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Part 1

Representation Theory



Chapter 1

Group Theory

In this first chapter, the principal goal is to present (briefly) the fundamental notions of
group theory we will be using in this course, and to give a sketchy idea of the groups we
will study in the second half of the course.

1.1 Set Theory

In this section, we briefly recall some of the basic definitions of set theory we will be using
throughout this course, and we will also introduce the notation.

Definition 1.1 (Set Operations). Let M and N be sets.

(a) The set M is a subset of N, and we denote it by M C N, if and only if

a€ M — ae€ N.

(b) The set M U N is the union of M and N, that is,

a€EMUN < ac€Mora€cN.

(c) The set M N N is the intersection of M and N, that is,

aeMNN < ae€ M andac N.

(d) The set N\ M is the difference between N and M, that is,

ae N\M < ac€Nanda¢ M.

(e€) The set M x N is the Cartesian product of M and N, that is,
(a, b)) e M x N <= a€ M and b€ N.

Furthermore, we denote by M®" the Cartesian product M x --- x M.
e — |

n
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Definition 1.2 (Mapping). Let M and N be sets.

(a) A mapping f : M — N is injective (=into) if and only if f(b) # f(a) for every
a#be M.

(b) A mapping f : M — N is surjective (=onto) if and only if for every b € N there
exists a € M such that f(a) = b.

(c¢) A mapping f: M — N is bijective if and only if f is both injective and surjective.

Figure 1.1: Left: M U N. Right: M N N.

U U

Figure 1.2: Left: M is a subset of N. Right: N\ M.

Definition 1.3 (Equivalence Relation). Let M be a set. An equivalence relation ~ is a
subset of the Cartesian product M®? satisfying the following properties:

(i) REFLEXIVE. For every a € M, it turns out that a ~ a.
(ii) SYMMETRIC. For every couple (a, b) € M®?2 it turns out that a ~ b <= b~ a.

(iii) TRANSITIVE. For every triple (a, b, ¢) € M®3 satisfying a ~ b and b ~ ¢, it turns
out that a ~ c.

Moreover, given a set M and an equivalence relation ~, we denote by [a] the equivalence
class of a € M, that is,
[a] :={beM : b~a}.



Caution!

The set of repre-
sentatives Z is not
unique!
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Example 1.1. Let R be the set of all real numbers. Then,
a~b <<= a—-beR

is an equivalence relation. In fact, the reflexive property is obvious (a —a = 0 € Z for all
a € R), while the symmetric property follows from the fact that

a—beZ = —(a—b)€Z = b—acZ.
The unique nontrivial property is the transitiveness, but a simple algebraic trick shows that
a—c=atxtb—c=(a—-b+(b—-c) €z,
and this is enough to infer that ~ is an equivalence relation.

Remark 1.1. If M is a set and ~ an equivalence relation on M, then it is always possible'
to write M as the disjoint union of the equivalence classes, that is,

M=

aEX

where Z C M denotes a maximal collection of elements a € M that are not equivalent, i.e.,

atbeZ = atb.

1.2 Elementary Definitions and Basic Examples

In this section, we introduce the basic definitions of group theory, and we briefly explain
some of the leading examples we will be dealing with in this course.

We also present the notion of representation, which will be used in the next chapter to
introduce Lie groups and Lie algebras.

Definition 1.4 (Group). A group is a set, G, together with a mapping - : G x G — G,
called group product, satisfying the following properties:
1) CLOSURE. For every g1, g2 € G, the product g; - go also belongs to G.

2) ASSOCIATIVITY. For every g1, g2, g3 € G, it turns out that
g91-(92-93) = (91 92) - g3-

3) LEFT IDENTITY. There exists e € G such that e - g = ¢ for every g € G.

4) LEFT INVERSE. For every g € G there exists an element, denoted by g~!, such that

g -g=e.

1

Lemma 1.5. Let G be a group, and let g € G. Then the left inverse g~ 14s also a right

inverse, and the left identity e is also a right identity.

1To prove this simple fact, it suffices to show that either a ~ b or [a] is disjoint from [b], for all a, b € M.
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1

Proof. By assumption g~ - g = e; thus the associative property implies that

which, in turn, yields to

We immediately deduce that
g g =eg-g=e

is also a right inverse for g € G. It follows from the associativity that

which means that g~

g t=egt=gt g9 =g" ¢

which means that e is also a right identity element. O
Lemma 1.6. Let G be a group. The identity element e € G and the inverse element g—!
are unique.

Proof. Suppose that e and f are both identity elements for a group G. Then it turns out
that

e=e-f=Ff.
Suppose now that hy, ho € G are both inverse elements for g € G. It follows from the group
axioms that
h1:h1~6:h1-(g~h2):(hl-g)~h2:h2.
O

Notation. Let (G, -) be a group. From now on, unless there may be some ambiguity, we
shall drop the product symbol g; - g and simply write g1 9.

Definition 1.7 (Abelian). A group G is abelian (=commutative) if and only if
9192 = g2g1  for every g1, g2 € G.

Notation. If G is an abelian group, then the product notation (g1g2) is usually replaced
by the more comfortable additive notation (g; + g2). Coherently, given g € G, we define

R if n >0,

nT:=9q —|nlr=—-x—---—x ifn <0,
In| times

0 if n =0,

where 0 is the replacement for the identity element e in the commutative notation.

Definition 1.8 (Subgroup). Let (G, -) be a group. A subset H C G is a subgroup of G, and
we denote it by H < G, if H is a group with respect to the restriction of -.

Example 1.2. The set of all real numbers R is a group w.r.t. the sum +. The set of all
integers Z is a subgroup of R since (Z, + |Z) is a group.



CHAPTER 1. GROUP THEORY 12

Definition 1.9 (Commutator). Let G be a group. The commutator of two elements gy, g2 €
G is defined by

(91, 2] := 919297 '95 "

The center of G is the set of all the elements g € G that commute with every other element
in G, that is,

C(G):={9€G : [g, h] = e for every h € G}.

Remark 1.2. The center C(G) of a group G is clearly a subgroup, and it satisfies the
following properties:

(i) It is an abelian subgroup of G.

(ii) If G is an abelian group, then the commutator [g, h] is equal to e for every g, h € G,
and the center of G coincides with G.

Proof.

(i) For every g1, g2 € C(G) it turns out that [g1, g2] = e, which means that C(G) is
commutative.

(ii) Let g1, g2 € G be two elements. We have

(91, 92] = 91 9297 " 95" = 197 "9295 " =€,

-1
=91 92

which means that the center coincide with the whole group G.

Example 1.3.
Definition 1.10 (Group Order). The order of a group G is its cardinality, that is,
ord(G) :=1g|.

Definition 1.11 (Order). Let G be a group. The order of an element g € G is the smallest
positive integer m € N such that? g™ = e, that is,

ord(g) :=min{m €N | g™ =e}.

1.2.1 Main Examples in Physics

We are now ready to briefly discuss some of the leading examples of groups, some of which
will be studied more in depth later on the course.

2If G is a group equipped with a product, we shall denote by g™ the product of m copies of g.
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Example 1.4 (Integer Numbers). The set of all integers Z is an abelian discrete’ group
with respect to the usual sum. The identity element is 0, while the inverse element is simply
given by

m™l:=—m forallmeZ.

It is important to remark that Z is not a group with respect to the multiplication since only
1 and —1 admit a multiplicative inverse.

On the other hand, it is easy to prove that Q\ {0} is a multiplicative group with identity
element 1 and inverse ¢~ ! := % for ¢ # 0.

Example 1.5 (Real Numbers). The set of all real numbers R is an abelian group with
respect to the usual sum. The identity element is 0, while the inverse element is simply
given by

z'=—z forallzeR.

It is important to remark that R is not a group with respect to the usual multiplication
because 0 is not invertible.

On the other hand, one can easily prove that R\ {0} is a multiplicative group with
identity element 1 and inverse element %

Example 1.6 (Symmetric Group). The symmetric group &3 consists of all the permutations
of three elements. More precisely, we have

63 = {8, P an g, po, Gp}

where e is the identity element (i.e., every element is fixed), and

1—2 1—2
p:2—3 o 2—1
3—1 3—3

The reader may easily check that p has order three and ¢ has order two. The symmetric
group &3 is the first example of a non-abelian group since

(13)(2) = po # op = (1)(23).

Notation. The permutation p introduced above is usually denoted by the cycle (123), while
o is denoted by (12)(3) or (12). In general, the permutation

(@1 .. an)(by ... b)(c)(dy ... do)

is given by the map that sends a; to a;11 (except a, — a1), b; to bjr1 (except by — by1), ¢
to itself, and d; to d; 41 (except dy — dy).

Example 1.7. The symmetric group &,, consists of all the permutations of n elements. It
is easy to show that &,, is a discrete finite group of cardinality

|6,| = n!

3A discrete group G is a group equipped with the discrete topology. For our purposes, it suffices to think
of a group parametrized by a discrete subset of R.
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Example 1.8 (Linear Transformation). Let V be a N-dimensional vector space’. The set
of all N x N regular matrices with complex coefficients is a group with respect to the matrix
product, and it is usually denoted by GL(N, C). More precisely, we have

GL(N, C) = {A € M(N, C) : det(A) # 0}.

The regular matrices with real coefficients form a subgroup, denoted by GL(N, R), of
GL(N, C), which is given by

GL(N, R) = {A € M(N, R) : det(A) # 0}.

In a similar fashion, the regular matrices with det(M) = 1 also form a subgroup, called
special linear group, which is given by

SL(N, C) = {A € GL(N, C) : det(A) = 1}.

Example 1.9 (Unitary Group). Let V be a N-dimensional vector space. The set of all

unitary complex-valued matrices ° matrices

)

U(N, C):={U € GL(N, C) : U'U =UU" =Idnxn}
is a group with respect to the matrix product. Similarly,
SU(N, C) := {U € GL(N, C) : U'U = UU" = Idnxy, det(U) =1}
is also a group, and it is usually called special unitary group.

Remark 1.3. The unitary group preserves the complex scalar product
(z,w)e = 2" - w:=2fwy + -+ 2wy forall z,weV.
In fact, it is enough to notice that UTU = Idy n, and plug it into the scalar product:

(z, we =21 -w =N UU)w = 'UN)(Uw) = (Uz, Uw)c for all z, w € V.
=(U2)t

As we will see later, this group plays a fundamental role in physics. For example, the
isospin symmetry is given by the invariance of the Hamiltonian of the strong interactions
under the action of the Lie group SU(2, C).

In a similar fashion, in Section 13.1 we shall prove that the Hamiltonian of the 3-
dimensional harmonic oscillator

o P

2
“om T2 ¢

is invariant both under the action of the space rotations (i.e., the elements of SO(3, R)) and
the action of the group SU(3, C).

4The reader that does not recall the definition of vector space should read this page before going any
further.

5Here we denote by UT the transpose conjugate of a matrix U, that is, Ut := (UT)*.


https://en.wikipedia.org/wiki/Vector_space
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Example 1.10 (Orthogonal Group). Let V be a N-dimensional vector space. The set of
all the orthogonal® matrices with real coefficients

O(N, R) := {O € GL(N, R) : 070 =00" =Idy«n}
is a group with respect to the matrix product. Similarly,
SO(N, R) := {0 € GL(N, R) : 00 = 00" =Idyyn, det(O) =1}
is also a group, and it is called special orthogonal group.

Remark 1.4. Notice that orthogonal matrices preserve the (real) scalar product. Indeed,
we simply plug the relation OTO = Idy«x into the scalar product, and we find that

(x,y) =2t -y =2T(0T0)y = (270T)(0y) = (Ox, Oy) forallz,y V.
——

—(0x)T

More precisely, the orthogonal group O(XN, R) preserves the metric §, that is, the metric
that defines the scalar product as follows:

(x, y) == xiéijyj.

Example 1.11 (Symplectic Group). Let z, y, p, ¢ € CV be given vectors. The symplectic
product between two 2N-dimensional vectors is defined by setting

(1‘1 IN | Y1

The group of matrices that preserve the symplectic product between 2/N-dimensional vectors
is called symplectic group, and it is usually denoted by S, (2N, C), or S, (2N, R) if the scalar
field is R.

Example 1.12 (Lorentz Group). The Lorentz group, denoted by O(1, 3), is the group of
all the invertible matrices A € GL(4, R) such that

ATgA =g, (1.1)
where
1 0 0 0
o -1 0 o
9710 0o -1 o0
0o 0 0 -1
is the Minkwski metric with signature (+, —). The transformations of the Lorentz group

are thus given by
Pt — ADp",

where A is a regular matrix satisfying (1.1).

6Here we denote by M7 the transpose of M.
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Example 1.13 (Poincaré Group). The Poincaré group, denoted by P(1, 3), is the group of
all the isometries of the Minkowski space-time. More precisely, the transformations are all
of the form

P A pY £+ b,

where A denotes a matrix in SO(1, 3), and b € C* a space-time translation.

Example 1.14 (Upper-Triangular Matrices). The set

UT(2, R) ;:{(8 Z) : a,b>0,ceR} C GL(2, R)

is a multiplicative subgroup of the 2 x 2 regular matrices with real coefficients. Indeed, the
identity element is given by
1 0
Id2><2 = (O 1) )

while the product between two elements is explicitly given by the following formula:

a c\ a d\ _ fad acd +cb
0 b 0o v¥) \o0 by’ ’

Consequently, the inverse element can be explicitly computed, and it is simply given by

G 3] -0 )

Example 1.15 (Euclidean Group). The N-dimensional Euclidean group, denoted by E,
is the group of all transformations of the form

RY 52+ Az + b,

where A € O(N, R) is an orthogonal matrix, and b € RY a space-translation vector. For
example, if N = 2 every Euclidean transformation can be written in the form

()= ()= (ot 2 () () 12

R(O) = ( cos 6 sm@) 7

—sinf cos6

Therefore, if we set

then the transformation (1.2) can be equivalently represented in the following way

x ! by x

R(6
yl— |y | = ©) ba| |y ] (1.3)
1 1 0 01 1

Denote by Es (b, 6) the transformation given by (1.3). One can easily check that the product
between any two elements of this form is

Ey (b, 01) - B (c, 62) = R0 R(G) | B <2> " <Ib);) =
00 | 1

= E2 (R(Ol)c + b, 01 -+ 92) y

and therefore the Euclidean group FEj5 is closed under the matrix product.
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N.B. The Euclidean group Ey is not compact since the norm of the space-translation
vector can be arbitrarily big.

1.2.2 Back to Group Theory

To conclude this section, we now introduce more sophisticated objects (generalizing the
notion of a group), and we discuss the concepts of invariant subgroup, quotient group, and
morphisms in the group category.

Definition 1.12 (Ring). A ring R is a set with two binary operations, + and -, satisfying
the following axioms:
(1) (R, +) is an abelian/commutative group, whose identity element is denoted by 0.

(2) The multiplication - is associative, that is,

x1 - (29 - w3) = (1 - x2) - x3 for every a1, 9, 23 € R.

(3) There exists an identity element, 1 € R, for the multiplication.

(4) The multiplication is distributive with respect to the addition, that is,

1 (ze+x3) =21 20+ x1 -3 and (o +x3) 21 =29 21 + T3 T1.
Furthermore, a ring R is said to be commutative if and only if the multiplication - is com-
mutative.

Definition 1.13 (Field). A (commutative) ring R is a (field) division ring if and only if
every nonzero element has a multiplicative inverse, that is,

r€R\{0} = Fz'cR :z-aot=0t 2=1

We are finally ready to introduce the most essential definitions in group theory (i.e.,
quotient group, invariant subgroup, homomorphism, representation, etc.), but we first recall
the notion of subgroup, and we expand it a little bit further.

Definition 1.14 (Subgroup). Let (G, -) be a group. A subset H C G is a subgroup if H is
a group with the restriction of - to H. More precisely, we require that:

1) CLOSURE. For every hi, ho € H it turns out that hy - hy € H.

2) ASSOCIATIVITY. For every hy, ho, hs € H it turns out that

hi - (hg - hs) = (hy - ha) - hs.

3) IDENTITY. The identity element e € G is also the identity element of H.

4) INVERSE. For every h € H the inverse element h~! € G also belongs to H.

The singlet {e} and the whole group G are called trivial subgroups.
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Definition 1.15 (Normal Subgroup). Let (G, -) be a group. A subgroup N C G is normal
(=invariant), and we denote it by /' < G, if and only if for every g € G it turns out that

ghg™t € N for every h € N.
Exercise 1.1. Prove that a subgroup N of a group G is normal if and only if

gNg™' C N for every g € G.

Let A < G be a normal subgroup. We introduce an equivalence relation on the elements
of G in the following way:
gy h <= ghleN «— geh-N.

Let Z C G be a set of representatives. The set of the equivalence classes [g] := g - N is
called quotient group, and it is denoted by

9 =1lg] : g€ R}

» The reader should check that g/ '\ is actually a group with the following operation:

[g] - [1] := [gh],
which is well-defined as a consequence of the fact that N is a normal subgroup!

Definition 1.16 (Simple Group). A group G is said to be simple if the normal subgroups
are the trivial ones only, that is,

NG = N={e}or N =G.

Definition 1.17 (Semisimple Group). A group G is said to be semisimple if any normal
subgroups is not abelian, that is,

N <G = N is not abelian.

Definition 1.18 (Direct Product). Let G and G’ be two groups. The direct product G ® G
is given by the set of all couples (g, g') € G X G’ together with the following operation:

(91, 91) - (92, 92) = (9192, 9192)-
Remark 1.5. The direct product is a group, but it can never be simple since the subgroups
H:=Gx{e} and H :={e} x7G

are both nontrivial and normal. In a similar fashion, one can easily prove that a direct
product G ® G’ is semisimple if and only if both G and G’ are semisimple.

Theorem 1.19 (Direct Decomposition). Let G be a group, and let H, K < G. Suppose that
the following properties hold true:
(1) The subgroups H and K are normal, that is, H, K < G.

(2) The intersection between H and K is trivial, that is, HNK = &.
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(8) Every element g € G can be written as the product of an element h € H and an element
ke K, that is, G = HK.

Then G is isomorphic to the direct product H ® K.

Definition 1.20 (Homomorphism). A mapping ¢ : G — G’ between two groups is a
homomorphism (of groups) if it is compatible with the group structure, that is,

©(g1-92) = w(g1) - (g2) forall g1, go €G.

Lemma 1.21. If o : G — G’ is a homomorphism of groups, then

ple)=¢ and (o(9) ' =g

for every g € G.

Proof. The first property follows immediately by noticing that

ple) = p(e-e) =p(e) ple) = ple)=¢. (1.4)
Fix g € G. By (1.4) it turns out that
plg7h) ¢lg) = wlg
p(g) -0l ) =¢lg-g7") = wle) =¢,
which means that p(g~!) is the inverse of ¢(g). O
Definition 1.22 (Isomorphism). A group homomorphism ¢ : G — G’ is an isomorphism
if ¢ is one-to-one (i.e., injective and surjective).
If G and G’ are two groups, we will say that G is isomorphic to G’ (and vice versa) if and
only if there exists a group isomorphism ¢ : G — G’, and we will write G = G'.

Definition 1.23 (Automorphism). A group homomorphism ¢ : G — G is an automor-
phism if ¢ is a group isomorphism.

Remark 1.6. Let G be a group. The set of all the automorphisms of G is a group with the
composition, and it is usually denoted by (Aut(G), o). Indeed,

2 01 € Aut(G),
1 0idg =idg o 1 = 1,

for every ¢1, p2 € Aut(G), and the inverse element is given by the usual inverse o1, which
exists as the mappings are all one-to-one.

Definition 1.24 (Conjugation). Let G be a group. For every g € G the conjugation with
respect to g is defined by setting

¢0g:G3h— ghg ' €G.
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The reader may easily prove that the conjugations ¢, form a subgroup of Aut(G), which
is usually called the group of the inner automorphisms and denoted by Inn(G).

Definition 1.25 (Kernel). Let ¢ : G — G’ be a group homomorphism. The kernel of ¢ is
the set of all the g € G with image (via ¢) the identity element €', that is,

ker(p):={g€G : p(g) =€} =9 ().

Lemma 1.26. The kernel of a group homomorphism ¢ : G — G’ is a normal subgroup.

Proof. For every h € ker(p) and g € G it turns out that

~
S
—~~
)
~—
L
Il
S
—~
)
~—
S
—~
)
~—
L
|
®

o(ghg™") = ¢(g) (R
—~—

—=e’/

which means that
g-ker(p) - g~ Cker(p) for every g € G.

O

Lemma 1.27. Let ¢ : G — G’ be a group homomorphism, and let K be its kernel. Then
the induced group homomorphism

2: 9 —7
18 injective.
Proof. The induced homomorphism is defined as follows:
@([g]) := p(h) for every h € [g].

Therefore, if [¢1], [go] € g/K have the same image via @, then

!/

p(91) = ¢lg2) = ¢lggy') = ¢,
which means that g5 ! ¢ K. In particular,
g1 €92 K = [91] = [92] = @ is injective.
O

Definition 1.28 (Compact Group). A compact group G is a topology group whose topology
is compact’.

Definition 1.29 (Representation). A representation of a group G on a N-dimensional vector
space V over a field K is a group homomorphism

p: G — GL(N, K; V),

that is, a mapping p such that p(g1g2) = p(g1) - p(g2) for every g1, g2 € G, where - denotes
the matrices product.

7For our purposes, it suffices to define a compact group as a group which depends on a finite number of
parameters.
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In particular, the identity element e € G is represented by the identity matrix Idy«n,
while the inverse element g=! is represented by the inverse matrix p(g)~*.

Moreover, every group G admits a trivial 1-dimensional representation, which is defined
in the following way:

plg) :=(1) forallgeg.

Definition 1.30 (Similarity). Let G be a group, and let {p, V} and {5, V} be two N-
dimensional representations of G. We say that they are similar (or, equivalent) if and only
if there exists a regular (=invertible) matrix S such that

p(g) = Sp(g)S~! for every g € G.

Definition 1.31 (Unitary Representation). A N-dimensional representation {p, V} of a
group G is unitary if and only if p(g) € U(N, C) for every g € G.

1.3 Finite Groups

In this brief section, we introduce some basic examples of finite group. More precisely, we
shall ultimately characterize the finite groups of order n = 2, 3 and 4, and introduce the
symmetric and dihedral groups.

Order 2.

There exists a unique group of order 2, and it is the cyclic group C2 = {e, a}. The product
- is uniquely determined by the group axioms, and we have that

a-a=e = a=a "
In particular, the group Cy admits a 1-dimensional representation which is given by

ple)=1 and p(a)=-1.

Moreover, the cyclic group Cs is isomorphic to the group Zs = {0, 1} equipped with the
sum modulo 2, that is,
14+41=2=0 = 1=5 —1.

Order 3.

There exists a unique group of order 3, and it is the cyclic group C3 = {e, a, b}. The product
- is uniquely determined by the group axioms, and we have that
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In particular, the group Cs admits a 1-dimensional representation which is given by the
complex solutions of the equation z3 = 1, that is,

217 41

ple)=1 and p(a)=e3 and pb)=e3.

Moreover, the cyclic group Cs is isomorphic to the group Zz = {0, 1, 2} equipped with the
sum modulo 3.

Figure 1.3: Left: 1-dimensional representation of C,. Right: 1-dimensional representa-
tion of Cs.

Order n.

The notion of cyclic group can be easily generalized for every natural number n € N. Indeed,
the nth cyclic group is given by
Crn={ap:=e€,a1,...,an-1}

and the product - is uniquely determined by the group axioms, that is,

Qjtj ifi+j<n,

a; - a5 =

Ajtj—n ifi+75>n.

In particular, the cyclic group C,, is isomorphic to
Con=1{e,a,a® ...,a" ' : a" =e},
as the reader may easily check that the map
o(a;) :==a' foreveryi=0,...,n—1

is an isomorphism. Moreover, the group C,, admits a 1-dimensional representation which is
given by the complex solutions of the equation z" = 1, that is,

plaj) = i for every j € {0, ..., n—1}.

Furthermore, the cyclic group C, is isomorphic, for every n € N, to the group Z, =
{0, 1, ..., n — 1} equipped with the sum modulo n.
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Figure 1.4: Left: 1-dimensional representation of C4. Right: 1-dimensional representa-
tion of Cs.

Order 4.
The cyclic group C4 is the unique abelian group of order 4, but there is also a non commu-
tative group, called dihedral group and denoted by Ds.

The dihedral group of order 2 is given by the symmetries of a rectangle, which means
that there is the identity element e, a rotation R, of angle 7, the reflection S, with respect
to the z-axis, and the reflection S, with respect to the y-axis.

The group Ds is isomorphic to the Klein group K4, but it is not isomorphic to the cyclic
group of order 4. To prove this assertion, it suffices to notice that

Cy is cyclic = C4 = {e, a, a?, a®},

Dy = {e, Rx, Sy, Sy} and R2 = S2 = Sj =e = Dy is not cyclic.

Dihedral Group 2n.

The nth dihedral group D,, has order 2n and consists of all the regular isometries of the
plane that preserve the regular polygons with n edges. More precisely, we have

Dn:{evpv"'ﬂpn_lﬂslv"'7S’n}7

where p is the rotation of angle 27“, in such a way that p7 is the rotation of angle 27” j,and S;
is the reflection with respect to the ith axis of symmetry. The reader may check by herself
that

DTL :{67 p’ M) pn717 S7 Sp? MR Spnil}’

for any reflection S :=.5;. Moreover, a straightforward computation proves that

p*S = Sp"F for every k € {0, ..., n—1}. (1.5)
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Rs
Sa, 3 — T 4
3 Sy 4
Ry
Rs
Sl S:l:
2 1
Sy
2 - 1
S,
R=
2

Figure 1.5: Left: Dihedral group Dy. Right: Dihedral group D;.

The nth dihedral group D,, is completely characterized by these properties: It is generated
by a rotation p of order n and a symmetry S of order 2 satisfying the relation (6.6).

[NE]



Chapter 2

Lie Groups and Lie Algebras

In this chapter, we introduce the notion of Lie groups via representation theory, and we
describe the local properties employing the concept of Lie algebras.

2.1 Definitions and Main Properties

Let G be a continuous group, whose elements A(a) are expressed as a function of a set of
continuous real-valued' parameters {a}aea = {(a1, @2, ..., @x)}aca. The parameters are
chosen in such a way that

is the identity element of G.
Definition 2.1 (Lie Group). A Lie group G is a continuous group, of parameter «, satisfying

the following properties:

(a) CLOSURE. For every a and § it turns out that
A(a)A(B) = A7),

where v = f(«, 8) and f is a differentiable function with respect to both variables
such that f(v, 0) = and f(0, v) = ~.

(b) INVERSE. For every « it turns out that
Afa)™h = A(d),
where the function o — o' is differentiable.
(c¢) AssociATiviTY. For every «, 8 and « it turns out that
Ala) (A(B)A(7)) = (A(a)A(B)) A(7),
Remark 2.1. Let G be a Lie group. The associative property immediately implies that

fla, f(B,7) = f(f(e, B), 7) for every a, 3, 7.

n fact, if a € C, then it is enough to consider a = 8 + vy for 3, v € R.
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2.1.1 Local Behavior: Lie Algebras

In this subsection, we shall consider N-dimensional representations R := {p(«), Vn} of a
Lie group G of parameter « satisfying

Therefore, we may expand (using Taylor’s formula) the representation p(«) for o near the
null-vector 0. It turns out that

pla) =Idyxn +1a,T%+ ... where T =1 (2.1)

9]
Doy p(a) |{a}:0'
The elements T are called generators of the group G in the representation fA.
Example 2.1. The trivial representation clearly gives

T =0 for every a.

The set of generators {T},=1,... of the group G associated to the representation R
satisfies the following properties:

1) The set {T%}q=1,... form a basis of a vector space g = Alg[G], which means that

T TP e g = ¢, T+, T° € g for every cq, ¢ € R.

2) The set {T*},=1,... is closed under the commutations, that is,

[T T’ € g for every a, b.

The closure under commutations may be rewritten in a different form by choosing the
appropriate basis for the vector space g, that is,

[T%, T := s fobeTe, (2.2)

The constants fo¢ are usually referred to as structure constants of the group G in the
literature. It follows from (2.2) that

fabc _ _fbac. (2.3)

The basis {T%}4=1,... form the so-called Lie algebra g of the group G, and it is clearly
uniquely characterized by the value of the structure constants.

The representation R can be chosen among many, but a convenient choice is to consider
the exponential representation given by

p(Ot) — emea — eza~T

)

which can be interpreted as the limit of k iterations of the infinitesimal transformation,
obtaining the following expression

k
ol
e?,OéaTa = lim (1_;'_20‘ )
k—+o00 k
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so that formula (6.8) makes sense.

We now want to prove the necessity of the condition (2.2), which follows from the asso-
ciative property of G. If we set oT := - T = «,T?, then the property (a) of a Lie group

implies that
eszezBT _ euST (24)

for some parameter §. In particular, it follows from (2.4) that

10T = log (ew‘TeZBT) =

=log (e"*Te"T £1dyxn) ~

~0

2 log(ldnxn + K) =

a!

1 1
=K- K>+ >K3+...
5 +3 +...,

zaTezﬁT

where K denotes the matrix e — Idyxn. On the other hand, we have

K’Z(IdNXN+ZO(T+...)(IdNXN+Z/BT+...)—IdNXN:

— 1T 48T — (aT)(BT) — %(OKT)2 (BT + ...,

1
2
which means that

10T = 1T + 18T + %[BT, aTl+--- =

1
=T + 18T — i[aT, BT+ ...

since the quadratic terms (a7')? and (3T)? vanish. In conclusion, for small parameters «, /3
and ~ it turns out that

[aaTa7 BbTb] = _22(60 - Q¢ — 5C>TC =171,

and thus
Ve = 72(5c —a, — /BC) _ aaﬁbfabc — [Ta’ Tb] _ Zfabc TC,

which justifies the definition (2.2).

N.B. The Lie algebras are subject to a consistency condition
([T, T%, T°] + [[T°, T°], T*] + [[T°, T*], T°] =0, (2.5)

known as the Jacobi identity.

2.1.2 Adjoint Representation

Let T® € g be a Lie algebra. The relation (2.2) implies that

[[Ta’ TbL TC} — Zfabd [Td, TC] _ \Zf/fabdfdceTe’
=—1
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and similarly
“Tb7 7, 77 = _ fbed pdaepe 54 [[7e, 7%, Tb} — _ fead pdberpe
If we plug these identities into the Jacobi identity (2.5), we find that
fabd pdee 4 gbed pdae | gead gdbe — ) for every a, b, ¢, e € {1, ..., r}. (2.6)
We now consider the r matrices defined by
(T, := L foac,

and we prove that {T%},—1 ., are the generators of the group G in the representation
R*, which is called adjoint representation of 9. Indeed, it follows from the definition and

formula (2.6) that

([T, ™)y = (T°T") 4, = (T'T°), . =
= (T)a,e(T")c, e = (T*)d, (T, e =
_ _pac pobe | pdbe pea _
() pdac pebe _ poie peac _

(**) aoc ce
=’ _ fabe pdee _

_ Zfabc(TC)d, .,
which is exactly the relation (2.2).

The equality (*) follows immediately from the antisymmetric behavior of f*¢ with re-
spect to the first two coordinates (2.3), while the equality (**) follows from (2.6).

2.1.3 Examples
In this brief section, we discuss the main examples proposed in the first chapter (e.g., the
Euclidean group, the special unitary group, etc.)

Example 2.2 (SO(2, R)). The special orthogonal group on R? is given by the elements

cosf) sinf
R(9) = (— sin cos@) ’

and therefore it is a one-parameter continuous group with 6 € [0, 27). For 6 ~ 0 it turns
out that

0 —
R(0) ~ Idays + 10 (Z 0’) ,

which means that the unique generator is given by
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The representation p(6) := R(#) is the fundamental one (i.e., the smallest that is not trivial),
and it is easy to prove that

T = R() for every 0 € [0, 2r).

Example 2.3 (E2). Recall that the 2-dimensional Euclidean transformations of the form
(1.2) can be easily rewritten in the following way

T by T
1 0 01 1

The generators (see Chapter 9) are given by

1__,0
T = —1g,,
2 _ _,0
T = 15y

— 9 1é)
R—fz(xa—yfy%),

since one can easily check that

e ()= ()= (5°)
o )=o) ().
o (0)= () (%)

The commutators between these generators are easy to compute,

[T, T% =0,
[T, R] = —1T?,
[T?, R] =T"

and therefore, for any a € {1, 2, R}, we have
f12a =0 and flR2 — _fQRl - 1.

Example 2.4 (SU(2, C)). The three generators of the special unitary group in the funda-
mental representation (=smallest nontrivial) are

where 7% denotes the ath Pauli matrix, that is,

1_01 2_0—2 3_1 0
T‘<1o)’ T_(z 0)’ T=\o 1)



Caution!

The Lie group
SO(3, R) is not iso-
morphic to the Lie
group SU(2, C).
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A straightforward computation proves that fo° is equal to the well-known Levi-Civita
tensor ¢, that is,

1 if (abc) is an even permutation,
fobe = e = { —1 if (abe) is an odd permutation,

0 otherwise.

Example 2.5 (SU(N, C)). The generators of the Lie algebra in the fundamental represen-
tation are the NV x N Hermitian matrices with zero trace

(T“)T:T“ and Tr(T*) =0 fora=1,..., N> —1.

Example 2.6 (SO(N, R)). The generators of the Lie algebra in the fundamental represen-
tation are the N x N antisymmetric matrices
N(N -1
(T = -T* fora=1, ..., %

The Lie algebra of SO(3) is isomorphic (=similar behavior near the identity element), as an
algebra, to SU(2), and we denote this with the symbol”

su(2) ~ so(3).

More precisely, the generators of the fundamental representation of SO(3, R) are
00 0 0 0 =« 0 — 0

T'=10 0 —|, =0 0 0}, 3=+ 0 0],
0 + O - 0 0 0 0 O

and it is immediate to check that
[Ta7 Tb] _ Z6abcTc,
where €% is the Levi-Civita tensor introduced above.

Example 2.7 (SL(N, C)). The generators of the Lie algebra in the fundamental represen-
tation are the N x N matrices with zero trace, that is,

Tr(T*) =0 fora=1,..., N> —1.

Example 2.8 (S,(2N, C)). The generators of the Lie algebra in the fundamental (=smallest
nontrivial) representation are the 2N x 2N matrices satisfying the following properties

(T =T7% and (TY)'J+4+T°J =0,

_ 0 ‘ Idyxn
/= ( —Idyxn | 0 )

where

2.2 Lie Algebra

In this section, we focus more on the study of a Lie algebra g associated to a Lie group G.

2We shall always use the lower case for the Lie algebra associated to a given Lie group that is denoted
by a capital symbol.
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2.2.1 SubAlgebras

Let X® € g be a Lie algebra, and consider a subset h C g. If {Y%} is the subset of the
generators of g which belongs also to h, then

[Yd, YB} €bh forevery @ and b = b is a subalgebra of g.

Clearly, both 0 and g form trivial subalgebras of any algebra g.

Definition 2.2 (Ideal). Let X € g be a Lie algebra, and let {Y%} be the subset of the
generators which belongs to a subalgebra h C g. If

[V X¥) =c¥?ep (2.7)
for every choice of @ and b, then {Y%} generate an invariant subalgebra/ideal of g.

Definition 2.3 (Abelian). Let X% € g be a Lie algebra, and let h C g be an invariant
subalgebra. If

[Y‘i, Yb} =0 for every Y, vhe b, (2.8)
then b is said to be an abelian invariant subalgebra (or an abelian ideal) of g.

Definition 2.4 (Simple Algebra). A Lie algebra g is simple if the only invariant subalgebras
are the trivial ones, that is,

h C g invariant subalgebra = h =0or h = g.

Definition 2.5 (Semisimple Algebra). A Lie algebra g is semisimple if no invariant subal-
gebra is abelian.

Definition 2.6 (Center). Let g be a Lie algebra. The center of g is the set of all the
elements 7% € g that commutes with every other element in g, that is,

C(g):={T%€g: [T% T" =0 for every T® € g} .

Lemma 2.7. Let g be a Lie algebra, and let h C g be an invariant subalgebra. Then b
generates the invariant subgroup H C G.

Proof. Let h = @Y ¢ 7 and let g = X" € G we need to prove that g~ 'hg € H. By
definition, the conjugate is given by

gflhg — gflezadeg — ewzd(gledg)

9

and thus it is enough to compute ¢~ 'Y %g. Now

gle‘ig _ eszbX"Y[zezﬁth _

= (1—zﬁX—;(ﬂX)2+...>Y“’ <1+16X—;(6X)2+...)

=Y% 43X, Y + (_;)2 BX, [BX, Y] + -+ (_n’!)n BX, [...[BX,Y%...]]+---

= VC'YC. € ha
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as a consequence of formula (2.7). To conclude the proof, it remains to give a formal
justification of the last equality. Let us consider the function

_ b - b
G(t):=e WPy X7 yragit By X ,
so that the idea is to compute G(1) by means of the Taylor’s formula, that is,

-&-oo1

Gy =>" EG(") (0).

n=0
We already know that G(0) = Y%, and it is easy to prove that
G’(t) _ _e—ztBbXbZ[ﬁX’ Yd]eZtBbXb7

which means that . '
G'(0) = —[BX, Y = <13, [ X", Y,

and the right-hand side is equal to ¢ de by definition of invariant subalgebra (2.7). In a
similar fashion, we notice that

2
— s
¢®0),_, = 18, 8x, v,
and thus by induction we infer that ¢~ 'hg € H. O

Corollary 2.8. The center of a Lie algebra g generates the center of the Lie group G.

2.3 Killing Form

In this section, we introduce a metric ¢%?, also called killing form, which gives us a compelling
criterion to check whether a given Lie algebra is semisimple or not.

Definition 2.9 (Killing Form). Let g be a Lie algebra. We define a metric by setting
gt = fecdfbde for every a, be {1, ..., r}. (2.9)

Theorem 2.10 (Cartan). A Lie algebra g is semisimple if det ’g“b’ 18 Monzero.

Proof. We may equivalently prove the negation:
"If g is not a semisimple Lie algebra, then det |gab| =0."
Let T% € h C g be an invariant abelian subalgebra. We have the identity
gib — pacd pbde ) facd phde (22) facd pbde _ )

as a consequence of the following facts:
7

a) The equality (*) is a consequence of (2.7) because

acd a e d
f :[T,T]:cd-T.



Note

Actually, the algebra
su(2, C) ~ so(3, R)
is simple, but we will
not prove it here.
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b) The equality (**) is also a consequence of (2.7) applied to fhde,

c) The subalgebra b is abelian by assumption; hence
fac'de =[T% T =0 = faédfbdc' 0.

It follows that g% = 0 for every b € {1, ..., r}, and therefore the metric form g has at least
a row (a) that is equal to (0, ..., 0). O

2.3.1 Examples

We now apply the Cartan criterion introduced above to check whether the common algebras
we are dealing with in this course are semisimple or not.

Example 2.9 (su(2, C) ~so(3, R)). Recall that the structure constants of these Lie alge-
bras are given by the Levi-Civita tensor, that is,

f“bc = ¢%bc for every a, b, ¢ € {17 2, 3}~
It follows that
\ e b -2 ifa=1a,
gel = fece frhe = retehac —

0 ifa#b,

and thus the Killing form is given by

-2 0 0
g=[0 -2 o0
0 0 -2

In conclusion, since det|g®®| # 0, it follows from the Cartan’s criterion that the Lie algebra
su(2, C) ~ so(3, R) is semisimple.

Example 2.10 (so(2, 1)). The indefinite special orthogonal group, SO(2, 1) is the subgroup
of O(2,1) consisting of all elements with determinant 1. More precisely, given

1 0 O
g=10 1 0|,
0 0 -1
the elements of SO(2, 1) are the transformations with determinant equal to 1 that preserves

the scalar product (z,%y) := zTgy. The generators’ of the algebra so(2,1) satisfy the
following relations

[T, T% =17,
[T2, T3] = 7ZT17
(T3, T =T,

3We shall compute them explicitly later on the course.
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which means that the Killing form is given by

—2 0 0
g=[0 =2 o0
0 0 2

In particular, by Cartan’s criterion the algebra so(2, 1) is semisimple.

Example 2.11 (E>). Recall that the generators of the Lie algebra g associated to the
Fuclidean group F» are given by

1__,9
T = 157
2 _ _,0
T = 15y

_ 9 o
R——z(ma—y —y%>,
which means that the structure constants are

leR _ 07 f2R1 -1 f1R2 - 1.

)

We can easily compute the Killing form from the definition (2.9), obtaining

-2 0 0
gab — facdfbdc _ 0 0 0 — det|g“b| _ 0’
0 0 O

which means that by Cartan’s criterion the algebra associated to E5 is not semisimple.

More precisely, the reader may check (using the definitions) that {7, T?} generate an
invariant subalgebra b € g that is abelian (see Chapter 9 for a detailed dissertation.)

2.4 Casimir Operator

In mathematics, a Casimir Operator is a precise element which lies within the center of a
Lie algebra (e.g., the square of the angular momentum modulus in so(3, R)).

Let g be a semisimple Lie algebra, and let ¢*® denote its Killing form (2.9). The matrix
g is invertible by Cartan’s criterion, and therefore the inverse is well-defined:

Gab ‘= (g_l)ab

Definition 2.11. The (quadratic) Casimir operator of a semisimple Lie algebra g is defined
by setting
C = g TT, (2.10)

where {T°} is the set of generators of G.

Lemma 2.12. The Casimir operator C is an element of the center C(g), that is,

[C, T =0 for every T® € g.

Proof. O
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We also notice that, if we define cpe := ¢%¢f°¢, then it turns out that cepe = Cpea = Ceap-
Moreover, the Casimir operator C takes a constant value in a representation”, characterizing
completely every other representation.

Example 2.12. The Casimir operator of the Lie algebra so(3, R) ~ su(2, C) is proportional
to T*T“, which means that

C x (T1)2 + (T2)2 + (T3)2.

The right-hand side is equal to the modulus squared of the angular momentum.

4We shall see later that this property is a simple consequence of the well-known Schur’s Lemma.



Chapter 3

The Fundamental Group (M)

In the previous chapter, we proved that the Lie algebra so(3, R) is isomorphic to the Lie
algebra su(2, C), as they have the same universal constants.

The goal of this chapter is to introduce a powerful mathematical tool, called fundamental
group, which will allow us to answer the question

?

SO(3) = SU(2).

Furthermore, we shall explore the connection between the local behavior and the global
behavior of these two groups employing the notion of covering space.

3.1 Topological Spaces

In this section, we recall some of the fundamental (and elementary) notions in topology.
Note that, although these are not necessary for the group theory course, the reader might
find them surprisingly useful for a better understanding of the content of this chapter.

Definition 3.1 (Topological Space). Let X be a set. The couple (X, 7), where 7 is a
collection of subsets of X, is called topological space if the following properties hold:

(i) EMPTY. The empty set & and the whole set X both belong to 7.
(ii) INFINITE UNION. The infinite (or finite) union of elements of 7 still belongs to 7.

(iii) FINITE INTERSECTION. The finite intersection of elements of 7 still belongs to 7.

The elements A € 7 are the open sets of the topology 7.

Example 3.1 (Real Line). Consider X := R and define 7 to be the set of all the open
segments of the real line, that is,

7:={(a,b) : a, bR, a < b}
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The reader may check by herself that 7 satisfies the properties listed above, but we want to
stress the fact that we do not require that infinite intersections belong to 7. To do this, we
consider the sequence of open sets
11
In = <7 > 3
n' n

and we notice that

which is not an open set (it does not belong to 7.)

Example 3.2 (Trivial Topology). Let X be any set. There is a trivial topology, which is
always defined, with the least amount of open sets. Namely, we define

T:={0, X}.

Example 3.3 (Discrete Topology). Let X be any set. There is a trivial topology, which is
always defined, with the greatest amount of open sets. Namely, we define

7:=P(X),
where P(X) denotes the set of all subsets of X (i.e., the power set).

Definition 3.2 (Continuous Function). Let (X, 7) and (Y, o) be two topological spaces.
A function f : X — Y is continuous if and only if for every A € o, the preimage f~1(A)
belongs to .

Definition 3.3. Let (X, 7) be a topological space, and let p € X be a point. A subset
V C X is a neighborhood of p if p € V and

JUer :peUcCV.

The notion of neighborhood allows us to give an equivalent definition of continuity. We
say that f : X — Y is continuous at p € X if and only if for every neighborhood V of f(x)
in Y, there is a neighborhood U of z in X such that

fU)cV.

We say that f is continuous if and only if f is continuous at all x € X. It is easy to show
that this notion is completely equivalent to the one presented above.

3.2 Homotopy

In this chapter, we develop the homotopy theory for a topological space M (i.e., a space
equipped with a topology 7).

In topology, there is a somewhat intuitive notion that measures, in a certain sense, how
similar two (geometrical) objects are.

For example, the union between the circumference S' and its diameter is intuitively
equivalent to the union of two tangent S'. We shall soon be able to give a precise meaning
to this statement, and we will also be able to prove it formally.
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51 Sl Sl

Figure 3.1: The union of a circumference with its diameter S! U d is equivalent to the
union S' U S! between tangent circumferences.

3.2.1 Path-Components

The goal of this section is to introduce the 7o (M), which is the set of all the path-connected
components of M. We first need to recall some basic topological notions (e.g., connectedness,
path-connectedness, connected components, etc.)

Definition 3.4. A topological space M is disconnected if there are two nonempty proper
open sets A, B C M such that AU B = M. A topological space is connected if it is not
disconnected.

st 51 51

Figure 3.2: The circumference S' is connected and path-connected, while the disjoint
union S' U S! is disconnected and has two connected components.

Definition 3.5. A topological space M is path-connected if for every x, y € M there exists
a continuous path « : [0, 1] — M such that «(0) =z and (1) = y.

Remark 3.1. A path-connected topological space M is also connected.
Definition 3.6. Let M be a topological space. A subset C' C M is a connected component
of M if the following properties are satisfied:

(1) C is connected.

(2) C is maximal with respect to the inclusion. Namely, if C C A and A is connected,
then A = C.

Definition 3.7 (Locally Connected). A topological space M is locally connected if every
point z € M admits a neighborhood basis made up of connected open sets.

Remark 3.2. A connected topological space M needs not to be a locally connected space.
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The set mo(M),
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We are finally ready to introduce the notion of 7o(M). Let M be a topological space,
and let us consider the equivalence relation defined by

x~y <= Ja:[0, 1] — M continuous such that «(0) = z and a(1) = y.

It is an easy exercise to prove that ~ is actually an equivalence relation. The product
between two paths can be defined by

a(2t) if0<t<1/2,
ax f(t) =
B2t —1) if1/2<t<1,

while the inverse of a path is given by

i(a)(t) :=a(l —1).

The set mo(M) is the set of all the equivalence classes of M with respect to ~. These
equivalence classes are called path-connected components of M.

Definition 3.8 (Locally Path-Connected). A topological space M is locally path-connected
if every point € M admits a neighborhood basis made up of path-connected open sets.

In particular, it turns out that two topological spaces (or manifolds) M and N are
not homeomorphic if the my(-)’s are different. Unfortunately, both SO(3) and SU(2) are
path-connected and locally path-connected topological groups, and hence

70(SO(3)) = m0(SU(2)), (3.1)

which means that we need to introduce a more sophisticated tool to distinguish them, which
will turn out to be the fundamental group 1 (-).

3.2.2 Homotopy

We now introduce an equivalence relation between continuous maps, called homotopy, that
will make more precise the meaning of (3.1). In the next section, we will refine the notion
of homotopy to present the fundamental group finally.

Definition 3.9 (Homotopy). Two continuous maps f, g : M — N between topological
space are homotopic if there exists a continuous map

F:Mx|[0,1] — N,
called homotopy, such that F(z, 0) = f(z) and F(z, 1) = g(z) for every x € M.

Example 3.4. Two continuous maps f and g, defined on a convex set C' C R™, are always
homotopic. Indeed, it suffices to consider the homotopy

F(z,t):=(1—t)f(x) + tg(x) forze C andt e [0, 1].
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N.B. The notion of homotopy defines on C°(M; N), the set of all continuous maps be-
tween M and N, an equivalence relation ~ which is given by

f ~ g <= there exists a continuous homotopy F' between f and g

The formal proof that ~ is actually an equivalence relation is very similar to the one we
presented above for paths, and hence we will not write it down here. It is interesting to
notice that the homotopy is stable under product (=composition), that is,

fo~fi and go~g1 = fox*xgo~ f1*ag,

where fy, f1: M — N and gg, g1 : N — P are continuous mappings between topological
spaces.

Definition 3.10 (Homotopic Equivalence). A continuous mapping f : M — N between
topological spaces is a homotopic equivalence if there exists a continuous map g: N — M
such that

fog~idy and go f~idy.
Furthermore, two topological space are said to be homotopic equivalent if there exists a
homotopic equivalence between them.
If M and N are homeomorphic topological spaces (or, in our case, G and G’ are isomorphic
topological groups), then they are also homotopic equivalent.

The fundamental result of this section is the following one. If f : M — N is a homotopic
equivalence, then it turns out that 7o(M) is isomorphic to mo(N), which means that

mo(M) # mo(N) = M and N are not homotopic equivalent = M % N,

and this explains the importance of this notion.

Definition 3.11 (Contractible). A topological space X is contractible if it is homotopic
equivalent to a point. Equivalently, X is contractible if the identity map idx is homotopic
to a constant map.

3.3 The Fundamental Group

Let a: [0, 1] — M be a closed path (that is, @(0) = a(1) = x¢.) In this section, we shall
finally refine the notion of homotopy for closed paths of base point zg, and introduce the
fundamental group w1 (M, xo).

3.3.1 Path Homotopy

Let z, y € M be two points in a topological space. We define the set of all continuous paths
between x and y as follows:

QM, z,y) ={a:[0,1] — M : «is continuous, a(0) = z and a(1) =y} .



41 3.3. THE FUNDAMENTAL GROUP

Definition 3.12 (Path Homotopy). Two continuous paths «, 8 € Q(M, x, y) are path
homotopic if there exists a continuous map

F:[0,1] x [0, 1] — M,
called path homotopy, such that
F(t,0) = a(t) and F(t, 1) = 5(t) for every t € [0, 1],

F(0,s) =z and F(1,s) =y for every s € [0, 1].

The second condition can be easily rewritten as follows. If we let Fy(-) := F(-, s), then
we are requiring that the continuous path Fs belongs to Q(M, x, y) for every s € [0, 1].

The reader may prove easily that the existence of a path homotopy is also an equivalence
relation, denoted by ~, in the set Q(M, z, y). Moreover, both the product of paths and the
inverse element commute with the homotopy equivalence relation, which means that

ag~ar and By~ B = ag* o~ a1 * P,
where «; € Q(M, z, y) and 5; € Q(M, y, z), and
ag ~ o] — i(Oéo) ~ i(ozl).

The product * is associative up to homotopy, that is, given o« € Q(M, x, y), 8 € Q(M, y, z),
and v € Q(M, z, w), it turns out that

(axB)xy~ax(Boy),

which means that we have the equality as equivalence classes:

[(ax ) x7] =[x (Bor)]

In a similar fashion, one can prove that given o € Q(M, z, y) and 8 € Q(M, z, y) it turns
out that
Xka~axy~a = [xxa]=[axy] =[q],

axi(a) ~x = [ax*xi(a)] = [x],

where x and y denote the constant mappings x(¢) := x and y(¢) := y for all t € [0, 1]
respectively.

3.3.2 The Fundamental Group

The fundamental group of a topological space (or manifold) M with base point zy € M is
given by the set of all the equivalence classes [a] for a € Q(M, xg, z¢) closed path, and ~
path homotopic equivalence.

Theorem 3.13. The set w1 (M, zg) endowed with the path product % is a group, where the
identity element is the path xo, and the inverse element is given by i(-).
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The group m (M, zp) does not depend on z( as an individual point, but rather on the
entire path-connected component containing zy. Hence, if M is a path-connected space

7TI(M7 330) = 7T1(M7 Z/O) for every o, Yo S M7
and thus we can drop the notation 1 (M, o) and simply write 7 (M).

Since both SO(3) and SU(2) are path-connected, this simple remark will be extremely
useful in the last part of this chapter.

Definition 3.14 (Simply Connected). A topological space M is simply connected if M is
path-connected and 7 (M) = {e} is the trivial group.

3.3.3 Examples

We will develop more the theory of the fundamental group in the next section after we have
introduced the notion of covering space. Here we present some examples of 71 (—) that can
be computed explicitly with some efforts.

Theorem 3.15. The fundamental group of S is isomorphic to Z.

Proof. This result is highly nontrivial, and a proof can be found in [3, pp. 29-32|. O
Theorem 3.16. The fundamental group of S™ is trivial for every n > 2.

Proof. This assertion follows from a straightforward application of the Van Kampen’s the-
orem. The interested reader may consult [3, pp. 43-52] for a more detailed discussion. [J

Theorem 3.17. The fundamental group of the torus T is isomorphic to Z X Z.

Proof. The torus T is isomorphic to S* x S, and therefore it is enough to show that
m (M x N) 2w (M) x m1(N)

for path-connected topological spaces M and V. O
Theorem 3.18. Let M be a contractible manifold (or topological space). Then the funda-
mental group of M 1is trivial.

Before we can talk about our last, fundamental, example, we need to briefly introduce
the n-dimensional real projective space’ RP™. We consider the equivalence relation

e~y <= IANERN\ {0} : z =y,

and we define the real projective space as the quotient

rpr .= R0}

Intuitively, the projective space is the set of all the lines through the origin in R™*!, and
therefore one can easily prove that we also have

RP™ ="
where S™ := {x eR™ : |z] = 1} and x ~, y if and only if z = —y.

1The projective space is a smooth manifold, i.e. a manifold of class C>.
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Theorem 3.19. The fundamental group of the real projective space RP™ is isomorphic to
Zs (=C3) for everyn > 2.

Proof. The reader may consult [3, pp. 71-73]. O

3.4 Covering Space

Definition 3.20 (Covering Space). A topological covering is a continuous surjective map
of topological spaces

p:M—>M

such that, for every x € M, there exists an open neighborhood U, C M of z, such that

p_l(Ux) = |_| Ui,

i€
where {U,};cz is a disjoint collection (eventually infinite) of open sets U; C M such that
P |Ui U — Uy,

is a homeomorphism? for every i € 7.

The space M is called total space, the space M is the base space, and the sets p~!(z) are
the fibers of the covering p.

Definition 3.21 (Degree). If every fiber of p : M — M is finite and of cardinality d, we
say that p is a covering of degree d. If the cardinality is infinite, we simply say that p is a
covering of infinite (c0) degree.

Example 3.5 (Circle). The (universal) covering of St is given by
R>t—s 2™t e St

and it degree is equal to infinity.

Example 3.6 (Complex Polynomial). The map
C\ {0} 2 z+— 2" € C\ {0},
is a covering of degree n for every n > 1.
Example 3.7 (Projective Space). Let n > 2. The natural projection
m 9 — S —RP"

that sends a point z to its equivalence class [z] := {x, —z} is a covering of degree two.

2A homeomorphism f : X — Y is an invertible continuous map between topological spaces such that
f~1:Y — X is also continuous.
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Note

Actually, the same
proof shows that
SU(2, C) is diffeo-
morphic to S3.

3.5 Application: SU(2, C) 2 SO(3, R)

In this final section, the goal is to prove that SU(2, C) is isomorphic to the sphere S* and
SO(3, R) is isomorphic to the real projective space RP2. From Theorem 3.16 and Theorem
3.19 it will follow easily that

m (SU(2, C)) = {e} # Zy = m (SO(3, R)),
and thus SU(2, C) 2 SO(3, R). Moreover, we will also be able to find a covering
7 :SU(2, C) — SO(3, R)
of degree 2, that is, a surjective map between the two groups which is also 2-to-1.

We will not give an entirely formal proof of the following results, but we will only describe
the main ideas behind them and leave it to the reader to fill in the details.

Theorem 3.22. The special orthogonal group SO(3, R) is isomorphic to RIP3.

Proof. The group SO(3, R) consists in all the rotations of R3, and these are characterized
uniquely by the choice of an oriented vector 7 € S? and an angle € [0, 2r). If we denote
by R(¥, 6) a rotation, it is easy to prove that

R(¥, 7) = R(—v, ) and R(7, 0) = R(w, 0),

which means that we can define a mapping

3
0:S0(3, R) — % /0

that sends R(¥, ) to the equivalence class [v - 6]. The reader can easily prove using the
definition that ¢ is continuous, bijective, and its inverse ¢! is also continuous. O

Theorem 3.23. The special unitary group SU(2, C) is isomorphic to S3.

Proof. The 3-sphere S in R* can be identified with the complex sphere
St ={(z,w) €C* : |2)* + |w|* =1},

and thus it suffices to prove that St = SU(2, C). On the other hand, one can easily check
that

UecSU@2) = U= (Z ;“’) and det(U) = |z]* + |w]* = 1. (3.2)

w

If we identify the unitary matrix (3.2) with the symbol U, ,, then we can easily define a
mapping

¥ :SU(2, C) — S¢
that sends U, ,, to (2, w) € C%. Clearly, 1 is invertible and its inverse is given by

z
w

PS¢ 3 (2, w) — < _ZE)) e SU(2, C),

and, as the reader may check by herself, both are continuous. O
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3.6 Monodromy Group

Let p: M — N be a covering, and let x, y € N be any two points in the base space. The
monodromy mapping associated to p is given by

Mon : p~*(2) x Q(N, 2, y) — p~'(y),  Mon(e, @) := a.(1),

where a, : I — M is the unique path lifting” of a such that a.(0) = e. For any path
B € Q(N, y, z) it is easy to prove that

(a* B)e = e * Ba. (1),
where * is the path multiplication. It follows that
Mon(e, a * ) = Mon (Mon(e, ), 3). (3.3)

We will not prove it here, but the monodromy Mon(e, /) depends only on the homotopy
class of the path «a, and hence

Mon (e, a *i(a))) = Mon(e, x) = e.
It follows that for any o € Q(N, z, y), the mappings
p Hx) — pHy), e — Mon(e, )
is bijective, whose inverse is given by
p(y) —pl(z), e~ Mon(e, i(a))
If 2 = y, then the monodromy mapping associated to p acts on the 7 (N, z), that is,
Mon : p~!(z) x 7 (N, ) — p~1(y), Mon(e, [a]) := a.(1),

where [a] denotes the equivalence class of a. The monodromy mapping sends the constant
path x to the identity element in p~!(z), and similarly from (5.1) we infer that

Mon(e, [a * ]) = Mon (ae(1), [8]) = Ba,(1)(1)-

More intuitively, the monodromy map permutes the points in the fiber p~!(z) = {a;},;c7. In
fact, given a closed loop [a] € m1 (N, x), the lifting a,,, for some j € J, does not necessarily
satisfies aq; (1) = a;, but it could happen that ay, (1) = a, for a k € J different from j.

In particular, we associate a permutation matrix o(a), called monodromy matriz, to the
path « in such a way that

a1 Qg (1) a1
a

az _]) a0(2) = a'(a) a2

The square matrix o(«) has a number of row/column equal to the grade of the covering p,
which means that it could be infinite-dimensional. The monodromy matrix depends only
on the homotopy class of a, and we also have that

o(axf) =o(a)o(p)

3Let p: M — N be a covering and a : I — N a path. A path v:I — M is a lifting of « if and only
if the diagram is commutative, that is poy = a.
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as a consequence of (5.1). It follows that
{o(a) [la] € m (N, z)}

is a matrices group, which gives us a representation of the fundamental group 71 (N, z). We
denote it by o(m1 (N, z)), and we call it monodromy group.

3.6.1 Examples

In this section, we investigate some simple examples of covering spaces, and we compute
the respective monodromy groups.

Example 3.8 (Circle). Recall that the (universal) covering of S is given by
R >t e?™t e gl

and the fundamental group of S! is isomorphic to Z. The integer m € Z corresponding to
a closed loop [a] € 71(S?) is, intuitively, equal to the "number of laps", which means that
the monodromy matrix is simply given by a translation

o(m):x—sz+m formeZ=n(Sh).

Therefore, the monodromy group is the additive group of integer translation, i.e. o(m;(S*)) =
7 once again.

Example 3.9. We consider the covering of degree n
C\ {0} 3 z+— 2" € C\ {0},

and we identify C\ {0} with S! in the usual way. The fundamental group of S* is still Z,
but in this case the monodromy matrix is slightly different since an entire "lap" (m = 1)
corresponds to a rotation of 27 /n of the nth roots of the unity. Namely, we have

0 ... 01 01 ... 0
" 1 ... 00 _— :
cl)=1. . o, .., om=1)=|"- - -,
Do 0 0 1
0 ... 10 1 0 0
and it is easy to prove that o(i + n) = o(i) for every i € {0, ..., n — 1}. In particular, the

monodromy group o(m;(S?)) is isomorphic to the cyclic group Z,, (=C,).
Example 3.10. Let n > 2. We notice in the previous sections that the natural projection
. Sm _
7: 8" —® /o, =RP"

that sends a point x to its equivalence class [z] := {x, —z} is a covering of degree two. The
fundamental group of RP" is isomorphic to Zs, which means that the monodromy group
consist in only two elements:

o(0)(z) =2z and o(1)(xz) = Fa.

In particular, the monodromy group o (m (RP™)) is also isomorphic to Zs.
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3.7 Higher-Order Homotopy Groups

Homotopy theory begins with the notion of generalized homotopy group , (M) for n > 2.
These allow us to "distinguish", in a certain sense, the class of homeomorphism of topological
spaces (i.e., Lie groups) as follows. If M and N are two topological groups such that

i >0 : m(M) % m(N),
then one can infer that M 22 N. Unfortunately, the opposite assertion
mi(M) =2 m(N) foralli>0 = M=X=N

is false, as one can easily check by taking M := R and N = {z(}. Furthermore, the higher-
order homotopy groups are usually hard to compute than the fundamental group, due to
the fact that the Van Kampen’s theorem does not hold for m,,, n > 2.

Before we give the formal definition of m,(M) for any n > 2, we take a look at some of
the computations of the group m;(S™) presented in [5].

1 VA 0 0 0 0 0 0 0 0 0 0
2 0 7 7 Ly Ly 7o Lo Zs Z3 Zy5 Zy
3 0 0 Z Ly Ly  Zn2 Zs Zs Z3 L5 Zy

4 0 0 0 Z Ly Lo 7L XZLyg Lo XLy Lo X Lo Ziog X L3 Zis

5 0 0 0 0 Z L Zy Loy Lo Lo v
6 0 0 0 0 0 Z Lo Lo Lo 0 Z
7 0 0 0 0 0 0 Z Zo Lo Loy 0
8 0 0 0 0 0 0 0 Z Zy Zio Loy

Figure 3.3: The IXTEXcode of this table can be found here.

We shall follow closely [3, Section 4.1] from now on. The table above shows a lot of
peculiar properties, e.g., the subdiagonal is zero, and indeed 7;(S™) = 0 for all i < n. Also,
the diagonal is given by a sequence of Z, as a consequence of the Hurewicz theorem, which
asserts that for a simply-connected space (m1(S™) = 0 for all n > 2), the first nonzero
homotopy group 7, (S™) is isomorphic to the homology group H,(S™).

Another interesting property is that along each diagonal the groups 7,45 (S™) with k
fixed and n varying eventually become independent of n for a large enough n.

ZQXZQ

ZQXZQ

Z3

Z30

Ly


https://tex.stackexchange.com/questions/67586/how-to-create-comparison-tables-in-latex
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3.7.1 Definitions and Basic Properties
Let I"™ be the n-dimensional unit cube [0, 1]”. The boundary OI" is the set of all point
p € I™ such that at least one of the coordinates is either 0 or 1.

For a topological space X and a base point xg € X, we define the nth homotopy group
(X, o) to be the set of homotopy classes of continuous maps

a: " — X, oI" — xg,
where a homotopy H is admissible if and only if H;(9I"™) = x¢ for every ¢ € [0, 1].

It is immediate to verify that, if we take n := 1, then we obtain the definition of the
fundamental group m (X, 2¢). For n > 2, a sum operation in m,(X, o) is defined, as a
generalization of the path product « * 8 in the fundamental group, as follows:

(a+B) (@1, ..., ) = {a(le,xz, Loy ) if 2 € [0, 1/2],

ﬁ<2$1—17 X9, ,S(}n) if ¢ € [1/2, 1]

The sum is well-defined on homotopy classes and, since there is only a coordinate involved
(21), it easily turns out that m,(X) is a group with inverse element

(@) (z1, .oy ) = a(l — 21, 2o, ..., Ty).

We use the additive notation (i(a) = —a and « + 3) because the homotopy group m,(X) is
abelian for every n > 2. Namely, we have that

at+B~B+a ie Ja+p]=[6+q]

via the following homotopy (see [3, pp 340]). Assume that dom(a) = [0, 1/2] x [0, 1]*~!
and dom(B3) = [1/2, 1] x [0, 1]~ L.

The homotopy begins with «+ 8 by shrinking the domain of o and 5 to subcubes of I™
that are well-separated, with the region outside these domains mapping to the base point xg.
After this, there is room to slide the two subcubes anywhere around I™ as long as they stay
disjoint, so if n > 2 they can be slid past each other, interchanging their initial positions. In
conclusion, the domains of o and 8 can be enlarged to their original size obtaining S + a.

3.7.2 [Equivalent Definitions and Base Point

A continuous map
a: " — X, oI" — xg,

can easily be identified with quotient maps
n n
a:S"zI/aln—>X, sozal/aln»—Mco.

This means that we can also view ,(X, x9) as homotopy classes of maps (S™, sg) —
(X, xg), where homotopies are through maps of the same form (S™, sg) — (X, o). In this
equivalent interpretation, the sum is given by the composition

g L gny g V9, x



49 3.7. HIGHER-ORDER HOMOTOPY GROUPS

where ¢ collapses the equator S"~! C S™ to a point sq, obtaining the wedge S™ V S™, and
fV g is the wedge map.

We shall now enlist a few intuitive and useful properties of higher-order homotopy group.
The reader interested in the proof of these statements and in a more systematic investigation
of homotopy groups, may consult [3, Chapter 4].

Proposition 3.24. Let X be a path-connected topological space. Then
(X, 20) E (X, y) for everyy € X and n € N.
In particular, if X is path-connected we shall always write w,(X) in place of 7, (X, xo).

Proposition 3.25. Let {X,}, be a collection of path-connected topological spaces. Then

wn(H Xq) & Hwn(Xa) for every n € N.

3.7.3 Higher-Order Homotopy Groups in Physics

In this final section, we give a table of explicitly computed higher-order homotopy groups
related to Lie groups of fundamental importance in physics (e.g., SO(n, R)). These are
stable groups, for which the homotopy groups repeat themselves periodically, as one can see
from the table below:

Figure 3.4: The XTgXcode of this table can be found here.


https://tex.stackexchange.com/questions/67586/how-to-create-comparison-tables-in-latex

Chapter 4

Haar Measures

In this chapter, we introduce the notion of invariant measure on a topological group G (or
a manifold M), and we sketch the proof of existence and uniqueness for compact groups.

4.1 Invariant Measure on a Topological Group

In this section, we examine the assumptions needed for the existence and uniqueness of an
invariant measure defined on a topological group G.

Definition 4.1 (Push-Forward). Let 1 be a positive measure on X, and let f : X — Y
be a Borel function between topological spaces. The push-forward measure of u via f is
defined by setting

fan(E) == p(f~Y(E)) foral E € B(Y),
where B(X) and B(Y) denote, respectively, the Borel algebra of X and Y.

Example 4.1.

Lemma 4.2. Let (X, B(X)) and (Y, B(Y)) be measurable spaces, and let ;1 be a positive
measure on X. Then the push-forward fup is a well-defined measure on the the Borel
o-algebra of Y.

Topological Groups. Let G be a topological group. For any y € G, we denote by 7, the
left-multiplication (x + y - x) and by 7, the right-multiplication (z — z - y).

Definition 4.3 (Invariant Measure). Let u be a measure defined on a topological group G.
The measure p is left-invariant on G if and only if

(y)yn=n Vyeg.
In a similar fashion, the measure p is right-invariant if and only if
()up=n Vyeg,

and, clearly, p is invariant if and only if p is both left-invariant and right-invariant.



— Caution!

The proof presented
below works for com-
pact abelian groups
only. For the general
case, the reader may
consult this page.
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We are now ready to state the existence and uniqueness results. We only prove the
theorem assuming that G is a compact abelian group, and we give the main idea behind the
proof for an arbitrary compact Lie group.

Theorem 4.4. Let G be a compact group. Then there exists a unique invariant probability

measure on G, called Haar measure.

Sketch of the Proof. Let G be a k-dimensional compact Lie group. The idea is to define a
left-invariant k-form w, that is, a k-form such that the pull-back according to 7, is given by
w itself. Then it suffices to check that
w(E) = / w
E

is the sought invariant measure, and also that it is unique. O

Proof. Let G be a commutative group, and let P be the space of probability measures defined
on G. For any g € G, set

Pyi={neP |(r)pn=n}

be the subset of P containing all the g-invariant probability measures defined on X.

Step 1. We want to prove that, for every g € G, the subset P, is nonempty. Fix pug € P
and let us consider, for every n € N, the probability measure defined by setting

_ M0+(Tg)#NO+"'+(Tg”')#MO c
B n+1

I P,

where g™ denotes the product of n copies of g.

By compactness there exists a subsequence p,, weakly-* converging to a measure fioo.
We now claim that p is a 74-invariant probability measure. Indeed, by definition of fy,, it
follows that

(Tg># My = floo = (Tg)#,uoo = Hoo-

Step 2. We want to prove that the intersection of all the P, is nonempty, which is clearly
enough to infer the existence of an invariant measure.

Let g, h € G be two elements, let 119 € P, be an invariant measure, and let po, be the
weakly-+ limit of the sequence

~po + (Th) o+ (Thn )y o

eP.
n+1

fin

The set P, is weakly-* closed; therefore ni € Py N P. By induction we can prove that
the family {P,}4cc has the finite intersection property, and thus, by compactness of G, it
immediately follows that

(P, #2

geg


https://www.math.uchicago.edu/~may/VIGRE/VIGRE2010/REUPapers/Gleason.pdf
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Step 3. We want to prove that the intersection above contains only one element. In order
to do that, we define the convolution product of two measures by setting

p o p2(E) == (1 x p2) ({(z1, 22) |21 +22 € E}).
The reader may prove that the convolution is commutative, and also that
Hy * 2 = H1,
if pq is an invariant measure.

This is enough to infer that the invariant measure is unique. Indeed, if A, u € NgegPy
are two invariant measures, then the properties above of the convolution implies that

U=UsA=Akpu=\ = u=A\

O

There is also a more general result of existence and almost-uniqueness concerning topo-
logical group that are only locally compact' and separable.

Theorem 4.5. Let G be a locally compact and separable group. Then there exists a locally
finite invariant measure on G, which is unique up to a multiplicative constant.

Remark 4.1. Recall that a topological group G is compact if the topology is compact. As
a consequence of Theorem 4.4, we infer that a topological group G is compact if and only if
there exists an invariant measure p such that

/ dpu =1.
g
Proposition 4.6. Let G be a compact group, and let u be its Haar probability measure.
(1) For every function f and every y € G it turns out that
[ 10 auto) = [ s0)dnta) = | 100 duto)

where f(1,(g9)) = f(y - g).

(2) The integral is homogeneous, that is, for every function f and every y € G it turns
out that

/ 7y(f(9)) dulg) = 7y (/ f9) du(a)) = / 7, (f(9)) du(g)-
g g g
(8) The integral is additive, that is, for any couple (f, h) of functions it turns out that

/ (f(9) + h(g)) dulg) = / £(9) dulg) + / h(g) du(g).
g g g

1A topological space X is locally compact if every point = € X has a compact neighborhood U, 3 z.
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(4) For every function f it turns out that

/ Flo V) dulg) = / £(9) dpu(g)-
g g

Moreover, one can use the Haar probability measure u to define a scalar product for
G-valued functions as follows:

(f. B = /g £*(9)h(9) dpu(g).

4.1.1 Examples

In this brief section, we illustrate how to find an invariant measure both for compact and
non-compact groups when the structure is particularly simple.

Example 4.2. The Lebesgue measure dz is an invariant measure for the non-compact
additive group (R, +). In fact, a simple change of variables proves that

[ 1@+~ [ j@an

where x + y corresponds to 7,(x) in this case. On the other hand, the Lebesgue measure is
not invariant for the non-compact multiplicative group (Rsg, ) since

/Rf(yw)dxzi/Rf(x)dx.

We consider the logarithmic measure df, and we notice that

[0 T == [ 1@ Lar= [ 10T

which means that it is an invariant measure on (R, -).
Example 4.3. Recall that the 2 x 2 real upper-triangular matrices are defined by

UT(2, R) := {(g g) a, b >0, ceR} C GL(2, R),

and the product between two elements can be computed explicitly:

GG )- (66 )

If we compute the Jacobian of the transformation (=multiplication), we find that an invari-
ant measure is given by
_ dzdydz  dadgdz

d -
H 2y 72y

where dzdydz denotes the Lebesgue measure on the 3-dimensional space, which is coherent
with the fact that UT(2, R) has dimension 3. More precisely, we notice that

a c T z ar az+cy
dzdydz = dxdydz =
/R2xR<O b> (0 y) Y /szR<0 by ) Y
+ +
1 T oz
= — dzdydz.
azb/m(o ;) dotode
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Example 4.4. Recall that the matrices of the special unitary group SU(2, C) may be
identified with elements on the complex circumference. Therefore

(Lo %) ol por =1,

and by Theorem 5.13 this gives a diffeomorphism with the unitary 3-dimensional real sphere
3. It follows easily that a Haar measure” is given by the volume form of S3, that is,

1 :
AV = o sin®(61) sin(6) d61df;d63.

2The invariant measure here is not a probability measure, but it is finite (i.e., the surface of the 3-ball),
and thus it is enough to renormalize it.



Chapter 5

Representation Theory

In this chapter, we develop the theory of representations we need later to investigate in-
depth properties of SU(2, C), SU(3, C), SO(4, R), the Euclidean groups, the Lorentz group,
the Poincaré group, etc.

5.1 Introduction

First, we recall some definitions we have already introduced in the introductive chapter.

Definition 5.1 (Representation). A representation of a group G on a N-dimensional vector
space V over a field K is a group homomorphism

p:G— GL(N, K; V),
that is, a mapping p such that p(g192) = p(g1) - p(g2) for every g1, g2 € G, where - denotes
the matrices product.
In particular, the identity element e € G is represented by the identity matrix Idy«n,
while the inverse element g~! is represented by the inverse matrix p(g)~*.

Moreover, every group G admits a trivial 1-dimensional representation, which is defined
in the following way:
p(g) :=(1) forallgeg.

Definition 5.2 (Similarity). Let G be a group, and let {p, V} and {p, V} be two N-
dimensional representations of G. We say that they are similar (or, equivalent) if and only
if there exists a regular (=invertible) matrix S such that

p(g) = Sp(g)S~! for every g € G.

Definition 5.3 (Unitary Representation). A N-dimensional representation {p, V'} of a
group G is unitary if and only if p(g) € U(N, C) for every g € G.

Example 5.1. Recall that G5 is the group of all permutations of 3 elements, that is,
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There is an obvious three dimensional representation p that acts as

= C
a

p((123))

)

o o

and does a similar work with any other element of G35. They are explicitly given by the
usual permutation matrices, that is,

100 00 1 010
ple)=(0 1 0], p((123))=(1 0 0], p((132))=|0 0 1/,
00 1 010 100
010 00 1 100

p((12))= (1 0 Of, p((13))=(0 1 0], p((23)={0 0 1
00 1 100 010

Example 5.2 (Direct Product). Let {p, V} and {0, W} be representations of two groups
G and G’ respectively. Recall that the direct product G ® G’ is defined as the group with
underlying set the Cartesian product G x G’ and component-wise multiplication, i.e.,

(g, W)@ (g', W)= (g9, hh') € G x G

There is an obvious representation of the direct product that is given by {p ® o, V& W},
where V @V is the direct sum of vector spaces, and

p@oal(g, h) = p(g) ®o(h).

The reader may quickly check that p & o is a group homeomorphism, i.e. it preserves the
group structure.

5.2 Irreducible Representations

A diagonal block matriz is a n X n matrix M of the form

My | O 0 0
0 | M| O 0
M = ]
0 0 . 0
0 0 0 | Mg
where M; is a n; X n; matrix for all ¢ € {1, ..., k} and Zle n; =Mn.

Definition 5.4 (Irreducible Representation). A representation {p, V'} of a group G is re-
ducible if it is equivalent (via a regular matrix S) to a diagonal representation, that is,

M (g) 0 0 0
Ms(g) | O 0

Sp(g)S™" = M(g) = for every g € G.

0
0 0 0
0 0 [0 | Mg

A non-reducible representation is usually referred to as irreducible representation.
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Definition 5.5 (G-Invariant). Let {p, V} be a representation of G. A linear subspace
W CV is G-invariant if

plg)w € W for every g € G and w € W.

Definition 5.6 (Subrepresentation). Let {p, V'} be a representation of G, and let W C V be
a G-invariant subspace. The representation {p ’W, W} is called subrepresentation of {p, V'}.

Remark 5.1. A representation {p, V} of a group G is reducible if and only if there are
G-invariant nontrivial subspaces W7y, ..., W C V such that

Wi@---aW,=V.

Definition 5.7 (Complex Conjugate). Let {p, V'} be a representation of a group G over a
complex vector space V. The complex conjugate representation {p*, V*} is defined by

g — p*(9) = —=(p(9))",
where M* is the complex conjugate of the matrix M.
Definition 5.8 (Real Representation). A representation {p, V'} of G is real if it satisfies
one of the following:
(a) For all g € G, it turns out that p*(g) := —(p(g9))* = p(g).

(b) It is equivalent via a unitary matrix S to the complex conjugate representation
{p*, V*}, that is,

- (Sp(g)Sil)* = Sp(g)S™! for every g € G.

Definition 5.9 (Pseudoreal Representation). A representation {p, V'} is pseudoreal if it is
not real and it is equivalent, via a regular (=invertible) matrix S, to the complex conjugate
representation {p*, V*}, that is,

Sp(g)S™" = p*(9) := —(plg))* for every g € G.

Definition 5.10 (Complex Representation). A representation {p, V'} is complex if it is
neither real or pseudoreal.

5.2.1 Schur Lemmas

In this section, we prove the fundamental theorem due to Schur, known as Schur lemma,
for irreducible representations, and we use it to show interesting properties of irreducible
(complex) representations of a group G.

Lemma 5.11 (Schur). Let {p, V'} and {p’, W} be two irreducible representations of a group
G. If there exists a linear mapping A : V — W such that

Aplg) = p'(Ag) for every g € G, (5.1)

then A is either the null map or an isomorphism of vector spaces.

Proof. We assume that A # 0, and we show that A is both injective and surjective.



Caution!

The proof we present
here is taken, almost
verbatim, from [2].
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Injective. The kernel K := kerA is clearly G-invariant since
reK = Ap(z) =p'(Az) =p'(0) =0 = p(z) € K.
The representation {p, V'} is irreducibile; therefore K is either {0} or V. The linear appli-

cation A is not constantly zero, which means that K cannot be equal to the whole vector
space V', and hence A is injective.

Surjective. The rank R :=ranA = A(V) is clearly G-invariant since
r€ER = z=Ay = p'(z) =Ap(y) = p(z) ER
The representation {p’, W} is irreducibile; therefore R is either {0} or W. The linear

application A is not constantly zero, which means that R cannot be equal to {0}, and hence
A is surjective. U

Lemma 5.12. Let {p, V} be an irreducible representation of a group G over a complex
vector space V. If there exists a linear mapping A : V. — V' such that

Ap(g) = p(Ag) for every g € G, (5.2)

then there exists A € C such that A= X-Idy = X -id,xn-

Proof. Let A € C be an eigenvalue of A. Then B := A — X\ - id,,«,, commutes with p(g) for
all g € G, and thus we infer from Schur Lemma that A — X -id,,xn, = 0. O]

5.2.2 Representations of Finite and Compact Groups

As a consequence of Haar measures theory (see Chapter 4), we can easily show that ev-
ery finite-dimensional representation of a compact group G is equivalent to some unitary
representation.

Theorem 5.13. Fvery representation of a finite group G is equivalent to some unitary
representation.

Proof. Let {p, V'} be a representation of G. Consider the hermitian operator

R:=> p(9)p(g),

geg
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and notice that for every h € G we have

p(h)Rp(h) =Y p(h) p(9)p(g)p(h) =

geg

= (p(9)p(h)p(g)p(h) =

geg

=" n(gh)in(gh) &

geg

—

=3 p@)p(e) = R,

zeg

where the equality © follows from the fact that G is a finite group, and hence
{gh : g€ G} =G for every fixed h € G.

Let S := v/R. Multiply the identity above by S~' on the left and by p(g)~'S~' on the
right to obtain

p(9)Rp(g) =R = S~ 'p(g)'S = Sp(g)~'S™!

- (S,o(g)Sfl)Jr = (Sp(g)Sfl)_1 for every g € G,

which means that the representation p’(g) := Sp(g)S~! is unitary and equivalent to {p, V'}.
O

Theorem 5.14. Every finite-dimensional representation of a compact group G is equivalent
to some unitary representation.

Proof. Let u be the Haar probability measure given by Theorem 4.4, and let {p, V} be a
representation of G. Let b : V x V' — C be any inner product and define

(u, v) = /g b(p(g)u, plg)v) dula).

The reader may check by herself that (-, -) is a G-invariant inner product, that is, a inner
product such that (p(g)u, p(g)v) = (u, v) for all u, v € V and g € G.

Let V := {v1, ..., v, } be a basis of the vector space V, and denote by S the matrix
associated to (-, -} with respect to V. It turns out that

(i, v;) = (p(g)vi, plg)v;) = S'S = (Sp(9))'Sp(g) for every g € G,
and therefore the representation

G2g— Spg)S~! € GL(V, C)
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is unitary because
1\ T _ _ _
(Sp(9)S™1) " Sp(g)S™" = (1) p(9)"STSp(g)S™! =

= (571" (Sp(9)! (Splg)) S~ =
=Sts

= (SHTSTSS™! =Id, .

Remark 5.2.

Proposition 5.15. Every irreducible representation of an abelian group G is one-dimensional.

Proof. Let R := {p, V'} be any representation of G. The group is abelian, hence (5.2) holds
with A := p(g) for every g € G. It follows from Schur Lemma 5.12 that

Vg € G, IA(g) € C : p(g) = Ag) - idnxn,
which means that R is a 1-dimensional representation given by
Gog— Ayg) eC.
O

Example 5.3 (SO(2, R)). Fix m € Z. Every element of SO(2, R) is a rotation that can be
represented as a complex exponential

Ym(p) = &

for some ¢ € [0, 27). For every m € Z we have a 1-dimensional unitary representation given
by the mapping
SO(2, R) 2 ¢m(p) — p € R.
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Chapter 6

Special Unitary Group SU(2, C)

In this chapter, we study more in-depth the special unitary (Lie) group SU(2, C) and the
associated Lie algebra su(2, C). Recall that the set of all unitary matrices

U(N, C):={U € GL(N,C) : U'U =UU" =Idnxn}
is a group with respect to the matrix product. Similarly,
SU(N, C) :={U € GL(N, C) : U'U = UU" =Idnxy, det(U) =1}
is also a group, and it is called special unitary group. Moreover, we proved that
SU(2, C) = 83,

where S® is the 3-dimensional sphere in R* (or C?). The three generators of the special
unitary group in the fundamental representation (=smallest nontrivial) are

1
Ja = 57_“7

where 7% denotes the ath Pauli matrix, that is,

0 1 0 — 1 0

1 2 _ 3 _

ol G R ) R
Moreover, we also proved that ¢ is equal to the Levi-Civita tensor ¢**¢, that is,

1 if (abc) is an even permutation,
fobe = eabe .= L 1 if (abc) is an odd permutation,

0 otherwise.

Remark 6.1. Let A, B, C be arbitrary operators (e.g., n X n matrices). The reader can
easily show that the following identity for the commutator of a product holds:

[AB, C] = A[B, C] + [A, C]B. (6.1)
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Casimir. Recall that the Casimir operator of this representation is
JZ = (J1)2 + (J2)2 + (J3)2.
We can apply (6.1) to show that J? commutes with all the generators J*. Indeed, a straight-
forward computation proves that
(02, 71 = [(J1)?, S H(I)?, T+ [(7%)2, T =
=0

= 22, Y+ [P I+ PR T [P, TSP =

= 12T =P TP 4P TP 40P = 0.
In a similar way, one can prove that [J%, J?] = [J?, J?] = 0.
Remark 6.2. The unitary group preserves the complex scalar product
(z,w)e = 2w = 2fw} + -+ 2wl forall z,weV.
In fact, it is enough to notice that UTU = Idy n, and plug it into the scalar product:
(z, w)c = 21w =21 (UTU)w = (TUN)(Uw) = (Uz, Uw)c forall z, we V.
——

=Uz)t

6.1 Finite Irreducible Representations

The primary goal is to find all the irreducible representations of SU(2, C) and su(2, C),
starting here with the finite-dimensional® ones.

6.1.1 Introduction

From [7]: "In quantum mechanics, when a Hamiltonian has a symmetry, that symmetry
manifest itself via a set of states at the same energy, i.e. degenerate states.

In particle physics, the near mass-degeneracy of the meutron and proton points to an
approximate symmetry of the Hamiltonian describing the strong interactions. The neutron
does have a slightly higher mass due to isospin breaking; this is due to the difference in the
masses of the up and down quarks and the effects of the electromagnetic interaction.

It was Heisenberg, the scientist who noticed that the mathematical formulation of this
symmetry was in certain respects similar to the mathematical formulation of spin, whence
the name "isospin" derives. To be precise, the isospin symmetry is given by the invariance
of the Hamiltonian of the strong interactions under the action of the Lie group SU(2, C).
The neutron and the proton are assigned to the doublet (the spin —1/2, 2, or fundamental
representation) of SU(2, C), which is described above in terms of Pauli’s matrices." Namely,
the nucleon transforms as follows:

(Z) s Ua) (g) where U(a) = ¢/5 % € SU(2, C).

LA representation is finite dimensional if and only if the carrying vector space V has finite dimension.
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The pions, on the other hand, are assigned to the adjoint representation of SU(2, C).
Recall that the adjoint representation is defined by setting

(Ta)b, = szac,

where a, b, c = 1, ..., 3. It follows that we can also represent the elements of the special
unitary group as 3 x 3 matrices

U(a) = ™ ¢ SU(2, C)

in such a way that the pions triplet transforms as follows:

mt mt
72 | — Ula) | 72 | . (6.2)
w3 w3

Remark 6.3. The adjoint representation of SU(2, C) has dimension 3. A straightforward
computation shows that the generators of SO(3, R)

0 0 O 0 0
T'=10 0 —|, T°=10 0
0 + O - 0

and, similarly, for the other generators.

Recall that the triplet of pions 7 for i = 1, 2, 3, is connected to the observable triplet
70 and 7%, by the following relations:

1,2 1 2
7= 7r07 = A , T o= T o
V2 V2
There is a different transformation for the triplet of pions through the (2-dimensional)
fundamental representation, defined in the following way:
a a

7 Ua)nt U (0) ™ = (n/)a; (6.3)

Proposition 6.1. The transformation (6.2) is equivalent to the transformation (6.3).

Hint. Tt is enough to use Taylor’s formula (w.r.t. ) up to order one of both, i.e.,
U(OZ) = id3><3 + ZTaOta + ...,

and . )
U@) =idpz + 100+ ... and U(a) ™! =idaea —15-au + ...
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As a consequence, we find a simple formula for the Yukawa interaction
[ T (p
PR a —
Vy = gy (p n) ™ 5 (n) =

= (pp — nn) 70 + V2 (13717rJr + ﬁpw*) ,

which describes the nuclear force between nucleons, mediated by pions.

6.1.2 Admissible Dimensions of Finite Representations

In this section, we assume that J', J? and J? are the generators of a finite-dimensional
representation SR of SU(2, C), whose dimension is unknown at the moment. Let J? be the
quadratic Casimir operator, and set

Jr=J ' +4J? and Jy:= J3.

Note that {J1, J_, J3} is also a generator basis, called Cartan basis, satisfying the following
commutators relations:

[Js, Jo]=Js,  [Js, J_]=—J_ and [Jy, J_]=2Js.

The Casimir quadratic operator J? commutes with the generator .J5, which means that they
are simultaneously diagonalizable and J? = ¢ - Idyxx as a consequence of Schur’s Lemma.

From now on, we shall denote by {|¢, m)} the common basis of eigenstates for both J5
and J?, that is, we require that

Js|le, m) =m|ec, m) and I e, m) = c|e, m).

Let j := max{m : J3|c, m) = m|c, m)} be the maximum eigenstate” in the representation
R w.r.t. the operator J3. A straightforward computation shows that

s (T ey m)) @ Iy (sl eom)) + Ty e, m) =
=mJy|c,m)+ Ji|e, m) =
= (m+1)Jy[¢,m),
where () follows from the commutator identity [Js, J+] = Jy. Similarly, we find that
Jo (T-leym)) € I (Ja] e, m)) = - |, m) =
=mdJ_|e,m)—J_|¢c,m) =

=(m—1)J_ e, m),

which means that
J_le,m)y < |e, m—1),

Jile,m) o« e, m+1).

2The maximum is well-defined because the representation 9 is finite-dimensional by assumption!
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Here J2 denotes the
square of the opera-
tor Js.
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In particular, since j is the maximum eigenstate, we have that J; | ¢, j) = 0.

The goal is now to find the relation between ¢ and j, and use it to derive an upper bound
(resp. lower bound) to the number of "jumps" via Jy (resp. J_).

Remark 6.4. The quadratic Casimir operator can be easily rewritten in terms of J,J_ as
P =J,J +J2—Js, (6.4)
and, similarly, in terms of J_.J as
P=J J,+J+ T (6.5)

The proof does not require any idea, but it suffices to evaluate the right-hand side of both
identities plugging in the formulas defining J; and J_.

Recall that a linear algebra result shows that the eigenstates {|c, m)} are orthogonal;
thus, we can always assume without loss of generality that {|c, m)} is a orthonormal basis,
which means that

(e, m|e,m) =1 and (e, m|e,m'y =0 forall m#m'.

As a consequence of the normalization, we find that

—~

*

c={(c, j|I?|c,j) = (¢, j|J-Js + I3+ J3|c, j) =

=

= (e glJ-Tyle gy + (e g5 e, 3) + (e Gl Jsle, j) =
=0+ (e jle g)+i fedle ) =i+ 1),
=1 =1
where (x) follows from a direct application of formula (6.5).

In particular, ¢ depends on j, and thus, from now on, we shall denote by |j, m) the
eigenstate |c, m). The representation PR is finite-dimensional, which means that also J_
cannot go all the way down; let n be the minimum eigenstate, that is,

J_|j,j—n+1)=|[j,j—n) and J_[j, j—n)=0.
If we plug (6.4) into the previous computation, we find that
c=(j,j—n|I*j j—n)
=g —nlJ Ty +J5 = Js|j j—n) =
=g =nlJed- |4, g —n)+ G 5 —nlJ3 |4 5 —n) =G, G —nlJslj, j—n) =

=04+0G=n) G j—nljj—m+G-—n-1) G, j—nljj—n=jG+1),
=1 =1

from which we infer that

c=j(i+1)=(G-m(-n—1) = n=2j
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In particular, it turns out that the dimension of an irreducible representation R is N := 2j+1
(since the eigenvalues range from —j to +j), where

je%::{g:neN}.

Recall that the nucleon corresponds to the fundamental representation of SU(2, C), which
means that j = 1/2 and N = 2. It turns out that

1 1
o)~ g £
n 272
In a similar fashion, the triplet of pions is associated with the fundamental representation
(j = 1), and therefore we have

7t 11, 1),
70 | ~ |1, 0),
m |17 _1>7

where the right-hand side vectors correspond to 7!, 72 and 72 respectively. The 7N scatter-
ing shows a strong resonance at the kinetic energy about 200 MeV; it occurs in the P-wave
(¢ = 1) with total angular momentum J = 3, which means j = 3/2. In this case, we have

3 3
‘53 §>7
AR
A+ N 97 9/
A ‘3 1>
A~ 27 2"
3 3
‘5’ _§>

6.2 Fundamental Representation of SU(2, C)

Recall that the generators of the fundamental representation R := {p, V'} of SU(2, C) are
given by

T = %T“ fora=1, 2, 3,

where 7% denotes the ath Pauli matrix, that is,

0 1 0 — 1 0

1_ 2 _ 3 _

Note that Pauli matrices are Hermitian matrices ((7¢)" = 7) with null-trace. Furthermore,
a straightforward computation proves that f°¢ is equal to the Levi-Civita tensor, i.e.,

1 if (abc) is an even permutation,
fbe = e .= 1 if (abe) is an odd permutation,

0 otherwise,
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which means that

[Tla Tz} - 7[T27 Tl] = ZT37
[T, T = ™7 = [T%, 1% = —[T°, T?| =T",
(T3, TY = —[T", T? = T2,

Definition 6.2 (Quaternion Group). The gquaternion group Qs is one of the two non-
commutative group of order 8. More precisely, it is given by

QS = {:l:]-a :l:Zv i]v :l:k}a

endowed with a product satisfying the following rules, known as Hamilton’s rules:

ij =—ji=F,
i? =42 =k =ijk=—-1 and < jk=—kj=1,
ki = —ik = j.

We now prove that the Pauli matrices form a quaternion group, that is, we show that
{:l:idgxg, +ort, £172, :tZTS},

endowed with the matrix product, is isomorphic to Qg. Recall that the anticommutator is
denoted by {-, -}, and is defined by setting

{4, B} := AB + BA.
A direct computation proves that

2

(7%)? =idowe = (17%)% = —idaxo foralla=1,2, 3,

and also that
{r%, 7%} =0 foralla#be{1,2,3}.

It follows that, using the generator formula [T, T°] = 1e%*°T*, we have
a b a, b 1 b,_a a, b c
(ZT)(ZT)Z*TTIi(TT*TT):ZT,

which means that {=+idsx2, o7t 072, 2073} is, actually, a quaternion group.

6.2.1 Elements in the Fundamental Representation

In this section, we want to compute the element U(«) in the fundamental representation,
where « is a (real) parameter in R3. Let 3, := % and 8 := (B1, B2, B3), and notice that

because, as we proved earlier, the Pauli matrices do not commute between themselves.
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The idea is thus to apply the quaternion rules and the definition, as a series, of the
exponential function. Namely, let us denote by 7 - 8 the scalar product 7*3,. By definition

B = Z il"(T . B)n —

n!
neN
(6.6)
1 1
— —1)m L A21™ —1)™ L R\21™ .
D @V E T+ Y Gy (Y @87 - B),
meN meN
and using the anticommutative property of the quaternion algebra, we also have that
(1 B)* = BuPpr7" =
_ 15 51) (Ta,]_b +,7_b7_a) _
2 a
= Ba(m%)* = B,
since (7%)? = idaxo for all @ = 1, 2, 3. Plugging this identity into (6.6) we find that
) 1 1 |6|2m+1
T2 Y ()B4 Y e ()M () =
e T
| |
= (2m)! = (2m + 1)! 18]
(6.7)

1sin |B]

|8l

We can easily compute the matrix 7 - 5 explicitly as

(0 B 0 —1B Bz 0\ B3 B1 — 1532
’ B_(ﬁl 0>+<152 0 )+(0 —B3)  \PL+ip Bz )’
and thus we obtain from (6.7) that the element of parameter « in the fundamental repre-
sentation is given by

U) = ™8 = (COS|5| 0 ) n vsin || ( Bs pr— lﬂz) _

= cos || - idaxa + (t-8).

0  cosl|pl 1Bl \Br+1B2  —Ps
o 0 i m % a1:/%a2

0 COs l%‘ ‘Oé| a1 tras _ a3
2 V2

6.2.2 Pseudo-Real (Fundamental) Representation

In this section, we introduce a refinement of the notion of real representation, and we prove
that the fundamental representation of SU(2, C) is, actually, pseudo-real (or quaternionic).

Definition 6.3 (Real Representation). A representation R = {p, V'} of a group G is real if
it is equivalent via a unitary matrix S to the representation {p*, V*}, that is,

Sp(9)S™! = p(g)* for every g € G.
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Definition 6.4 (Pseudo-Real Representation). A representation SR = {p, V'} of a group G
is said to be pseudo-real if it is equivalent via an antisymmetric unitary matrix S to the
complex conjugate representation {p*, V*}, that is,

Sp(9)S™! = p(g)* for every g € G.

Let R := {U(a), V} denote the fundamental representation of SU(2, C). We know that
the Pauli matrices 7% are Hermitian, and hence

(T =71 = (9" = (@)T forallae {1, 2, 3}.
Therefore
U(Oé)* — SU(O{)571 — efz(ta)*oza — Seltaaa571 — ezSt“aasfl’

which means that the fundamental representation is real if and only if one can find a regular
matrix S such that
St*S~1 = —(t)* for all a € {1, 2, 3}. (6.8)

The reader can quickly check that S := 72 is the sought unitary matrix since

2T a1 2.1 2 L 902 1 L
Tr— ()T =Tt = (%) 17 =—=
2 2 2~ 2~~~
=idax2 :(Tl)*
2
2T ov-1 1 o 1. 9
3 1 1 1.
7277(72)71 B . (72)2 B2 3
2 2 2 S~ 2 ~~
=idax2 :(T3)*
The matrix 72 is antisymmetric since (72)7 = (72)* = —72, therefore the fundamental

representation is pseudo-real.

Note that it is not necessary to know that S = 72 to prove that the representation is
pseudo real since we can use (6.8) and the fact that 7% is Hermitian for every a. Namely,
we have that

(6.8) = St*S™' = —(t")" = —(t) = t*=—(SHT TS,
and therefore
0= (57H)TSstes71sT — §7IsTe = 4057 ST

In particular, the matrix S~1S7 commutes with each element of the Lie group SU(2, C),
and thus by Schur Lemma it follows that

IreR : §718T =\

In particular, we have that S7 = AS and, by taking the square of the identity, we also find
that A2 =1, i.e. S =87 is symmetric or § = —S7 is antisymmetric, which is exactly what
we wanted to prove (i.e., the representation is either real or pseudo real, depending on the
matrix S.)
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6.2.3 Simpleness of SU(2, C)

In the fundamental representation, the Lie algebra su(2, C) has three subalgebras, which
are nothing but the ones generated by 7¢ for each a € {1, 2, 3}. If h := {73}, then one can
check that

[, 73] =0 and [r° 7']=1% ¢,

and similarly with any subalgebra § C su(2, C).

In particular, the Lie algebra su(2, C) has no nontrivial invariant subalgebras, which
means that the only normal subgroups H of SU(2, C) that are abelian, are the trivial ones.

Theorem 6.5. The Lie group SU(2, C) is simple.

Proof. The reader can consult [6] for a formal proof of this fact. O

6.3 Elements in Irreducible Representations

Let Ji, Jo and J3 be the generators of a N = 2j 4+ 1 dimensional irreducible representation
of SU(2, C). Recall that by (6.4) we have

c=(, m|I?|j, m) = (j, m|JpJ_ + JF — J3|j, m) =

Remark 6.5. Let {v(™},,_; ;1 _; be an orthonormal basis of eigenstates for J3. The
eigenvalues (") are real, and it is easy to see that

Jav(™) = \(m)y(m) (U(m))’rjg = A (y(m)t,
which yields to the so-called completeness identity

Zv(m) . (U(m)>’r —idyy N (6.9)
It follows from (6.9) that
c= <j7m|J+J*|ja m>+m(m—1):
= Z<j7 m|‘]+ |.7a ml><.ja m/|J— |]> m> +m(m— 1) =
= [(j, m — 1| J_ |4, m)|* + m(m — 1).

In a similar fashion, one can employ formula (6.5) to prove the equivalent identity for
J4, which yields immediately to a complete characterization of the matrices J; and J_ as
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follows:

(.o m—=11J_|j, m)=~/(G+m)(j —m+1),

(G m+11Je 14, m) =G —m)(j+m+1).

In particular, the matrices Jy and J_ have a peculiar form as the only nonzero elements
are the supdiagonal and the subdiagonal respectively, that is,

0 0 ... 0 0 = ... 0
J_ = * 0 o and Jy = O 0
s 0 : 0 =x
0 * 0 0 0 0
It follows that
0 = 0 0 = 0
1 1
Ji=sg )= © and Jy=—(J—J)=|* " :
2 : 21 o
: . * : .0 %
0 ... x 0 0 ... x 0
and Js is the diagonal (25 + 1) x (2j + 1) matrix diag(j, j — 1, ..., —j).

Adjoint Representation. One can easily apply the general formulas provided above to
compute the generators of the adjoint representation (j = 1), and the exponentials U(«) for
a € R3.

6.4 Tensor Product of Representations

The content of this section is mostly a summary of [2, Chapter 24.8]. The reader interested
in a better understanding of this topic may start by consulting that book.

A quantum mechanical system possessing a group of symmetry is described by vectors
that transform according to an irreducible representation R. For example, a rotationally
invariant system can be characterized by an eigenstate of angular momentum, the generator
of the rotation.

Often irreducible states are combined to form new states. For example, the state of
two noninteracting particles is described by a two-particle state, labeled by the combined
eigenvalues of the two sets of operators that define each particle separately.

In the case of the angular momentum, the single-particle states may be labeled as
| j1, m1) and | ja, ms). Then the combined state is labeled by

| j1, m1)| j2, ma) or | ji, ma; j2, ma),

and one can define an action of the rotation group on the vector space spanned bu these
combined states to construct the so-called tensor product representation. We now recall the
way in which one can construct such a representation.
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Kronecker Product. Let R := {p, V} and & := {p’, W} be two representations of a
group G. We can easily define an action of the group G on the tensor product V @ W via
the representation p ® p’ : G — GL(V ® W) given by

(p @ p)(9)(Iv), [w)) = (p(g)Iv), p'(g)lw)) - (6.10)

The reader can easily check that (6.10) gives a representation on the tensor product since
the associativity is an immediate consequence of the associativity of both R and &.

Notation. In this course, we shall often denote the direct product element (|v), |w)) by
|v, w), or simply |vw). Similarly, if {|v;)} is an orthonormal basis for V' and {|w,)} is an
orthonormal basis for W, we define an inner product on V @ W by setting

(v, wlv', W' == (w]v){w]|w'). (6.11)

An important special case is the tensor product of a representation with itself. For such
a representation, the matrix elements satisfy the symmetry relation

(P @ p)(9)ia,jb = (P @ p)(9)ai, bj-

The symmetry can be used to decompose the tensor product space into two G-invariant
subspaces. To do this, take the span of all symmetric vectors |v;w;) + |vjw;) and denote
it by (V ® V). Similarly, take the span of all antisymmetric vectors |v;w;) — |v;w;) and
denote it by (V ® V),. It is easy to see that every vector in V ® V' can be written as the
sum of a symmetric and an antisymmetric vector, i.e.

|viw;) = %(|inj> + [vjwi)) + %(|viwj> — [vjwi)).

It follows that
VeaV=VeV),a(VaV),

since the unique common vector is the zero vector. It follows that the Kronecker product of
a representation with itself is always reducible into two representations, the symmetric and
the antisymmetric ones.

6.4.1 Clebsh-Gordan Decomposition

Let j; and j; be irreducible representations of SU(2, C). The tensor product j; ® ja is,
clearly, not irreducible anymore by definition. The idea is to decompose it as a sum of
irreducible representations

J1®@Je=U1+72)@ (U1 +i2—1) @ ®j1 — jol
in such a way that
[71—J2]
|j17 m1>|j27 m2> = Z |‘]7 M><J7 M|j1a mi; j2a m2>7
M=j1+j2

where J = j; + j2. The coefficients of the sum (J, M|j1, m1; ja, ma) are known as Clebsh-
Gordan coefficients.
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6.5 Comparison: SO(3, R) and SU(2, C)

In this final section, we discuss a little bit more about the relationship between the Lie
groups SO(3, R) and SU(2, C). First, recall that

SO(2, R) 2 U(1, C)
via the isomorphism

cosf sinf
—sinf cosf

SO(2, R) > —s e € U(1, C).
(45 220)

The irreducible unitary representations of U(1, C) are all one-dimensional as a consequence
of Schur’s Lemma; namely, we have that

Ym 1 U(1, C) — R, P —

is a one-dimensional unitary irreducible representation for every m € Z. Consider the
fundamental representation (m = 1), given by

cosf sinf
—sinf cosf

SO(2,R)9( >n—>9€R,

and consider the change of basis via a regular matrix

() ()
()~ 51 50

- 00
SROS t= (eo zG) 3

It turns out that

and

€

which means that the matrix S transforms the fundamental representation m = 1 into the

one-dimensional representation given by m = —1 (since e %2 = —1e'?2).

Subgroups. We now show that SO(2, R) is a subgroup of SU(2, C), and we explain the
intuitive reason behind the 2-degree covering

SU(2, C) — SO(3, R).
Recall that the third Pauli matrix 73 is diagonal, and therefore the computation of the

exponential is extremely easy. In particular, we obtain that the subgroup generated by 73
only is given by

which means that 73 generates the U(1, C) as a subgroup of SU(2, C).
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Note that there is a factor 2 on the rotation angle, and this is the main reason behind
the existence of a 2-degree covering. We shall not compute it directly, but one can prove
that

L2

U((0,6,0)) =e" =% = Ry,
and similarly for the subgroup generated by the first Pauli matrix 7'. Intuitively, for any
fixed axis of rotation ¥, there is a subgroup isomorphic to SO(2, R) that consist in all the
rotations of the plane perpendicular to v.

Rotation Group. Recall that the generators of the Lie group SO(3, R) are given by

00 0 0 0
T =0 0 —u, T°=10 0
0 + O — 0

0 — 0
=2 0 0],
0 0

O O =

that are nothing else but the rotations on the coordinate planes xy, yz and zz. Let (o, 8, )
be the Euler angle of rotation, so that a generic element of SO(3, R) in this representation
is given by

Ul(a, B, 7)) = Us(7)U2(8)U1(c),

where U;(0) is a rotation around the ith coordinate axis of angle #. For example, we have
cosa  sina 0
Ui(a) = | —sina cosa 0O

0 0 1

as an element of SO(3, R), and

as an element of SU(2, C). It is easy to check that
U1(27T) :id3><3 and U1(47T) Zid2X27

which means that in SU(2, C) we need to complete "two laps" to go back to the identity
matrix, and this is to be expected as a consequence of the existence of the degree-two
covering.
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Special Unitary Group SU(3, C)

In this chapter, we study more in-depth the special unitary (Lie) group SU(3, C) and the
associated Lie algebra su(3, C). Recall that the set of all unitary matrices

U(N, C):={U € GL(N,C) : U'U =UU" =Idnxn}
is a group with respect to the matrix product. Similarly,
SU(N, C) :={U € GL(N, C) : U'U = UU" =Idyxy, det(U) =1}
is also a group, and it is called special unitary group.

The eight generators of the 3-special unitary group can be computed explicitly in the
fundamental representation (=smallest nontrivial), and they are given by the Gell-Mann
matrices:

(010 L (0 0 o1 (1 0 0
,\1:5100, ,\2:51 0 of, A37§0—10,
00 0 0 0 0 0 0
L (0 01 L [0 0 — L (0 00
)\4:50007 A5_§000, A6_§001,
100 1 0 0 010
1 (00 0 1 (1 0 0
N==-[o 0 —], M=——10 1 o0
2\0 4+ 0 2v3\p 0 -2

We immediately see that SU(2, C) is generated by A!, A and A3, and it is thus a subgroup
of SU(3, C). Moreover, one can easily prove that

1 f (abc) = (123),

1/2  if (abe) € {(345), (147), (246), (257)} ,
—1/2 if (abc) € {(156), (367)},

V3/2 if (abc) € {(458), (678)},

which determines all the possible values of f%°¢ since it is a completely antisymmetric tensor.

1
tr(AANb) = iéab and fabe =
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Killing Form. We can easily check that the killing form (2.9) is given by
: , 3
g = facd pbde —§5ab foralla,b=1, ..., 8.

Recall that a Casimir Operator is a precise element which lies within the center of a Lie
algebra (e.g., the square of the angular momentum modulus in so(3, R)).

Let g be a semisimple Lie algebra, and let g?° denote its metric (2.9). The matrix g is
invertible by Cartan’s criterion, and therefore we can introduce the following notation:

gab = (97 ab
The (quadratic) Casimir operator of the semisimple Lie algebra su(3, C) is defined by setting
C = gap A"\ (7.1)
Lemma 7.1. The Casimir operator C is an element of the center C(g), that is,
[C, T =0 for every T® € g.
Recall also that, if we define cupe := ¢%¢ fb°¢, then it turns out that cupe = Cpea = Cead

and c is totally antisymmetric. In particular, in the case of the special unitary group we
have that

3 . . .
Cabe 1= —5 fber — fea jg also totally antisymmetric.

7.1 Finite Irreducible Representations

The primary goal is to find all the irreducible representations of SU(3, C) and su(3, C),
starting here with the finite-dimensional' ones.

7.1.1 Construction via Weight Diagrams

Let us consider the fundamental (3-dimensional) representation

T 1 0 0
3: | q where |[¢1) = | 0], |g)=|1] and |g3) =[O
q3 0 0 1

The generators A* and A\® are both diagonal, and thus {|¢;) : i € {1, 2, 3}} is a basis for
the both of them. Precisely, we have that

1 1
)\3|(I1>:§\Q1> and )\8|Q1>:ﬁ|fh>,

1
)\3|QQ>:_§|QQ> and NI

2\/3 q2),

1
M lgs) =0]qs) and )\8|Q3>:**3|Q3>~

LA representation is finite dimensional if and only if the carrying vector space V has finite dimension.
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The vectors ¢; are 2-dimensional vectors” in the space generated by A* and A%, whose
coordinate are given by the relations above:

_ (1 _i_ _ (1 1 _ (0 —L
@ =\2 32/3) a2 = 2 23> q3 = V3 )
If we consider the hypercharge operator Y := %/\87 then the points ¢; delimits a regular
triangle as in the figure below:

Y Y

q2 q1

N[/

/N

q2 q1

Figure 7.1: Left. Fundamental Representation 3. Right. Complex conjugate represen-
tation 3*.

We can now employ weight diagrams to compute the tensor product representation 3®3*
(l¢d)), and prove that it is equivalent to the representation 8 @ 1. We consider the vector
sum

Gij =q+q =¢q—q forali,j=1,23

and we obtain the following figure:

In particular, the representation 3 ® 3* is decomposed in a octet 8 with a degenerate
state at the origin, and a singlet which represents the direct scalar product:

1) = lg0)qu) + la2)|g2) + laz)las)-

In a similar fashion, one can prove that the tensor product representation 3 ® 3 (|qq)) is
equivalent to the representation 6 ¢ 3*.

Using the decompositions we derived above we can construct more higher-dimensional
representations, e.g.,

3R3®3=06863")®3=106808d1,

as the reader can easily check by a direct computation.

7.1.2 Generators of the Special Unitary Group SU(2, C)

The generators A', A\? and A3 are, essentially, the Pauli matrices 7¢. Therefore

Span < A, A%, A3 >=su(2, €),

2The rank of a group G is defined as the number of diagonal generators in the fundamental representation.
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q23 q13

11 433
922 421412 q \3 | \3

q32 q31

Figure 7.2: The decomposition of the tensor product representation 3 ® 3*.

/\3

[N

Figure 7.3: The decomposition of the tensor product representation 3 ® 3.
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that is, they generate the algebra su(2, C) inside su(3, C). We also introduce the isospin
operators
Ty =\ £,

and notice that {T, A3} is still a basis of su(2, C). Similarly, we introduce the U-spin
operators
Ugp =X +)7,

and notice that
[U+, U_] = (\/5/\8 — )\3> = 2U3

One can easily check that, similarly to the case of su(2, C), we have the following relations:
[Us, U] =Uy and [Us, U_]=-U_.
In a similar fashion, we introduce the V-spin operators
V=M 4007,

and notice that

Vi, Vo] = (VBA® 4 4F) = 215,
One can easily check that, similarly to the case of su(2, C), we have the following relations:
[‘/3, V+] = V+ and [‘/3, V,] =-V_.

We can use these new spin operators to get a better understanding of what happens when
we decompose the representation 3 ® 3*. Indeed, a straightforward computation proves that
the points of the hexagon are given by TL0, UL0 and V0.

)\3

V_0 U_0
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7.2. QUARK MODEL
The generators A2, A’ and A7, on the other hand, are essentially rotations with fixed axis
z, y and x respectively. Therefore

Span < A%, A5, A7 > s0(3, R),
and the isomorphism is given by sending A? to 73, A% to 72 and A7 to 371. We notice
that 1
tr(AANb) = iéab and  tr(r%7°) = 204,

which means that this is a minimal embedding of so(3, R) into su(2, C)

7.2 Quark Model

In physics an hadron is a subatomic particle (not elementary) that is subject to the strong
nuclear force and is formed by quarks, sometimes associated to anti-quarks. Denote

lq) =

»w Q<

and |q) =

w QS

the quark and the anti-quark respectively.
Baryons All known baryons are made of three valence quarks, so they are fermions, i.e.,

they have half-integer spin. In particular, we denote by
p’ n’ z:77 207 2+7 A? EO? Ei

the collection of the eight baryons of the form |gqq).

Mesons.

Mesons are hadrons composed of a quark-antiquark pair.
meaning they have integer spin, i.e., 0,1, or —1. In particular, we denote by

They are bosons,

LK, R, K
the collection of the eight mesons of the form |¢q).

Representation. We can employ the weight diagrams introduced in the previous section
to describe these octets in such a way to reveal some of their symmetries.

The weight diagrams representation is coherent with the fact that, for example, the
couple (n, p) is an iso-duplet and (7—, 7%, 7
earlier.

T) is an iso-triplet, as we have already proved
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Figure 7.4: On the left the mesons, and on the right the baryons.

The symmetry of SU(2, C) is a "good symmetry" in nature, but the SU(3, C) symmetry
is broken by the masses since m,, and mq are very near, while m; is comparable with Agcp.
More precisely, assuming ¢ = 1, we have that

My ~ D MeV

< Agep ~ 200MeV  while m, ~ 200 MeV.
mleoMeV}< Qep o wamem ¢

7.2.1 Young Tableaux

In mathematics, a Young tableau is a combinatorial object useful in representation theory.
It provides a convenient way to describe the group representations of the symmetric and
general linear groups &,, and to study their properties.

We will not develop this topic here. The interested reader may consult [2, Chapter
25.5]. We only note that Young diagrams are in one-to-one correspondence with irreducible
representations of the symmetric group over the complex numbers.

There is a nice way to introduce Young diagrams as a natural consequence of the sym-
metry properties of a system of n particles interacting between themselves. We consider

Yay (1) -+, (n),
where a; € {1, ..., p} is, in a certain sense, the set of all properties.

The idea is to consider the symmetrization, anti-symmetrization and a mix of both of this
expression with respect to the exchange of particles, and denote them via Young diagrams.
For example, if n = 2 we have

(T 1= — (hor (Vs (2) + a0 2),
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and

1
=5 (wal (1)1/)112 (2) - 1/)a2(1)¢a1 (2)) .
V2
Denote by w?ﬁ 5 the symmetrization with respect to the indices (1, 2), and denote by 1%‘72

the anti-symmetrization with respect to the indices (1, 2). If n = 3 we have either a totally
symmetric tensor, a totally antisymmetric tensor or a mix as follows:

[T []= Z Vay (0(1))¥a, (0(2))ay (0(3)) = U7 2,5,

' ceBs

The total symmetrization and anti-symmetrization can be computed explicitly for any value
of n and p as follows:

[:I:I:]"'[:} 25: ¢h1 ¢h2( ( »...¢@n(a(n)%

066

S (1O, (0(1) s (0(2) ey (0(3) = U5,

AR

E\H

and

= 3 (1S |t (0(3)).

— [dSICP

and

@ T Y mee, (10, (0(1))ar (9(2)) - Ya, (0(n) if 0 <p,
0

if p>n.

Special Unitary Group. Let us consider neutrons of the form

=)

subject to the action of the special unitary group SU(2, C). It is easy to check that

ping — NP2
% - H ~1, (7.2)

that is, the antisymmetric form corresponds to the singlet 1 as a consequence of the fact that
the relation above is invariant under the action of SU(2, C). Indeed, consider the vectors

i _ (a =b"\ (p1) _ [ap1 —b'm
n} b a* n bp1 +a*ny )’
ph\ _ (a —=b*\ [(p2\ _ [ apa —b*ng
ny)  \b a* no ) \—bpa+a*ny )’

and



The following result
and the first applica-
tion is taken, almost
verbatim, from [2,
Chapter 25.5].
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A straightforward computation yields to

pinb — niph = (ap1 — b*n1)(bpa + a*n2) — (bp1 + a*ny)(aps — b*n2) =
= —bb*nips — aa*nips + aa*ping + bb*ping =

= pinz — nNi1p2,

and this proves the invariance under the action of SU(2, C). The antisymmetric form
corresponds to the so-called deuteron, whose electric charge is one. In a similar way, one

can prove that
[T ]~3, LT ~4 ete...

On the other hand, here n is equal to 2, and this means that the unique totally antisymmetric
setting is the invariant one described above, that is,

=0.

In particular, a Young diagram for the group SU(2, C) is equivalent to a totally symmetric

one since
-0 o -

There is a simple rule, that can be found in [2, Chapter 25.5], that allows us to find the
decomposition of a direct product of two representations.

In the following example, we show that what we have already proved for SU(3, C) may
be obtained via Young diagrams in a simple and coherent way. We shall now describe that
rule, but we do not present any proof here.

Theorem 7.2 (Young Rule [2]). To find the components of Young frames in the product
of two Young frames, draw one of the frames. In the other frame, assign the same symbol,
say a, to all boxes in the first row, the same symbol b to all the boxes in the second row, etc.
Now attach the first row to the first frame, and enlarge in all possible ways subject to the
restriction that no two a’s appear in the same column, and that the result graph be reqular.
Repeat with the b’s etc., making sure in each step that as we read from right to left and top
to bottom mo symbols counted fewer times than the symbol that came after it. The product
is the sum of all the diagrams obtained in this way

To illustrate this procedure, we shall compute the product 8 ® 8 between representations
of SU(3, C). More precisely, consider the product

| L11]
®2

We now apply the first row to the frame on the left, and we obtain the following four
Young diagrams:

171 1] [1]
L 1 111 1

1

Now we apply the second row to each of these graphs separately.
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First Diagram. We cannot put a 2 to the right of the 1’s, because in that case, as we
count from right to left, we would start with a 2 without having counted any 1’s. The
allowed graphs obtain from the first diagram are thus given by

[1]1]

1[1]

Second Diagram. Applying the to the second graph yields to

1]

—_

Third Diagram. Applying the to the third graph gives

1‘ ‘1‘

L
- 2]

Fourth Diagram. Applying the to the fourth graph yields to

|1
— 12

In particular, the entire process described above can be easily written in terms of frames
as follows:

M A " o

42 e +

On the other hand, we are dealing with two representations of SU(3, C), which means that
the Young column of length 3 is the singlet. The result is thus given by

8@8 = L+ ...

..+2 ‘_i_ =

=2

-3

+10+ 10" +8+8+1
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The fifth addendum and the seventh addendum are zero because N = p = 3, and therefore
every column of length 4 or more is automatically zero (as we already mentioned above).

Example 7.1. The fundamental representation of SU(3, C) is given by

3~

]

The reader may check, as an exercise, that the following computations are correct and
compare them with the results we already know.

while its adjoint is given by

We now want to generalize the relation (7.2), that is, in the special unitary group
SU(2, C) the totally antisymmetric form corresponds to the singlet 1.

More precisely, we shall prove that the Young diagram with N rows and 1 column is the
singlet in SU(N, C) for all N € N. First, notice that we have

where the a;s takes value in the set {1, ..., n}. Let U € SU(NV, C) be an arbitrary unitary
transformation, and consider

U = Ui = (¥7); = Uj e(¥i)e,

where (¢;)¢ denotes the ¢th component of the ith vector. It suffices to prove that

Y (e (o(1)n(0(2) . Yalo(n)) = D (—1) Y (0(1))ih(0(2)) ... 4 (0 (n),

ceS,, ce6,
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where 1;(0(j)) denotes the component (1;);. A simple computation yields to

Y OO (o(1) . (o(n) = D (1) Uy (W) Uy, e(on)e =

ceS, oc€G,

= WU 4y ((@n)e- - Uiy, e($n)e =
_ 60(1)---"(”)det(U)(1/)1)0(1) e (wn)g(n) =

= Y (191 (0(1)) . (o (n)),

ceS,

which is exactly what we wanted to prove.

7.2.2 Adjoint Representation

The Young frame of the adjoint representation of a given representation is extremely easy
to find, especially when we are dealing with SU(N, C).

Indeed, we know that the Young column of length N corresponds to the singlet 1 in
SU(N, C), and therefore, given a representation % with a Young frame, we can find the
Young frame of #* as the "smallest" one that attached to the one of #Z gives a singlet.

Example 7.2. The adjoint of the fundamental representation 3 ~ D is given by 3* ~ H

=h
i-H-

The adjoint of the representation 6 ~ | | |is given by the square, i.e.

since

since

7.2.3 Multiplicity

There is an easy way to find, given an arbitrary Young frame, the corresponding represen-
tation in SU(3). Indeed, if we consider the number p; of squares in the first row that have
no other square attached below them, and the number py of squares in the first row that
have no other square attached below them, then

1
N3 = 5@1 +1)(p1 +p2 +2)(p2 + 1)
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is the corresponding representation. For example, we have that

L1

because p; = 2 and py = 1.

7.2.4 Baryons, Resonances and Colors Model

Recall that the known baryons are made of three valence quarks, so they are fermions, i.e.,
they have half-integer spin. In particular, we denote by

— 0 —0 ——
p7n527272+7A7:7:

the collection of the eight baryons of the form |gqq). Using Young diagrams we infer that

lggg) ~[ ][ Je[ J=[ 11 ]+ n +@~1@8@8@1,

and therefore we would like to know something more specific about the composition of the
decuplet. We will not give any details, as this topic will most likely be presented in a better
way in a Quantum Physics course, but we simply recall some basic facts.

The four A baryons form a quartet in the weight diagram of 10, and they are given
by ATT (constituent quarks: |wuu)), AT (Juud)), A® (Judd)), and A~ (|ddd)), which
respectively carry an electric charge of 42, +1, 0, and —1. They have spin and isospin %,
and mass ~ 1240 MeV /2.
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A= AY | AT OATE

s

)\3

Figure 7.5: The decuplet of baryons. Note that the charge is constant on each diagonal
and takes value in {—1, 0, 1, 2}.

The baryon Q™ is given by | sss) and, as we will see in a few moments, this is one of the
reasons why we need to introduce the notion of colors. First, notice that

ma- ~ 1650 MeV /c?,

which is way different from the energy of the A baryons since the symmetry in SU(3, C)
is broken by the introduction of the strange quark s, which brings a mass comparable to
Agcp, and this does not happen for u and d.

Furthermore, the baryon | sss) is totally symmetric with respect to the space, and this is
a direct contradiction with the Fermi-Dirac statistic, which asserts that it should be totally
antisymmetric.
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7.3 Fundamental Representation in SU(2, C) x U(1, C)

In this section, we want to decompose the irreducible representation 8 of SU(3, C) in the
product of irreducible representations of SU(2, C) x U(1, C). Recall that

_ 2 1 _2
Yf\/gT and 3~[ | <2,3>€9<1, 3>
| S |
~[3]

It follows that

since both and - are zero.
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Special Orthogonal Group SO(4, R)

In this chapter, we study more in-depth the special unitary (Lie) group SO(4, R) and the
associated Lie algebra so(4, R). Recall that the set of all orthogonal matrices

O(N, R) := {0 € GL(N, R) : 070 = 00" =Idy«n}
is a group with respect to the matrix product. Similarly,
SO(N, R) := {0 € GL(N, R) : 0"0 = 00" =Idyxy, det(0) =1}

is also a group, and it is called special orthogonal group.

8.1 Representations of SO(4, R)

The six generators of the 4-dimensional special orthogonal group can be computed explicitly
in the representation 4, and they are given by the following matrices:

00 0 O 0 0 2 O 0 — 0 0
23 00 — O 31 0 0 0 O 12 (3 0 0 0
M= 0+ 0 0}’ M = - 0 0 0}’ M= 0 0 0 0]’
00 0 O 0 0 0 O 0 0 0 O
00 0 — 00 0 O 00 0 O
o0 0 o 2 |0 00 = s |00 0 0
M= 00 0 o0} M= 00 0 o0} M= 00 0 —
1 0 0 O 0 2 0 O 0 0 « O

We immediately see that SO(4, R) is generated by the rotations restricted to all the possible
coordinate planes. More precisely, the matrix M* is a rotation on the plane Span(i, j).

The elements of SO(4, R) can be easily computed via the exponentiation of the matrix
M since we already know that

0 ) ( cos 0 sin@) .

—sinf cos6
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In particular, it turns out that

1 ifk=¢and k#1i, k#j,
cos 6 ifk={¢=iork=/{=j,
(e“‘)M”')k = {sin0 ik 0) = (i, ),

—sinf if (k, £) = (4, 1),

0 otherwise.

This computation is quite surprising because, for one thing, it implies that 4 is not the
smallest nontrivial representation of SO(4, R). Indeed, as we will be able to show soon, the
associated Lie algebra so(4, R) can be decomposed as the direct product of two invariant
Lie algebras.

Our goal is now to find the relations between the generators, that is, [M¥, M**]. To
complete this task, we first rewrite the generators in a more compact manner in terms of
the Dirac deltas, that is,

(M”)kg = _Z(éik(;jl — 6il5jk)~ (81)
It follows from (8.1) that
g 0 if {i, j} N {k, 1} = 2,
b, M =
—aM* if {i, 5} N {k, 0} # @.

The algebra so(4, R) is thus given by the direct product of two invariant subalgebras if we
consider a new set of generators defined by

Sl _ %(M23 + M41), Svl _ (M23 o M41),

1
2
2 L 3 42 2 L3 42
S :§(M + M), S :§(M — M*%),

1
S3 — §(M12 + M43), 53 — (M12 _ M43).

1
2
In fact, the reader can quickly verify that from (8.1) it follows that
[S?, §7) = 1k SF
[S%, 59] = 1€k Sk,
[S°, 89 =0,
which means that
so(4, R) = su(2, C) ®su(2, C) = Span(S*, 52, %) @ Span(S!, 52, §2).

In particular, the Lie algebra so(4, R) is not simple, but one can easily show that it is
semisimple since no invariant subalgebra is abelian (e.g., su(2, C) is not commutative).
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Consequently, there exists a bijective correspondence between the representations of
so(4, R) and the representation of the direct product su(2, C) ® su(2, C). For example,

(L)< 1 or (22«4,
while the mixed representations (2, 1) and (1, 2) are usually called spin representation.

Notice that these do not represent Dirac spinors because both (2, 1) and (1, 2) are given
by elements with four components. Since only two of them are linearly independent, it turns
out that these are Majorana spinors.
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Euclidean Groups Ej,

In this chapter, we study more in-depth the special unitary (Lie) group E,, and the associated
Lie algebra, denoted by es.

Recall that FE,, is the symmetry group of the n-dimensional Euclidean space (R™). Its
elements are the isometries associated with the Euclidean distance and are called Euclidean
isometries or Euclidean transformations.

9.1 Two-Dimensional Euclidean Group FE5

The two-dimensional Euclidean group Es is the symmetry group of the plane, and its ele-
ments are the transformations of the form

T cos —sinf T ai
(y> — (sin9 cosf ) <y) + (a2> ’ (9-1)
where @ € [0, 27) is the rotation angle, and a = (a1, az)? € R? denotes the translation.

In the previous chapters, we proved that the generic transformation of the form (9.1)
may be equivalently rewritten as a 3-dimensional transformation:

X R(Q) a1 X
Yy — a9 yl,
1 0 01 1

where R(#) denotes the rotation of angle 6, that is,

R(0) — ((3059 _sme>_

sinf  cos@

The generators of the Lie algebra (computed in the second chapter) are given by

1__,90
P = (5
2_ _,0
P = Gt

— 9 1o}
J772<x3—y7y%),
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since one can easily check that

wa Pt [T . 1 X T+ aj

! ~ (id2x2 + a1 P = ,
‘ (y) (idzz 4100 F7) <y) ( y >
za2P2 €T ~ (1 2 €T _ €
e (y) ~ (idaxo + a2 P~) (y) = <y+a2> ,
wi (T . z\ [z —0y
e (y) ~ (idaxo + 16J) (y) = (y) + ( 0 > .

We can easily compute the value of the commutators

[P, P?] =0,
[Pla J] = 72P2;
[P?, J] = P?

from which we infer that, for any a € {1, 2, J}, we have
f12a =0 and fl]2 — 7f2J1 - 1.

Recall that the action of any element of the group Es can also be seen as the action of a
3-dimensional matrix, which will be denoted from now on by g(a, 6):

X al X X
R(H

y|— ©) az | [y | =9(a 8|y

1 0 0] 1 1 1

The product between any two elements is given by
g(a, O)g(b, ¢) = g (R(0)b+a, 0+ ¢),

and this is the composition rule that characterize the two-dimensional Euclidean group Es.
Using this notation, we can easily write the generators P!, P? and J as follows:

0 — 0 0 0 1 000
J=|2 0 o], P'=|00 0], P’=[00 :
0 0 0 000 000

Remark 9.1. Notice that we cannot use the representation of the Euclidean group

T R(O) | “
Yyl as
1 0 01

to find the generators of F5. The reason is that, although the form is useful to multiply the
elements of Fs, it is not the right vector space (and we shall see soon that a similar thing
happens for the Poincaré group.)

We can easily compute the elements in this particular representation by noticing that

(PHY? =0 fori=1,2 = (P)"=0 fori=1,2and for all n > 2,
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which means that the exponential power series has only two nonzero terms, i.e.,
et Pt idsxs — 20, P! = g((a1, 0), 0) and erazP? — id3x3 — 202 P% = g((0, as), 0)
while the rotation is computed as usual:

cosf sinf 0
elg‘] = | —sinf cosf 0| = R(_e) = g(ou _9)
0 0 1

Notice also that
t:= Span(P', P?)

is an invariant subalgebra, generated by P! and P2, which is also abelian. In particular,
the algebra associated with Es is not semisimple (and thus, it is not simple), and we can
always write

g(a, 0) = g(b, 0)g(0, ) = ez =t®so0(2, R).

We now want to study the action of a rotation on the generators P?, for i = 1, 2, in
order to show that the translations form a normal subgroup of Fs. First, notice that

e " Pl = g(0, 0)P'g(0, ) =

cosf) —sinf 0 0 0 =+ cosf@ sinf 0
= |sinf cosf O 0 0 O —sinf cosf 0| =
0 0 1 0 0 O 0 0 1
cosf) —sinf 0 0 0 =
= |sinf cosf® O 0 0 0] =
0 0 1 0 0 O
0 0 zcosf A
=10 0 sinf | = P'cos+ P?sinf = Pig(0, 0); 1,
0 0 0
and, in a similar way, we also have that
e—iOJPQGWJ — g(O, H)Plg(O, _9) —
cosf) —sinf 0 0 0 O cosf) sinf 0
= | sinf cosf@ O 0 0 =2 —sinf cosf 0| =
0 0 1 0 0 O 0 0 1
cosf) —sinf 0 0 0 O
= |sinf cosf O 0 0 2| =
0 0 1 0 0 O
0 0 —sinf 4
=10 0 1cosf | =—P'sin+ P?cosf = Pg(0, 0); o.
0 0 0
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It follows that

g(0, B)g(a, 0)g(0, 6)~! = o~ 0R (a1 P +a3P?) a0R _
= e " (id3x3 — 101 P* — 102 P?) "7 =
= id3><3 - ZalPi’g(O’ 9)7;7 1 — Zan*_)ig(O7 0)7;)2 _

1 0 ajcosf —assind
0 1 apsinf+agcosf | =g(a’,0),
0 0 1

where a’ is a new translation vector defined by the product

Theorem 9.1. The subgroup of all translation
T:={g(b,0) : be R’} C E;

is an invariant/normal subgroup of Es.

Proof. Let g(a, 0) € T be a translation, and let g(b, ) be an arbitrary element of E>. From
the identity proved above, it follows that

g(b, 0)g(a, 0)g(b, 9)_1 = g(b, 0)g(0, 0)g(a, 0)g(0, 9)_19(_b7 0) =
= g(b, O)g(R(Q)a, 0)g<—b, 0) =
=g(R(f)a, 0) € T,

and this concludes the proof. O

In particular, we can consider the quotient group EZ/E. It is interesting to notice that
any element in the quotient depends on the rotation only since

lg(c. 0)] € P2z = g(a, 0)[g(c, 0)] = [g(c, 0)].

and therefore
[9(c, 0)] ={g(b,0) : b=c+a, ac R’} =

={g(b,0) : beR*}.

In particular, the elements of the quotient group EQ/@ depends on the rotation angle 6 only,
which means that

is an isomorphism, that is,
By /e 2 50(2, R).
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9.1.1 Irreducible Representation of FE,

In this section, our goal will be to determine all the finite-dimensional irreducible represen-
tations of the Euclidean group FEs.

Remark 9.2. The Euclidean group E» is not compact since the norm of the elements g(b, 6)
is arbitrarily big (and, hence, not bounded). Unitary representations of non-compact non-
abelian Lie groups (like E2) tend to be infinite-dimensional, as we will see in a few moments.

Trivial Representation. Fix m € Z. There is a "trivial" representation given by
g(b, 0) — Uy (b, 0) := ™7, (9.2)

To assure that (9.2) actually defines a representation, we simply need to check the associa-
tivity property. Indeed, from the product formula

9(a, 0)g(b, ¢) = g(R(0)b + a, 6 + ¢),
we immediately infer that
g(a, 0)g(b, ) — T = Upu(a, )Un(b, ),
which means that (9.2) satisfies the associative property.

The problem with this particular representation is that it does not bring any information
about the translations, and therefore it is not a faithful representation. On the other hand,
the map (9.2) gives a faithful representation of the quotient space

[9(0, 0)] — Uy, (6) := ™7, (9.3)

Infinite-Dimensional Representation. Let us consider the Casimir operator relative
to the translation invariant subalgebra, i.e.,

P? = (P1)2 T (PQ)Q.
Recall that P2 commutes with every other generator P!, P? and J. Indeed, a straightforward

computation shows that

P2, J] = P[P, J]+ [P, J|P' + P?[P?, J] + [P?, J|P? =

= —1P'P? —4P?P! +1P?’P' +P'P? = 0.
We also consider the up/down operators P, defined by setting
P, = P! +4P?,

and we notice that
[Pi, Pi} =0 and [J, Pi] = :|:Pi.

In particular, the Casimir operator P? commutes with the generator .J, which means that
there exists a common basis of eigenstates (i.e., they are simultaneously diagonalizable).
More precisely, let us consider an orthonormal basis |p, m) such that

{J|p7 m>:m|P7 m>7 {<pam|pa m>:17
and

P2 |p, m) = p*|p, m), {p, m|p, m'y = 0.
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In order to understand how the up/down operators Py acts on the eigenstates, we first
notice that

J(Py|p, m)) = Py |p, m) + mPy |p, m) = (m+1)Py |p, m),

which means that there exists a complex ¢ € C such that Py |p, m) = ¢|p, m + 1). To
compute the absolute value of ¢, we employ the orthogonality and the identity above as
follows:

lel* = (p, m+ 1] |c* |p, m+ 1) = (p, m| P~ Py |p, m) = p* {p, m|p, m).
|:—1|

In particular, we have that
p p
‘C|2:p2 :>6::|:; :>Pi|pvm>:i;|p7mi1>a

and therefore we need to consider every possible value of m to have a basis of eigenstates
{|p, m)}mez, which clearly gives us a infinite-dimensional vector space. It follows that

9(0,0) |p, m) = e~ |p, m) = e | p, m),

which means that the "trivial" representation presented above gives the eigenvectors of the
pure rotations in F5. Therefore, if we employ the fact that the basis is orthonormal, we find
that

<p7 m/ |g(03 0) ‘pv m> - 5m,m’eilm0'

We now want to do the same computation with a translation element g(a, ), but, surpris-
ingly, it requires quite a lot of work. First, recall that

9(07 9)9(a7 O)g(O, 9)_1 = g(a', 0),

and hence we can always write a as a suitable rotation.

Namely, let ¢ be the angle between the x-axis and the vector a, and consider the pro-
jection ag := (a, 0) for a equal to the length of a, i.e., a = |a|. Then
a= R(d))ao — P2 = 9(0’ ¢)g(307 0)9(0’ (b)ilv

which yields to the following identity:

g(a, 8) = g(0, 8)g(0, ¢)g(ao, 0)g(0, ¢)~".
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A straightforward computation shows that
(p, m" | g(a, 0)| p, m) = (p, m"| g(0, 6)g(0, $)g(a0, 0)g(0, ¢)~" |p, m) =

= e—zm9<p7 m’ |g(0, (b)g(aO, O)Q(Oa (b)_l |p7 m> =

—zm@eub(m—m') <

=e p, m e | p,m) =

— e—zmeezd)(m—n%')<p7 m' | e—zPla |p7 m> _

—zm@ew)(m—m') <

—e p,m’ e Pt [ m) =

, +oo 1 s k+¢
= e Ml grd(m—m’) Z T () (P, m/ | prf |p, m) =

2
k, £=0
“+o00 k-+¢
B o, 1 [ —a PNk /1 p\*¢
— im0 1p(m—m') i et (7) (_,) Oors —
[§] e Z Al ( B ) ) ) m’, m+k—~{
k, £=0
I (Lk k4¢
_ . —wmb _1p(m—m') ( 1) (]ﬂ) ,
=e e Z A 9 6m ,m+k—~£-
k, £=0

Notice that for m > m’ we can consider £ := m — m’ + k, and obtain

+0oo _1\k 2k+m—m'
' _ emmbgotm-m) N~ (FDT pa -
(p, m"|g(a, 0)|p, m) =e"""e ;k!(mm'+k)!(2)

m—m' T 1)k 2k
— a—tmb 1p(m—m") (@) L (@ =
¢ ¢ 2 kzzok!(m—m’—kk)! 2)

= om0 i (ap),

where J,(z) is the Bessel function defined by

R D)
2= (3) Larprien 04

Recall that the Bessel function is the solution, regular at z = 0, of the second-order differ-
ential equation
d? 1d V2
[ 1 _—— =

while the Gamma function is defined by setting

+oo
I'(z) := / t*"te~tdt for all Me(z) > 0,
0
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which can be easily extended analytically to the whole complex plane except at the integers
(Z_) less than 0. Furthermore, the Bessel function satisfies a nontrivial symmetry property

J_u(z) = (-1)"J,(2) forallveZ. (9.5)

Now, notice that for m’ > m we can consider k := m' —m + £, and obtain

1)m'7m+€ (pa 204+m’—m
>)

“+oo
1 _ . —wmf 1p(m—m') (_—
(p, m' | g(a, 0) | p, m) = e~ ; T

’

m —m too _
— o1l gré(m—m’) (,%) Zz:; (m/(ml)j_w (;,?)22 _

= emtmlgrd(m—m’)(_ym'=m g (ap) =

(LS) e_zmaew(m_m/)Jmfm’ (ap)a
which means that for all m, m’ € Z we have
(p. m'| g(a, 0) [ p, m) = e~ i (ap).
Remark 9.3. The representation presented here reduces to the "trivial" one when p? = 0.

Remark 9.4. If p? is different from zero, we can choose a different system of coordinates.
The Casimir operator P? commutes with P! as well, and therefore we can find a simultaneous
basis of eigenstates | p, 0) in such a way that

P'p,0)=p[p,0) and P*[p, 0)=0,
while the Casimir operator gives
P?(p, 0) = p”|p, 0).

A straightforward computation also proves that

J‘p7 0> = ‘R(a)p0> where Po = (p7 O)



Chapter 10

Lorentz Group

The Lorentz group, denoted by O(1, 3), is the group of all the invertible matrices A €
GL(4, R) preserving the Minkowski space-time metric, that is, satisfying

AzgnAAi\ = Guv, (101)
where
1 0 0 0
_ ( ) 10 -1 0 0
9 = 9uv)p,v=0,...,3 = 0 0 -1 0

0o 0 0 -1

is the standard Minkowski space-time metric with signature (1, —1). The transformations
of the Lorentz group are thus given by

p* — ALpY, (10.2)

where A is a regular matrix satisfying (10.1) and p* is a contravariant 4-vector.

10.1 Introduction

In this chapter we will mainly focus on a class of equivalence of the Lorentz group O(1, 3),
namely the connected component SO+(1, 3) (usually called proper orthochronous Lorentz
group), which will be introduced shortly.

Recall that the inverse of g is usually denoted via upper indices, in such a way that the
Einstein convention works just fine, that is, we set

g = (g ") foru,v=0,...,3.

We say that a quadrivector p* is contravariant, and the quadrivector p, is covariant. It
follows that the scalar product induced by the Minkowski space-time metric g,, can be
compactly written using the convention introduced above:

gy == p"q" 9w = Ppav g™’ (10.3)
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Notice also that from (10.1) we necessarily have
[det(A)]> =1 = det(A) = +1,

and we decide (arbitrarily) to work in the component of the space whose elements satisfies
the constraint
det(A) = 1. (10.4)

Additionally, notice that

3
=) i
AlgmA) =g =5 (AP =D (AP =1 = (A} > 1,
i=1

which means that either AJ is greater than or equal to 1 or less than or equal to —1. We
decide (arbitrarily) to work in the component of the space where

A > 1. (10.5)

The connected component of O(1, 3) satisfying the properties (10.4) and (10.5) is called in
the literature proper orthochronous Lorentz group, and it is usually denoted by ¥ .

Remark 10.1. Recall that the Levi-Civita tensor €., is defined by setting

1 if (uvAo) even permutation of (0123),

€uvro = —1 if (urAo) odd permutation of (0123),

0 otherwise.

The reader may check that the matrices A € T satisfies the following useful property
€pvro = AgAEA}AgGaﬁvé

by means of the following well-known formula for the determinant:

1= det(A) = €uroAfATAZAS.

In particular, the Levi-Civita tensor is called invariant tensor for the proper Lorentz group,
since it satisfies the same properties of the Levi-Civita tensor €;; in the group SU(3, C).

10.2 Irreducible Representations of T : Part I

In this section, we investigate the irreducible representations of the group ¥, and we take
a closer look at the Lie algebra.

10.2.1 Generators

Recall that the Lie group SO(4, R) is generated by the six matrices M where the couple
(i, 7) denotes the rotation plane and ranges between the axes &, ¢, 2, .
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Using a similar notation, we now introduce the generators of the proper orthochronous
Lorentz group ¥4, and we show that - accordingly to what happens in SO(4, R) - only 6 of
them are actually necessary. Let

(JM)Z = —1(0%gop — Oygr,) for A\, o=0,...,3,
and notice that these are antisymmetric with respect to the swap of indices, that is,
Ire = —Jox,
so that only 6 of them are actually necessary to generate the Lie group .. We define
Ky i=Jm,0 form=1,2,3,

and we notice that these are nothing but the boost in the spacial directions (Z, § and 2
respectively.) In a similar fashion, we define

1
Jp = §ekm"Jm,n for k=1, 2, 3,
and we notice that these are the generators of the rotation subgroup (isomorphic to SO™ (3, R))
with respect to the spacial coordinates.

The set of generators {Jxs}a, 0=0,...,3 may be equivalently replaced by the generators
{Km, Ji}m, k=1,... 3 Lie group T4. and it is easy to see that

1 0 0 0
peos . |0 c@)e(0)c(9) = s(a)s(d)  —c(a)e(d
et {00 s(a)e(B)e(¢) — cla)s(¢)  —s(a)e(f
0 —5(0)c(¢) 5(0)s(9) c(0)

where ¢(-) and s(-) denote the cosine and the sine respectively, is the transformation in T
associated to {Ji}r=1,2,3. The matrix

¥y 0 0 —p
85 0 1 0 0
Aboost T 0 0 1 0
-8 0 0 ~

is, for example, the boost transformation along the z-axis. The parameters of the boost
elements are nothing else than the Lorentz transformations parameters, that is,

1
BZEE[—l,l] and y=—=2>1
c

V1-p62 7
Remark 10.2. There is an alternative parametrization for the boost elements. Namely, we
replace 8 with the hyperbolic tangent of another parameter, that is, we set

B = tanhw.
Then w takes value in (—oo, 400), and therefore
1
Y= —=——— =coshw > 1,

V1 — tanh?w

which gives us the boost transformation

coshw 0 0 —sinhw
5 0 1 0 0
ywE o _
Aboost T 0 0 1 0
—sinhw 0 0 coshw
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10.2.2 Lie Algebra of ¥,

In this section, we investigate the Lie algebra associated to T, denoted by so*(3, 1), by
means of different sets of generators. First, a simple computation shows that

(J;w)g(Jm\)g = (_Z)Z (égguﬁ - 639#5) (559)\7 - 65907) =

= _5gguﬂ6£g)\v + 5/3[91/55590'7 + 539Mﬂ5£g)\7 - 539#[355907 =

_5gguag)w/ + 6ggu/\gaw + 6gguog)w - 639#/\90"‘/ =

=1 [(Jw)tigov - (J,“,)gg,w] )

and therefore

[y JUA]?; = (Juu)g(JaA)g - (Ja/\)g(Jw)g =
=1 [(J/w)iga'y - (JAW)ggM - ((JU)\)SgH’Y - (JUA);O;QV’Y” =

=1 [(JHV)(;:QUW - (Juu)ggx\v - (JUA)SQW/ + (Jak)zgw] .

In order to simplify the Lie algebra, it is convenient to use the 6 equivalent generators
introduced above, that is, {Ji, K}k, m=1,2 3. It turns out that

[Jm7 Jn] = 'Lemnkjkv
[Kma Jn] = 'LemnkKkn
[Kma Kn] = _ZemnkJIm

and therefore (looking at the first identity) the set of generators {Ji}r=1 2,3 forms an
invariant subalgebra isomorphic to so(3, R), that is, we have an isomorphism

Span(Jy, Ja, J3) = s0(3, R) C so(3, 1).

Let us consider now the up-down generators, given by

M, = %(Jn +1K,) and N, := %(Jn —1K,)
for n =1, 2, 3, and notice that
(M, M) = t€mmneMo,
[Nin, Np] = —t€mneNe,
(M, Ni] =0,

which means that the sets of generators {M,, }n=1, .. 3 and {N,, }n=1, .. 3 form two invariant
subalgebras, both isomorphic to su(2, C). It follows that the Lie algebra of the Lorentz group
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%+ is isomorphic to the product of two copies of the Lie algebra associated to su(2, C), that
is, there is an isomorphism

s0(3, 1) ~ Span(M,,, Nywhm, n=1,2,3 ~ su(2, C) x su(2, C).

It follows that the irreducible finite-dimensional representations of the Lorentz group T,
are in correspondence with the couples (j1, jo), where j1, jo € 271 -Z denote the irreducible
representations of SU(2, C) (which have been already investigated thoroughly in the previous
chapters.) For example, the couple

(0, 0) denote the trivial representation,

() 02

are usually referred to as spinorial representations of chirality left (L) and right (R) respec-
tively, and we will study them more in details in the subsequent section.

while

10.3 Spinorial Representations

The goal of this brief section is to expand a little bit on the last notion we introduced in
the previous discussion: the spinorial representations.

Remark 10.3. The Lorentz group ¥, is not compact since the boost’s parameter v can
be arbitrarily big (v > 1), and thus its norm is arbitrarily big. It follows that irreducible
representations need not to be finite-dimensional.

First, recall that the special linear group SL(2, C) is a 6-parameters Lie group because
an arbitrary element is given by

artif as+1B2 A
(ag 4B au+ 254) for oy, B; € R,
satisfying the constraint detA = 1, which gives us two equations (real and imaginary part).

In the first half of this section, the main goal is to prove that every transformation in
the Lorentz group T corresponds to an element of the group SL(2, C), and infer that

T, = SL(2, C).

Denote by o the ith Pauli’s matrix. We introduce an useful notation that takes into account
the particular form of the Minkowski metric, that is,

ot = (—idax2, 0')i=1,2,3,

and

ot = (—idaxa, —0")i=1,2,3-

Let p* be a given 4-vector. We associate to p* the matrix

P :=yp'o,,
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where 0, = 0"g,,. A straightforward computation shows that

0_ .3 1 2
. — — — + zp
P000201< P —=p° —p )
p p —p1 N ZpQ _po +p3
and, therefore, we can easily reverse this operation and find that

1
pH = §Tr [6"P],

where P is the matrix above. In particular, every 4-vector p* corresponds to a matrix,
denoted by the capital P, and therefore it suffices to show that SL(2, C) acts on P in the
same way T4 acts on p* to infer that

T, =SL(2, C).
Let M € SL(2, C). The action on P is defined by
P+—s MPM' =P,
and this shows immediately that
p'pp = detP = detP’ = (p)"p),.

Example 10.1. Let ¢ € [0, 27). The matrix M could be chosen in such a way that

, . 1 PR
Mg:—62¢03_<e 0¢> or M_62¢52_(0052¢ sm%>.

—15 —qin & @
0 e 2 Sin 5 [0} 5

wle-

Furthermore, if w € (—00, +00) is the parameter introduced above, it makes sense to con-

sider the real exponential
L lues  [€7 0
M, :=e2 = < 0 e“z))

since, given a 3-dimensional vector v, it is easy to see that

Tr(c') =0foralli=1,2,3 = det [eég'g} =1.

Let us focus on the complex exponential transformation induced by the matrix My
introduced above. A straightforward computation shows that

[} ]
a0 =’ =p° —pl+wp?) ez 0
PP =% ( , -
( 0 e3)\~p' —wp® —p"+p’ 0 e

where
(") =p°, (p') = p'cosf + p*sinb, (phY -
and = ( 2 /> = R(-0) < 2> :
(»*) =p? (p?) = —p'sind + p? cosd ®°) p
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In a similar fashion, if we focus on the real exponential transformation induced by the matrix
M, introduced above, we have that

, (e 0 —p’ —p* —pt+wp?\ ez 0\ _
P'_>P_(O e‘3>(plzp2 —p° + p? 0 e 5)

(p') =p, (p°) = p°cos @ — p3sin 6, (") 0

- (5)-m05)
(p*) =, (p®) = p°sin 6 + p® cos b

In particular, the complex exponentials (w.r.t. the Pauli’s matrices) give us the transforma-

tions of the form A?ff, while the real exponentials give us the boost transformations, and

therefore we can finally infer that
T, = SL(2, C).
We are now ready to investigate the spinorial representations introduced above. Consider a

Weyl spinor (L) with two components 1) = () ~ (%, 0) that transforms like

P M1,

and notice that 1 ~ (0, 1) and
Y — M*.

It follows that
Y = ()a = MEypg,

and, if we set 9 := €*#1)5, then one can easily prove that
(W)™ = (M~H)5y".
In a similar fashion, one could also prove that the conjugate transforms in a similar way,
that is,
" * " " —1\*]<% 7
(@)a = (M*)ots = () = [(M1)*]54".
Let ¢ and x be two Weyl (L)-spinor. The scalar product is commutative as a consequence
of the following, straightforward, computation:

waxa = wBCaBX’yea’y =

= eape® Y x,

= 5gwﬁX’y = 'L/)aXa-

Notice that, for a two-component spinor %, it is equivalent to be a Weyl spinor or a Majorana
spinor since we can write it in the form

s = @)
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which means that one is the antiparticle of the other one. The Dirac spinor

v = (‘fé)

on the other hand, is not equivalent because the two components are independent.

Example 10.2 (QCD). Let us consider the two-component spinor

_ (4L
w—(qR> 3

where 3 is the fundamental representation of SU(3, C) (color), and

Y ~qr o 2

2

and A= p—.

YR~qr |
The fermions "condense" in the empty space and, in particular, we have that

(W) = (akar) + (45.qr)-

Dirac Spinor. Recall that the Dirac matrices v*’s are defined by means of the Pauli
matrices o#’s as follows:

= ((70# 0;:) and 7° =797y = (idf)“ _i(iw) .
Let (m, ¥p, 1p) be a Dirac mass triplet. We introduce the Dirac conjugate ?/125 as
¥p = V%0,
and we notice that

mphp = ViYL + he.

The Dirac spinor representation is not an irreducible representation of the Lorentz group
T4, but it is the direct sum of two irreducible representations. More precisely, we have that

1 1

Yp ~ (53 O) D (Oa 5))

while the Weyl spinor representation is obviously irreducible and given by

Yar ~ (3, 0).

The tensor product representation ¥n; ® 1y is clearly equal to the trivial representation 0
since it contains the singlet only. For example, the kinetic term

L = 1[”’7”@"# + w <X
where ¢ = % is given by a (1/2, 1/2) vector. Indeed, one can easily prove that

1 11 1 1
~ ~H ~ (= ~ (=, — ~ (—. —
¥ ~ (0, and 1) (2, 0) and 0, (2, 2) = £ (2, 2).
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In the neutrino theory (m = 0) the equation of motion is the well-known Weyl equation,
which asserts that
1wt 0,9 = 0. (10.6)

On the other hand, in the Dirac theory (mp # 0) the energy is given by
Ze+mp(X¢ +¥x),
and therefore the equation of motion is given by
who  + mpyx =0.
—— ——
Left (L) spinor  Right (R) spinor
In any case, if we write explicitly the Weyl equation (10.6), we find that
(=299 —10°0;)1h = 0,
and therefore, if we set p; := —10; for i = 1, 2, 3, then
E:=10y = E=9p-7.

In conclusion, since the Einstein’s equation asserts that E is equal to the modulus of g, i.e.
\/p?, we infer that

—

p-a
Ip|

10.4 Irreducible Representations of ¥,: Part II

In this finals section, the primary goal is to conclude the discussion of the possible set of
generators of the Lorentz group and to find the finite-dimensional representations similarly
to what we have already done for the groups introduced earlier.

10.4.1 Generators of T,

Recall that the generators are defined by
(Jao)y = =1 (0X9Gop — Opgnyu) for A, o =0, ..., 3.

If we consider the Dirac matrices

0 o
T = <UN 0”) and 5 = 70717273,

then it is easy to see that

? v (0,0, — 0,0 0
JHV:4[7H7’7V]:4( " O . )7

Ouoy — 0,0,

and, hence, we refer to {7y, },=o,....3 as chiral basis, and to 75 as chiral operator. Recall that

_ (idax2 0
V5 = ( 0 —id2><2> )

and this implies that the chiral operator commutes with each generator .J,,, that is,
[Juvs 5] =0 = invariant chirality of the Lorentz group,

and it does not depend on the reference system.
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10.4.2 Finite Irreducible Representations of ¥

In the first half of the chapter, we proved that the Lie algebra associated to T is isomorphic
to the Lie algebra su(2, C) x su(2, C). We also introduced the operators

Ky, :=Jdmo form=1,2, 3, M, = %(Jn +1K,) forn=1,2,3,
and
Ji = %ekm"Jmm for k=1, 2, 3, M, = %(Jn —iK,) forn=1,2, 3,

in such a way that the following commutator relations hold true:

[Mmu Mn] = ZemnEMlv
[Nm; Nn] = _zemnéNéa

[M,,, N,] = 0.

It follows that the (second) sets of generators form two invariant subalgebra isomorphic to
su(2, C), which means that the Lie algebra of the Lorentz group T is semisimple, but not
simple.

Let 5 € %Z be a representative of a finite-dimensional representation of su(2, C), and let
J? = j(j + 1) denote the Casimir operator. Consider the usual basis of eigenstates
{1, m)m=—j. s

of the irreducible representation of su(2, C). Furthermore, recall that the irreducible finite-
dimensional representations of the Lorentz group ¥ are in correspondence with the couples
(J1, j2), where j1, jo € 1/2Z denote the irreducible representations of SU(2, C).

We can define, as we have already done in the previous chapters, the up/down operators
as follows (obtaining the six generators of the Lorentz group):

Ky =41® Ny — My ®1), Jy =My ®141® Ny,
and
KgZZ(Ng—M3), J3:M3+N3

Consider now a general representation (ji, j2), and let us denote by | ji1, m1)|j2, m2) the
eigenstates of the two irreducible representations of SU(2, C). Then

(J3)(m’1,m’2); (m1,mg) = (;m’l,mlamg,mz (ml + mQ),

and (see Section 6.3)

(J+)(m’1,m’2); (m1,ma2) = 5M’1,M1+15m’2,m2 \/(]1 - ml)(ﬁ +my + 1) +...

R 5m'1,m15m’2,m2+1 \/(j2 - m2)(j2 +mo + 1)

In a similar fashion, it turns out that

(KS)(m/l,m’z); (m1,ma) = Z5m’1,m15mfz,m2 (m2 - ml)a

and

(K+)(m’1,m’2), (m1,m2) — 1 (;m'l,m16m’2,mz+1 \/(]2 - m?)(jQ + mg + 1) ..

— Gt ma410my, ma V (1 — ma) (1 +ma + 1)]~
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Remark 10.4. The representation (ji, j2) is finite-dimensional, but it is not unitary. In
fact, the Lorentz group ¥, is not compact, and hence unitary representations need to be
infinite-dimensional.

10.5 Chirality

In this final section, we briefly discuss the physic part concerning the Lorentz group, and
we show that the theory developed so far is strongly correlated with the Higgs mechanism.

10.5.1 Standard Model

The Gauge group in the standard model is given by
& = SUvQED(:‘))7 (C) X SUL(27 (C) X Uy(l7 (C)

The second term SU[ (2, C) is profoundly related to Higgs mechanism. Indeed, the group
acts on the bosons W*, and the couple (W3, Y) is transformed in the couple (Z, Y), where
Z is a different boson. The Higgs mechanism breaks the symmetry of U,,, (1, C) since the
boson Z acquires a whole lot of mass. It follows that the radius is small, and the potential
has an exponential growth, that is,

—mT

e

VWw =g " Yukawa Potential",
and it is thus a non-Coulombian type of potential. We also notice that

SUL(2, C) = the symmetry is broken (left only).

There are different possible quarks, and, more precisely, we have

2
U c t) 1 3 |.
, , ~3X%X(2 =) X in &,
<d)L (5>L <bL 3 1
3
4 2
u 1 3 3.
9o (e (3] e
3 3

and, clearly, there are some differences between left and right. It also turns out that

Ve v v,
<e_>L7 <M5>L, <T_)L ~3x2x(-1) = Qem =1,

e;gv ,u]_%v 7'1; ~1x0x (_2) — Qem = -1,

(Ve)Rv (V/L)R7 (V‘F)R ~1x1x0 = Qem=0.

Notice that we thought that neutrino did not have any mass, but later (neutrino oscillations)
we found that the mass is different from zero.
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The fermions’ mass mixes up the left (L) and right (R), and it is not separable. The
mass of an elementary particle given by condensation is called Yukawa mass, and we have
that

Ly =gy (VL) ()R + ...

Notice that the masses of the elementary particles are not all given as a result of the Higgs
mechanism; for example, we do not know it yet for the neutrino. Even if the (R) neutrino
vr does not exist, the (L) neutrino does, and it turns out that

mp(Y'Y? — *') = 2mpy'y? £ 0,

which means that the mass my, of the (L) neutrino should be different from zero. A similar
argument works for the (R) neutrino vg, and the Higgs mechanics (may..) gives us the
second addendum of

MRVRVR + mpURrVL + he,

while the first comes out from the fact that v is unbiased with respect to everything else.
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Poincaré Group

The Poincaré group, usually denoted' by R'3 x SO™ (1, 3), is the group of all the isometries
of the Minkowski space-time. More precisely, the transformations are all of the form

pt— AL p¥ + bH, (11.1)

where A denotes a matrix in SO (1, 3) = T, - the proper orthochronous Lorentz group -,
and b* € R? is a space-time translation vector.

11.1 Introduction

We first want to give meaning to the notation R™ 3 xSO™ (1, 3), and explain why it coincides
with the Poincaré group. To achieve this, we first need to introduce the notion of semidirect
product between two groups.

Definition 11.1 (Semidirect Product). Let G and G’ be two groups, and let ¢ : G’ —
Aut(G) be a group homomorphism. The (outer) semidirect product of G and G’ with respect
to ¢ is a new group, denoted by G x, G’, is defined as follows.

(a) The underlying set is the Cartesian product G x G'.

(b) The group operation - is defined by means of ¢. Namely, we set
(ga g/) : (hv h/) = (gtpg/(h)a g/hl)a
where ¢y = ¢(g') € Aut(G).

Exercise 11.1. Let G and G’ be two groups, and let ¢ : G — Aut(G) be a group
homomorphism. Find, explicitly, the identity and the inverse of the group G %, G'.

Remark 11.1. The direct product (introduced in Section 1) is nothing but a particular
case of semidirect product, which is achieved when ¢ sends each element of G’ to the identity
idg S Aut(g).

1We shall explain the meaning of this particular notation soon. For the time being, one could think of it
as a simple notation and nothing more.
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Theorem 11.2 (Semidirect Decomposition). Let G be a group, and let H, K < G. Suppose
that the following properties hold true:

(i) The subgroup H is normal, that is, H < G.
(i) The intersection between H and K is trivial, that is, HNK = @.

(iii) Every element g € G can be written as the product of an element h € H and an element
ke, that is, G = HK.

Then G is isomorphic to the semidirect product H x, K, where (k) € Aut(H) is the
conjugation map, which is defined by

ok) ==k : H— H, h— khk™L.
Proof. O

The transformations of the form (11.1) are usually denoted by g(b, A), in such a way that
the elements of the form g(0, A) = A generate the Lorentz group ¥, while the elements of
the form g(b, 0) = T'(b) generate the translation group .7 := R%:3.

We shall prove this later, but the abelian group of translation .7 is normal, while the
proper orthochronous Lorentz group SO (1, 3) is a subgroup acting on the Minkowski vector
space .7 = RD3 as follows:

gla, A)v=a+ Av.

It follows that the Poincaré group is isomorphic to the semidirect product R*3 x SO™ (1, 3)
with respect to the group homomorphism ¢ : SO (1, 3) — Aut(R"?3) defined by setting

P(A)(v) := Av.

11.2 Irreducible Representations of P(1, 3)

In this section, we investigate the irreducible representations of the Poincaré group RY3 x
SO™(1, 3), and we take a closer look to its Lie algebra, and the connection with the Lorentz
Lie algebra.

11.2.1 Generators

Let J,, denote the generators of the Lie algebra associated to ¥, and let P, be the
generators of the translations, that is, we require that

T(b) = e " P, (11.2)

where T'(b) denotes the space-time translation given by the vector b. Note that P, is also
given by —10,., and therefore we may equivalently denote the generators of the translation
subgroup as follows (taking into account the signature (1, —1)):
0o__,0
H = 77,&,

P, =

_ ~
Oxh

Pi=ag  fori=1,2,3.
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Furthermore, the set of generators {PM}M:O, ...,3 generates a normal and abelian subalgebra
B of” p(1, 3), and this tells us that the Lie algebra of the Poincaré group is not semisimple.
In particular, we have the following commutator identites:

[Pp,a Pl/] =0,
[P;m J)\a] = Z(P)\gua - Pagu)\)a

[y JO’)‘E =1 [(Jw)igov = (Jw)o 9y — (Jor)p guy + (J(,)\)zgw] .

The Poincaré transformation g(b, A) is also equal to the composition between a translation
and a Lorentz transformation, that is, T'(b)A, as a consequence of formula (11.1). Tt follows
that

AT(b)A~! = T(Ab), (11.3)

and this implies that the translation subgroup .7 (which is associated to the subalgebra J3)
is also a normal abelian subgroup of R™3 xSO™ (1, 3), as we claimed in the previous section.

The proof of (11.3) follows immediately from the multiplicative rule given by the iso-
morphism with the semidirect product, i.e.,

g(b, A)g(c, T') = g(Ac+ b, AT). (11.4)

Now, recall that in the previous chapter we proved that the generators J,,,, of the Lorentz
group T4 can be replaced by the following ones

1
Ky =Jmo and Jy:= §ekm”Jm7n,

for m, k € {1, 2, 3}. Therefore, the set of generators {P*, J,,} can be replaced by an
equivalent set of generators, given by

{Hoa Pia Jma Km}i,m:1,2,3'

The Lie algebra generated by this new set of generators is characterized by the following
commutator identities, whose proof is left to the reader:

[P° J,] =0,

[P™, J,] = 1™ Py,
[P™, K,] = 1™ P°,
[P°, K,] = 1P,

[Ty Jn] = 2€™* Ty,
(Ko, Jn] = 2€™* Ky,

(Ko, K] = —2e™ T

2We will always denote the Lie algebra of RY3 x SO1 (1, 3) with the symbol p(1, 3). Note that this is
not an universal notation.
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Note that the third and the fourth ones are nontrivial, as they contain the boost component
of the Lorentz group T.

The Casimir Operators

The Casimir invariants of this Lie algebra are
1= PtP, = (H")? — (P")?,
and .
e = WHW, = (WO)? = (W')2,

where 1
W” = §€MVAkKV)\Pk
is the so-called Pauli—-Lubanski pseudovector, which is used to describe the spin states of
moving particles. In any case, the operator W* is orthogonal to P, and they also commute,
that is,
WtP,=0 and [W* P)J]=0.

Similarly, the reader can easily prove that

(W, Ju] = uWHgY —W¥gM) and WA, W] =P W, P,.

Recall that, if the system is given by a unique particle, then ¢; gives us the mass of
that particle (otherwise, it is the square of the total momentum.) Both ¢; and ¢y induce
irreducible representations of the Poincaré group R x SO™(1, 3), and they commute with
the generators, that is,

[Cla Jp.l/] - 07 [027 J;Ll/} - 07
and
[Cl,Pu]:O, [CQ, P“]:O.

We shall investigate more in-depth the main differences between the following possibilities for
the Casimir operator value: ¢; > 0, ¢; = 0 or ¢; < 0. If; for example, we have p* = (M, 0),
then ¢; = M? > 0, and therefore the Pauli-Wbanski operator is given by

W= —MJ; € s0(3, C),

which means that it is the generator (along the ith axis) of the angular momentum.

11.3 Little Group

In this final section, our goal is to introduce the so-called little group associated to the
Poincaré group R%3 x SO™ (1, 3) and the space-time vector b € R% 3.

Definition 11.3. Let G be a group, let X be a set, and let ¢ : G x X — X be a group
action. The little group of x € X, denoted by G(x), is the set of all the elements of g € G
such that p(g, ) = z, that is,

G(x) :={9€G : vlg, x) =}.



CHAPTER 11. POINCARE GROUP 118

Theorem 11.4. Let P* = p* be the impulse 4-vector. Then, the operators WH# generate
the stability group (=little group) G(p*) that stabilizes p*.

Example 11.1. In SO(3, R), the little group associated to (0 0 I)T is isomorphic to the
group SO(2, R), acting on the first two components only.

Theorem 11.5. Let P* = p* be the impulse 4-vector. The irreducible representations of the
Poincaré group R>3 x SOT (1, 3) are in correspondence with the irreducible representations
of G(p*) wvia the action of the Lorentz group T, .

Remark 11.2.

(a) If p* = 0, then the little group is G(0) = T ..
(b) If ¢; := p"p, > 0, then we can always assume’ that the 4-impulse is given by pt =

(M, 0) for some positive constant M > 0. In this case, we have

1
W = §€#UAJJV)\PU,

and a straightforward computation shows that
WY=0 and W'=MJ; fori=1,2, 3.

It follows that the little group G(p*) is given by SO(3, R), whose generators are the
rotations Ji, Jy and Js.

The irreducible representations of SO(3, R) correspond to the irreducible represen-
tations of SU(2, C), and therefore we consider the eigenstates basis {|j, m)}. If we
denote by J, the simultaneously diagonalizable generator, then it is easy to check that

J2 |07 m> :](J + 1) |07 m>7

J. 10, m) =m0, m),
where J? is the Casimir operator. Now set |p, m) = H(p) |0, m), and notice that
lp, m) = H(p) [0, m) = R(c, B, 0)L:(¢) |0, m),

where R(a, [, 0) is the space-rotation w.r.t. the z-axis, and L, (£) is the Lorentz boost
in the Z direction, i.e.,

cosh(§) 0 0 sinh(¢)
LO={ o o1 o
sinh(§) 0 0 cosh(¢)

We now claim that {|p, m)} is a basis for the irreducible representation of the Poincaré
group induced by the one of SO(3, R). Indeed, it is easy to check that

T(b) |p, m) = e~ 2" |p, m),

A|pa m> = |p/7 m/> = Dia,m/(R(A7 p))a

31t suffices to consider the frame of reference where the particle is not moving or, if there are more than
a single particle, the center of mass.
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(c)

where Dfn,m, is the rotation matrix in SU(2, C). More precisely, we have
g 0
1 0
D (B (0)) = €137 = ( - ) ,
) 0 e ’Lz
and
i 9

COSs b S 3

D e (BA(0)) = 47 =

6 %

— S 3 (¢0)] 5

The reader may prove, as an exercise, that in general we have

R(A, p) = H™'(p)AH(p).

If ¢; := p*p, = 0, then we can always assume that the 4-impulse is given by p* =
(wo, 0, 0, wp) for a constant wp. In this case, we have

WO = W3 = wyJiz = woJs,
W = wo(Jag + Joo) = wo(—J1 + Ka),

W2 = LUQ(J31 — J10) = wo(_JQ — Kl).

It follows that co := WHW,, = —(W;)? — (W>)?, and we also have that the associated
Lie algebra is
W, w2 =o,

[(Wa, J3] = W?,

(Wi, J3] = —W?,
and clearly it is isomorphic to the Lie algebra of the Euclidean group Fbs.

More precisely, the generators W' and W?2 act like translations (i.e., like P! and P2
in the Euclidean group) in the zy plane, while J;5 generates the rotations.

Let |p, A) be a basis of eigenstates for which P* and J3 are simultaneously diagonal-
izable, and let A\ represent the eigenvalues of J3, that is,

1
A=0,%-, ...
07 27

By definition, we have that |p, A) is an eigenstate for both P* and Js, which means

that
P! p, ) = P{'|p, \),

J3 ‘pa )‘> = )‘|pa )‘>7
and therefore
lp, \) = H(p) |p, \) = R(0, ¢, 0)L.(§) Ip, A) = R(0, », 0) [pz, ).

Denote by p; the 4-vector (wq, 0, 0, wp). Then the identity above yields to

Ip, A\) = H(p) |p1, A).
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Furthermore, the reader may check that

T(b)|p, A) = e """ |p, \),

Alp, A) = e MO Ap, X) = (p, A|H~ (Ap)AH (p) [p1, N),

from which it follows that the helicity - invariant under Lorentz transformations if
the mass of the particle is zero - is given by

Ao PS
p-s|

where s denotes the spin vector and p is the 4-impulse mentioned above.
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Note

The parameters

a € A are, actu-
ally, vectors with m
components. These
are called roots.

Chapter 12

Roots and Weights

In this chapter, we introduce the last theoretical tools of this course: weights and roots. We
shall see that a semisimple Lie algebra g is entirely characterized by its simple roots, and
we will also show that Dynkin diagrams, for example, are a valuable tool when it comes to
representing an algebra in terms of its roots.

12.1 Introduction

In the whole chapter, we shall always denote by g a semisimple Lie algebra endowed with
the Cartan basis
{H;{, Eo : i=1,...,m, a € A},

where A is the system of all non-zero roots of g with respect to h, the Cartan subalgebra
generated by the diagonal generators H;, and m is the so-called rank of g.

We proved during the course that the Cartan subalgebra § is the maximal abelian sub-
algebra' of g, and therefore the commutator between H; and H ; is zero, that is,

[Hi, Hi]=0 foralli, je{l,...,m}.

Furthermore, we require that the following commutator identities hold true for suitable
choices of coefficients N, 3:
[Hia Ea] = aiEaa

[EmE ]:N, Ea+ )
T anes (12.1)

[Ea, E,a] = i OZsz
i=1

The number of roots depends both on g and on h. The Jacobi identity (2.5) proves that

[Hi7 [EOM Eﬁ]] = 5Z[EO¢7 Eﬂ} + ai[EOH Eﬂ} = (O‘i + /Bi)[ECw Eﬁ]a

INote that, since g is semisimple, the subalgebra h cannot be invariant.
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Here o is defined as
« - «, scalar prod-
uct between two m-
vectors.
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and therefore the Lie algebra can be easily characterized by means of the sums a + §,
provided that A is closed with respect to the sum (that is, o + 8 belongs to A for all @ and
B root vectors.)

Remark 12.1. The relations (12.1) are well-defined. To prove that & € A implies —a € A,
it suffices to notice that

H;=H and ([H;, Es))' = (0E.) = E_,=E}.

Example 12.1 (SU(2, C)). Recall that the Lie algebra su(2, C) is semisimple, and its
Cartan basis is given by

{Hy:=J3, B :=Jy, E_o :=J_},

where « is a single-valued vector. It is easy to check that it satisfies the relations (12.1).

In the general case, we can always reduce to su(2, C) by introducing a new generator
basis. Fix a root vector a € A, and set

1 7
JL = Eo+E_.), J2 =~ E,—E_.), J2=a* H,
s ) 5 )
where H is the vector (Hy, ..., Hy) and o = -2 is the so-called dual root of . In this

chapter, the symbol - is used to denote the usual scalar product between vectors, which

means that
m
a-fi= Z a; ;.
i=1

Surprisingly, for @ € A fixed but arbitrary, these three operators generate a Lie algebra
isomorphic to su(2, C). Indeed, a straightforward computation shows that

oy J2) = = [Ba, E_a] =1

[J2, J3] = —1J2 and [J2, J3] =Jt,
where o - H:= a1 H1 + - + ap Hpy,.

Definition 12.1 (Weight Vector). Let Hy, ..., H,, be the generators of the Cartan subal-
gebra h. A weight is a vector p such that

Hi|p)=A;|p) forallie{l,...,m},
that is, a simultaneous eigenstate for all the H;s. We shall also denote it by
w= (A1, ..., Ap)
to emphasize the fact that p is an eigenstate of the operator H with eigenvalues Ay, ..., A,.

Theorem 12.2. Let a, € A be roots.

(a) The ratio of the scalar products o - B and o? is either integer or semi-integer, that is,
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(b) The Weyl reflection, given by

2a(a - B
W(O[, /B) = B - ( )7
a-a
is also a root vector, that is, W(a, ) € A.
(c) Let i be a weight. Then
2 _ o2 ey,
a-a a

Proof.

(a) Exercise.

(b) The proof requires the introduction of the generators of the Lie algebra su(2, C), as
well as the commutator identities, and it is postponed for a few paragraphs (see here.)

(c) Let p be a weight vector. From the definitions, it follows that u is an eigenstate for

J2, and therefore we must have
3 _a-p
hhw—7;ﬁm
The eigenvalues of J3 are semi-integer numbers (see, for

which means that o
Z—#EZ
«

example, Subsection 6.1.2),

O

The argument used in the point (c) of the previous Theorem tells us much more than

what we needed to conclude. More precisely, we have

-l
T (3 s ) = I s ) + IR |y ) = (S

where R is any representation. Set
_ o . .
Jjs = (72+1) e{—J, .., Jr
@
There exists p € Z such that

Ja(p) = (% +p) =7,

+ 1) I3 s R),

and, using a similar argument with J2, we also infer that there must be ¢ € Z such that

js(@ = (54 —a) = i

a2

In particular, from the proof of the point (c) we conclude that there are p, ¢ € Z, satisfying

the properties above, such that
a .
Z—QM +p—q=0.
@

(12.2)
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The states | q1), | g2)
and | ¢3) are orthog-
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W are not orthogo-
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12.2 Weight and Roots in SU(3, C)

Recall that the Lie algebra su(3, C) is semisimple, and it is generated by eight matrices: the
up-down operators T4, Us, Vi, and the diagonal generators A and \8.

We have proved already that these generators define a Cartan basis, and clearly the
Cartan subalgebra is given by
b := Span(\*, \¥),

while the system of all non-zero roots of su(3, C) with respect to b is given by
E, =T, and E_,, =T_,
E,,=Uy and E_,,=U_,
By, =V, and E_,, =V_.

In Chapter 7 we studied entirely the Lie algebra su(3, C) and, in particular, the commutators
between the generators. We have

N, Tu] =4+Ty and [A%, T4] =0,

1
A3 Uﬂ:;EUﬁ and [\%, Uin?Ui,

1 3
A Vel =£5Ve and [N, Vi]=i§Vi,

which means that the root vectors are given by

a1 = (1, 0), Qo = <—;, ?) 5 a3 — (;, \/§> .

In the Cartan basis, we have that

1 0 0
3 ¢ ) =(0] ~ 2, lg2) = | 1] ~ 22, lgz) = [ O] ~ zs.
0 0 1

We can equivalently consider |q1), |g2) and |g3) either as quantum states or complex vectors®.
In a similar fashion, one can check that the weight vectors are

T ]

where |g;) ~ p;. The adjoint representation 3* can be easily found using the theory
developed in this chapter since

f (i) ) o)

2This has nothing to do with Quantum Mechanics but, rather, one can chose the best way to consider
them, depending on the context.
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Furthermore, we can easily compute the weight vectors associated to the representation 8,

using the well-known fact that
33" =8®L

In fact, the representation 8 is given by the couples |g;) |¢;)* of quantum states, for ¢ # j €
{1, 2, 3}, and therefore the weight vectors are

pij o= i — g foralli #j € {1, 2, 3},

so that the corresponding figure in the (A3, Y)-plane is an hexagon. Note that this gives
us a total of six points, and thus we need two more to complete the octet. We consider the
combinations

% (lg1) lg1)™ = lg2) lg2)") and % (lq1) lg1)™ + 1g2) lg2)™ — 2lg3) |g3)*)

both of which are associated with the weight vector 0. Note that these are nothing but g9
and q12 in the figure below.

Y Y

N
\/ )

Figure 12.1: Left. Fundamental Representation 3. Right. Complex conjugate represen-
tation 3*.

q23 q13

432 g31

Figure 12.2: The decomposition of the tensor product representation 3 ® 3*.
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The six quantum states |g;)|g;)* and the two quantum states defined above are all or-
thonormal vectors, and thus they form an orthonormal frame of C8.

The weight vectors associated to the last two of them are the zero vector 0, and these
are usually referred to as degenerate states.

Theorem 12.3. Let R be a representation of SU(3, C). Then
B |, %)  |(1+ ), R). (12.3)
Remark 12.2. We use the symbol « (=proportional to) because there is no guarantee that

the left-hand side of (12.3) is different from zero.

Proof. Tt follows from (12.1) that
H;i (Eo |, R)) = [Hi, Ea] |1, R) + Eo (Hi |p, R)) = (0 + p) - (Ea |1, R)).-

In particular, E, |1, ) is an eigenstate of H; for all i = 1, ..., m, and therefore it must be
proportional to |(u + «), R). O

Remark 12.3. Fix a € A, and consider the generators J}, J2 and J3 of the su(2, C) Lie
algebra. If j is the maximum eigenvalue of the diagonal operator J3, then

Ja i) =0,
and this implies that (12.3) is a proportionality relation only.
We now need to use the theory of irreducible representations of SU(2, C), developed in

Chapter 6, to prove that the Weyl reflection of two root vectors is also a root vector.

Let j denote the maximum eigenvalue of J2, and let m € {—j, ..., j} be the set of all
eigenvalues. Recall that, if p is a weight vector, then
[
a2

I3 ) = ).

Note that the eigenvalues of J2 are either integer or semi-integer (depending on the value

of j), and therefore the same goes for the scalar product, that is,

e
O[2

is either semi-integer or integer.

The operators E., can be easily recovered using the definitions of J., J2 and, in particular,
the following formulas hold true:

E, = (*f) (JL4+2J2) and E_, = (‘/5> (JL —aJ?).

(07

We are now ready to prove the point (b) of Theorem 12.2, i.e., that the Weyl reflection of
two root vectors is a root vector. First, notice that

a-,8|l8>:a-H

HEEE = 18),
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and, as a consequence of formula (12.3), we also have that

E_o|f) o< |a=p).

The commutator identities between the SU(2, C) generators yield to the following chain of
equalities:
3 o-H
FEa18) = “ 5 (Ba18) =

Q4

= SLH (B 1) =

_ % [Hi, E_o)|8) + E—o (H; |8)) } =

= B8+ SL B 18) =

(o‘af - 1) E_a1B).

2a-8
Suppose that ‘fy—f > 0. The operator (E_,) o2 is well-defined because the exponent is an
integer number (as a consequence of the point (a)), and therefore the computation above
shows that

203 2a0- 3
(B-o)# 18) |8 - 22:P )
In particular, the vector |8 — ng ) is an eigenstate of J2 with associated eigenvalue — C;f ,

and this is exactly what we wanted to prove for the point (b).

Let |u, R) be a generic weight vector in the representation 8. We can always write it as
a linear combination of representations j of the group SU(2, C). Consequently, there must
be an integer p € Z>¢ such that

(J)P |, R) #0 and  (J3)P* |, R) = 0.
Using the usual commutator identity, we also find that
a .
TR I R} = (S5 4+ p) - (T3, 0,

and therefore

o )
( 3 —|—p) =j. (12.4)
Similarly, there exists ¢ € Z>( such that
(Ja)lp, R) #£0 and  (J2)TH [, 9%) = 0.

Using the usual commutator identity, we also find that

TAUD i M)} = (S5 = q) - ()7 . ),

and therefore

(M _ q> ] (12.5)

a2



129 12.3. SIMPLE ROOTS

If we sum (12.4) and (12.5), we obtain the well-known relation

o
2 o +p—q=0. (12.6)

Note that p and ¢ characterize the position of the multiplets SU(2, C) generated by J?, J2
and J3. If we apply (12.6) for 8 = u, then

(12.6) = aa'f = *%(pfq)

Similarly, if we do the same with the SU(2, C) generated by .J3, J3 and J3, then

o a-f 1
(12.6) = 5 = —50' =4
for some (possibly different) positive integers p’, ¢’ € Z. If we multiply the two identities
above, we find that
(a : 5)2 1 / /
= - — — <1
a2 - —d) <L,

which means that there exists 8, g € [0, 27) such that

1
c0s*(0a, 5) = 7 (P — )W —d) < 1.

Clearly, there are only four possibilities for the right-hand side, and therefore there are only
four possibilities for the angles between the roots.

-9 —4q)

Figure 12.3: The BETEX code of this table can be found here.

Remark 12.4. The value (p—¢q)(p’ —¢’) = 4 is not admissible because the angle 6, g would
be equal to 0 or 7, that is, the two roots are parallel (which is impossible).

12.3 Simple Roots

Definition 12.4 (Positive Weight). A weight vector p is said to be positive if and only if
the first nonzero component is positive.


https://tex.stackexchange.com/questions/67586/how-to-create-comparison-tables-in-latex

Note

From now on, we
shall denote by £
the subset of A con-
taining all the simple
roots of g.
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Definition 12.5. Let u and v be two weight vectors. Then

N’ZV — /'LiV::(,uflfyla"'7:umfym)20'

The relation > defined here is a partial order in the sense of the following definition.
Definition 12.6 (Partial Order Relation). Let M be a set. A partial order < is a subset
of the product M x M satisfying the following properties:

(i) REFLEXIVE. For every a € M it turns out that a < a.

(ii) ANTISYMMETRIC. For every couple (a, b) € M®? it turns out that a <band b < a
if and only if a = b.

(iii) TRANSITIVE. For every triple (a, b, ¢) € M®3 satisfying a < b and b < ¢, it turns
out that a < ec.

Definition 12.7 (Highest Weight). Let R be a representation of g. The highest weight is
defined as the weight vector p such that p > v for all other weight vectors v # p.
From now on, we shall denote by pnighest the highest weight of a semisimple Lie algebra

g with respect to the Cartan subalgebra b.

Theorem 12.8. A representation R of g is entirely characterized by the weight pnighest-

Proof. The interested reader can find a detailed proof of this result in [6, Chapter 7]. [

Definition 12.9 (Positive Root). A root a € A is said to be positive if and only if the first
nonzero component is positive.

Definition 12.10 (Simple Root). A root a € A is said to be a simple root if and only if «
is positive and cannot be expressed as a sum of positive roots.

Theorem 12.11. Let |u) be a weight vector. Then

Eylw)y=0 forallao e A = |u) = |inighest)-

We now show how to apply the notions introduced in this section to a concrete example.
Consider the Lie algebra su(3, C), and consider the representation 8:

922 q21[q12 a1

q32 31
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It is easy to see that the highest weight vector here is given by ¢, since its first com-
ponent is not only positive, but also bigger than any other. Note that the strictly positive
weight vectors here are q11, ¢13 and g31, while g21 = ¢12 is exactly equal to zero.

Theorem 12.12. Let «, § € £ be (simple) roots. Then o — ¢ A is not a root.

Proof. We may assume without loss of generality that o > . If & — 3 is nonzero, then it is
necessarily a positive root. This yields to a contradiction since

a=p+(a—p)

is sum of positive roots, and therefore o would not be simple. O

12.3.1 Angle Between Simple Roots

Let , 8 € £ be two fixed (simple) roots. There exists p € N such that

o ) o - )
af +p=J and af =—J
a-fp / y a-p ./

+p =7 and =-7,
B B2
a-pf_p a-f 7
=—= and =—=.
a? 2 32 2
The value of the angle 6, g is thus given by
. R
cos(a5) = —E,

and, consequently, for a simple root we have

9(%56{%,71) and ‘i’z

SSLS

which means that the angle between two simple roots is always obtuse.

Remark 12.5. It turns out that the highest weight vector is the "highest member of the
multiplets generated by all the simple roots." More precisely, in Theorem 12.8 it suffices to
check that |u) vanishes against E,, for all o simple, that is,

Eolp)y =0 forall o€ £ = 1) = |inighest)-

Theorem 12.13. Simple roots are linearly independent as vectors.

Proof. Let us consider a linear combination of simple roots

= Z T,

ael
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The vector w is or-
thogonal to every
root a € A if it is
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and suppose that v = 0. The roots o € £ are necessarily positive, and therefore the
coefficients x, cannot possibly be all positive. We write

¥ = g Lo — g Yok =: |h — U,
acly aEly

where £1 LI £ = £, and the two linear combinations are both positive with y, := —z,. If
we take the square of 7, we obtain

V=pt -2 Z Targaf > 0.
(a, B)€EL1X L2

The cosine of the angle between simple roots is always negative (second quarter), and hence
a-f <0. It follows that

0=yp>+v?-2 Z Taxgoff >0 <= x4 =23 =0,
(a,ﬁ)€£1X£2

which means that simple roots are linearly independent. O

Theorem 12.14. Let o € A be a positive root. Then « can always be written as a positive
linear combination of simple roots.

Theorem 12.15. The collection £ of all simple roots is a complete set of vectors. Further-
more, there are exactly m := rank(g) simple roots.

Proof. We argue by contradiction. Let & be a nonzero vector orthogonal to all a € £. Then
[g -H, Ea] = fi[Hia Ea] = faiEai =0,

and thus € - H is an abelian subalgebra of g that commutes with all the generators. This is
a contradiction with the fact that g is a semisimple algebra. O

12.3.2 Simple Roots ~~ Lie Algebra g

We are finally ready to show what we have anticipated above: the whole Lie algebra g is
characterized by its simple roots, at least for rank-two algebras. First, we notice that for
m = 2 there are only four possible choices for p and p’, that is,

p=p =0 = B is indeterminate ~~ so(4, R),

@
2
pzp/=1 - Ha,ﬁzgand§:1wsu(3’(:)7
T B8 1
_ r_ _ P _ N
p=1,p =2 = 04 3= 13 and *= 7 ~ 50(5, R) ~ usp(4, C),
T B8 1
=2 l:3$0a = — dfzi
p » P B 6 an a \/gWQQ

In the next couple of pages, we picture the weight diagram of the groups of rank 2
mentioned above, and show which ones are the simple roots and why they are enough to
characterize the algebra itself.
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Figure 12.4: The Lie algebra su(3, C).

p?s

Figure 12.5: The Lie algebra so(4, R) ~ su(2, C) x su(2, C).

,,,,,,,,,,,,,,,,,

Figure 12.6: The Lie algebras so(5, R) and usp(4, C). The color red denotes the two
simple roots.

12.4 Dynkin Diagram

The 2-dimensional Dynkin diagram is a valuable tool to picture the rank-two algebras stud-
ied above, without relying on the weight diagram. We introduce the following notation:

(1) We denote by o the bigger simple root, and by e the smaller simple root.

(2) We denote the angle between o and 3 simple roots with a number of segments equal
to the number in the first column of Figure 12.3.

The following Dynking Diagrams are an easy consequence of what we have proved so far
in this chapter and, especially, in the last section.

su(3, C) : o——o0
su(4, C) : o——o0—o0

suin+1,C) : o 0...0 o
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We can also use the Dynking diagrams to show that so(5, R) is isomorphic (as a Lie algebra)
to usp(4, C), and su(4, C) is isomorphic to so(4, R). Namely, we have

so(4, R) C<2

which is clearly equivalent to su(4, C). We also have

so(2n, R) O O—O0—0—

Since

and

usp(4, C) —O
we can easily infer that so(5, R) is isomorphic (as a Lie algebra) to usp(4, C).

Dynking Diagram of Exceptional Groups
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12.5 Cartan Matrices

Let £ be the set of simple roots of a semisimple Lie algebra g. The Cartan matriz is defined

» by setting

(Ag)i’j =2

;0 .
Z—ZJ fori, j € {1, ..., m},

@;

where m is the rank of g.

Example 12.2. In the case of su(3, C), the matrix is given by

A= (_21 —21).

Example 12.3. In the case of su(4, C), the matrix is given by

12.5.1 The construction of the Lie algebra su(3, C)

The simple roots of su(3, C) are

1 V3 1 V3
0‘:<27 2) and 5:<27 _2>

and we have already proved that v := a4 3 is also a root. It is easy to check that

-«

_ ! 31— _L
a2 __2 :>Ja|ﬂ>_ 2|6>7

which means that the maximum eigenvalue is j = 1/2. We now prove that E, and Eg,

together with the generator H of the Cartan invariant subalgebra, generate the Lie algebra
su(3, C) by showing the commutator identities. First, note that

(Ea, Egl = (17)spEs =
= (0| T7" [B)Es =
= (0| J7" |B) Es =

1 1
= —Foyp=—E,.
NN
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Using this relation and the Jacobi identity (2.5), we infer that

[E_a, E’Y] = \/E[E—ou [Eom Eﬁ” =

S

= —V2 |Ea, [Eg, E_o]| — V2 | Es, [E_q, Eu]| =
=0 =a-H

= V2[a-H, Eg] =

In a similar fashion, one can prove that

[Efﬁv E’Y} = \/i[E*ﬁv [EOM Eﬁ]] =

=-V2 Eo, [Eﬁ7 E—ﬁ] -2 Eg, [E—ﬁa EJ| =
—_
—5H =0
= _\/i[Eon B- H] =
1
V2

In particular, the coefficients N,z of (12.1) have been entirely determined, and it is not
hard to see that this is the Lie algebra su(3, C).

=V2(a-B)Ey = ——=FE,.

12.5.2 Weyl Reflection Group

Let «, 5 € A be roots. We have proved in Theorem 12.2 that the Weyl reflection, given by

ﬁ_Qoz(oz-B)7

[e’RNe’

is also a root. The set of Weyl reflections preserves the weights diagram, as one can easily
check by computing the action of the operators J}, against j.

Theorem 12.16. The trace of any generator of any representation of a compact simple Lie
group s zero

Proof. See [1] for a detailed dissertation on the topic. O



Chapter 13

Quantum Physics Applications

In this final chapter, the primary goal is to show how we can apply the theory developed
during the whole course to prove specific properties of physical systems in quantum me-
chanics.

13.1 3-Dimensional Harmonic Oscillator

The Hamiltonian of a 3-dimensional harmonic oscillator is given by

1 mw?
H=_—p’
omP T3

where p := —AV is the momentum operator, and r the position vector. Let L :=r X p be
the angular moment. A standard computation shows that

r?, (13.1)

[L, Hl =0 = L is preserved.

Let us denote |N) by |n1, na, n3), where N = n; + ng + ng, the eigenvectors, and let us
consider the respectively (energy) eigenvalue associated to N:

EN—wh(N+g) —:wh(2k+€+3).

Since k is a non-negative integer, the value of ¢ depends on the parity of N, and, more
precisely, we have
0,2,4,... if N is even,
( =
1,3,5,... if N is odd.

The magnetic quantum number m is an integer satisfying the constraint —¢ < m < /£,
and thus there are 2¢ + 1 different quantum states for every N and ¢, labeled by m. It
follows that the degeneracy at level N is

N N/2
S @)=Y (k1) = FEDNE)

2
£=0 k=0
¢ even
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if N is even, and

N (N-1)/2
Z 2+1)= Y (4k+3):—(N+1)2(N+2)

=0 k=0
£ odd

if N is odd.

In order to have a better understanding of why there always is degeneration at the N
level, we introduce the ladder operator formalism. Following this approach, we define the
operators a, and its adjoint af, as follows:

0= %(tﬂ—i) and af = @(r_i)
—V oon mwp V 2n mwp '

The Hamiltonian (13.1) can be easily rewritten in terms of these new operators as

3
H=wh (a{al + abas + alas + 2) , (13.2)

+

where a; and a; denote, respectively, the components of the ladder operators. The Hamil-

tonian (13.2) is invariant both under the action of SO(3, R) and SU(3, C) since the latter
preserves the complex scalar product. To prove this, we introduce the operators

Q= aj()\“)ijaj fora=1,...,8,
where A% denotes the ath generator of SU(3, C).
Lemma 13.1. The operators Q* commute with the Hamiltonian given by (13.2).

Proof. A straightforward computation shows that
[H, Q%] = [ala;, alar] = —ala; + ala; = 0.
O

In particular, the Hamiltonian (13.2) is invariant under the action of SU(3, C). Further-
more, if we denote by 1 the eigenstate relative to the energy Ey, that is,

H|n) = En [¢n),
then Q%)n # 0 yields to degeneration'. Indeed, using the fact that H and Q% commutes,
we can easily show that

H(Q"[¢Yn)) = Q% (H [Yn)) = En - Q" [¥N),

which means that Q® |1)n) is also an eigenstate associated to the same eigenvalue. To find
the degeneration order, it suffices to compute the number (multiplicity) of |¢n),

N N-—ng

D> 1_2 Cng+1) = w

n3=0 no=0 n3=0

which coincides with the degeneration order found above using the magnetic quantum num-
ber. Furthermore, note that the generic vector N may be rewritten in terms of the ladder

operators as follows:
IN) = (al)™ (af)"2(a})™ |0).

1The dimension of the eigenspace is strictly bigger than one.
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From now on, we fix
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13.2 Hydrogen Atom

The Hamiltonian of the hydrogen atom is given by

1 1
H=_—p?+e2= 13.3
5P e g (13.3)
where p := —iAV is the momentum operator and e the electronic charge. Let L :=r X p

be the angular moment. A standard computation shows that
[L, Hl =0 = L is preserved.

Also, the energy eigenvalue associated to the eigenvectors vy, ¢ is given by

e2

En::—m forn:1,27...

where rp is the Bohr radius. In this case ¢ can take all the possible values between 0 and
n — 1 so that the degeneracy at the level n is given by

n—1

d(@+1)=(m-1)n+n=n’
{=0

This degeneration can be explained by the symmetries of the hydrogen atoms. Hence, we
introduce the Lenz vector, which is defined by

e2

1
Ai=—r— — L-L 13.4
v (pxL-Lxp), (13.4)

where 7 denotes the length of the vector r. We now notice that
[Li, pj] = veijuhipy,
[Li, L;] = 1eijxhly,
[L;, ;] = weijihrg,

where L;, p; and rj, denote the components of the vectors L, p and r respectively. Recall
that, for all functions F', we have

0
(x F = - h F 9
i, F(w) =~ -F(x)
and hence it is not hard to check that
[A, H] =0. (13.5)

» In a similar fashion, one can show that the following relations hold:

[Li, Aj] = €1 Ax,
[A;, Aj] = —2He€51, Ly,

[Li, LJ] = ZeijkLk.
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Fix n € N, and set —2F := —2F,, > 0. The operator u, whose ith component is defined by

setting
Ai

V—2F’

is clearly well-defined. The commutator identities listed above also imply that

U; =

[Li, Uj] = 1€k UL,
[Li, Lj] = 1€, Ly,

[ui, Uj] = ZGijkLk.

Therefore, if we introduce the operators j; := % and jo := %, then the commutator
relations above may be rewritten as
(1,45 J2,5] = 0,

[jl,m jl,j] = ZEijkjl,ka

2,45 J2, 5] = t€ijk2, k-

It follows that there is a correspondence with the generators of su(2, C) xsu(2, C) ~ so(4, R)
Lie algebra. Furthermore, the angular moment L and the vector u both commute with the
Hamiltonian H, but [L, u] # 0, and this is the reason why there is degeneracy at every level
n € N. A simple computation shows” that

A?=2H (L’ +1) +1,

and thus 1
A?=(—2F? = v’+L°=-1-— —.
Since

1 1
L-u=0 and L~A:L'[r—2(pr—pr)},
r

we easily infer that

(1) = 7L +u?) =

| =
/|\
—

|
S
~__
Il

o
—
<
+
=

(52 = (L2 +u?) =

| =
/|\
—

|

Sl
~_
I

<

—
<

_l’_

=

In particular, the value of j is given by

1
2j+1)2=—-——>0,
(27 +1) 5B
and therefore we have
_ 1 _ e?
T2 2rpn?’

and the degeneracy number is (2j + 1)(2j + 1) = n?, as expected.

2Note that r and p do not commute.
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13.3 Wigner-Eckart Theorem in SU(2, C) - SO(3, R)

The Wigner—Eckart theorem is a fundamental result in quantum mechanics. It was
first presented by E. Wigner and C. Eckart as a link between the symmetry transformation
groups (in our case SU(2, C) or SO(3, R)) of the space and the laws of conservation (e.g.,
energy, momentum, and angular momentum) [1].

We will give a precise statement by the end of the section, but it is worth remarking
now that, essentially, it asserts that matrix elements of spherical tensor operators, on the
basis of angular momentum eigenstates, can be expressed as the product of two factors.
Furthermore, one of these two factors is independent of angular momentum orientation,
while the other a Clebsch—Gordan coefficient.

First, let us consider a basis {|j, m)} of eigenstates that simultaneously diagonalize the
Casimir operator J? and the z-rotation operator .J,, in such a way that

P j,m)y=j(G+1)|j, m) and J.[j, m)=mlj, m).

These vectors transform via a rotation matrix U(w), whose result can be expressed as a sum
of rotations of the eigenstates basis, that is,

G, m) = Uw) g, m) ==Y Dy (@) 15, ),

m/’
where Df;l,7m(w) denotes the rotation matrix (j; m’, m) of angle w.

Remark 13.1. The notation is consistent with the one used in the previous chapters. In
particular, recall that for j = 1/2 we have the following matrices:

P C

2 cos¥Y sin¥

1/2 . e'z 0 1/2 R 2 2
D77{/»m(¢’ Z) = ( 0 e—ﬂ;) and DW{@m(W y) = " “
—sing cos 5

In a similar way, when j = 1, we have

cos¢p sing 0
Dyyo(¢, 2) = | —sing cos¢ 0
0 0 1

Remark 13.2. Note that the vector transformations described above immediately implies
that a vector of the form |1, m1)|j2, ma) transforms as follows:

lj1, ma)|jz, mo) — U(w) [j1, ma)lja, ma) = e71¥e 72 |j1, my)|j2, ma).

The second member can be rewritten more explicitly exploiting again the eigenstates basis
{|j, m)} and the rotation matrices (j; m}, m;) as

ezjlweszw ‘jla m1>|j27 m2> = Z Dﬁﬁ7m1D£r€§7m2 |j17 m/1>‘j27 m/2>

’ ’
ml,mz
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Spherical Tensor Operators

We now want to rearrange the operators

1Le-w r —iL-w

r—e e ,

—iL-w
pe )

1Lew

pr—e¢

in such a way to obtain spherical tensor operators. For example, for an operators of rank
equal to one, i.e. A = (4;, Ay, A.), we may rearrange it as follows:

T} = A,
T = —%(Aw +14,),
T = %(Al —14,).

The operator T := (T}, T}, T',) is clearly a spherical tensor, as the reader may check by

herself. Similarly, for an operator of rank equal to two, we may rearrange as follows:
T3 = 5 (Asa + Ayy — 24.2),
T3, = F(Ag £14,,),
T3, = —3(Age — Ayy £ 2A,,).

In general, a spherical tensor operator can be obtained using the Clebsch—Gordan coefficients
by setting the (P, Q) coefficient as

TE = (p1, @15 p2, q2|P, Q)TEITE?.

We easily deduce that the transformations introduced above for vectors are replaced by a
similar formula, that is,

-1
TP — U(W)TPU(w)™ = ZDZ/7q(w) Ty
q/

In particular, for spherical tensor operators, we have that

TP|j, m) — 9<TP |, m) = e TPe™ ¢! |j m) =
= > i (@D @I |, m'),
q’,m’

which can be compactly rewritten as

Ip, @)13, m) — Z Dgf,q(w)Der’,m(w”pﬂ C]/>|j, m/>'
q’,m’
Let us now multiply for an arbitrary eigenstate )J, M| on both the left and the right-hand
side of the identity above. Then, we have

(J, M[e9“TP|j, m) = > D (w)D3, . (w)(J, M|TE|j, m),

’ ’
q ,m
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which is equivalent (in the compact notation) to

(J, M|€9°|p, q)|j, m)= > Db (w)DI,  (w){J, M]|p,q)|j,m).

q’,m’

We apply the rotation e¥* to the vector on the right, which transforms via the complex
conjugate; it follows that

Z(DJ{I, M’(w))*<Jv M/|T¢§)‘jv m> = Z DS’,q(w)Dfn’,m(waﬂ M|T5’|Jv ml>7

M’ q/7 m’

and, equivalently, that

> (DA s @), M| p, q)lj, m) = Y D, Lo m@)(J, M| p, q) |, m').

M ¢ m
We now use the orthogonality relation between the rotation matrices,

* 472
/ <Dfn m’ (CU)> Df; q (LLJ) dw = méjp(sm/q/(smq

to infer the thesis of the Wigner—Eckart theorem, that is,
(J, Mo|T715, ma) = (J, Mlp, q) |5, m) - {(Jal[T"[js), (13.6)

where o and 8 are quantum numbers, (J, M |p, ¢)|j, m) is an universal object that does
not depend on a and S (the Clebsch-Gordan coefficient), and (J,||T"||j5) denotes some
value that does not depend on m, m/, nor ¢ and is referred to as the reduced matrix
element.
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