ord,, (f — f(p)) =
1.

Theorem 9.3 (Very Ample - Numerical Criterion). Let X be a compact connected Riemann
surface, and let D € Div(X) be a divisor.

(a) The linear system |D| is b.p.f. if and only if, for any p € X, it turns out that

h? (X, Ox[D —p]) = 1° (X, Ox[D]) - L.

(b) The divisor D is very ample if and only if, for any p, ¢ € X (eventually p = q), it
turns out that
W (X, Ox[D —p—q]) = h° (X, Ox[D]) - 2.

Proof.

(a) Let p € X. By Proposition 8.2 there is a short exact sequence of sheaf maps
0— Ox[D —p] - Ox[D] - C, =0,
which induces a long exact sequence in cohomology (see Theorem 6.13):

0— HO (X, Ox[D —p]) = H° (X, 0x[D)) 221 5o (x, C,) — ...

Observe that there exists a global section f € H? (X, Ox|[D]) such that f(p) # 0 if
and only if H° (X, Ox[D]) — C,, which is equivalent to the identity

H° (X, Ox[D — p]) = Ker <H0 (X, 0x[D]) L% 1O (X, cp)) :

The dimension of H°(X, C,) is equal to 1, thus we can infer that
h? (X’ OX[D _p]) =n’ (Xu OX[D]) -1,
which is exactly what we wanted to prove.

(b) Assume that |D| is a b.p.f. linear system.
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Step 1. Suppose that there are two points p, ¢ € X such that ¢p|(p) = ¢|p|(q),
that is, ¢ p| is not injective. It follows that, as vector spaces,

H® (X, Ox[D —p]) = H* (X, Ox[D — q]),
which in turn implies that
hY (X, Ox[D —p]) = h° (X, Ox[D — q]) = h° (X, Ox[D]) — L.
On the other hand, the assumption allows us to infer that
H (X, Ox[D = p]) = H* (X, Ox[D —p — q) = H’ (X, Ox[D — q]),
as vector spaces, and hence
ho (X, Ox[D —p—q]) = h° (X, Ox[D]) = 1 # h° (X, Ox[D]) — 2.

Vice versa, suppose that the formula does not hold true, i.e., there are p, ¢ € X such
that
KO (X, Ox[D —p—q]) = h (X, Ox[D]) — 1.

By Proposition 8.2 there is a short exact sequence
0—-Ox[D-—p—¢q]— Ox[D—-p]—-C, =0,
which induces a long exact sequence in cohomology (see Theorem 6.13):
0— H°(X,Ox[D—p—gq]) - H*(X, Ox[D —p]) = H° (X, Cy) = ....
The assumption on the dimension proves that
H° (X, Ox[D —p—q)) = H° (X, Ox[D —p)),

is an isomorphism, and hence
0 o 0 f=f(q) 0
H” (X, Ox[D —p])=Ker | H® (X, Ox[D — p]) —— H" (X, C,) | .

In particular, for any f € H° (X, Ox[D]) it follows that

f(p) =0~ f(q) =0,

since

fp)=0 = fe H (X, Ox[D—-p]) = f(q)=0.

Step 2. We now want to prove that d (cp|D|)p is injective if and only if
h? (X, Ox[D —2-p]) = h° (X, Ox[D]) - 2.

First, we observe that

d(pip1), Ty X = Ty B s imjective <= H (X, Ox[D])) » MXp/y 0

I =

3f e HY (X, Ox[D]) : ord, (f — f(p)) = 1.
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If we set A =2 - p, then one can easily prove that

HO (X, Ox[D]) — H° (X, C,)
— H°(X, Ox[D]) — H" (X, O4).
HO (X, Ox[D)) — Mx.p/ 4

Indeed, locally p corresponds to z = 0 and A corresponds to 2?2 = 0; hence Q4 is
isomorphic to the quotient (C[[ZH/ZQ Then we have that

H° (X, Ox[D]) — H° (X, Oa)
if and only if
0— H°(X, Ox[D—2-p]) = H° (X, Ox[D]) = H° (X, Op) = 0
is a short exact sequence; thus
h° (X, Ox[D —2-p]) = h° (X, Ox[D]) — 2,

and this is exactly what we wanted to prove.

O

Theorem 9.4 (High-Degree Divisors). Let X be a compact connected Riemann surface of
genus g(X), and let D € Div(X) be a divisor of degree d.

(a) If d > 2g(X) — 1, then
H' (X, Ox[D]) = {0}.

(b) If d > 2g(X), then |D| is a b.p.f. linear system.
(c) Ifd >2¢g(X)+ 1, then D is very ample.

Proof.

(a) Let Kx be a canonical divisor. By Corollary 7.28 it turns out that
deg (Kx — D) =deg(Kx) —deg (D) <0,
and hence the Serre Duality Theorem 8.7 implies that

H' (X, Ox[D])" = H° (X, Ox[Kx — D]) = {0}.

(b) Let p € X be any point. By Proposition 8.2 there is a short exact sequence of sheaf
maps
0— Ox[D —-p] = Ox[D] = C, =0,

inducing a long exact sequence in cohomology (see Theorem 6.13):

0— H°(X, Ox[D —p]) = H° (X, Ox[D]) = H° (X, Cp) — ...

...—= H" (X, Ox[D —p]) = H' (X, Ox[D]) = 0.
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By assumption, the degree of the divisor D — p is greater of equal than 2 g(X) — 1,
and hence by (a) it follows that

H'(X,0x[D]))=0 and  H'(X, Ox[D —p]) =0.

Therefore H° (X, Ox[D]) - H° (X, C,) is surjective, and this is enough to conclude
that the linear system |D| is b.p.f., as a consequence of the numerical criterion (i.e.,
Theorem 9.3).

Let p, ¢ € X be points, and let us set A := p + ¢q. There is a short exact sequence,
deriving from Proposition 8.2,

O%OX[D—]J—(]] —)Ox[D] —>(CA —>0,
which induces a long sequence in cohomology (see Theorem 6.13):

0— H°(X, Ox[D—p—gq]) = H* (X, Ox[D]) = H° (X, Op) — ...

..— H"(X, Ox|D —p—q]) = H" (X, Ox[D]) — 0.

By assumption, the divisor D —p — ¢ has degree greater or equal than 2 g(X) —1, and
thus it follows from (a) that

H" (X, Ox[D —p—q]) = 0.

Therefore H® (X, Ox[D]) — H°(X, Oa) is surjective and, since H® (X, Oa) has
dimension 2, it follows that

(X, Ox[D]) =2 = H" (X, Ox[D — p —q)).

In conclusion, the numerical criterion (Theorem 9.3) implies that D is a very ample
divisor, which is exactly what we wanted to prove.

O

Corollary 9.5. Let X be a compact connected Riemann surface. If D € Div(X) is an
effective divisor, then D is ample.

Corollary 9.6. Let X be a compact connected Riemann surface.

(1)
(2)

If g(X) =0, then X = P!(C).
If g(X) =1, then X = {F; =0} C P? is a cubic plane curve.

Proof.

(1)

Let p € X be a point, and let us consider the divisor D := 1 p. Clearly deg D >
2g(X)+1 =1, thus D is very ample and h' (X, Ox[D]) = 0. By Riemann-Roch 8.6
it follows that

h° (X, Ox[D]) =degD +1— g(X) = 2,

and hence p|p| : X — P! is an embedding of degree equal to 1; since X is compact
and connected, we infer that ¢|p| is the sought isomorphism.
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(2) Let p € X be a point, and let us consider the divisor D := 3 - p. Clearly deg D >
2¢g(X) + 1 =3, thus D is very ample and h' (X, Ox[D]) = 3. By Riemann-Roch 8.6
it follows that

h° (X, Ox[D]) = degD + 1 — g(X) = 3,

therefore ¢|p| : X — P? is an embedding, and D is a divisor relative to a section of
an hyperplane of dimension 3, that is, ¢ p| is cubic (see Theorem 9.7).

O

9.2 Algebraic Curves and Riemann Surfaces

In this section, the primary goal is to prove that there exists a 1-1 correspondence of cate-
gories

{ Riemann surfaces } ~ { Smooth algebraic}
— .

compact and connected projective curves

Algebraic Curves. In this paragraph, the primary goal is to prove the following state-
ment: If X is a compact Riemann surface and D € Div(X) is a divisor of degree deg D >
2¢g(X) 4+ 1, then the analytic manifold

Qp|(X) =Y C PY(C)

is also an algebraic manifold. More precisely, we will sketch the proof of the following
theorem:

Theorem 9.7. Let X be a compact connected Riemann surface, and let D € Div(X) be a
divisor of degree deg D > 2¢g(X)+ 1. Then

¢p|(X) =Y CPY(C)
is an algebraic curve, that is,

Y = V(917 R gr)7
where g1, ..., gr € Clzo, ..., xN] are homogeneous polynomials.

Remark 9.3. There is a more general theorem, proved by Wei-Liang Chow, which asserts
that Y C PV(C) analytic manifold is an algebraic manifold (see [1]).

Proof. The argument is rather involved. Hence we divide the proof into many steps, and
we state and prove everything we need in this environment.

Step 1. Let us consider the graded algebra
R(D):= Q) H° (X, Ox[n- D)), (9.1)
n>0
along with the maps
H° (X, Ox[n-D])® H° (X, Ox[m - D]) — H° (X, Ox[(n +m) - D))

defined by sending the tensor product s®t to s-t, as n and m range in the set of all natural
numbers.
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Example 9.1 (Projective Space). Let X = P!(C) with coordinates [z, x1], and let D :=
[0: 1] be a divisor. We have already proved that

H° (X’ OX[D]) = <:U0, $1>,

HY (X, Ox[2- D]) = <x0, xoxl,x@

hence
H° (X, Ox[D]) ® H° (X, Ox[2- D]) — H° (X, Ox[3- D))

is a well-defined map, which sends p®q to p- ¢, where p and g are homogeneous polynomials
of degree respectively one and two (coherently with the definition of degree for polynomials).

Step 2. Now, we state a result concerning the graded algebra R(D) which will be essential
in this proof; the reader may refer to this paper.

Theorem 9.8 (Castelnuovo-Mumford). Let X be a compact Riemann surface, and let D €
Div(X) be a divisor such that deg D > 2g(X) + 1. Then the graded algebra R(D), defined
n (9.1), is generated in degree one, that is, for every n € N there is a surjective map

H® (X, Ox[D])*" — H® (X, Ox[n- D]).

We observe that, for any n € N, the left-hand side may be written as the direct sum between
the symmetric and the antisymmetric part, i.e.,

H° (X, Ox[D)®" = A" (H° (X, Ox[D])) @ Sym™ (H’ (X, Ox[D])).
The product - is commutative; hence
A" (H° (X, Ox[D]))) 2t®s—s®@tr—t-s—s-t=0€ H* (X, Ox[n- D)),
which means that for every n € N

H° (X, Ox[D)*" - H° (X, Ox[n- D]) < Sym" (H° (X, Ox[D])) - H° (X, Ox[n- D]).

Step 3. There is a natural identification

HO (X7 OX[D]) = <$0, ceey J:N> (’E (CN+1)U) )
from which it follows that for every n € N there is an isomorphism
Symn (HO (X7 OX[D])) = (C[,IO, L) I'N}na

where Clzg, ..., zn], is the set of all homogeneous polynomials in the variables zq, ..., Ty

of degree n. If we set
Y :=¢pp|(X) S PY(C),

where x, ..., zx are the coordinates of PV (C), then the surjective map

(
®Sym °(X, Ox[D ) ®HO(X7 Ox|[n- D)),

n>0 n>0


https://arxiv.org/pdf/math/0311534.pdf

101 9.2. ALGEBRAIC CURVES AND RIEMANN SURFACES

which exists as a consequence of Theorem 9.8, induces a different surjective map - by com-
posing with the isomorphism above -, that is,

a:Clzg, ..., zN] = @C[xm ey TN]n — R(D).

n>0

Step 4. Let us consider the ideal
I :=Ker(a),

and let us denote by Z the algebraic variety associated with I, that is, set
Z :=V).

Every polynomial p € I vanishes on Y, as a consequence of the fact that the support of
the graded algebra R(D) is entirely contained in Y. More precisely, the following inclusion
holds

YCV(I) =2,

and therefore the thesis is equivalent to showing that the opposite containment also holds.

Remark 9.4 (Irreducibility).

(1) The graded algebra R(D) is an integral domain since X is a connected surface; hence
X is an irreducible surface.

On the other hand, the surface Y is the image via embedding of X, and it is thus
irreducible as well.

(2) The reader may check, as a simple exercise, that the ideal I is prime; consequently,
the algebraic variety Z is irreducible.

Remark 9.5. As a consequence of the previous Remark, it is enough to prove that the
dimension dim¢(Z) is equal to 1 to infer that Y = Z.

Step 5. In this final step, we briefly introduce the concept of Hilbert polynomial, and
we state a major result - due to Hilbert and Serre - concerning the relation between the
dimension of Z over C and the behavior of the polynomial at infinity.

Definition 9.9 (Hilbert Polynomial). Let Z C PV (C) be an algebraic variety. The Hilbert
polynomial associated to Z is the polynomial such that

t>0 = pz(t) = dime S(Z),

where S(Z); := Clzo, .-, QCN]t/[, that is, the ¢-degree part of S(Z).

Theorem 9.10 (Hilbert-Serre). Let Z C PN (C) be a 1-dimensional algebraic variety. For
every t, the Hilbert polynomial is given by

pz(t) = a1t + ap.

In particular, it turns out that
deg(pz) = dime(2).
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In the previous steps we have proved that there is a commutative diagram
Clzoy ..., Nt —————» S(2);
12 12
Sym’ (HO (X, OX[D])) — H (X, Ox|[t- D))
hence
pz(t) = dime S(2); = h° (X, Ox|[t- D]).
Finally, the Riemann-Roch Theorem 8.6 allows us to find the Hilbert polynomial, which is

given by
RO (X, Ox[t-D])=t-degD +1—g(X) = dim¢ Z = 1,

and this concludes the proof of Theorem 9.7. O

Equivalence of Categories. In this final paragraph, we state and prove three relevant
results which will allow us to demonstrate the equivalence theorem mentioned at the begin-
ning.
Proposition 9.11. Let Y C PN(C) be an algebraic curve of degree d, and assume N > 4.
Then there exists a point O € PN (C) such that the canonical projection, centered at O, given
by

7o : PV(C) — PN1(C)
has the additional property that

1%

mo(Y)2Y.

Proof. The projection centered at O has the property mo(Y) 2 Y if and only if

(a) mo |, is injective, if and only if O ¢ {secant lines to Y};

(b) d(mo |Y) is injective, if and only if O ¢ {tangent lines to Y}.

Secant. The set of all the secant lines to Y is given by
sec(Y') := {Span(p, q) [p#q €Y},
and hence there exists a morphism
®:P x (Y xY \ Ay) — sec(Y),
where Ay :={(p, p) | p € Y} is the diagonal of Y, which is defined by
([Mo: Ml vy @) — (Mop+Aiq).

Tangent. The set of all the tangent lines to Y may be locally identified by the isomorphism
tan(Y) = {(p, [Ao: M1]) [p €Y, [Ao : M] € PH(C) },
which is defined by

A
U:Y xPYC) = tan(Y),  (p, [Mo: M])— p+uv- 70
1

where v is a tangent vector.
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Dimensional Argument. The previous points allow us to infer that
dim (sec(Y)) < 2-dim(Y) + 1 =3,
dim (tan(Y’)) < dim(Y) +1 =2,
which, in turn, imply the following estimate on the dimension:
dim (sec(Y) Utan(Y)) < 3.

In conclusion, the assumption N > 4 is sufficient to infer that such a point O - satisfying
(a) and (b) - must exist. O

Ta (D
o)

L

Figure 9.1: Idea of Proposition 9.11

Corollary 9.12. Let X be a compact connected Riemann surface. There exists an isomor-
phism
d: X —~—Y CP0),

where Y is an algebraic curve.
Proof. Let D € Div(X) be a divisor such that deg D > 2 g(X) + 1. The morphism
PD| * X =Yy C HDN((C)

is an embedding; if we compose it with a sequence mq, ..., mny_3 of adequate projections
(whose existence is a consequence of Proposition 9.11), then we obtain that

PID| TN —-30+-0T1

X Yo Y C P3(C)

is an isomorphism, since it is composition of isomorphisms. O
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Proposition 9.13. Let Y be an algebraic curve of degree d in P3(C). There exists a point
O € P3(C) such that the projection centered at O

7o : P3(C) — P?(C)

has the property that mo(Y') C P?(C) is an algebraic curve of degree d, with a finite number
of simple knots.

I (¢

Figure 9.2: Idea of the proof of Proposition 9.13

Equivalence of Categories. We are now ready to state and prove the main result of the
section.

Theorem 9.14. There is a 1-1 correspondence

{ Riemann surfaces } ~ { Smooth algebmic}
— .

compact and connected projective curves

Proof. Let X be a compact connected Riemann surface, and let p € X be a point. The
divisor
D=(2g(X)+1) peDiv(X)

induces an embedding
pip|: X =Y CPN(C),

and this is exactly what we wanted to prove.

Vice versa, let Y C PV (C) be an algebraic curve. A finite number of applications of
Proposition 9.11 yields to a projection 7 such that

7(Y):=Y CP3(C)



105 9.2. ALGEBRAIC CURVES AND RIEMANN SURFACES

has the property that, for every p € }7, there is an affine neighborhood U, > p such that

YN UP = V(gla 92) N Up and rank <391 > = 2.

Zj

The conclusion follows immediately if one applies the maximal rank theorem'.

Alternative Approach. Let 7 : PN(C) — P?(C) be the projection, and let Y be the
algebraic curve with a finite number of simple knots (see Proposition 9.13).

The construction of the Riemann surfaces follows from the blowup method introduced
in Subsection 2.2.2, but it is quite a lot harder. O]

9.2.1 Equivalence Theorem

In this subsection, we want to give a different proof of Theorem 9.14 that allows us, via a
third category, to be more precise about the category morphisms.

Theorem 9.15 (Chow). Let Y C PN (C) be an analytic manifold.

(1) Y is an algebraic variety, that is, Y = V(Iy).
(2) Any meromorphic function on'Y is rational.
(8) Any holomorphic map f:Y — Y’ is given by rational functions.
More precisely, if we let
ClY]= Clzo, -+, xN]/Iy and  C(Y) = Frac (C[Y]),

then the field of all the meromorphic functions f : Y — C, denoted by M(Y), is
isomorphic to C(Y).
Remark 9.6. If Y is an algebraic curve, i.e. dim¢Y = 1, then the field
M(Y) = C(Y)
has transcendental degree one over C.

Theorem 9.16. There is a 1-1 correspondence between the following three categories:

{ Riemann surfaces } { Smooth algebmic}

compact and connected projective curves

\ /

Field of the form C(X)
with transcendental degree

one over C

1Maximal Rank Theorem: If F: M — N has maximal rank near a point p € M, then there exist a
neighborhood U of p and V of F(p), and there are diffeomorphisms u : Tp M — U and v : Trpy N =v
such that F(U) C V and

dF, =v loFou.
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Proof. We divide the argument into three steps.

Step 1.1. Let us consider the functor

Field of the form C(X)

Riemann surfaces ]
P — ¢ with transcendental degree

compact and connected
one over C

defined by : 0
P(X) := M(X),

that is, it sends a compact connected Riemann surfaces to the field of meromorphic functions
defined on X, and also

Hom(X,Y) > f— f* € Hom (M(Y), M(X)),
where f is a surjective (i.e., nonconstant) morphism, and
Fr(h) = ho .

This functor is essentially surjective, as a consequence of the following result which we will
not prove.

Theorem 9.17. Let M be a field with transcendental degree one over C. Then M is
isomorphic to the field of quotient of

Q%%@y

where F' is an irreducible polynomial.

In particular, every M in the codomain induces an affine algebraic curve given by
X =V(F) CC?

The Riemann surface X such that ®(X) = M can be easily defined starting from X: take
the projectivization in P?(C), and then resolve the singularities (see Subsection 2.2.2).

Step 1.2. The functor ® is fully faithful®. Indeed, let us set X; = V(F) and X5 = V(G),
and let us consider the morphism

(p:Ml —>./\/12.

We may always consider for the maps

2Definition. The map
®x v : Hom(X, Y) ——— Hom (®(X), ®(Y))

is an isomorphism for every X, Y objects.
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sending the projections 7, and m, respectively to f; and g;. Let
U:C? = C% W= (ay ! op(fa), ay' 0 p(g2)) =t (Ri(x, y), Ti(w, y))

be a function such that the following diagram is commutative:
M; —F— M,
‘“T MT
C(X1) —— C(X»)
Therefore ¥ induces a map between Riemann surfaces
U Xy — X, with\Il*:aglogooal,
and, actually, it turns out that
0=_G(f2, g2) = 0=05"0p0G(fa go)
which, in turn, implies that

0=G (a3 op(fa), a5t 0p(g2)) = G(Ry, Ty) € My = C(Xy).
Step 2. In this paragraph, we give the idea behind the correspondence

Smooth algebraic ]
with transcendental degree

Field of the form C(X)
projective curves }

one over C

Let X C PV (C) be a smooth algebraic curve; by Proposition 9.13 it turns out that it is
birational to an algebraic curve X’ C P?(C). On the other hand

Y CP*C) =Y C C?
is also a birational correspondence, and hence
X 5y cce?
is a birational map, as it is the composition of birational maps. We conclude by noticing

that
C (}7) 2 Frac ((C[x, y]/(F)) .

Step 3. The third equivalence was already proved in Theorem 9.14. The morphisms are
easily defined using the commutativity of the diagram. O

9.3 Existence of Globally Defined Meromorphic Func-
tions

Let X be a compact Riemann surface, let p € X be a point, and let
D:=n-p, n>2g(X)-1
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be a simple divisor. By Proposition 8.2 there is a short exact sequence
O%OX%OX[D]—)OD—)O,
which induces a long exact sequence in cohomology (see Theorem 6.13):

0— H°(X, Ox) =H" (X, Ox[D]) = H* (X, Op) — ...

.= HY (X, Ox) = H' (X, Ox[D]) = 0.
As a consequence of Theorem 9.4, it turns out that
n>29(X)—1 = H'(Ox[D]) =0,
and hence
0— H°(X, Ox) = H° (X, Ox[D]) = H° (X, Op) = H' (X, Ox) — 0.
is an exact sequence. It follows that
h?(Ox[D]) =n - g(X) +1 > g(X),
thus the second term of the sequence above cannot be trivial, that is,
H" (Ox[D]) # 0.

In particular, there exists a global meromorphic function f such that dive(f) < n - p, that
is, f has a pole of order at most n at p.

9.4 Low Degree Divisors

In this section, we denote by X a compact connected Riemann surface (since we require
both of the assumptions to hold true in most of the results we will be presenting).

Recall. We have proved that the following result holds true for divisors of (relatively) high
degree:

Theorem 9.18 (High-Degree Divisors). Let X be a compact connected Riemann surface of
genus g(X), and let D € Div(X) be a divisor of degree d.

(a) If d > 2¢g(X) — 1, then

H' (X, Ox[D]) = {0}.
(b) If d > 2g(X), then |D| is a b.p.f. linear system.
(c¢) If f >2g(X)+ 1, then D is very ample.

In this section, we shall be mainly concerned with the properties of small order divisors
(precisely: divisors of order 0, 1 or 2.) We start the discussion with two simple remarks.
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Remark 9.7. Let D € Div(X) be a divisor of degree deg D = 0. Then
h (X, Ox[D]) =1 <= D ~0,
or, equivalently,

R (X, Ox[D]) =0 <= D 0.

Proof. We have proved in Lemma 7.12 that - assuming X is a compact Riemann surface -
there is a 1-1 correspondence

P (H' (X, Ox[D]) = |D|.
In particular, it turns out that
h° (X, Ox[D]) =1 <= dim|D| =0 <= |D| = {0},

that is, if and only if D ~ 0. In a similar fashion, one could prove the equivalent formulation,
ie.,

h’ (X, Ox[D]) =0 <= dim|D| = —-1 <= |D|=0.
O

Remark 9.8. Let D € Div(X) be a divisor of degree 2 g(X)—2. The Serre Duality Theorem
8.7, together with the remark above, proves that

Rt (X, Ox[D]) =1 <= D ~ Ky,

or, equivalently,
Rt (X, Ox[D]) =0 <= D + Kx.

Low Degree Divisors. Recall that we have proved in Proposition 8.3 that there is a
rough estimate on the dimension of the Oth cohomology group if D is a divisor of positive

degree:
h% (X, Ox[D]) < deg D + 1. (9.2)

Proposition 9.19. Let X be a compact connected Riemann surface, and let D € Div(X)
be a divisor of degree equal to 1. Then

h’ (X7 OX[DD =2, X= Pl(c)7
h (X, Ox[D]) > 2 <
and @|p| : X = P'(C) is the isomorphism.
Proof. The estimate (9.2) proves that
degD =1 = (h° (X, Ox[D]) >2 <= h%(X, Ox[D]) =2).
The idea is to show that
¢p|: X = P(H (X, Ox[D])") = P'(C)

is a morphism (i.e., the linear divisor system |D| is b.p.f.) of degree 1. For any p € X there
is a short exact sequence

0— H° (X, Ox[D —p]) = H° (X, Ox[D]) — H° (X, C,)
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from which it follows that

R (X, Ox[D])) =2 =
0
hO(X,C,) =1 H (X, Ox[D]) — C,.

By Theorem 9.3 it turns out that |D| is b.p.f., and the morphism ¢|p| has degree equal to
deg D = 1%, which is exactly what we wanted to prove.
Alternative Conclusion. For every p € X
W (X, Ox[D —p]) =1 = D~p,
and this, in turn, implies that
Ox[D] = Ox[p] VpeX.

More precisely, the points are all equivalent; since this is a property that characterizes P!(C
we infer that X is the complex projective line*. O

),
Definition 9.20 (Hyperelliptic). A compact connected Riemann surface X of genus g(X) >
2 is hyperelliptic if there exists a divisor D € Div(X) such that

degD=2 and h°(X, Ox[D]) =2.

Remark 9.9. Equivalently, a Riemann surface X, satisfying the same assumptions as above,
is hyperelliptic if there exists a divisor D € Div(X) such that:

(1) The linear divisor system |D| is b.p.f. (as a consequence of Proposition 9.19).

(2) The morphism ¢p| : X N P!(C) has degree 2. In the remainder of the section, we
shall denote it by g1.

3The reader should pay attention that this is not always true; see [2, pp 164-165]. In this case it is true
since P(C) is a Riemann surface.

41t is easy to prove that p, ¢ € P1(C) are always equivalent, e.g. consider the function
y to p p; q ys eq g

Po Z1 — P1 20
f)=—"—7—"—.
qo 21 — 41 20
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X

Figure 9.3: The point w is called Weierstrass ramification point. By Riemann-Hurwitz
there are only 2 g(X) + 2.

Proposition 9.21. Let X be a hyperelliptic Riemann surface. The morphism g3 : X —
PY(C) is unique.

Proof. We argue by contradiction.

Step 1. Let Dy, Dy € Div(X), and let ¢|p,| : X 2 pt (C) be the associated morphisms.
By assumption
deg(D;)=2 and  R°(X, Ox[Dy]) =2,

hence there are divisors in |D;| (which will still be denoted by D;) such that

Di=p+q and  Dy=p+r.

Step 2. Let L :=p+ g+ r be the minimal divisor containing both; we claim that
rY (X, Ox[L]) = 3.

Suppose that kY (X, Ox[L]) < 3. Then it is necessarily equal to 2, and we can easily derive
a contradiction looking at the exact sequences below:

0— H°(X, Oxlp+4q]) = H° (X, Ox[L]) = H*(X, C,),

0— H° (X, Ox[p+7]) = H* (X, Ox[L]) — H° (X, C,).
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The middle terms are the same, hence there are exact sequences

0— H° (X, Ox[p+4q]) = H° (X, Ox[L]) — H° (X, C,),

0— H°(X, Ox[p+r]) = H° (X, Ox[L]) = H° (X, C,),
and by the assumption on the dimension it turns out that
H° (X, Ox[p+d]) = H° (X, Ox[L]) = H" (X, Ox[p+71])

which is absurd.

Step 3. Let s, t € X be points, and let us set A := s+ ¢. There is an exact sequence
0— H° (X, Ox[L —s—t]) = H* (X, Ox[L]) = H° (X, Ca),

and we immediately observe that dim CA = 2, and the divisor L — s —t has degree equal to
1. Thus, by Proposition 9.19, it turns out that

dim H® (X, Ox[L —s—1]) < 1,
which, in turn, implies that

H° (X, Ox[L]) - H° (X, Ca).

Step 4. The numerical criterion (see Theorem 9.3) implies that the divisor L is very ample.
We have already proved that

deg(L) = h° (X, Ox[L]) = 3,

hence the morphism || : X < P?(C) is an embedding, whose image ¢, (X) is an algebraic

curve of degree equal to 3, in contradiction with the fact that g(X) > 2 since

2.(2-1)
2

g (algebraic curve of degree 3 in ]P’Q) = =1.

O

Remark 9.10. Let X be a compact connected Riemann surface of genus g(X) = 2. A
canonical divisor Kx has the additional properties

deg(Kx) = h° (X, Ox[Kx]) = 2,

and hence X is always hyperelliptic.

9.5 Canonical Map

In this section, the primary goal is to study the canonical map, that is, the map associated
to the canonical divisor Kx.

More precisely, we will prove that, if X is a compact connected Riemann surface of genus
g(X) > 2 which is not hyperelliptic, then ¢|x | is an embedding.
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Theorem 9.22. Let X be a compact connected Riemann surface of genus g(X) > 2. Then
the canonical divisor Kx is b.p.f., i.e., the map

Piry| : X — PIXIL(C)

is a morphism.

Proof. Fix p € X. There is a short exact sequence (see Proposition 8.2) given by
0— Ox[KX —p] — Ox[Kx] — (Cp — 0
which induces a long sequence in cohomology (see Theorem 6.13):

0— H° (X, Ox[Kx —p]) = H° (X, Ox[Kx]) = H° (X, C,) — ...

...— H' (X, Ox[Kx —p]) = H" (X, Ox[Kx]) — 0.
It follows from the Serre Duality Theorem 8.7 that

H' (X, Ox[Kx]) = H° (X, Ox)"’ =C,

H' (X, Ox[Kx —p]) 2 H° (X, Ox[p])" =C,

where the latter isomorphism is a consequence of the fact that degp = 1 is an effective
divisor, but X is not isomorphic to P!(C) since the genus is strictly greater than zero (see
Proposition 9.19). As a consequence, there is an isomorphism

H' (X, Ox[Kx —p]) = C = H' (X, Ox[Kx]),
which, in turn, implies that
H° (X, Ox[Kx —p]) — H’ (X, Cp)
is a surjective map.

By arbitrariness of p € X, we conclude that the thesis holds true as a consequence of
the numerical criterion (see Theorem 9.3).

Equivalent Approach. By Riemann-Roch 8.6 it turns out that

hY (X, Ox[Kx —p]) — h' (X, Ox[Kx —p]) = deg(Kx — p) +1 — g(X),

. =29(X)-3

which, in turn, implies that
W (X, Ox[Kx —p]) = g(X) = 1= h° (X, Ox[Kx]) - L.

Since this equality holds for every p € X, the numerical criterion allows us again to infer
that the thesis holds true. O

Theorem 9.23. Let X be a compact connected Riemann surface of genus g(X) > 2. The
canonical divisor Kx is very ample if and only if X is not hyperelliptic.
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Proof. First, we observe that Theorem 9.22 asserts that the linear divisor system |Kx| is
b.p.f. under these assumptions. Let p, ¢ € X, set A := p + ¢, and consider the exact
sequence in cohomology given by

0— H°(X, Ox[Kx —p—q]) = H* (X, Ox[Kx]) = H° (X, Ca) — ...

.= H' (X, Ox[Kx —p—q]) = H" (X, Ox[Kx]) — 0.
By Serre Duality Theorem 8.7 it turns out that
H' (X7 OX[KX]) =~ H° (X7 OX)U = (Cv

H' (X, Ox[Kx —p—q]) = H” (X, Ox[p+4])".
In conclusion, it follows from Theorem 9.3 that
D is very ample <= H° (X, Ox[Kx]) — H°(X, Ca),
and hence it is enough to observe that
H° (X, Ox[Kx]) — H° (X, Ca) < h°(X, Ox[p+4q]) =1
for every p, ¢ € X; or, equivalently,
H® (X, Ox[Kx]) #=» H* (X, Ca) <= 3p, ¢ € X : 1°(X, Ox[p+4]) =2
which means X is hyperelliptic by definition. O
Theorem 9.24. Let X be a hyperelliptic Riemann surface. The morphism x| : X —
P91 can be factorized as follows:
Pl - X L5 PL(C) L potO-1(C),
where vy_1 is the Veronese embedding of degree g(X) — 1.

Proof. The morphism x| sends X into an algebraic curve Y C P9(X)=1(C), but it is not
1-1 as a consequence of the previous characterization. Hence deg ¢k, | > 2 and, if we set
d :=degY, then

deg Kx =29(X) —2=d-degpgy| = d<g(X)—-1
The reader should convince herself that it suffices to prove that
Y =y, (PH(C)),

that is, Y is a normal rational curve®, to conclude the proof.

Step 1. Let 7: Y — Y be the resolution of the singularities of Y (see Subsection 2.2.2),
and let H CY be a divisor hyperplane.

The linear system |7*(H)| is the (g(X ) — 1)-dimensional space associated to the pullback
divisor 7*(H), and hence
Sp\ﬂ*(H)\ Y — Pg(X)il(C)

is a morphism such that

deg (SD\W*(H)\ (f’) C ]P’g(X)_l) =g(X) -1

5 A smooth, rational curve of degree n in the projective space P*(C).
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Step 2. The Riemann-Roch Theorem 8.6 proves that Yy > p! (C), and also
HO (?, O?[T{'* H]) = HO (Pl(C), OPI(C)) .

It follows that

i) 1 PHC) — PUOTN(C),  zroz— (xS‘ x?)aw:g(m—l ’

that is, p|« (x| is the Veronese embedding; consequently, we infer that
d=g(X)-1 and deg @iy = 2.
Moreover, for any p, ¢ € X it turns out that

Qx| (P) = Py (@) <= B (X, Ox[p+q)) =2 < [p+q| =93,

that is,
Qi (P) = Oy |(@) <= g2(p) = 93(q),

and this proves that
Qx| X 25 PHC) 25 PO,

9.6 Riemann-Roch: Geometric Form

In this section, we denote by X a nonhyperelliptic Riemann surface, by ¢ the canonical map
¢k x|, and we identify X with its image via ¢ (which is an embedding).

Geometric form. Let D = p; 4+ -+ + pg € Div(X) be a divisor of degree d. We may
always think of {p1, ..., pa} as a set of points in P9(X)=1(C); in particular, it makes sense
to define

Span(D) := Span (py, ..., pa) € P/CI7L(C).

Theorem 9.25 (Riemann Roch, Geometric Form). The projective dimension of D is
deg D — 1 minus the dimension of its span, that is,

dim |D| = deg D — 1 — dim Span(D). (9.3)
Proof. The short exact sequence of sheaf maps
0— OX[KX —D] — Ox[Kx] — (CD —0

induces a long exact sequence in cohomology, that is,

0— H° (X, Ox[Kx — D]) —» H° (X, Ox[Kx]) = H°(X, Cp).
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Clearly
hyperplanes H of P9(X )*1(((3) such that
H° (X, Ox[Kx — D]) =
H vanishes on D
hyperplanes H of P9X )_1((C) such that
H vanishes on Span(D)
that is,

dim Span(D) + dim |Kx — D| = g(X) — 2. (9.4)
Since P9(X)~1 is canonically isomorphic to P (H° (X, Ox[Kx])") we infer that
B (X, Ox[D]) = h° (X, Ox[Kx — D]) = dim |[Kx — D| + 1,
and, if we substitute it into the identity (9.4), we obtain
h* (X, Ox[D]) = g(X) — 1 — dim Span(D).
By Riemann-Roch 8.6 it follows that
h° (X, Ox[D]) = h' (X, Ox[D]) +deg D + 1 — g(X) =

= deg D — dim Span(D),
and thus (9.3) is proved. O

9.7 Clifford Theorem

Recall. Let D be a divisor on a compact connected Riemann surface X of genus g(X).
The linear system of divisors |D| is isomorphic (see Lemma 7.12) to

P (H" (X, Ox[D])),
and, in particular, it turns out that
dim |D| = h° (X, Ox[D]) — 1.
If deg D > 2 g(X) — 1, then we already know that
h' (X, Ox[D])=0 and  dim|D|=degD — g(X).

In this section, we state and prove the so-called Clifford theorem, which concerns divisors of
smaller degree; precisely, it gives a bound on the dimension of |D| when deg D < 2 g(X) — 2.

Lemma 9.26. Let X be a compact connected Riemann surface, and let D € Div(X) be a
divisor. Then

dim|D| >k < V{p1,...,pe} C X, 3D €|D] : spt(D") = {p1, ..., p}-

Proof. We argue by induction. The base step (k = 0) is trivially true, hence we only focus
on the inductive step k = k+ 1.
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Inductive step: ” <= . Assume that for any collection of k+ 1 points of X there exists
a divisor D’ € |D| such that

Spt (‘D/) 2 {pla ey pk+1}~

By inductive assumption, this is enough to infer that - at least - the projective dimension
of |D| is > k. Let us pick pry1 € Basis (Span|D|), and let us consider the divisor D; :=
D — pg41. Clearly

v{plau'apk}CXﬂ El‘D/1€|D1| : Spt(D/l):{plvvpk}v

thus by inductive assumption it turns out that dim|D;| > k. On the other hand, we chose
Pr+1 in such a way that |D — pry1| S |D]; hence

dim [D| > dim|D;| > k = dim|D| > k+1,

which is exactly what we wanted to prove.

Inductive step: ” = . Assume that dim|D| > k+1. As remarked in the introduction
of the section, it implies that h° (X, Ox[D]) > k + 2. Let p1, ..., pr11 € X be a given
collection of points, and let us set

A=pi+- +Dry1-
By Proposition 8.2 there is a short exact sequence
0— Ox[D—A] = Ox[D] = Ca — 0,
which induces a long exact sequence in cohomology
0— H°(X, Ox[D — A]) —» H° (X, Ox[D]) = H° (X, CpA) — ...

and we immediately notice that, by assumption, the middle term has dimension > k + 2,
while the last has dimension equal to & + 1. In particular, there exists a section s €
H° (X, Ox[D]) which vanishes on A, i.e.,

s(pi) =0, Vi=1,...,k+1.

The proof is now concluded, but it is worth underlining that the right arrow does not need
any inductive assumption since we have never used it in our argument. O

Corollary 9.27. Let Dy, Dy € Div(X). Then

Proof. Let us set d; := dim |D;| for i = 1, 2. Given a collection of d; 4 d2 points

{pla vy Pdys 41y -y de} CXa
it follows from Lemma 9.26 that there are D] € |D;| and D} € |Ds| divisors such that
spt (D7) 2 {p1, .-, pa,}  and  spt(D3) 2 {q, .-, qa, }-

On the other hand, the divisor D} 4+ D} belongs to |D; + D3|, and thus by Lemma 9.26 we
infer that
dim |D1 + Ds| > dy + do = dim ‘D1| + dim|D2|.
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Remark 9.11. Equivalently, the corollary asserts that the image of the map
p:HY (X, Ox[D1]) x H* (X, Ox[Ds]) - H° (X, Ox[D1 + D2))

has dimension

dimIm(u) > h° (X, Ox[D1]) + h° (X, Ox[Ds]) — 1.

Theorem 9.28 (Clifford Theorem). Let X be a compact connected Riemann surface of
genus g(X), and let D € Div(X) be an effective divisor of degree deg D < 2 g(X)—2. Then

1
dim |D| < 3 deg D,
and the equality holds if and only if either

(1) D=0, D=Kx; or
(2) X is hyperelliptic and |D| = r-|E|, where |E| = g& and r is the number of the couples
formed by hyperelliptic divisors.

Proof. The argument is rather involved; hence we divide the proof into four main steps.

Step 1: Inequality. Assume that h! (X, Ox[D]) = 0. By Riemann-Roch 8.6 it turns out
that

1
R (X, Ox[D]) =degD — g(X)+1< 5deg D+1,
where the red inequality follows from the assumption on the degree of D.

If h' (X, Ox[D]) # 0, then we can also reduce to the Riemann-Roch formula using a
simple trick. Indeed, by duality it turns out that

W' (X, Ox[D]) #0 < h°(X, Ox[Kx — D]) #0,

and hence it suffices to consider the linear systems |D| and |Kx — D|. The Riemann-Roch
8.6, together with Serre Duality Theorem 8.7, implies that

dim |[D] — dim |Kx — D| =degD — g(X) + 1, (9.5)
while the previous Corollary 9.27 implies that
dim |[D| +dim|Kx — D| < dim |Kx| = g(X) — 1. (9.6)

We conclude the first part of the proof combining (9.5) and (9.6) to obtain the sought
inequality:

1
dim |D| < 3 deg D,

Step 2: Equality ” <= »”. This implication is trivial since for D = 0 or D = Kx the
equality holds as a straightforward application of the Serre Duality Theorem 8.7.

On the other hand, if X is a hyperelliptic surface and |D| = r - g3, then by definition
deg D =2 - r, and hence it is enough to notice that r = dim|D|.
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Step 3: Equality ” = ”. Let D # 0, Kx be any divisor such that
deg D =2-dim|D|.

We argue by induction on the projective dimension of |D|. If dim |D| = 1, then the degree
of D is equal to 2 and thus there is nothing to be proved.

Assume that deg D > 4. Let us consider a divisor F € |[Kx — D|, and let us pick two
points p, ¢ € X such that p € spt(F) and ¢ ¢ spt(E). The dimension of |D| is greater or
equal than 2, hence by Lemma 9.26 there exists D’ € |D| such that

{p, q} C spt(D").
Set D := D' n E, where the intersection between divisors is to be intended as follows:
D(s) = min{D'(s), E(s)}, Vs e X.
By construction ¢ ¢ spt(FE), thus degf) < deg D; similarly p € spt(E) implies that
p € spt(E) Nspt(D') = deg D > 0.
Let us consider the short exact sequence
0 - Ox[D] % Ox[D] @ Ox[E] % Ox[D + E — D] -0,
where ¢ = (11, 22) is given by the pair of inclusions
1 (’)X[f)] — Ox|[D],
12 : Ox[D] — Ox|[E],

and ¢ = 11 — ry is the difference between the maps

r: Ox[D] — Ox [D+ (B~ D)],

ry 1 Ox|E] — Ox {D+ (E - f))} .
The long exact sequence in cohomology gives us the inequality
h? (X, Ox[D] ® Ox[E]) = h° (X, Ox[D]) + h° (X, Ox[E]) <
< RO (X, OX[E]) +h° (X, Ox [D+E_5D ,
while the fact that F ~ Kx — D implies that
B (X, Ox[D]) + h° (X, Ox[E]) < h° (X, Ox[D]) + 1 (X, Ox [Kx - D]),

that is,
dim |D| + dim |[Kyx — D| < dim ‘f)‘ + dim ‘KX - 5‘ .

At this point, we observe that:
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(1) The left-hand side may be computer explicitly, i.e.,
dim |D| + dim |Kx — D| = g(X) — 1.
Indeed, from (9.5) we infer that
1 1
dim |D| = idegD = dim|Kx —D|=¢g(X)—-1- §degD,
and this implies that

1 1
dim |D| +dim|Kx —D|=g(X)—1— §degD+§degD:g(X)—1.

(2) The right-hand side, by Corollary 9.27, satisfies the following inequality:

dim ‘f)‘ + dim ’KX - f)’ < g(X) - 1.

Therefore the projective dimension of the linear system associated with D is equal to half
of the degree, and by inductive assumption, it turns out that X is hyperelliptic and

‘5‘ =7- g%.
It remains to prove that D itself is a multiple of g3. Let E be the hyperelliptic divisor of X,
that is, the divisor such that |E| = g3, and let us set s := dim |D|; we want to prove that
D+ (g(X)-1-s)-F=Kx.

First, we notice that
dim[(g(X) —1—s)- E| = g(X) -1 —s,

since it can be obtained by repeating g(X) — 1 — s the linear system g1; hence by Corollary
9.27 it turns out that

dim |[D| +dim|(¢(X)—-1—-35)-E|=9(X) -1 =
— (X, Ox [D+ (9(X) — 1~ 5)- E)) > g(X).

On the other hand, a straightforward computation proves that
1
degD +deg(g(X)—1—3s)-E=degD +2- (g(X) -1- 2degD) =2¢(X) — 2,

and thus the Clifford inequality allows us to infer that
dim [D+ (9(X)—1-3)-E|<g(X)—-1 =

— 1O (X, Ox [D + (9(X) — 1 —s) - E]) < g(X).

In conclusion, the claim is proved since Kx is the unique divisor - up to the equivalence
relation - satisfying the two properties

deg Kx =2g(X)—2 and  h°(X, Ox[Kx]) = g(X).
In particular, the divisor D is equal to Kx —(¢g(X) — 1 — s)- E and X is hyperelliptic; hence
Kx=(9(X)-1)-E = D=s-E=s-g3,

which is exactly what we wanted to prove. O
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Chapter 10

Abel’s Theorem

In this final chapter, we first investigate the relation between the divisor group (Div(X), +)
with the Picard group (Pic(X), ®), where X is a compact Riemann surface.

Successively, we introduce the Jacobian manifold associated with a compact Riemann
surface X, and we prove that there is an isomorphism

Pic’(X) = Jac(X).

In particular, we derive this result from the Abel theorem (simply stated) and the Jacobi
inversion theorem (entirely proved).

10.1 Picard Group

In this section, we denote by Ox and Mx the set of all the holomorphic (respectively,
meromorphic) functions f : X — C - where X is a compact Riemann surface -. Moreover,
we denote by O% and MY respectively, the nonzero elements.

Proposition 10.1. Let X be a Riemann surface. There is a canonical isomorphism
@ (Div(X), +) —— H* (X, X/ ),
which is also a group homomorphism.

Proof. In the literature, the sheaf M}/O} is called the divisor sheaf of X.

Step 1. Let
0 M* %
ceH (X, X/OX>

be a global section, and let U = {U,}aer be an open covering of X satisfying the usual
properties, that is,

o |U = fa, fa : Uy — € meromorphic function
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such that
Ja

fa #0 and — e 0% (UynUp).

fs
In particular, for any p € U, N Ug it turns out that

ord, fo = ord, [z,

and hence the divisor

D:Zordpfap-p

peX

is well-defined, where U, is an element of U/ that contains p.

Step 2. Let D = Zpex n(p) - p be a divisor of X. There exists an open covering {Uy, }aer
of X with the property that for p there is a neighborhood U, and there is a holomorphic

function g¢,, o € Ox(U,) such that

div (917:& {Uan() = b

We define
o= 1] (9ap)™" € M (Ua),

peX

and it is easy to prove that the collection {f,}, defines a global section of MF{/@;{. O

Picard Group. Recall that the invertible sheaves on X form a group, called the Picard
group of X, with the tensor product; more precisely, we have the isomorphism

(Pic(X), ®) = H' (X, O%).
The short exact sequence
* * M .
0—=0x - Mx — X/OX—>0

induces a long exact sequence in cohomology, i.e.,

0 H (X, %) — H° (X, My) = H* (X, M/ ) = ..

.= HY(X, 0%) = H' (X, M%) — H' (X, Mﬁ‘/o;() 0.

By Proposition 10.11 - which is proved afterwards - we have

Hl (Xv M;():Hl (Xv MX):O'

Hence the isomorphisms above, along with the definitions, prove that the long exact sequence

reduces to the shorter exact sequence given by

0— C* = H°(X, M%) — Div(X) — Pic(X) — 0,

and hence
Div(X) —» Pic(X).
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Equivalent Assertion. Given an invertible sheaf £, there is a covering {U; };cr of X and
there are maps
wi:L|Ui_>OX(Ui)7 U’—)fi'O',

and hence we can take D ’Ui = div(f;).
Proposition 10.2. Let ~ be the equivalence relation on Div(X) given by
Dy ~ Dy <= Dy — Dy = div(g).
The map ¢ : Div(X) — Pic(X) passes to the quotient, and it induces an isomorphism
g Dv(X), s pic(X)
D — Ox|[D],

which is also a group homomorphism.

Proof. Let {U;}ier be a covering of X, and let f; be the local equation of D, that is,
divfi=D \Ui.
The map v; : Ox(U;) — Ox[D](U;) sends 1 to fi for every i € I, and hence we have a
nice local explicit expression for V.
Injective. We claim that
¢(D)=0 <= D =div(h) <= D ~0.

If D = div h, then the sheaf Ox[D] is globally defined by +, and hence it is isomorphic to
Ox, that is, ¢(D) = 0.

Vice versa, if (D) = 0, then the map Ox[D] — Ox is an isomorphism and it defined
by the product with a function h, i.e.,

¥ : Ox[D] — Ox, oc—h-o.
In particular, the divisor D is equal to div % by definition, and this is enough to prove that

the claim holds.

Group Homomorphism. We want to prove that
?
(D1 + Do) = Ox[D1] ® Ox[Ds].
But this is an easy consequence of the fact that there is an isomorphism given by

Ox[D1] ® Ox[Dy] = Ox[D1 + Do, 01 ® 09 — 01 - 02.
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Structure of Pic(X). The Picard group of X may also be seen as the countable disjoint
union of ”Picard strips”, that is,

Pic(X) = | | Pic*(X),
dEZ

where
Pic’(X) = {£ € Pic(X) |deg L =1d}.

The degree of an invertible sheaf may be defined by the surjective map Div(X) — Pic(X)
simply considering the image of Divd(X ). In a similar fashion, one may define it as

degL:=x (X, £) — x (X, Ox),
coherently with the fact that
degD =d = degOx[D] =d,
as a straightforward consequence of the Riemann-Roch Theorem 8.6
Remark 10.1. For every divisor d € Z there is an isomorphism
Pic!(X) —=— Pic®(X), L+— L® Ox[—d-p),
which can also be seen via ¢ as

Divi(X) —— Div’(X), D+—D—d-p.

10.2 Jacobian of X

Let X be a compact Riemann surface of genus g(X) := g, and let us consider the symplectic
basis' of the first homology group Hi (X, Z) given by the closed paths a1, ..., ag4, b1, ..., b,
(see Figure 10.1), satisfying the intersection conditions

ai-bizl Vizl,...,g,
(10.1)
aj b, =0 otherwise.

Remark 10.2. Recall that, for every divisor D € Div(X),
OX[D] = Ox[Kx + D).
By Serre Duality Theorem 8.7 it turns out that
H° (X, Q%) 2 H (X, Ox[Kx]) = H° (X, Q%) 2 H' (X, Ox).

Definition 10.3 (Period). A period is a linear functional
HO(X, Qﬁ() 9w»—>/ w e C,
(]

where [C] is a class of Hy (X, Z).

1Definition. A symplectic basis is a basis e1, fi, ..., en, fn of a vector space endowed with a nonde-
generate alternating bilinear form satisfying (10.1).
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Figure 10.1: The generators of the w1 (T).

Periods Matrix. Fix a basis {wi, ..., wy} of H? (X, Q% ), and let us consider the sym-
plectic basis {a1, ..., ag, b1, ..., by} of Hy (X, Z). The matrix
alwl fagwl fblwl fbgwl
' € M(C, g x 2g),
Jowg - fagwg Jowg oo e fbgwg

is called the periods matriz, and it has the form (A |B). From now on, we shall denote by

Ai: (/ (.dj> s
a; =1, ..

Jj=1,.., 9
Bl' = </ (.dj) s
bs j=1,....9
the columns of the these two matrices.

Lemma 10.4.

(1) The matrices A, B € M(C, g x g) are invertible.
(2) The column vectors A;, B; are a real basis of C9, i.e., they are 2g R-linear vectors.

(8) The transpose commutes, that is,

ATB = BT A.
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Definition 10.5 (Jacobian). The Jacobian of X is the quotient between the dual space of
QL and the lattice induced by the matrix of periods, that is,

HO (X, 0%)"
(., i i, )

Remark 10.3. The Jacobian of X is also equal to the quotient

Jac(X) =

i,=1,..., g

HO (X, Ox[Kx])"
Jac(X) = z((Hl()?,[Z))i]) ,

where © : H(X, Z) — H° (X, Qﬁ()v is the map sending a class of equivalence [C] to the
functional
HO(X, Qk) 9w»—>/ weC.
[c]

Remark 10.4. Let us consider A - the lattice in C9 generated by aq, ..., ag, b1, ..., by -,
that is,

g g
A=Y mi-Ai+ ) ny- By |mi,n; €7
i=1 Jj=1

The Jacobian of X is isomorphic to the quotient (Cg/A via the inclusion maps, and it is
hence a complex (compact) torus.

10.3 Abel-Jacobi Map

Let us fix a point pg € X. The Abel-Jacobi map is defined by

P
Po

Ay, X — Jac(X) p— (mod A),

P
Po

where

for any path v starting from pg and ending in p.
Remark 10.5. The Abel-Jacobi map is well-defined. Indeed, if v and ' are two paths

between py and p, then
/w — / w = /w €A,
Y v n
where 7 is a closed path with base point py (see Figure 10.2).

The map A4,, : X — Jac(X) may be extended by linearity to Div(X), and from now on
we shall denote by Ay the restriction of A, to Div"(X).
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Y

Figure 10.2: Well-definition of the Abel-Jacobi map

Remark 10.6. The map Ag does not depend on the base point pg. Indeed, if we consider

a divisor . .
D = Zpi — Zqi S DiVO(X),
i=1 i=1

/w1 /w1 /wlf/ w1
[e7) Qg i

then

k3

Ao(pi — qi) = : - ; = (mod A).

[e) \[a) \[a-[a
[e 73 (e 77 i

i

The reader may jump to Figure 10.3 to have a better understating of what is going on here.
For every ¢ the closed path 7; := a; — v; — 5; belongs to Hy (X, Z), and hence

As a consequence, we obtain

Ao(pi — i) = : (mod A),
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which implies that Ag : Div(X) — Jac(X) does not depend on the base point p.

Oy

f

Figure 10.3: Independence of Agy from py.

10.4 Abel-Jacobi Theorems

In this final section, we state and partially prove two fundamental results concerning the
Abel-Jacobi map Ay, and we conclude by showing the main consequences they lead us to.

Theorem 10.6 (Abel’s Theorem). Let X be a compact Riemann surface, and let D €
Div'(X). Then Ao(D) = 0 if and only if there exists a meromorphic function f : X — C
such that D = div(f), i.e., D ~ 0.

Theorem 10.7 (Jacobi Inversion Theorem). Let X be a compact Riemann surface, and fix
po € X. For any A € Jac(X), there are p1, ..., pg € X points such that

Ag <Z(pz’ —P0)> =\

Moreover, if X is a generic point, then the divisor D = Zle Di 1S unique.
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Corollary 10.8. There are isomorphisms
. 0
Pic?(X) = PV (X) & Jac(x).

Abel-Jacobi Map in Positive Degree. Fix pg € X, and let us consider the set of all
positive divisor of degree d, that is,

Div? (X) = {D € Divl(X) | D > 0}.

The map Ay is defined by taking the restriction of A, to Div‘i (X) and, in particular, it is
defined by setting

Ay : Dive (X) — Jac(X), D—s : mod A).
+

The Abel-Jacobi map induces a commutative diagram given by
. d Ag ~ . d
Div% (X) —= Jac(X) » Pic®(X)
JT I Jt
Div?(X) —225 Jac(X) -~ » Pic®(X)
where

7(D) =D —d-po and t(L) = L® Ox[—d - po).

Observe that X is canonically isomorphic to Divi(X ), hence the Abel-Jacobi map induces

P
Do

Ap: X — Jac(X), D— (mod A).

P
[
Po
Proposition 10.9. Let X be a compact connected Riemann surface of genus g(X) > 1.
Then the Abel-Jacobi map Ay : X — Jac(X) is injective.

Proof. We argue by contradiction. Let p, ¢ € X be points such that A;(p) = A;(q), and
observe that the divisor p — ¢ has degree zero. Therefore

Ai(p) — A1(q) = Ao(p — q) =0,

and by Abel Theorem it follows that p — ¢ = div(f), where f is a function with a zero and
a pole. The resulting morphism f : X — P!(C) has degree one, and thus X = P*(C), which
is absurd since the genii are different by assumption. O
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Remark 10.7. Let A € Jac(X) be a point such that
A=Ay, (D)
for some divisor D € Divi (X). Then

Ay (A) = (D]

Po

since A, (D) = A,,(D’) if and only if D’ ~ D (see the proof of Proposition 10.9).

Proposition 10.10. Let X be a compact connected Riemann surface, and let D € Divz_(X) (X)
be a generic divisor. Then h' (X, Ox[D]) = 0.

Proof. By Jacobi Theorem it turns out that for any A € Jac(X) generic point there exists a

unique divisor D € Divi(x)(X) such that A,,(D) = X. The previous remark, on the other
hand, asserts that
~1
A,y (A) = D),
and hence |D| = {D} is given by the divisor itself only. Hence h° (X, Ox|[D]) = 1, and by
the Riemann-Roch Theorem it follows that

ht (X, Ox[D]) = h° (X, Ox[D]) —degD — 1+ g(X) =g(X)+1—g(X) —1=0.
O

Proposition 10.11. Let X be a compact Riemann surface, and let M be the field of all
the meromorphic functions defined on X, and let M x be the constant sheaf on X. Then

h' (X, Mx) =0.

Proof. Let D € Div(X) be a divisor such that h! (X, Ox[D]) = 0 (which exists by Propo-
sition 10.10). There is a long exact sequence in cohomology given by

0 —H" (X, Ox[D]) — H° (X, Mx) — H° (X, 7x[D]) — ...

..— H' (X, Ox[D]) = H' (X, Mx) — H" (X, 7x[D]).

The sheaf 7x[D] is supported on a finite set of points, hence the dimension h' (X, 7x[D]))
is equal to zero; by construction we also have that h! (X, Ox[D]) = 0, thus the thesis holds
true. O

Conclusion. In this last paragraph, we only give a proof of the Jacobi inversion theorem.
The Abel theorem requires a lot of work, and we will give it for granted (the reader may
consult [2, pp. 250-263] for a lengthy proof).

Proof of Jacobi Theorem. Let us denote by X (9 the symmetric product of g(X) copies of

X, that is, the quotient
x(9) _ X X XX/O'g'
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First, we observe that dimc X = 1 is a particular case because it allows us to conclude that
X9 is a g-manifold® (i.e., X9 is not singular, as it could have been in higher dimension).

Let
9 Di
b1 Z/ w1
i=1"Po
AW X9 Jac(X), ] — (mod A).

9 Di
g E / wg
i=1 v Po

be the Abel-Jacobi map naturally defined on X (9). Tt is enough to prove that for any generic
point (p1, ..., pg) € X9 the Abel-Jacobi map AW is a local isomorphism.

Step 1. Let {w1, ..., w,} be a basis for H° (X, Qﬁ(), and take p1, ..., py € X distinct
points such that
W; = hl dzi,

where z; is the local coordinate relative to p; and (z1, ..., z4) local coordinates of X (@) and
also satisfying the following property: the g X g complex matrix

(hj (pi))i,jzl, s g

is upper triangular, and it is not degenerate.

Step 2. In a neighborhood of (p1, ..., pg) € X (9 it turns out that
9 Di+2i
DY
i=1 v Po
A(g)(pl, coy Pg) = (mod A),

and hence

9 Pi+zi
Z/ h1 d21 hl (p1)
0 0

AD (pr -7 : —
aZi (p17 )pg) 8ZZ

9 pitz;
Z/ hydz, hg(pg)
; p

The matrix associated with the differential dA9) is thus given by
(hj (pi))i,j=17 s g

which is a maximal rank matrix by construction (recall that we chose the p;’s in such a way
to have this property), and hence A is a local isomorphism.

2The reader may refer to this post for a proof of this fact.


https://arbourj.wordpress.com/2014/05/11/jacobis-inversion-theorem/
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Step 4. The surface X is irreducible and compact. Hence the map A9 is proper, the
manifold Jac(X) is irreducible and A) is also a dominant map®, that is, A9 is surjective.

Step 5. The fiber of A is isomorphic to the linear system |[p1 + -+ + pgl, and this is
isomorphic to the projectivization of the global sections, i.e.,

Ip1+ -+ pg| 2P (H® (X, Ox[p1 + - +1g))) -

Since A is a local isomorphism, it turns out that the dimension of the fiber is zero and
hence there exists one and only one divisor p; + - - - + py (if a projective subspace contains
two points, then it contains the whole line between them). O

3The reader may jump here for an overview of dominant morphisms between schemes.
Definition 10.12. A morphism f: X — S of schemes is dominant if the image of f is a dense subset of S.

Lemma 10.13. Let f : X — S be a morphism of schemes. If every generic point of every irreducible
component of S is in Im f, then f is dominant.


http://stacks.math.columbia.edu/tag/01RI
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