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Chapter 1

Hilbert Spaces

In the first half of this chapter, we investigate the main properties of Hilbert spaces, e.g., the
projection onto a closed convex subspace, the characterization of the orthogonal projection
onto a linear subspace, etc. In the second part, we introduce the notion of topological dual
of a Hilbert space, and we prove the fundamental representation theorem due to Riesz. We
also present a simple characterization of Hilbert basis in terms of Fourier sums, and briefly
investigate the cardinality of such bases. In the appendix, we prove the Radon-Nikodym
theorem, we describe the structure of particular subgroups of Hilbert spaces entirely, and
we also find an orthogonal family in L2 ([0, ∞), dµ), known as Laguerre polynomials.

1.1 Pre-Hilbert Spaces

In this section, we introduce the notion of pre-Hilbert space, that is, a vector space V endowed
with a real scalar product (·, ·) : V × V −→ R or a Hermitian product (·, ·) : V × V −→ C.

1.1.1 Real Scalar Product

Recall that (V, +, ·) is a real vector space if V is a vector space whose field of scalars is R.

Definition 1.1 (Symmetric Form). A map B : V × V −→ R is a symmetric form if

B(x, y) = B(y, x) for every x, y ∈ V .

Definition 1.2 (Bilinear Form). A symmetric map B : V × V −→ R is a bilinear form if

B(αx+ βy, z) = αB(x, z) + βB(y, z) for every x, y, z ∈ V and α, β ∈ R.

Definition 1.3 (Positive Form). A map B : V ×V −→ R is a positive form if the associated
quadratic form is positive, that is,

Q(x) := B(x, x) ≥ 0 for every x ∈ V .

Example 1.1. The space
V = C0 ([0, 1]; R)
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is a real vector space. The reader may check as an exercise that a bilinear, symmetric and
positive form defined on V is given by

B(f, g) :=

∫ 1

0

f(x)g(x) dx.

Lemma 1.4 (Cauchy-Schwarz). Let B : V × V → R be a bilinear, symmetric and positive
form defined over V . For every x, y ∈ V it turns out that

|B(x, y)|2 ≤ |B(x, x)| |B(y, y)| . (1.1)

First Proof. The quadratic form Q associated to B is positive; hence

Q (B(x, x) y −B(x, y)x) ≥ 0,

for every x, y ∈ V . It follows from the definition of Q that

B(x, x)2B (y, y)− 2B(x, y)2B(x, x) +B(x, y)2B(x, x) ≥ 0,

from which we infer that

B(x, x)2B (y, y)−B(x, y)2B(x, x) ≥ 0.

It is easy to see that there are only two possibilities we need to study separately:

1) If B(x, x) = B(y, y) = 0, then

B(x+ y, x+ y) ≥ 0 =⇒ B(x, y) ≥ 0,

B(x− y, x− y) ≥ 0 =⇒ −B(x, y) ≥ 0,

and thus the inequality (1.1) is trivially satisfied.

2) If B(x, x) 6= 0, then we can divide the inequality above by B(x, x) and obtain the
Cauchy-Schwarz inequality, that is,

B(x, x)B (y, y)−B(x, y)2 ≥ 0.

The opposite case (B(y, y) 6= 0) follows in the same way replacing x with y (and vice
versa).

Second Proof. Let us consider the second-order polynomial

R 3 t 7−→ Q(x+ ty) = B(y, y)t2 + 2B(x, y)t+B(x, x) ∈ R.

The bilinear form B is positive, that is, B(x+ ty, x+ ty) ≥ 0 for every t ∈ R. A standard
argument for second-order polynomials proves that the discriminant ∆ needs to be negative
at every t ∈ R, which yields to the sought inequality

∆ = 4B(x, y)2 − 4B(x, x)B(y, y) ≤ 0.
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Remark 1.1. Let L : R2 −→ Rn be a linear map, and assume that L(e1) = x and L(e2) = y.
Then

AᵀA ∈ M (2× 2, R) and detAᵀA =
∑

1≤i<j≤n

(xiyj − xjyi)2
,

i.e., it is the sum of the squared determinant of all the 2× 2 minors of A.

Definition 1.5 (Scalar product). A map (·, ·) : V × V −→ R is a scalar product if the
following properties are satisfied:

(a) (·, ·) is a bilinear, symmetric and positive form;

(b) (·, ·) is a positive-definite form, that is,

(x, x) ≥ 0 for every x ∈ V and (x, x) = 0 ⇐⇒ x = 0.

Lemma 1.6 (Cauchy-Schwarz). Let (·, ·) : V × V −→ R be a scalar product defined over
V . For every x, y ∈ V it turns out that

|(x, y)|2 ≤ |(x, x)| |(y, y)| , (1.2)

and the equality holds if and only if there exists λ ∈ R such that x = λy.

Proposition 1.7. Let (·, ·) : V × V −→ R be a scalar product defined over V . The map
‖ · ‖ : V −→ R defined by setting

‖x‖ :=
√

(x, x), ∀x ∈ V, (1.3)

is a norm, i.e., the following properties are satisfied:

(1) ‖x‖ ≥ 0 for every x ∈ V ;

(2) ‖x‖ = 0 if and only if x = 0;

(3) ‖λx‖ = |λ|‖x‖ for every x ∈ X and for every λ ∈ R;

(4) for every x, y ∈ X the triangle inequality holds true, i.e.

‖x+ y‖ ≤ ‖x‖+ ‖y‖. (1.4)

Moreover, the norm ‖·‖ induces a distance, invariant under translations, defined as follows:

d(x, y) := ‖x− y‖, ∀x, y ∈ V. (1.5)

Proposition 1.8 (Parallelogram Law). Let V be a real vector space.

(a) If (·, ·) : V × V −→ R is a scalar product over V , then

‖x+ y‖2 + ‖x− y‖2 = 2
(
‖x‖2 + ‖y‖2

)
, ∀x, y ∈ V. (1.6)

(b) If ‖ · ‖ : V −→ R is a norm satisfying the parallelogram law (1.6) at every couple of
points x, y ∈ V , then there exists a scalar product (·, ·) : V × V −→ R such that

‖ · ‖ :=
√

(·, ·).
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Proof.

(a) By definition of ‖ · ‖ we have

‖x+ y‖2 + ‖x− y‖2 = (x+ y, x+ y) + (x− y, x− y) =

= ‖x‖2 + 2(x, y) + ‖y‖2 + ‖x‖2 − 2(x, y) + ‖y‖2 =

= 2‖x‖2 + 2‖y‖2,

which is exactly what we wanted to prove.

(b) We define a scalar product using the polarization identity, that is,

(x, y) :=
1

4

(
‖x+ y‖2 − ‖x− y‖2

)
for every x, y ∈ V .

The reader may check as an exercise that (·, ·) is a scalar product, and also that
‖x‖ =

√
(·, ·) for any x ∈ V .

1.1.2 Hermitian Product

Let V be a complex vector space, that is, the field of scalars of V is given by C.

The definitions introduced in the previous section need to be slightly modified to adapt to
the different structure of C.

In particular, we introduce the notion of hermitian product, and we prove that the
Cauchy-Schwarz inequality still holds - as a consequence of some properties of the complex
numbers.

Definition 1.9 (Semilinear Form). A map B : V × V −→ C is a right-semilinear form if

B(x, αy + βz) = αB(x, y) + βB(x, z) for every x, y, z ∈ V and α, β ∈ C.

Definition 1.10 (Hermitian product). A map (·, ·) : V × V −→ C is a hermitian product
if the following properties are satisfied:

(a) The form (·, ·) is sesquilinear, that is, it is linear on the left and semilinear on the
right.

(b) The form (·, ·) is hermitian, that is,

(y, x) = (x, y) for every x, y,∈ V .

(c) The form (·, ·) is positive-definite, that is,

(x, x) ≥ 0 for every x ∈ V and (x, x) = 0 ⇐⇒ x = 0.
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Remark 1.2. If V is a complex vector space and (·, ·)C is a Hermitian product defined over
V , we can define a real scalar product by setting

(·, ·)R := Re (·, ·)C or (·, ·)R := Im (·, ·)C.

These scalar product are, a priori, distinct. The reader may prove that both satisfy the ax-
ioms of a scalar product, and provide an example showing that they might be very different.

Lemma 1.11 (Cauchy-Schwarz). Let (·, ·) : V × V −→ C be a scalar product defined over
V . For every x, y ∈ V it turns out that

|(x, y)|2 ≤ |(x, x)| |(y, y)| , (1.7)

and the equality holds if and only if there exists λ ∈ C such that x = λy.

Proof. For every x, y ∈ V it turns out that

0 ≤ ‖x− λy‖2 =⇒ 0 ≤ ‖x‖2 + λλ‖y‖2 − λ(y, x)− λ(x, y). (1.8)

Assume that both x and y are nonzero vectors (otherwise the inequality is trivial), and take

λ :=
(y, x)

‖y‖2
.

If we plug the value of λ into (1.8), we obtain the inequality

0 ≤ ‖x‖2 − |(y, x)|
‖y‖2

,

which yields to the Cauchy-Schwarz inequality multiplying everything by ‖y‖2.

1.2 Hilbert Spaces

In this section, we introduce the notion of Hilbert space, and we investigate the properties
of the projection onto a closed convex subset.

Definition 1.12 (Hilbert Space). A real vector space H, endowed with a scalar product
(·, ·) : V × V −→ R, is a (real) Hilbert space if it is complete with respect to the metric

d(x, y) := ‖x− y‖.

In a similar fashion, a complex vector space H, endowed with a Hermitian product (·, ·) :
V × V −→ R, is a complex Hilbert space if it is complete with respect to the metric above.

1.2.1 Projection Onto a Convex Subspace

Recall that a set C is convex if and only if the segment between any two points x, y ∈ C
lies entirely in C, that is,

λx+ (1− λ)y ∈ C for every λ ∈ [0, , 1].
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Theorem 1.13 (Convex Projection). Let H be a Hilbert space and assume that C 6= ∅ is a
closed convex subset of H. Then there exists a unique point of minimal norm in C, that is,

∃1 x ∈ C : ‖x‖ = inf
y∈C
‖y‖.

Proof. Let (xn)n∈N ⊂ C be a minimizing sequence, i.e.,

‖xn‖
n→+∞−−−−−→ inf

y∈C
‖y‖ =: d.

Step 1. For any p, q ∈ N, the parallelogram law (1.6) gives us the identity

‖xp − xq‖2 = 2
(
‖xp‖2 + ‖xq‖2

)
− 4

∥∥∥∥xq + xq
2

∥∥∥∥2

,

and the convexity of C implies that

xp + xq
2

∈ C.

By definition of infimum
∥∥∥xp+xq

2

∥∥∥ ≥ d; hence the inequality above yields to

‖xp − xq‖2 ≤ 2
(
‖xp‖2 + ‖xq‖2

)
− 4 d = o(1), as p, q → +∞,

which means that (xn)n∈N is a Cauchy sequence in the complete space H. Therefore xn
converges to x in H and, since C is closed, we finally infer that x ∈ C.

Step 2. The uniqueness of x ∈ C follows from a standard argument. Let (xn)n∈N ⊂ C
and (x′n)n∈N ⊂ C be two minimizing sequences. Then

yk :=

{
xn if k = 2n,

x′n if k = 2n+ 1,

is also a minimizing sequences, which converges to some element x ∈ C. Since both
(xn)n∈N ⊂ C and (x′n)n∈N ⊂ C are subsequences of a converging sequence, the limit points
must be the same.

Lemma 1.14. Let H be a Hilbert space, and let C 6= ∅ be a closed convex subset. The map

P : H −→ C, x 7−→ P (x) = point of minimal distance from x in C

is well-defined. In particular, the map P is a metric projection (i.e., P 2 = P ), and it is
1-Lipschitz.

Proof. The map P is well-defined as a consequence of Theorem 1.13, since it sends x ∈ H
to the unique point P (x) ∈ C satisfying

‖x− P (x)‖ = inf
y∈C
‖x− y‖.

Moreover, the map P is a metric projection because it is the identity on C by definition,
and its range is C, which means that P (P (x)) = P (x) for every x ∈ H.
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Hence, it remains to prove that P is Lipschitz-continuous of Lipschitz constant 1. We
claim that given a point x ∈ H, the scalar product of the projection satisfies the inequality

(x− P (x), y − P (x)) ≤ 0 for every y ∈ C. (1.9)

If (1.9) holds, then given any two points x, y ∈ H, we have

(x− P (x), z − P (x)) ≤ 0 ∀ z ∈ C,

(y − P (y), w − P (y)) ≤ 0 ∀w ∈ C.

If we set z = P (y) and w = P (x), then the sum of the above inequalities yields to

‖P (x)− P (y)‖2 ≤ (x− y, P (x)− P (y)) ,

and hence we conclude using the Cauchy-Schwarz inequality (1.1). To prove the claim (1.9),
we simply notice that by convexity

λy + (1− λ)P (x) ∈ C,

which means that

‖x− P (x)‖2 ≤ ‖x− [λy + (1− λ)P (x)] ‖2 =

= ‖x− P (x) + λ [y − P (x)] ‖2 =

= ‖x− P (x)‖2 + λ2‖y − P (x)‖2 − 2λ(x− P (x), y − P (x)).

Therefore
λ‖y − P (x)‖2 ≥ 2(x− P (x), y − P (x)),

and this yields to the desired result by taking the limit for λ → 0. The reader may prove
that, actually, the claim (1.9) characterizes entirely the projection onto a convex set.

Proposition 1.15. Let E ⊂ Rn be a subset satisfying the following property:

"∀x ∈ Rn there exists a unique point P (x) ∈ E : ‖x− P (x)‖ = inf
y∈E
‖x− y‖."

Then E is a nonempty convex and closed set.

Lemma 1.16. Let H be a Hilbert space, and let E ⊂ H be a nonempty bounded subset. If

rE := inf
{
R > 0

∣∣∣ ∃x ∈ H : E ⊂ BR(x)
}
,

then there exists a unique xE ∈ H such that E ⊂ BrE (xE).

Remark 1.3. Let x, y ∈ H be any two points of H, and let r > 0 be any real number.
Then there is an obvious inclusion of balls

B (x, r) ∩B (y, r) ⊆ B

x+ y

2
,

√
r2 −

∥∥∥∥x− y2

∥∥∥∥2
. (1.10)

Hint. This inclusion is clearly translation-invariant. In particular, one may assume that
x = −y, apply the parallelogram law (1.6) and conclude as follows:

‖z − x‖ ≤ r, ‖z + x‖ ≤ r =⇒ ‖z‖2 ≤ r2 − ‖x‖2.
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Proof. Let (rn, xn)n∈N be a minimizing sequence, that is

rn
n→+∞−−−−−→ rE ,

and notice that, for every n ∈ N, we have E ⊂ Brn(xn).

Step 1. First, we want to prove that the sequence (xn)n∈N admits a limit xE ∈ H, that is,
(xn)n∈N is a Cauchy sequence. However this is a simple consequence of the inclusion (1.10)
mentioned above, since for every p, q ∈ N it turns out that

E ⊆ B (xp, max{rp, rq}), E ⊆ B (xq, max{rp, rq}),

and thus
E ⊆ B (xp, max{rp, rq}) ∩B (xq, max{rp, rq}) ⊆

⊆ B

xp + xq
2

,

√
max{r2

p, r
2
q} −

∥∥∥∥xp − xq2

∥∥∥∥2
.

Consequently,

max{r2
p, r

2
q} −

∥∥∥∥xp − xq2

∥∥∥∥2

≥ r2
E =⇒ max{r2

p, r
2
q} − r2

E ≥
∥∥∥∥xp − xq2

∥∥∥∥2

,

which means that (xn)n∈N is a Cauchy sequence, i.e., there exists xE ∈ H such that xn →
xE ∈ H.

Step 2. For every n ∈ N we have the inclusion

E ⊆ B(xn, rn) ⊆ B (xE , rn + ‖x− xE‖),

hence it suffices to take the limit as n→ +∞ to derive the result.

1.2.2 Projection onto a Closed Linear Subspace

In this section, we prove that any closed linear subspace F of a Hilbert space H admits a
projection map P : H −→ F that may be characterized via the notion of orthogonality.

Definition 1.17 (Orthogonal). The orthogonal of a subspace F ⊂ H of a Hilbert space,
denoted by F⊥, is defined via the scalar product as

F⊥ := {x ∈ H |(x, v) = 0 for every v ∈ F } .

Theorem 1.18. Let H be a Hilbert space and let F ⊆ H be a linear and closed subspace.

(a) For any x ∈ H there exists a unique point P (x) ∈ F such that

‖x− P (x)‖ = inf
y∈F
‖x− y‖.
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(b) The map P is uniquely determined by the scalar product, that is,

P (x) = y ⇐⇒ (x− y, z) = 0 ∀z ∈ F.

Namely, the point P (x) ∈ F is the projection of x ∈ H if and only if P (x)− x belongs
to the orthogonal space F⊥.

(c) The map P : H −→ F is a linear continuous projection (i.e., P = P 2).

(d) The kernel of P is the orthogonal space F⊥, and the rank/image of P is the space F
itself. Moreover, the Hilbert space H may be decomposed as the topological direct sum1

of F and F⊥.

(e) The orthogonal of the orthogonal is the space itself, that is,

(
F⊥
)⊥

= F.

Proof. The first assertion is an immediate consequence of Theorem 1.13. Indeed, for any
x ∈ H the projection P (x) is the point of minimal norm in the affine, linear and closed
subspace F + x.

(b) It suffices to prove that

P (x) = y ⇐⇒ x− y ∈ F⊥.

" =⇒ " : Let y = P (x). By (a) it follows that ‖x− y‖ = infu∈F ‖x− u‖; hence, for
every t > 0 and for every v ∈ F , we have the inequality

‖x− y‖2 ≤ ‖(x− y)− tv‖2.

We expand the right-hand side, and also divide both sides by t (which is positive); it
is easy to see that

2(x− y, v) ≤ t‖v‖2.

Sending t to 0+ (i.e., to 0 from right) yields to

(x− y, v) ≤ 0, ∀ v ∈ F. (1.11)

Finally, since F is a linear subspace, we may always replace v with −v in the inequality
(1.11); thus, we can, at last, infer that

(x− y, v) = 0, ∀ v ∈ F,

that is, x− y ∈ F⊥.

1A topological direct sum is a direct sum H = B ⊕ C, with the additional requirement that the map
(x, y) ∈ B × C 7→ x+ y ∈ H is linear, bijective and an homeomorphism.
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" ⇐= " : Conversely, assume that x − y ∈ F⊥ and y ∈ F . For every u ∈ F , the
vector y − u still belongs to F (linear subspace); hence the orthogonality condition
implies that

‖x− u‖2 = ‖(x− y) + (y − u)‖2 = ‖x− y‖2 + ‖y − u‖2 ≥ ‖x− y‖2,

which is exactly what we wanted to prove.

(c) The map P is obviously a projection since P 2 = P . The linearity follows easily from
(b); indeed, it is enough to prove that

(αx+ βy)− (αP (x) + βP (y)) ∈ F⊥.

For any v ∈ F it turns out that

(α (x− P (x)) + β (y − P (y)) , v) = α (x− P (x), v) + β (y − P (y), v) = 0

since both x− P (x) and y − P (y) belongs to F⊥. In conclusion, we prove that P is a
1-Lipschitz map, that is,

‖Px− Py‖ ≤ ‖x− y‖.
The characterization (b) proves that for any x ∈ H it turns out that x − Px ∈ F⊥
and Px ∈ F . Consequently, the scalar product (x− Px, Px) is equal to 0, and thus

‖x‖2 = ‖Px+ (x− Px)‖2 = ‖Px‖2 + ‖(idH − P )x‖2 ≥ ‖Px‖2.

In particular, for any x ∈ H we have the inequality ‖x‖ ≥ ‖Px‖, and this is - by
linearity of P - enough to infer that P is a 1-Lipschitz map:

Px− Py = P (x− y) =⇒ ‖Px− Py‖ ≤ ‖x− y‖.

(d) The assertion (b) proves that Px = 0 if and only if x ∈ F⊥, and hence the kernel is
F⊥. In a similar fashion, one can check that the range of P is F .

General Fact. Let X be a topological vector space, and let P : X −→ X be a linear
and continuous projection. One may always decompose X as the direct sum of KerP
and RanP in such a way that the restriction of the map

KerP × RanP −→ X

(v, w) 7−→ v + w

is a homeomorphism. The converse assertion is also true: If there is a topological
decomposition X = V ⊕ W , then there exists a linear and continuous projection
P : X −→ V .

(e) Here the assumption F closed comes into play: the orthogonal of a subspace A is
always closed, and hence it is needed for the equality to hold.

The inclusion F ⊆
(
F⊥
)⊥ is always true, and it is an immediate consequence of the

definition of ⊥. On the other hand, if x ∈
(
F⊥
)⊥, then (x, x− Px) = 0 and

‖x− Px‖2 = 0 =⇒ x = Px =⇒ x ∈ F.
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1.3 Dual Space of a Hilbert Space

In this section, we investigate the basic properties of the topological dual of a Hilbert space,
and we prove the fundamental representation result known as Riesz theorem.

Definition 1.19 (Topological Dual). Let (E, ‖ · ‖E) be a normed space over a field K. The
topological dual of E, denoted by E∗, is the space of all the continuous linear forms, i.e.,

E∗ := {ϕ : E −→ K | ϕ linear and continuous} .

The norm ‖ · ‖E induces a norm on the dual E∗, which is given by

‖ϕ‖E∗ := sup
‖x‖E≤1

|ϕ(x)| = sup
x 6=0

|ϕ(x)|
‖x‖E

. (1.12)

One can easily check that (1.12) is the uniform norm restricted to the ball BE(0, 1), that
is,

‖ϕ(x)‖E∗ =
∥∥∥φ ∣∣

BE(0, 1)

∥∥∥
∞
.

Proposition 1.20. Let (E, ‖ ·‖) be a normed space over a field K. A linear form ϕ : E −→
K is continuous if and only if it is bounded.

Proof. This equivalence holds in a far more general setting: it is enough to require both X
and Y are topological vector spaces (see Section 4.1 for more details.)

"⇐= " : Assume that ϕ : E −→ K is a bounded functional, that is, there exists a positive
constant C > 0 such that

|ϕ(x)| ≤ C‖x‖, ∀x ∈ E.
By linearity, it turns out that ϕ is a C-Lipschitz function, i.e.

|ϕ(x)− ϕ(y)| = |ϕ(x− y)| ≤ C‖x− y‖,

and this implies also that ϕ is continuous (as Lipschitz-continuity is stronger than continu-
ity).

" =⇒ " : Assume that ϕ : E −→ K is continuous at x = 0. The ε-δ definition, which
works only for metric spaces, implies that for every ε > 0 there exists δ > 0 such that

‖x‖ ≤ δ =⇒ |ϕ(x)− ϕ(0)| ≤ ε,

and thus, by linearity, it follows that

‖x‖ ≤ δ =⇒ |ϕ(x)| ≤ ε.

In conclusion, we observe that for every x ∈ E we have

ϕ(x) =
‖x‖
δ
ϕ

(
δ
x

‖x‖

)
,

from which it follows that
|ϕ(x)| ≤ ε

δ
‖x‖.
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Lemma 1.21. Let (E, ‖ · ‖E) be a K-normed space. Then the topological dual E∗ is a
Banach space (=complete), provided that K is complete.

Proof. The topological dual is the space of linear continuous forms; hence

E∗ = L (E, K) .

By Theorem 2.10 the dual E∗ is complete since the codomain K is complete by assumption.
In particular, the dual of a real (or complex) normed space is always a Banach space.

Theorem 1.22 (Riesz-Fréchet). Let H be a Hilbert space, and let ϕ ∈ H∗ be a given
continuous linear functional. Then there exists a unique element xϕ ∈ H such that

〈ϕ, u〉 = (xϕ, u) for every u ∈ H,

where 〈·, ·〉 is the duality product 〈H∗, H〉, and (·, ·) is the scalar product in H. Moreover,
the isomorphism

H∗ 3 ϕ 7−→ xϕ ∈ H

is also an isometry, that is,
‖xϕ‖H = ‖ϕ‖H∗ .

Proof. The idea is to define a map that associated a continuous linear functional to any
element x ∈ H, and then prove that it is an invertible isometry.

Step 1. More precisely, for any x ∈ H we define the linear continuous functional ϕx :
H −→ K as follows:

ϕx(v) := (v, x).

Notice that ϕx is also linear in a complex Hilbert space, since the Hermitian product is
left-linear and right-semilinear, and v is on the left on purpose. By the Cauchy-Schwarz
inequality (1.1) it turns out that

|ϕx(v)| ≤ ‖x‖‖v‖ =⇒ ‖ϕx‖H∗ ≤ ‖x‖,

and, actually, the dual norm ‖ϕx‖H∗ is exactly equal to ‖x‖, as the reader may check by
herself computing the functional at v := x. The mapping

Φ : H −→ H∗, Φ(x) := ϕx

is a linear (or anti-linear, in the complex case) isometric inclusion, thus we are only left to
prove that Φ is surjective.

Step 2. Let ψ : H −→ R be any linear and continuous nonzero functional. The kernel
Kerψ is not the whole space H, and thus the orthogonal is nonempty:

(Kerψ)
⊥ 6= ∅.

Let u ∈ (Kerψ)
⊥ be a nonzero element, whose norm is equal to 1, and let us consider the

vector
v := 〈ψ, x〉u− 〈ψ, u〉x ∈ Kerψ,
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as x ranges in H. By orthogonality, it turns out that

(〈ψ, x〉u− 〈ψ, u〉x, u) = 0,

from which it follows that

〈ψ, x〉 ‖u‖2 − 〈ψ, u〉 (x, u) = 0 =⇒ 〈ψ, x〉 =
(
x, 〈ψ, u〉u

)
,

which means that the mapping Φ is surjective:

ψ = Φ
(
〈ψ, u〉u

)
.

1.4 Hilbert Sums and Orthonormal Bases

In this section, we introduce the notion of orthonormal system in a Hilbert space, and
characterize maximal orthogonal systems in terms of the Perseval formula.

Definition 1.23 (Summable Collection). Let X be a topological vector space. A collection
of elements {xλ}λ∈Λ ⊂ X is summable, with sum S, if, for every U ⊂ X neighborhood of
the origin, there exists a finite subset A ⊂ Λ such that

∀B : A ⊂ B ⊂ Λ and |B| <∞ =⇒ S −
∑
λ∈B

xλ ∈ U.

Definition 1.24 (Orthonormal System). Let H be a Hilbert space. A collection of elements
{eλ}λ∈Λ ⊂ H is an orthonormal system for H if, for every µ, ν ∈ Λ, it turns out that

(eµ, eν) = δµ, ν .

Proposition 1.25. Let H be a Hilbert space and let {eλ}λ∈Λ ⊂ X be an orthonormal
system. The following properties are equivalent:

(a) The system {eλ}λ∈Λ is maximal, that is,

(eλ, x) = 0 ∀λ ∈ Λ =⇒ x = 0.

(b) The system {eλ}λ∈Λ is complete, that is,

Span 〈eλ : λ ∈ Λ〉 = H.

(c) Every element x ∈ H is equal to the sum of its "Fourier coefficients", that is,

x =
∑
λ∈Λ

xλeλ,

where xλ := (x, eλ).

(d) The squared norm of x is equal to the `2-norm of its "Fourier coefficients", that is,

‖x‖2 =
∑
λ∈Λ

|xλ|2 = ‖xλ‖`2(Λ). (1.13)
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(e) For every x, y ∈ H, the following identity holds true:

(x, y) =
∑
λ∈Λ

xλyλ.

Proof. The argument presented here is rather simple, and there are no important ideas
behind; we divide it into five steps, to ease the notation for the reader.

Step 1. Suppose that {eλ}λ∈Λ is not a complete orthonormal system, that is, the linear
span is not dense in H, that is

Span 〈eλ : λ ∈ Λ〉 6= H,

and let us prove that {eλ}λ∈Λ cannot be a maximal system. The orthogonal is nonempty(
Span 〈eλ : λ ∈ Λ〉

)⊥
6= ∅

since the closure of the linear span is a closed linear subspace of H, and the point (e) of the
Theorem 1.18 asserts that (

F⊥
)⊥

= F.

In particular, there exists x 6= 0 in the orthogonal of the linear span of the family {eλ}λ∈Λ,
that is, an element of H such that

(x, eλ) = 0, ∀λ ∈ Λ,

which means that the collection {eλ}λ∈Λ ∪ {x/‖x‖} is strictly bigger than {eλ}λ∈Λ, and
hence {eλ}λ∈Λ is not maximal.

Step 2. Suppose that {eλ}λ∈Λ is a complete orthonormal system. For any finite subset
B ⊂ Λ we consider the linear span

HB := Span 〈eλ : λ ∈ B〉 ,

which is a finite-dimensional subspace of H, linearly homeomorphic to Cn (or Rn, if H is a
real vector space), for some n ∈ N.

In particular, the subspace HB is closed and complete with respect to the induced metric;
it follows from Theorem 1.18 that there exists a projection PB : H −→ HB , which is defined
by

PB(x) :=
∑
λ∈B

xλeλ ∈ HB . (1.14)

Indeed, one can easily check that this is the (unique) orthogonal projection onto a linear
subspace since it satisfies the orthogonality criterion given in the theorem above. More
precisely, it is enough to prove that (1.14) satisfies the following property:

λ ∈ B =⇒ (x− PB(x), eλ) = (x, eλ)− xλ = 0.

Consequently, for any finite subset B ⊂ Λ, there is a well-defined distance function

d(x, HB) :=

∥∥∥∥∥x−∑
λ∈B

xλ eλ

∥∥∥∥∥ = ‖x− PB(x)‖,
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and the assumption {eλ}λ∈Λ complete implies that

inf
B⊂Λ

d(x, HB) = 0

or, equivalently, that for any ε > 0 and any x ∈ H there exist B0 ⊂ Λ finite such that∥∥∥∥∥x− ∑
λ∈B0

xλ eλ

∥∥∥∥∥ < ε.

Moreover, for any finite subset C such that B0 ⊂ C ⊂ Λ, the inequality above is still true,
that is, ∥∥∥∥∥x−∑

λ∈C

xλ eλ

∥∥∥∥∥ < ε

since the distance decreases as the finite subset of Λ gets bigger (recall that the projection
gives the point of minimal norm). In conclusion, from the simple identity

d(x, HB)2 =

∥∥∥∥∥x−∑
λ∈B

xλ eλ

∥∥∥∥∥
2

it follows that
{eλ}λ∈Λ is complete ⇐⇒ (1.13) ⇐⇒ x =

∑
λ∈Λ

xλeλ.

Step 3. Let x, y ∈ H. The Perseval identity (1.13) implies that

‖x+ ty‖2 =
∑
λ∈Λ

|(x+ ty, eλ)|2,

from which it follows that

t(x, y) + t(y, x) = 2t
∑
λ∈Λ

xλyλ.

In conclusion, it is enough to choose t := (x, y) for the identity above to become the so-called
generalized Parseval formula, that is,

(x, y) =
∑
λ∈Λ

xλyλ.

Step 4. We argue by contradiction. Suppose that {eλ}λ∈Λ is a non-maximal orthonormal
collection. In particular, there exists x 6= 0 such that

(x, eλ) = 0, ∀λ ∈ Λ.

The norm ‖x‖ is different from zero, but from the Perseval identity (1.13) we obtain

‖x‖2 =
∑
λ∈Λ

|xλ|2 = 0 =⇒ ‖x‖ = 0,

and this is the sought contradiction.
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Proposition 1.26. Let H be a Hilbert space and let {eλ}λ∈Λ be an orthonormal system.
Then there exists a complete orthonormal system {e′λ}λ∈Λ′ , which is not necessarily unique,
extending {eλ}λ∈Λ.

Definition 1.27 (Hilbert Basis). An orthonormal system {eλ}λ∈Λ in a Hilbert space H is
a Hilbert basis if it is maximal.

Theorem 1.28. Let H be a Hilbert space, and let {eλ}λ∈Λ and {fµ}µ∈∆ be two Hilbert
bases. The cardinality is the same, that is,

|Λ| = |∆| ,

and it is usually called Hilbert dimension of H in the literature.

Proof.

First Case. If {eλ}λ∈Λ is a finite-cardinality basis, then the thesis is trivially true since
H is either isomorphic to Rn or Cn for some n ≥ 0.

Second Case. Suppose that {eλ}λ∈Λ is an infinite basis of H, that is, we have |Λ| ≥ ℵ0.
We consider the rational linear span

D := SpanQ 〈eλ : λ ∈ Λ〉 ,

and it is immediate to see that by definition D is dense in H and has the same cardinality,
i.e.

|Λ| = |D| .

The family of open balls
{B(fµ, 1/2)}µ∈∆

is necessarily disjoint, and hence, by density, one can find at least one element of D in
any such ball. It follows that |Λ| ≥ |∆| and this gives us the thesis since the argument is
symmetric with respect to Λ and ∆.

Remark 1.4. Let (X , A, µ) be a measure space, with µ a positive σ-additive measure.
We define the usual p-summable functions space as

Lp (X , A, µ) :=

{
f : X −→ C

∣∣∣∣ f measurable and
∫

X

|f |p dµ <∞
}
.

It is easy to prove that this is a Banach space for any p ∈ [1, +∞], and also that it is a
Hilbert space if and only if p = 2. In that case the scalar product is given by

(f, g) :=

∫
X

f(x)g(x) dµ(x).

If Λ is a set, we can consider the discrete measure (cardinality) and let A = P (Λ). In this
special case Lp(Λ) := `p(Λ), which is the set of all the p-summable sequences, that is,

`p (Λ) :=

{
x : Λ −→ C

∣∣∣∣∣ ∑
λ∈Λ

|x(λ)|p <∞

}
.
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Corollary 1.29. Let H be a Hilbert space. There exists a set Λ of cardinality equal to the
Hilbert dimension dimHH such that the map

`2(Λ) 3 x 7−→
∑
λ∈Λ

x(λ)eλ ∈ H

is an isomorphism.

In particular, any infinite-dimensional Hilbert space H is separable if and only if H ∼=
`2(N); thus there exists, up to isomorphism, only one separable Hilbert space.

1.5 Appendix

In this section, we briefly introduce some additional notions that are either interesting
exercises or useful in different courses (e.g., probability and geometric measure theory).

1.5.1 Radon-Nikodym Theorem

Definition 1.30 (Absolute Continuity). A measure ν is absolutely continuous with respect
to a measure µ, and we denote it by ν � µ, if and only if every

µ(A) = 0 =⇒ ν(A) = 0.

Theorem 1.31 (Radon-Nikodym). Let µ and ν be bounded and positive measures defined
on a σ-algebra F of a set X , and assume that ν � µ. Then there exists a unique2 summable
positive function f ∈ L1(X , µ)+ such that fu ∈ L1(X , µ) and∫

X

u(x) dν(x) =

∫
X

f(x)u(x) dµ(x), ∀u ∈ L1(ν).

Moreover, the same statement holds true if we replace L1(X , µ) with L2(X , µ), and the
function f is unique, provided that it is µ-almost everywhere 0 in any ν-null set.

Proof. The measure µ + ν is finite since µ and ν are both finite measures. It follows that
there is a chain of inclusions

L2(µ+ ν) ↪→ L1(µ+ ν) ↪→ L1(ν),

where the last one is due to the fact that ν � µ. Indeed, if we consider v ∈ L1(µ+ ν), then∫
X

v(x) dν(x) < +∞

since µ(A) = 0 implies ν(A) = 0, and thus (µ+ ν)(A) = 0, which means that µ+ ν � µ. In
a similar fashion, there is another chain of maps

L2(µ+ ν) ↪→ L1(µ+ ν)
ϕ−→ L1(µ)

f 7→
∫

X
f dµ

−−−−−−−→ R,

2Here the reader needs to be careful. The space L1(µ) is used in these notes either as L1(µ) or L
1(µ)�∼,

where f ∼ g if and only if f(x) = g(x) almost everywhere. In this case, the uniqueness is intended as
equivalence class.
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but, in general, ϕ is not an inclusion. In particular, the functional

L2(µ+ ν) 3 f 7→
∫

X

f(x) dµ(x) ∈ R

is bounded and linear, and thus by Riesz Theorem 1.22 there exists a unique element g ∈
L2(µ+ ν) such that ∫

X

u(x) dµ(x) =

∫
X

u(x)g(x) d(µ+ ν)(x),

or, equivalently, such that∫
X

[1− g(x)]u(x) dµ(x) =

∫
X

u(x)g(x) dν(x).

Let u(x) := χg≤0(x) be the characteristic function of the set {x ∈ X | g(x) ≤ 0}. Then∫
X

[1− g(x)]u(x) dµ(x) ≥
∫

X

u(x) dµ(x) ≥ 0,

∫
X

u(x)g(x) dν(x) ≤ 0,

and therefore {x ∈ X | g(x) ≤ 0} is a µ-null set and, in particular, a ν-null set. Equivalently,
if we let uε(x) := χg≥1+ε(x), then∫

X

[1− g(x)]uε(x) dµ(x) ≤ 0,

∫
X

u(x)g(x) dν(x) ≥
∫

X

u(x) dν(x) ≥ 0,

implies that {g ≥ 1 + ε} is a µ-null set for any ε > 0. In particular, {x ∈ X | g(x) > 1} is a
µ-null set, and thus a ν-null set, that is,

0 < g(x) ≤ 1, for ν-almost every x ∈ X.

For any n ∈ N and for any u ∈ L1(ν)+, the function(
u(x)

g(x)
∧ n
)
,

where ∧ denotes the minimum, belongs to L∞; thus∫
X

[1− g(x)]

(
u(x)

g(x)
∧ n
)

dµ(x) =

∫
X

(
u(x)

g(x)
∧ n
)
g(x) dν(x),

and applying the Beppo-Levi property we obtain∫
X

f(x)u(x) dµ(x) =

∫
X

u(x),dν(x),

where
f(x) :=

g(x)

1− g(x)
.

In conclusion, let u ∈ L1(ν) and decompose it as the sum of the positive part and the
negative part, i.e. u = u+ − u−, and apply the argument above to both addendum.
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1.5.2 Subgroups of a Hilbert Spaces

Let V ⊆ Rn be an additive, closed and connected subgroup of Rn. The first goal of this
section is to prove that V is a linear subspace of Rn.

Definition 1.32 (Discrete). An additive subgroup G of Rn is discrete if it is generated by
m ≤ n linearly independent vectors.

It follows that every additive subgroup V ⊆ Rn that is not the linear span of m linearly
independent vectors is dense and, since it is also closed, equal to Rn. Therefore, the only
nontrivial V are the following ones:

(1) V is a point, i.e., V = {(0, . . . , 0)}.

(2) V is a line, i.e., V = Span 〈e1〉;

(3) V is a plane, i.e., V = Span 〈e1, e2〉;

(4) V is a k-hyperplane, i.e., V = Span 〈e1, . . . , ek〉

(5) V is a hyperplane, i.e., V = Span 〈e1, . . . , en−1〉;

(6) V = Rn.

It is straightforward to prove that these are all linear subspaces of Rn and, as an immediate
consequence of the criterion mentioned above, they are the only ones additive, closed and
connected.

Hilbert Spaces. The primary goal is to prove an analogous result that characterizes, in
a certain sense, the additive closed connected subgroups G of a Hilbert space H.

Lemma 1.33 (Generalized Parallelogram Identity). Let H be a Hilbert space, and let
x1, . . . , xn be elements of H. Then

∑
ε∈{0, 1}n

∥∥∥∥∥∥
n∑
j=1

εjxj

∥∥∥∥∥∥
2

= 2n
n∑
j=1

‖xj‖2. (1.15)

Lemma 1.34. Let G ⊆ H an additive subgroup of a Hilbert space H. Suppose that G is a
lattice generated by a finite number of elements with norms ‖gi‖ ≤ 1 for i = 1, . . . , n. Then
G is a

√
n-net in his linear span, that is,

G is a
√
n-net in SpanR 〈g1, . . . , gn〉.

Proof.

Step 1. We claim that all the elements of the rescaling 2−1 · G are distant, at most,
√
n/2

from any other element of G. In fact, given x ∈ 2−1 · G we may always assume - up to
translations - that it is given by a reduced sum

x =
1

2

k∑
i=1

gi for some k ≤ n. (1.16)
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More precisely, the point x is the center of the fundamental parallelogram associated to the
generators of the lattice with nonzero coefficients in (1.16). Hence (by the parallelogram
identity) the distance between x and any vertexes y ∈ G is less than or equal to

√
k/2, which

can be estimated by
√
n/2.

Step 2. The idea is to iterate this process and conclude with a density argument. For
every m ∈ N, the subgroup 2−m−1 · G is distant at most

√
n

2m+1 from 2−m · G. Thus, any
element of the union ⋃

m∈N
2−m · G (1.17)

is, at most, distant
√
n from any element of G since

+∞∑
m=1

2−m = 1.

The proof is now complete since the union (1.17) is a dense set in H, as the reader may
check as an easy exercise.

We are finally ready to state the main result of this section. Namely, a sufficient condition
for an additive closed connected subgroup G ⊂ H of a Hilbert space to be linear, is that G
is arc-wise connected by α-Hölder arcs for α > 1/2. The reader should notice that it is not
a necessary condition by any means.

Theorem 1.35. Let G ⊆ H = `2(N; R) be an additive, closed and connected subgroup of
H.

(a) There exists a nonlinear subspace G that is arc-wise connected by 1/2-Hölder arcs.

(b) If G is arc-wise connected by α-Hölder arcs, and α > 1/2, then G is a linear subspace.

Proof.

(a) Let H := L2 ([0, 1]) and let G := L2 ([0, 1]; Z). It is an easy exercise to show that G
is an additive, closed subgroup of H. Given f ∈ G, the arc defined by

γ(t) := fχ[0, t] =

f(x) x ∈ [0, t]

0 x ∈ [t, 1]

takes values in G, and its extremal points are γ(0) ≡ 0 and γ(1) ≡ f . Then

‖γ(t)− γ(s)‖2L2([0, 1]) ≤
∫ t

s

|f(x)|2 dx,

but we cannot conclude that γ is 1/2-Hölder because f is not - a priori - in L4([0, 1]).
We consider a reparametrization

σ : [0, 1] −→ [0, 1 + ‖f‖2L2([0, 1])]
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defined explicitly by setting

σ(t) := t+

∫ t

0

|f(x)|2 dx.

It is easy to prove that σ is continuous, increasing (strictly) and bijective; thus

‖γ(t)− γ(s)‖2 ≤ |σ(t)− σ(s)|1/2 ,

which means that the composition γ◦σ−1 is a 1/2-Hölder path, and yet G is nonlinear.

(b) Suppose that G is arc-wise connected by α-Hölder arcs for some α > 1/2. It follows
from Lemma 1.34 that the lattice generated by n vectors g1, . . . , gn ∈ H, with norms
‖gk‖ ≤ r, is a r

√
n-net in their linear span. Therefore, if γ : [0, 1] −→ G is an α-Hölder

path, for any n ∈ N, the n elements

gk, n := γ

(
k + 1

n

)
− γ

(
k

n

)
∈ G, k = 0, . . . , n− 1,

form a Cn1/2−α-net in their linear span. Since G is closed this implies that it is a
cone, and hence a linear subspace.

1.5.3 Laguerre Polynomials

Let A be an alphabet. Given a finite word formed by (n1, a1), . . . , (nk, ak) ∈ N × A, a
natural question would be how many anagrams of this word can we find, and how many3

of them have no fixed points? Recall that, if n := n1 + · · ·+ nk, the number of anagrams is
given by

G(n1, . . . , nk) :=
n!

n1!n2! . . . nk!
,

and thus we can immediately infer that F (n1, . . . , nk) ≤ G(n1, . . . , nk).

2-words. The first nontrivial case is given by an alphabet made up of two letters. Clearly,
if n1 < n2 or n2 < n1 every permutation (=anagram) of the word has at least a fixed point,
therefore we can assume that n1 = n2. In this case, the problem admits one and only one
solution (replace each a1 with a2, and vice versa). In particular, we have a orthonormal
basis, that is,

F (n, m) = δn,m.

General Case. If k is arbitrary, the question becomes much harder, and there are two
possible approaches; here we give an idea of the first method, and we investigate the second
one entirely.

3We denote by F (n1, . . . , nk) the number of anagrams with no fixed points.



CHAPTER 1. HILBERT SPACES 28

First Approach. Let k ≥ 1, α = (α1, . . . , αk) ∈ Nk and let D(α) := F (α1, . . . , αk).
Then ∑

α∈Nk
D(α)xα =

1

1−
∑
S(|S| − 1)

∏
i∈S xi

,

where S ranges over all nonempty subsets of {1, . . . , k}, and xα := xα1
1 . . . xαkk .

Second Approach. Let Λ denote an arbitrary alphabet, and suppose that the words
have length n. Consider a set of indices I = {1, 2, . . . , n}, and let A be the set of all the
permutations, whose cardinality is thus given by

|A| = n!

n1!n2! . . . nk!
, where n1 + · · ·+ nk = n.

For any J ⊆ I, consider the set of all permutations fixing J

AJ := {σ ∈ Sn | J ⊆ Fix(σ)} ,

and notice that the cardinality is given by

|AJ | =
|I \ J |!∏

λ∈Λ |Iλ \ Jλ|!
,

where Iλ = σ−1(λ) and Jλ = σ−1(λ) ∩ J . Since

AJ ∩AK = AJ∪K ,

the inclusion-exclusion principle gives us a formula for A∅ (the set of permutations with no
fixed points), i.e.

|A∅| = |A| −
∑
i∈I
|Ai|+

∑
i<j

|Ai ∩Aj | − · · · =
∑
J⊆I

(−1)|J| |AJ | .

Using the explicit formula for the cardinality of AJ and the obvious equivalence

P(I)←→
∏
λ∈Λ

P(Iλ),

we find that, if we set Kλ := Iλ \ Jλ, then

|A∅| =
∑

J∈
∏
λ P(Iλ)

(−1)
∑
λ |Jλ|

(
∑
λ |Iλ \ Jλ|)!∏
λ (|Iλ \ Jλ|!)

=

=
∑

K∈
∏
λ P(Iλ)

(−1)
∑
λ(|Iλ|−|Kλ|) (

∑
λ |Kλ|)!∏
λ (|Kλ|!)

.

At this point, we want to find a way to "implement" the following identity:∏
λ∈Λ

∑
j∈Xλ

c(λ, j) =
∑

Φ∈
∏
λXλ

∏
λ∈Λ

c(λ, Φ(j)),



29 1.6. EXERCISES

where c(·, −) is any function defined on Λ ×
(∏

λ∈ΛXλ

)
. By Euler formula, it turns out

that

m! =

∫ +∞

0

xme−x dx,

and hence

|A∅| =
∑

K∈
∏
λ P(Iλ)

[∏
λ∈Λ

(−1)|Iλ|−|Kλ|

|Kλ|!

] ∫ ∞
0

x
∑
λ |Kλ| e−x dx =

=

∫ ∞
0

 ∑
K∈P(Iλ)

∏
λ

(−1)|Iλ|−|Kλ|

|Kλ|!
x
∑
λ |Kλ|

 e−x dx.

If we set dµ := e−x dx, then

|A∅| =
∫ ∞

0

∏
λ

∑
K∈P(Iλ)

(−1)|Iλ|−|Kλ|

|Kλ|!
x
∑
λ |Kλ|

 dµ(x) =

=

∫ ∞
0

[∏
λ

Pnλ(x)

]
dµ(x) =,

where Pm is the polynomial defined by

Pm(x) :=

m∑
k=0

(−1)m−k
(
m

k

)
xk

k!
.

Since F (m, n) = δm,n, then

. . . =

∫ ∞
0

Pn(x) · Pm(x) dµ(x) = 0, ∀n 6= m,

thus {Pn}n∈N is an orthogonal family in L2 ([0, ∞), dµ) and they are called Laguerre
polynomials.

1.6 Exercises

Exercise 1.1. The locus of the zeros of a quadratic form Q(x) = B(x, x), which is usually
denoted by Z(B), is a linear subspace of V .

Exercise 1.2. For any x, y ∈ Rn the Cauchy-Schwarz inequality holds, i.e.(
n∑
i=1

x2
i

) (
n∑
i=1

y2
i

)
−

(
n∑
i=1

xi yi

)2

≥ 0.

Moreover, the following equality is satisfied(
n∑
i=1

x2
i

) (
n∑
i=1

y2
i

)
−

(
n∑
i=1

xi yi

)2

=
∑

1≤i<j≤n

[xi yj − xj yi]2 ,

Exercise 1.3 (Open Problem4). Let H be a Hilbert space, and let C ⊂ H a subset together

4This problem is likely still open in some sense, but I am not certain about this.
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with a projection P : H −→ C such that P is continuous and ‖P (x)− x‖ = infy∈C ‖x− y‖.
Then C is convex.

Exercise 1.4. Let µ be a measure over I ⊆ R (e.g. R, R+, a bounded interval, etc..).
When the polynomial in C[x] are dense in L2(I, µ)?

In affirmative cases, prove that the Gram-Schmidt algorithm produces a orthonormal
basis of polynomial such that Pn has degree n.

Exercise 1.5. Let H be a Hilbert space and assume that E ⊂ H is bounded and nonempty.
In the setting of Lemma 1.16, the following properties holds true:

(a) If E is also convex, then xE belongs to E.

(b) Both xE and rE depend continuously (actually, 1-Lipschitz) on the sets (with respect
to the distance H), that is

‖xE − xE′‖ ≤ dH(E, E′), |rE − rE′ | ≤ dH(E, E′).

Exercise 1.6. Let H be a Hilbert space, and assume that E ⊂ H is bounded, closed and
nonempty. The Hausdorff distance is given by

dH(E, E′) = ‖dE − dE′‖∞,

where dE is the usual distance. In a Banach space, since we cannot assume that the distance
is a bounded function, we can define the Hausdorff distance as

dH(E, E′) = ‖(dE − ‖x‖)− (dE′ − ‖x‖)‖∞.

In particular, we defined a map

E ∈ B(H) := {E ⊆ H : E 6= ∅, E bounded and closed} 7→ dE − ‖x‖ ∈ Cb(H; R)

and B(H) is a complete metric space with the Hausdorff distance. Prove that

dH(E, E′) ≤ r ⇐⇒

{
E ⊆ r ·B(0, 1) + E′

E′ ⊆ r ·B(0, 1) + E.

Exercise 1.7. LetH := L2 ([0, 1]). Find the projection over the following convex subspaces:

(a) C = B(0, 1);

(b) C = {f ∈ H : f ≥ 0 a.e.};

(c) C = B ((0, 1); L∞).



Chapter 2

Banach Spaces

In this chapter, we generalize the concept of Hilbert space when a scalar product inducing the
norm does not exist. More precisely, we introduce the notion of Banach space, and describe
the main properties (e.g., completeness) of the space of all linear operators between two
Banach spaces

2.1 Definitions and Elementary Properties

Definition 2.1 (Norm). Let X be a (real or) complex vector space. A norm is an applica-
tion ‖ · ‖ : X −→ R+ satisfying the following properties:

(a) The norm is always positive and equal to 0 only for x = 0, that is,

‖x‖ ≥ 0 for every x ∈ X and ‖x‖ = 0 ⇐⇒ x = 0.

(b) The norm is positively homogeneous, that is,

‖λx‖ = |λ|‖x‖ for all λ ∈ C and x ∈ X.

(c) The norm satisfies the triangular inequality, that is,

‖x+ y‖ ≤ ‖x‖+ ‖y‖ for every x, y ∈ X. (2.1)

Remark 2.1. Any normed space (E, ‖ · ‖E) is also a metric space. Indeed, it is straight-
forward to check that the mapping ρ : X ×X −→ R, defined by

ρ(x, y) := ‖x− y‖,

satisfies the conditions (a)-(c) introduced in the previous definition. The opposite implica-
tion is false, that is, a metric space is generally not a normed space.

Proof. The first assertion is evident. To find a metric space which is not a normed space,
the reader may consider a bounded metric d on a topological space X.
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Definition 2.2 (Banach Space). A normed space (B, ‖ · ‖B) is a Banach space if it is
complete with respect to the induced distance ρ.

Definition 2.3 (Seminorm). Let X be a complex vector space. A seminorm is a mapping
p : X −→ R satisfying the following properties:

(a) Positive, that is, p(x) ≥ 0 for all x ∈ X.

(b) Positively homogeneous, that is p(λx) = |λ|p(x) for all λ ∈ C and x ∈ X.

(c) Satisfies the triangular inequality, that is

p(x+ y) ≤ p(x) + p(y) for every x, y ∈ X. (2.2)

Remark 2.2. Let (X, pX) be a seminormed space. The map ρs : X ×X −→ R, defined by
setting

ρs(x, y) := pX(x− y),

is a pseudometric on X, that is, a positive function satisfying all the properties of a metric,
except

x = y ⇐⇒ ρs(x, y) = 0.

In general, if (X, ps) is a seminormed space, then the topology induced on (X, ρs) is not
Hausdorff, that is, the points are not separable since ρs(x, y) = 0 does not imply x = y.

Example 2.1. The reader may check that L2 ([0, 1]), endowed with the seminorm

p2(f) =

∫ 1

0

|f(x)|2 dx,

is not a Hausdorff space. The reader may jump to Exercise 3.2, where we investigate this
property more in-depth.

Theorem 2.4. Let (X, ‖ · ‖) be a normed space. The following are equivalent:

(a) The space X is complete with respect to ‖ · ‖.

(b) Every absolutely converging series ∑
n∈N
‖xn‖ <∞

is convergent, that is,

∃x ∈ X : lim
n→+∞

∥∥∥∥∥
n∑
k=0

xk − x

∥∥∥∥∥ = 0.

(c) Every absolutely convergent geometric1 series∑
n∈N
‖xn‖ <∞

is convergent, that is,

∃x ∈ X : lim
n→+∞

∥∥∥∥∥
n∑
k=0

xk − x

∥∥∥∥∥ = 0.

1Definition. Let (X, ‖ · ‖) be a normed space. The series
∑
n xn is geometric if ‖xn‖ ≤ 2−n for every

n ∈ N.
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Remark 2.3. Let (X, d) be a metric space. If (xn)n∈N is a Cauchy sequence, and (xnk)k∈N
is a subsequence converging to some x ∈ X, then (xn)n∈N also converges to x.

Proof. The triangular inequality implies that

d(xn, x) ≤ d(xn, xnk) + d(xnk , x),

for every n ∈ N. Since (xn)n∈N is a Cauchy sequence, there exists a natural number N1 ∈ N
such that

d(xn, xm) ≤ ε, ∀n, m > N1.

In a similar fashion, the subsequence (xnk)k∈N converges to x, and hence there exists a
natural number N2 ∈ N such that

d(xnk , x) ≤ ε, ∀nk > N2.

In conclusion, if we let N := max{N1, N2}, then it turns out that

d(xn, x) ≤ 2 ε, ∀n > N,

that is, xn → x as n goes to +∞.

Proof of Theorem 2.4. The assertion "(b) =⇒ (c)" follows directly from the definitions;
therefore we only show the remaining two implications here.

"(a) =⇒ (b)" Suppose that X is complete, and let (xn)n∈N be an absolutely convergent
sequence, that is, ∑

n∈N
‖xn‖ <∞.

If we denote by (Sk)k∈N the sequence of the partial sums, i.e.

Sk :=

k∑
n=0

xn,

then the thesis is equivalent to the existence of S ∈ X such that

Sk
k→+∞−−−−−→ S.

By completeness, it is enough to prove that (Sk)k∈N is a Cauchy sequence in X. But this
follows easily from the following estimate:

‖Sj − Sk‖ =

∥∥∥∥∥
j∑

n=k

xn

∥∥∥∥∥ ≤
j∑

n=k

‖xn‖ = o(1), for k, j → +∞.

"(c) =⇒ (a)" Let (xn)n∈N be a Cauchy sequence in X. A standard argument implies
that there always exists a subsequence (xnk)k∈N ⊂ (xn)n∈N such that∥∥xnk+1

− xnk
∥∥ ≤ 2−k.
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Let (yk)k∈N :=
(
xnk+1

− xnk
)
k∈N. Clearly, the sum

Sk :=
∑
k∈N

yk

is an absolutely convergent geometric series, and thus by assumption it converges to a certain
element S ∈ X. On the other hand, we have the identity

xnk+1
= xn0

+ Sk,

and therefore there exists x = xn0 + S ∈ X such that

xnk
k→+∞−−−−−→ x.

In particular, we proved that a Cauchy sequence (xn)n∈N always admits a converging sub-
sequence. By Remark 2.3 we finally infer that (xn)n∈N converges to x as well, which means
that X is complete.

Proposition 2.5 (Bounded Functions). Let S be a set, and let (X, ‖ · ‖X) be a Banach
space. The space of all the bounded functions with values in X, denoted by

(B (S; X) , ‖ · ‖∞, S) ,

is complete with respect to the uniform norm.

Proof. Let (fk)k∈N ⊂ B (S; X) be a sequence such that∑
k∈N
‖fk‖∞, S <∞.

For every s ∈ S, it turns out that∑
k∈N
‖fk(s)‖X ≤

∑
k∈N
‖fk‖∞, S <∞,

and thus (by completeness) the series
∑
k∈N fk(s) converges in X. For every s ∈ S it turns

out that ∥∥∥∥∥∑
k∈N

fk(s)

∥∥∥∥∥
X

≤
∑
k∈N
‖fk(s)‖X <∞,

and hence the map

F : S −→ X, s 7−→
+∞∑
k=0

fk(s)

is a bounded function. In conclusion, we notice that the convergence is uniform since∥∥∥∥∥F −
N∑
k=0

fk

∥∥∥∥∥
∞, S

=

∥∥∥∥∥
+∞∑

k=N+1

fk

∥∥∥∥∥
∞, S

≤
∑

k≥N+1

‖fk‖∞, S = o(1)

for N → +∞, and this is enough to conclude the proof.
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Remark 2.4. Let E be a topological space. The inclusion(
C0
b (E; X) , ‖ · ‖∞

)
⊂ (B (E; X) , ‖ · ‖∞)

is closed. Therefore, the space C0
b (E; X) is complete as a corollary of Proposition 2.5.

Proposition 2.6. Let X be a topological space, and let µ be any reasonable measure on a
σ-algebra F of X. The space of all µ-summable functions, denoted by L1(X; µ), is complete.

Proof. Let (fk)k∈N ⊂ L1(X; µ) be a sequence such that∑
k∈N
‖fk‖L1(X; µ) <∞,

and let us define

gn(x) :=

n∑
k=0

|fk(x)|, ∀n ∈ N.

Clearly (gn)n∈N is an increasing sequence of positive and measurable functions; thus the
Beppo-Levi2 property implies that

+∞∑
k=0

‖fk‖L1(X; µ) = lim
n→+∞

∫
X

gn(x) dµ(x) =

∫
X

(
+∞∑
k=0

|fk(x)|

)
dµ(x),

that is, the series
∑
k |fk(x)| converges µ-almost everywhere. But R is a complete space;

hence the mapping

F : X −→ R, x 7−→ F (x) :=

+∞∑
k=0

fk(x)

is well-defined and, as the reader may easily check, also an element of L1(X; µ) since

|F (x)| ≤
+∞∑
k=0

|fk(x)| ∈ L1(X; µ).

In conclusion, we observe that∥∥∥∥∥F −
N∑
k=0

fk

∥∥∥∥∥
L1(X; µ)

≤
∑

k≥N+1

‖fk‖L1(X; µ) = o(1),

for N → +∞, to infer that the convergence is uniform.

Remark 2.5. In a similar fashion, one can prove that Lp(X; µ) is complete for every p ≥ 1
and any reasonable measure µ.

2Let (X, Σ, µ) be a measure space, and let (fk)k∈N be a sequence of non-decreasing (point-wise), positive
and measurable functions. Then the punctual limit f(x) := limk fk(x) is measurable and∫

fk dµ
k→+∞−−−−−→

∫
f dµ.
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Step 1. Let (fk)k∈N ⊂ Lp(X; µ) be a sequence such that∑
k∈N
‖fk‖p <∞,

and assume that µ(X) <∞ and 1 ≤ p < +∞. The inclusion

Lp(X; µ) ↪→ L1(X; µ)

is continuous, and thus
∑
k fk is also a absolutely converging series in L1(X; µ). It follows

from Proposition 2.6 that it converges in L1(X; µ) to an element f ∈ L1(X; µ) and, up to
a subsequences, it converges to f µ-almost everywhere.

Step 2. For every n ∈ N, it turns out that

|fm(x)− fn(x)| m→+∞−−−−−→ |f(x)− fn(x)| ,

and thus - by Fatou’s Lemma3 - we find that

‖f − fn‖pLp(X; µ) ≤ lim inf
m→+∞

‖fm − fn‖pLp(X; µ) = o(1),

for n→ +∞, and this is enough to conclude.

Step 3. If X is a σ-finite set, then we can find a µ-almost everywhere converging subse-
quence and use the same argument in a exhaustion by compact sets (e.g., diagonal proce-
dure).

If X is not σ-finite, it is enough to notice that the support of a Lp(X; µ) function needs
to be σ-finite and that the countable union of σ-finite sets is also σ-finite.

2.2 Linear Operators between Banach Spaces

We denote the space of all the linear bounded operators L : X −→ Y by L(X, Y ). Coher-
ently with the case Y = C, there is a naturally induced norm, i.e.

‖L‖L(X,Y ) := ‖L‖∞, BX = sup
‖x‖X≤1

‖Lx‖Y ,

where BX is the closed ball of X, centered at 0 with radius 1.

Definition 2.7 (BL Operator). Let L ∈ L(X, Y ) be a linear operator. We say that L is
bounded if

‖L‖L(X,Y ) < +∞,

that is, if the set L
(
BX
)
is bounded as a subset of Y .

3Let (X, Σ, µ) be a measure space, and let (fk)k∈N be a sequence of positive and measurable functions.
Iff(x) := lim infk fk(x), then ∫

X
f dµ ≤ lim inf

k→+∞

∫
X
fk dµ.
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Lemma 2.8. Let L ∈ L(X, Y ) be a linear operator. The following properties are all equiv-
alent:

(a) L is Lipschitz.

(b) L is continuous.

(c) L is continuous at x = 0.

(d) L is locally bounded, that is there exists a neighborhood U of the origin whose image
L(U) is bounded in Y .

Proof. The only nontrivial implication is (d) =⇒ (a). First, we notice that for a locally
bounded linear operator L there are positive constants r, s > 0 such that

L
(
BX(0, r)

)
⊆ BY (0, s). (2.3)

Let x ∈ X be a point. The inclusion (2.3) implies that

Lx =
‖x‖
r
L

(
rx

‖x‖

)
=
‖x‖
r
y for some y such that ‖y‖ ≤ s,

from which it follows that
‖Lx‖ ≤ s

r
‖x‖.

In particular, the operator L is Lipschitz, and the Lipschitz constant is exactly equal to the
operator norm ‖L‖L(X,Y ) introduced above.

Proposition 2.9. Let L1, L2 ∈ L(X, Y ) be linear bounded operators, and let λ ∈ K be an
element of the scalar field. The following properties hold true:

(a) L1 + L2 ∈ L(X, Y ).

(b) λL1 ∈ L(X, Y ).

(c) If L1, L2 ∈ L(X, X), then both L1L2 (=L1 ◦ L2) and L2L1 (=L2 ◦ L1) belong to
L(X, X).

Theorem 2.10. The space L(X, Y ) is Banach, provided that Y is a Banach space.

We now present two similar arguments to prove that the space L(X, Y ) of linear and
continuous function is complete. We will see that the completeness of Y plays a fundamental
role in both.

Proof 1. The main idea behind this argument is to employ the completeness of the space
B(S, Y ) with respect to the uniform norm, choosing S to be the unit closed ball of X.
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Step 1. The embedding(
L(X, Y ), ‖ · ‖L(X,Y )

)
↪→
(
B(BX , Y ), ‖ · ‖∞

)
,

defined by sending L to its restriction to the unit ball L
∣∣
BX

, is continuous since

‖L
∣∣
BX
‖∞ = ‖L‖L(X,Y ).

In particular, it is an isometric embedding. Therefore, if we can prove that

L(X, Y ) ⊆ C0
b (X, Y )

is a closed inclusion (even with respect to the pointwise convergence), then we can infer that
L(X, Y ) is complete as a result of Remark 2.4.

Step 2. Let (Ln)n∈N ⊂ L(X, Y ) be a sequence of linear and continuous operators con-
verging to a bounded continuous application L ∈ C0

b (X, Y ), that is,

Ln(x)
n→+∞−−−−−→ L(x) for all x ∈ X.

The sequence given by the restrictions to the closed unit ball
(
Ln
∣∣
BX

)
n∈N

converges uni-

formly to the restriction L
∣∣
BX

, which is bounded by Lemma 2.8.

Step 3. It follows that the operator L is linear (by definition) and with bounded restriction
to the unit closed ball. On the other hand, the operator norm is equal to the uniform norm
of the restriction, and hence L ∈ L(X, Y ), that is,

ı : L(X, Y ) ↪→ C0
b (X, Y )

is a closed inclusion, and this concludes.

The previous proof is simple, but it exploits the completeness of another function space;
here we give a slightly different proof of Theorem 2.10, which shows more explicitly what
happens.

Proof 2. The space of all the linear continuous operators L(X, Y ) is a normed vector space,
as it follows immediately from Proposition 2.9.

Step 1. Let (Ln)n∈N ⊂ L(X, Y ) be a Cauchy sequence, that is, ‖Ln−Lm‖ → 0 as n, m→
+∞. The thesis is equivalent to the existence of a bounded linear operator L ∈ L(X, Y )
such that

‖Ln − L‖
n→+∞−−−−−→ 0.

Indeed, for every x ∈ X, it turns out that

‖(Ln − Lm)x‖Y ≤ ‖Ln − Lm‖‖x‖X
n,m→+∞−−−−−−−→ 0,

and thus the sequence (Lnx)n∈N ⊂ Y is a Cauchy sequence in a complete space. In partic-
ular, there exists an element y ∈ Y such that

‖Lnx− y‖Y
n→+∞−−−−−→ 0.
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Step 2. Let us define L as the pointwise limit of the sequence Ln, that is,

Lx := y = lim
n→+∞

Lnx.

The operator L : X −→ Y is clearly linear. Furthermore, by Lemma 2.8 it suffices to show
that L is bounded to infer that L is continuous. Using the fact that (Ln)n∈N is a Cauchy
sequence, it follows that supn∈N ‖Ln‖ <∞, and thus

‖Lx‖Y = lim
n→+∞

‖Lnx‖Y ≤ K‖x‖X , for all x ∈ X,

that is, L ∈ L(X, Y ).



Chapter 3

The Hahn-Banach Theorems

In this chapter, we are concerned with the various statements of the Hahn-Banach theorem.
In the first half, we prove the analytic form: Every functional defined on a linear subspace
of a vector space may be extended (not uniquely, in general) to a linear functional, provided
that there exists a particular function p.

In the second half of the chapter, we prove the geometric weak (strong) form: Two
subsets A, B ⊂ X, satisfying certain assumptions, of a (locally convex) topological vector
space X may be (strictly) separated via a closed hyperplane.

3.1 The Analytic Form of the Hahn-Banach Theorem

Theorem 3.1 (Hahn-Banach, analytic form). Let X be a real vector space and let p : X −→
R be a sublinear function, that is, a function satisfying the following properties:

1) p(λx) = λp(x) for every x ∈ X and every positive λ ∈ R.

2) p(x+ y) ≤ p(x) + p(y) for every x, y ∈ X.

Let G ⊂ X be a linear subspace of X, and let g : G −→ R be a linear functional such that

g(x) ≤ p(x), ∀x ∈ G.

Then there exists a linear functional f : X −→ R, which extends g, satisfying the following
property:

f(x) ≤ p(x) ∀x ∈ X.

Proof. Let us consider the family

F :=

h : Y −→ R

∣∣∣∣∣∣∣
Y is a linear subspace of X,

h is linear, G ⊆ Y , h extends g,
and h(x) ≤ p(x) for every x ∈ Y

 .
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A standard argument proves that

h1 ≤ h2 ⇐⇒ Y1 ⊂ Y2 and h2 extends h1

is a partial order relation on F . The reader may easily check that the family F is nonempty
(since (g, Y ) ∈ F) and that it is inductive. Indeed, let {hi}i∈I ⊂ P be a totally ordered
chain. If we set

Y =
⋃
i∈I

Yi, h(x) = hi(x) if x ∈ Yi for some i,

then it is easy to prove that (h, Y ) is an upper bound for the chain. By Zorn’s lemma, there
is a maximal element (f, Y ) ∈ F : If we can prove that Y is equal to X, then the functional
f : X −→ R will be the sought one.

We argue by contradiction. Suppose that there exists an element x0 ∈ X \ Y , and let us
consider the linear space Z := Y ⊕ Rx0. For every (x, t) ∈ Y × R, we also define

h(x+ tx0) = f(x) + tα,

where the constant α ∈ R (=h(0, x0)) needs to be chosen in such a way that (h, Z) ∈ F . It
suffices to take any α ∈ R among the real numbers satisfying the inequality

sup
y∈Y

[f(y)− p(y − x0)] ≤ α ≤ inf
x∈Y

[p(x+ x0)− f(x)] . (3.1)

It is easy to prove that such an α must exist. Indeed, the subadditivity of p yields to

f(u+ v) = f(u) + f(v) ≤ p(u+ v + x0 − x0) ≤ p(u− x0) + p(v + x0) for all u, v ∈ Y ,

which, in turn, implies

f(u)− p(u− x0) ≤ −f(v) + p(v + x0) for every u, v ∈ Y .

It follows from the completeness of R that the set defined by the left-hand side and the set
defined by the right-hand side are necessarily separated by an element, and hence such an
α exists. It follows from (3.1) that for every x ∈ Y we havef(x) + α ≤ p(x+ x0)

f(x)− α ≤ p(x− x0),

and, multiplying both by t > 0, if we set y = tx, then we obtainf(y) + tα ≤ p(y + tx0)

f(y)− tα ≤ p(y − tx0).

The second inequality, for t < 0, can be easily rewritten as

f(y)− (−t)α ≤ p(y − (−t)x0) ⇐⇒ f(y) + tα ≤ p(y + tx0) for t < 0,

which yields to
f(x) + tα ≤ p(x+ tx0) for all t ∈ R.

In particular, the map h extends f and it satisfies the inequality h ≤ p; hence (h, Z) ∈ F ,
which is in contradiction with the maximality of f .
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Notation. Let f ∈ X∗ and x ∈ X be given. From now on, we denote by 〈f, x〉 the value
of f at x, i.e. f(x). In the literature, the mapping 〈·, ·〉 is called the duality (X∗, X) scalar
product.

Corollary 3.2. Let G ⊂ X be a linear subspace, and let D := BX(0, 1). If g : G −→ R is
a continuous linear functional, then there exists f ∈ X∗ that extends g and such that

‖f‖X∗ = sup
x∈G∩D

|g(x)| = ‖g‖G∗ .

Proof. Let us consider the function p(x) = ‖g‖G∗‖x‖. The reader may check by herself that
p is positively homogeneous and subadditive, that is, for every x, y ∈ X and λ ∈ R+ it
turns out that

p(λx) = λp(x) = λp(x),

p(x+ y) = ‖g‖G∗‖x+ y‖X ≤ ‖g‖G∗(‖x‖+ ‖y‖).
By definition, for every x ∈ G the inequality g(x) ≤ p(x) holds; thus by the Hahn-Banach
Theorem 3.1 there exists a functional f : X −→ R extending g. To prove that the norm is
preserved, it suffices to notice that

‖g‖G∗ ≤ ‖f‖X∗ ≤ ‖p‖X∗ = ‖g‖G∗ .

Remark 3.1 (Complex). Let X be a complex normed space, and let f : G ⊂ X −→ C be
a continuous linear functional, defined on a linear subspace G. Then

Re f : G −→ R

is a continuous R-linear functional, which is still defined on G since X is a real normed space
as well. By the Hahn-Banach Theorem 3.1 there exists a functional g : X −→ R, extending
Re f , such that

〈g, x〉 ≤ ‖f‖G∗‖x‖.

The functional f̃ : X −→ C defined by setting〈
f̃ , x

〉
:= 〈g, x〉 − ı 〈g, ıx〉

is C-linear, and, clearly, it is an extension of f . Moreover, one can check that〈
Re f̃ , x

〉
= 〈g, x〉 ≤ ‖f‖G∗‖x‖ =⇒

=⇒ Re
(
θ
〈
f̃ , x

〉)
≤ ‖f‖G∗ ‖x‖,

for any θ ∈ C of unitary norm; hence we can finally infer that〈
f̃ , x

〉
≤ ‖f‖G∗‖x‖, ∀x ∈ X.

Example 3.1 (Extension: norm-preserving). Let (X, ‖ · ‖) be a normed space, and let
x0 ∈ X be a point. If we let G = Rx0, then the linear continuous functional g : G −→ R
defined by setting

g(x0) = ‖x0‖2,
may be extended, via Hahn-Banach, to a continuous linear functional f ∈ X∗ with the
additional properties

‖f‖X∗ = ‖x0‖, 〈f, x0〉 = ‖x0‖2.
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Example 3.2 (Extension: unitary). Let (X, ‖ · ‖) be a normed space and let x0 ∈ X be
a point. If we let G = Rx0, then the linear continuous functional g : G −→ R defined by
setting

g(x0) := ‖x0‖,

may be extended, via Hahn-Banach, to a continuous linear functional x∗0 ∈ X∗ with the
additional properties

‖x∗0‖X∗ = 1, 〈x∗0, x0〉 = ‖x0‖.

Corollary 3.3. Let (X, ‖ · ‖) be a normed space, and let x0 ∈ X be a point. Then

‖x0‖X := sup
‖f‖X∗≤1

|〈f, x0〉| = max
‖f‖X∗≤1

|〈f, x0〉| .

Proof. One inequality is trivial since

sup
‖f‖X∗≤1

|〈f, x〉| ≤ ‖x‖ for all x ∈ X.

On the other hand, in Example 3.2 we have proved the existence of a linear functional
x∗0 ∈ X∗ with unitary operator norm (‖x∗0‖X∗ = 1) and satisfying 〈x∗0, x0〉 = ‖x0‖; thus the
equality follows immediately by choosing f = x∗0.

3.2 The Geometric Forms of the Hahn-Banach Theorem

In this section, we set the ground for the statements of the geometric forms of the Hahn-
Banach theorem; namely, we briefly introduce the notion of (locally convex) topological
vector space, which is approached more in-depth in Section 4.1, and we investigate the
separation properties.

Definition 3.4 (Minkowski Functional). Let X be a vector space, and let C ⊂ X be a
subset containing the origin. The Minkowski functional is defined as follows:

pC(x) := inf
{
t ∈ R+ | x ∈ t · C

}
∈ [0, +∞].

Lemma 3.5. Let C ⊂ X be a subset of a real vector space X containing the origin, and let
pC be the associated Minkowski functional. Then the following properties hold:

(a) The image of X via pC is bounded (i.e., p(x) < +∞ for every x ∈ X) if and only if
C is absorbing1.

(b) If C is convex and absorbing, then the functional pC is positively homogeneous and
subadditive.

(c) If C is convex absorbing and balanced, the functional pC is a seminorm.

(d) If C is convex and absorbing, then following inclusions hold:

{pC < 1} ⊆ C ⊆ {pC ≤ 1}.

1Definition. Let C ⊂ X be a subset of a vector space X. We say that C is absorbing if for every x ∈ X
there exists t ∈ R+ such that x ∈ t · C.
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Proof. We refer the reader to Section 4.1 for a better overview of topological vector spaces,
included the importance of seminorms via Minkowsi functionals.

(a) If C is absorbing, then for any x ∈ X there is a positive constant rx > 0 such that

x ∈ rx · C,

and this implies that pC(x) ≤ rx <∞. The vice versa is obvious.

(b) First, we want to prove that for all λ ∈ R+

pC(λx) = λpC(x).

There are two possible way to show this equality. The first one follows from taking
the limit as ε→ 0+ of the trivial chain of inequalities below:

pC(λx) + ε

λ
≥ pC(x) ≥ pC(λx)− ε

λ
.

Alternatively, notice that

pC(λx) = inf{t > 0 : λx ∈ t · C} =

= inf{t > 0 : x ∈ t

λ
· C} =

= λ inf{ t
λ
> 0 : x ∈ t

λ
· C} =

= λpC(x).

We now prove the subadditivity of pC . For every ε > 0 and every λ ∈ (0, 1), it turns
out that

λ
x

pC(x) + ε
+ (1− λ)

y

pC(y) + ε
∈ C,

since C is convex. If we choose

λ :=
pC(x) + ε

pC(x) + pC(y) + 2ε
=⇒ 1− λ =

pC(y) + ε

pC(x) + pC(y) + 2ε
,

then it turns out that
x+ y

pC(x) + pC(y) + 2ε
∈ C.

In particular, by definition we have the inequality

pC(x) + pC(y) + 2ε ≥ pC(x+ y),

and hence, if we take the limit as ε→ 0+, we can infer that pC is subadditive.

(c) Recall that, if C is a balanced set, then C = −C. In particular, it turns out that for
all λ < 0 we have

pC(λx) = inf{t > 0 : λx ∈ t · (C)} =

= inf{t > 0 : (−λ)x ∈ t · (−C)} =

= p−C(−λx) = −λp−C(x) = |λ|pC(x),

which means that pC is homogeneous (and not only positively homogeneous).
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(d) One of the inclusions is trivial, i.e.,

{x ∈ X | pC(x) < 1} ⊆ C.

On the other hand, notice that for a convex absorbing set C, the family {t | x/t ∈ C }
is either given by

[pC(x), +∞) or (pC(x), +∞).

Therefore, if pC(x) > 1, both intervals do not contain the value t = 1, which means
that x cannot belong to C.

Theorem 3.6 (Geometric Hahn-Banach). Let X be a topological vector space, and let
A ⊂ X and B ⊂ X be two nonempty convex subsets such that A ∩ B = ∅. Assume that A
is open. Then there exist f ∈ X∗ and γ ∈ R such that

f(a) < γ ≤ f(b) for all a ∈ A and b ∈ B.

More precisely, there exists a closed hyperplane H that separates A and B.

Proof. The difference2 A−B is open since it is arbitrary union of open sets

A−B =
⋃
b∈B

A− {b},

and it is also convex as a consequence of the identity

t(A−B) + (1− t)(A−B) = (tA+ (1− t)A) + (tB + (1− t)B).

By assumption A and B do not intersect. Thus, the origin is not an element of the difference
A−B, and, in particular, given any x0 ∈ A−B, the translation C := A−B−x0 is a convex
neighborhood of 0 endowed with a Minkowski functional pC .

By Lemma 3.5, it follows that pC(−x0) ≥ 1 (since −x0 /∈ C) and, by Hahn-Banach
Theorem 3.1 there exists a linear functional f : X −→ R such that

〈f, −x0〉 = 1 and f(x) ≤ pC(x) for allx ∈ X.

For every a ∈ A and every b ∈ B, the difference a− b− x0 belongs to C, and thus

f(a)− f(b)− f(x0) ≤ pC(a− b− x0) ≤ 1 =⇒ f(a)− f(b) ≤ 0.

In particular, there exists γ ∈ R such that

f(a) ≤ γ ≤ f(b) for all a ∈ A and all b ∈ B.

We now claim that f is an open mapping. If the claim holds true, then the image of A via
f is an open subset of R, and therefore f does not admit a maximum on f(A), that is,

f(a) < γ ≤ f(b) for all a ∈ A and all b ∈ B.

In conclusion, notice that the functional f is continuous because it is linear and bounded on
a neighborhood of 0 (see Lemma 2.8), and thus the hyperplane is closed. More precisely, if
we consider the neighborhood of the origin U := C ∩ (−C), then for all x ∈ U , it turns out
that

f(x) ≤ 1 and f(−x) ≤ 1.

2The difference X − Y is the collection of all the elements of the form x− y for some x ∈ X and y ∈ Y .
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Claim. We prove here that any nonconstant linear function f : X −→ R is an open
mapping, that is, the image of all open sets V ⊂ X is open in R.

Proof. Let x∗ ∈ X be a point such that f(x∗) = 1, and let V ⊆ X be an open set. Fix a
point y ∈ f(V ) and a point x ∈ V such that f(x) = y. The continuity of the scalar product
proves that

∃ δ > 0 : ∀ |r| < δ =⇒ x+ rx∗ ∈ V,
which means that

f(x+ rx∗) = y + r ∈ f(V ).

In particular, the one-dimensional open ball of center y and radius δ is contained in the
image f(V ) ⊂ R, and this is enough to infer that f(V ) is open.

Lemma 3.7. Let X be a topological vector space, and let f : X −→ R be a nonzero linear
functional. The following properties are equivalent:

(a) The functional f is continuous.

(b) The kernel Ker f is closed as a subset of X.

(c) The kernel Ker f is not dense in X.

(d) The functional f is bounded in a neighborhood of the origin.

Proof.

(a) Assume that f is continuous. The singlet {0} ∈ R is closed in R; thus the preimage
f−1(0) = Ker f is closed in X.

(b) Assume that Ker f is closed. By assumption f is not identically null; hence Ker f 6= X,
which means that it cannot be dense.

(c) Assume that Ker f is not dense in X, that is, its complement has nonempty interior.
By definition, there exist a point x ∈ X and a neighborhood V of the origin such that

(x+ V ) ∩Ker f = ∅.

In particular, the linearity of f is enough to infer that

0 /∈ f(x+ V ) =⇒ f(y) 6= −f(x), ∀y ∈ V.

In Lemma 4.2 we prove that one can always find a V ′ ⊂ V balanced neighborhood of
the origin; hence we may assume without loss of generality that V is balanced. The
reader may prove as an exercise that the image f(V ) is also balanced.
A balanced set in R is either bounded, in which case we are done, or equal to the
whole real line R, which clearly contradicts the requirements above.

(d) Assume that f(V ) is bounded for some V neighborhood of the origin, that is, there
exists M > 0 constant such that |f(x)| ≤M for any x ∈ V .
Let ε > 0 and set W :=

(
ε
M

)
· V . Then for all y ∈W it turns out that

|f(y)| ≤ ε

M
sup
x∈V
|f(x)| ≤ ε,

which proves that f is continuous at zero (and hence everywhere).
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Lemma 3.8. Let X be a topological vector space. Suppose that C ⊂ X is a closed set and
K ⊂ X is a compact set such that K ∩ C = ∅. Then there exists a neighborhood V of 0
such that

(K + V ) ∩ (C + V ) = ∅.

Proof. For any x ∈ K there is an open neighborhood Wx of 0 such that

(x+Wx) ∩ C = ∅.

By continuity of the vector sum it follows that, for any x ∈ K, there exists an open neigh-
borhood Vx of 0 such that Vx = −Vx and Vx + Vx + Vx ⊆Wx. In particular,

(x+ Vx + Vx + Vx) ∩ C = ∅ =⇒ (x+ Vx + Vx) ∩ (C + Vx) = ∅,

and {x+Vx}x∈K is an open cover of K; thus there exists a finite subcover {xi +Vi}i=1, ..., k

of K. If we define

V :=

k⋂
i=1

Vi,

then it is easy to prove that V is an open neighborhood of 0, V = −V and V +V +V ⊆Wxi .
Finally, we notice that there is an inclusion

(K + V ) ⊂
k⋃
i=1

(xi + Vi + V ) ⊂
k⋃
i=1

(xi + Vi + Vi) ,

and no term in the last union intersects C + V since we chose Vi to ensure this property;
thus we infer that

(K + V ) ∩ (C + V ) = ∅,
which is exactly what we wanted to prove.

Theorem 3.9 (Hahn-Banach, second geometric form). Let X be a locally convex topological
vector space, and let K ⊂ X and C ⊂ X be two nonempty convex subsets such that K∩C =
∅. Assume that K is compact and C is closed. Then there exist f ∈ X∗ and α < β ∈ R
such that

f(x) ≤ α < β ≤ f(y) for all x ∈ K and all y ∈ C.
More precisely, there exists a closed hyperplane H that strictly separates K and C.

Proof. By Lemma 3.8 we can always find an open and convex neighborhood V of the origin,
separating K and C, that is,

(K + V − V ) ∩ C = ∅.
The subset A := K+V is open and convex; thus by the Hahn-Banach Theorem 3.6 it follows
that there are f ∈ X∗ and β ∈ R such that

f(x) < β ≤ f(y) for all x ∈ A and all y ∈ C,

or, equivalently,
f(x) < β ≤ f(y) for all x ∈ K and all y ∈ C.

The functional f is continuous and the set K is compact; hence f has a maximum on K. If
we denote it by α, then the thesis follows easily:

f(x) ≤ α < β ≤ f(y) ∀x ∈ K, ∀ y ∈ C.
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3.3 Appendix

In this appendix, we first introduce the notions of bidual space and adjoint operator, and
then we characterize the dual of subspaces and quotients of Banach spaces via adjoint
immersion/quotient.

In the second half, we investigate two possible completions of a metric space X. More
precisely, we prove that there exists a complete metric space X̃ and an isometric embedding
j : X ↪→ X̃ with dense image.

In the final part, we fully exploit the tools previously introduced to find the dual spaces
of c0(N; C), `1(N; C) and `∞(N; C), and we show the relation between them. Moreover,
we use the characterization of the dual space of a quotient to prove that c0 is not the dual
of a Banach space.

3.3.1 The Bidual Space X∗∗ and the Adjoint Operator

Let (X, ‖ · ‖X) be a complex Banach space. The topological bidual space, denoted by X∗∗,
is the set of all the linear and continuous functionals from X∗ to C, i.e.

X∗∗ := {ϕ : X∗ −→ C | ϕ linear and continuous} .

The norm ‖ · ‖X∗ induces a norm on the dual X∗∗, which is given by

‖ϕ‖X∗∗ := sup
‖f‖X∗≤1

|ϕ(f)| = sup
f 6=0

|ϕ(f)|
‖f‖X∗

. (3.2)

There is a linear inclusion from X to its bidual X∗∗, which is given by

(X, ‖ · ‖X) 3 x 7−→ jx ∈ (X∗∗, ‖ · ‖X∗∗) ,

where jx : X∗ −→ C is the valuation at the point x, that is,

〈jx, f〉 := 〈f, x〉.

This inclusion is also an isometry since (3.2) implies that

‖jx‖X∗∗ = sup
‖f‖X∗≤1

|〈jx, f〉| = sup
‖f‖X∗≤1

|〈f, x〉| = ‖x‖X .

Remark 3.2. If X is not a Banach space (i.e., if X is a topological vector space), then we
can still find an isometric linear inclusion.

In particular, since the dual space is always complete, the map x 7−→ jx defined above
gives us a way to include isometrically a non-complete metric space into a complete metric
space (see Subsection 3.3.2 for more details).

Definition 3.10 (Dual Operator). Let T ∈ L(X, Y ) be a linear continuous operator be-
tween two Banach spaces. The dual operator is the element T ∗ ∈ L(Y ∗, X∗) defined by

T (f) := f ◦ T.
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Remark 3.3. For any x ∈ X and any f ∈ Y ∗, it turns out that

〈T ∗f, x〉 = 〈f, Tx〉,

where the left-hand side is the duality scalar product (X∗, X), and the right-hand side is
the duality scalar product (Y ∗, Y ). From the Hahn-Banach Theorem 3.1 it follows that

‖T ∗‖L(Y ∗, X∗) = sup
‖f‖Y ∗≤1

|T ∗f | =

= sup
‖f‖Y ∗≤1

sup
‖x‖≤1

|〈T ∗f, x〉| =

= sup
‖x‖≤1

|〈T, x〉| = ‖T‖L(X,Y ).

Dual of Subspaces and Quotients. Let (X, ‖·‖X) be a Banach space and let ıY : Y ↪→
X be the natural inclusion of a closed linear subspace (endowed with the induced norm).

Theorem 3.11. In this setting, there exists an isometry between the dual of Y and a suitable
quotient of the dual of X, that is,

Y ∗
∼−→ X∗�Y ⊥, where Y ⊥ :=

{
f ∈ X∗

∣∣ f ∣∣
Y
≡ 0

}
⊂ X∗.

Proof. First, we observe that the dual operator ı∗Y : X∗ −→ Y ∗ is nothing more than the
restriction map, that is,

ı∗Y (f) = f
∣∣
Y
.

In particular, the orthogonal space of Y is also equal to the kernel of the dual inclusion,
that is,

Y ⊥ = Ker ı∗Y .

The operator ı∗Y is clearly linear, and it passes to the quotient. Indeed, if f ∈ Y ⊥ is any
element of the orthogonal, then

ı∗Y (f) = f
∣∣
Y
≡ 0,

and thus there exists a well-defined operator ı∗Y : X
∗
�Y ⊥ −→ Y ∗.

The operator ı∗Y is injective by definition; hence we only need to prove that it is surjective,
that is, for any g ∈ Y ∗ there exists f ∈ X∗ such that f

∣∣
Y
≡ g.

But, given g ∈ Y ∗, the extension f ∈ X∗ exists as a straightforward application of the
Hahn-Banach Theorem 3.1. Finally, it is also an isometry since

‖f + Y ⊥‖X∗ = inf
h∈Y ⊥

‖f + h‖X∗ = ‖f‖Y ∗ .

Remark 3.4. The subspace Y has the property of "unique extension preserving the norm"
if and only if Y ⊥ has a unique point of minimal distance.

Let (X, ‖ · ‖X) be a Banach space and let ıY : Y ↪→ X be the natural inclusion of a
closed linear subspace (endowed with the induced norm).
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Theorem 3.12. In this setting, there exists an isometry between the dual of the quotient
X�Y and the orthogonal of Y , that is,(

X�Y
)∗ ∼= Y ⊥.

Proof. Let πY : X −� X�Y be the projection map. The dual map is given by

π∗Y :
(
X�Y

)∗
−→ X∗, f 7−→ f ◦ π,

and clearly its image is equal to Y ⊥ since

f ◦ πY (y) = f(0) = 0, ∀ y ∈ Y.

Therefore π∗Y is a map onto Y ⊥ and it is also injective, that is,

f ◦ π ≡ 0 =⇒ f ≡ 0

as a consequence of the Hahn-Banach Theorem 3.1. In conclusion, the reader may prove
that it is an isometry as a consequence of the fact that the projection π preserves the balls:

π (BX(0, 1)) = BX�Y
(0, 1).

Example 3.3. Let C1([a, b]) be the space of continuously differentiable functions, equipped
with the norm ‖ · ‖∞ + ‖∂x · ‖∞, then there exists an inclusion

C1([a, b]) ↪→ C0([a, b])× C0([a, b]).

The norm in the product space is given by ‖(·, ∗)‖ := ‖ · ‖∞ + ‖ ∗ ‖∞, and C1([a, b]) is
actually a closed subspace (Borel).

In particular, the dual of C1([a, b]) may be represented through the dual of C0([a, b]).
The reader may jump to Exercise 3.4 for a more detailed explanation of what happens.

3.3.2 Completion of Metric Spaces

The main result of this subsection is that every metric space can be densely embedded in
a complete metric space. Here we sketch the construction of two completion: the Cauchy
sequence one, and the Fréchet-Kuratowski one.

Theorem 3.13. Let (X, d) be a metric space. There exists a complete metric space
(
X̃, d̃

)
and an isometric embedding j : X ↪→ X̃ with dense image.

Cauchy Sequences Method. Let us consider the set of all the Cauchy sequences of X,
i.e.,

C := {(xn)n∈N ⊂ X | (xn)n is a Cauchy sequence} .
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We can always equip the set C with a semi-distance, which is defined by setting

δ ((xn)n∈N, (yn)n∈N) := lim
n→+∞

d(xn, yn).

The map δ is well-defined (namely, the limit exists and is finite). Indeed, for any ε > 0 there
exists a natural number N ∈ N such that

‖xn − xN‖ ≤ ε and ‖yn − yN‖ ≤ ε.

It follows that

d(xn, yn) ≤ d(xn, xN ) + d(xN , yN ) + d(yN , yn) ≤ 2 ε+ d(xN , yN ),

that is, (d(xn, yn)− d(xN , yN ))n∈N is a Cauchy sequence in the complete space R, and thus
it converges to a finite limit. We define the completion as follows:

X̃ = C�∼, d̃ = δ
∣∣C�∼,

where (xn)n∈N ∼ (yn)n∈N if and only if their semi-distance is equal to 0. The inclusion is
clearly given by sending x ∈ X to the constant sequence, i.e.,

j : X 3 x 7−→ (x)n∈N ∈ X̃.

We now prove that the image of j is dense in X̃. Indeed, for any (xn)n∈N ∈ X̃ and for any
ε > 0, there exists N ∈ N such that d(xn, xm) ≤ ε for any n, m ≥ N . In particular, we
can find a constant sequence arbitrarily near to (xn)n∈N, which is given by xN+k for some
k ∈ N.

Lemma 3.14. Let (X, d) be a metric space and D ⊂ X a dense subset. If every Cauchy
sequence in D converges in X, then X is complete.

We do not discuss this result, but we give it for granted to show that X̃ is a complete
metric space. In particular, it is enough to prove that every Cauchy sequence in j(X)

converges in X̃.

Let (ỹn)n∈N be a Cauchy sequence in j(X), and assume that ỹn is represented by the
constant (Cauchy) sequence (yn, yn, . . . ) for every n ∈ N. Since j is an isometry, it turns
out that

d(yn, ym) = d̃ (ỹn, ỹm) , ∀m, n ∈ N.

Thus (y1, y2, . . . ) is a Cauchy sequence in X and, if we let ỹ = [(y1, y2, . . . )] be its equiva-
lence class, then we can prove that ỹn → ỹ. Indeed, for any ε > 0 there is a natural number
N ∈ N such that

d(yn, ym) <
ε

2
, ∀m, n ≥ N.

Hence, for every k ≥ N , it turns out that

d̃ (ỹk, ỹ) = lim
n→+∞

d(yk, yn) ≤ ε

2
,

and this concludes the proof of the completeness of X̃.
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Fréchet-Kuratowski Method. Let x0 ∈ X be a point, and let us consider the map

X 3 x 7−→ Φx, Φx(y) := d(y, x)− d(y, x0).

The functional Φx : X −→ R is bounded

|Φx(y)| ≤ |d(y, x)− d(y, x0)| ≤ d(x, x0),

and thus the operator norm of Φx satisfies the following inequality:

‖Φx‖ ≤ d(x, x0).

In particular, the mapping above x 7−→ Φx send points of X to bounded maps from X to
R, that is,

j : X 3 x 7−→ Φx ∈ B (X; R)

and the latter is a complete space, as we have already proved in the Example 2.5.

In conclusion, the reader may try to prove that the embedding is isometric and also
densely defined as an exercise using the lemmas provided below.

Lemma 3.15. In the setting above, it turns out that

‖Φx − Φx′‖∞ = d(x, x′), ∀x, x′ ∈ X.

Proof. The first inequality is rather obvious:

sup
y∈X
|Φx(y)− Φx′(y)| = sup

y
|d(x, y)− d(x′, y)| ≤ d(x, x′).

On the other hand, if we choose y = x, then we obtain the opposite one; hence we infer that

|Φx(x)− Φx′(x)| = d(x′, x).

Lemma 3.16. If (X, dX) is a metric space and (Y, dY ) is a complete metric space, then
every uniformly continuous mapping

f : D ⊆ X −→ Y

defined on a dense subset D ⊂ X, can be extended to a uniformly continuous mapping
F : X −→ Y that preserves the continuity module of f .

Sketch of the Proof. In order to prove this Lemma, we need to use some basic results:

(a) If F : X → Y is a uniformly continuous map between two metric spaces and (xn)n∈N
is a Cauchy sequence in X, then (f(xn))n∈N is a Cauchy sequence in Y.

(b) Let X and Y be metric spaces, S ⊆ X and f : S → Y be uniformly continuous. If
two sequences (xn)n∈N and (yn)n∈N in S converge to the same limit in X and if the
sequence (f(xn))n∈N converges in Y , then limn f(xn) = limn f(yn).
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Back to the theorem, we can define the extension as follows

F (x) = lim
k→+∞

f(dk),

where (dk)k∈N is any sequence such that (dk)k ⊂ D and dk → x as k approaches +∞. The
reader can easily prove that F is well-defined, uniform continuous, and unique.

Corollary 3.17. The completion of a normed space (X, ‖ · ‖) is a Banach space (i.e., it is
complete).

3.3.3 Dual and Bidual of c0

In this brief section, we study the dual and the bidual of c0 (N; C), and we answer to a
natural question: is c0 the dual of a Banach space B?

Theorem 3.18. Let c0 (N; C) :=
{
x : N −→ C

∣∣∣ x(n)
n→+∞−−−−−→ 0

}
be the space of infinites-

imal sequences equipped with the uniform norm.

(a) The dual is the space of all the summable sequences, that is,

c∗0(N; C) = `1(N; C).

(b) The bidual is the space of all the essentially bounded sequences, that is,

(`1(N; C))∗ = `∞(N; C).

(c) The dual of `∞(N; C))∗ is the space of all the additive finite measures on N, that is,

ba(N) := {µ ∈M(N; R) | µ additive, finite and eventually negative} .

Proof.

(a) We want to prove that the dual of c0 is isometric to `1. Let

Φ : `1 −→ c∗0, y 7−→ Φy : Φy(x) =
∑
k∈N

xkyk.

It is straightforward to prove that Φ is a well-defined map, that is,∑
k∈N
|xkyk| ≤ ‖x‖∞‖y‖1 < +∞.

In particular, for any y ∈ Y , the image Φy is a linear and bounded (thus continuous)
functional, and we can easily estimate the norm by

‖Φy‖c∗0 ≤ ‖y‖1.
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We want to prove that Ψ is an isometry, i.e. ‖Φy‖c∗0 = ‖y‖1; hence we only need to
prove that the equality holds true at one point. Let

un =

n∑
k=0

sgn(yk)ek ∈ c0.

It follows from the definition that

‖Φy‖c∗0 = sup
‖x‖≤1

|〈Φy, x〉| ≥ 〈Φy, un〉 =

n∑
k=0

|yn|

for any n ∈ N; hence, by passing to the limit, we can infer that

‖Φy‖c∗0 ≥ ‖y‖1 =⇒ ‖Φy‖c∗0 = ‖y‖1.

It remains to prove that Φ is surjective. Let f ∈ c∗0 be any linear and continuous
functional and define yk := 〈f, ek〉 for any k ∈ N. We can easily prove that y = (yk)k∈N
belongs to `1 since

n∑
k=0

|yk| =
n∑
k=0

|〈f, ek〉| = 〈f, un〉 ≤ ‖f‖c∗0 < +∞.

Finally, notice that 〈Φy, ek〉 = 〈f, ek〉 for any k ∈ N, that is, f and Φy coincide on a
dense subset with respect to the norm ‖ · ‖c0 (the span of {ek}k∈N) and, by continuity,
they coincide in the whole space.

(b) We want to prove that the dual of `1 is isometric to `∞. Let

Ψ : `∞ −→ `∗1, y 7−→ Ψy : Ψy(x) =
∑
k∈N

xkyk.

It is straightforward to prove that it is well-defined, that is,∑
k∈N
|xkyk| ≤ ‖y‖∞ ‖x‖1 < +∞.

In particular, for any y ∈ Y , the image Ψy is a linear and bounded (thus continuous)
functional, and the dual norm can be easily estimated by

‖Ψy‖`∗1 ≤ ‖y‖∞.

We want to prove that Ψ is an isometry, i.e. ‖Ψy‖`∗1 = ‖y‖∞; hence we only need to
prove that the equality holds true in one point. It follows from the definition that

‖Ψy‖`∗1 = sup
‖x‖≤1

|〈Ψy, x〉| ≥ |〈Ψy, ek〉| = |yk|

for any k ∈ N, and thus

‖Ψy‖`∗1 ≥ ‖y‖∞ =⇒ ‖Φy‖`∗1 = ‖y‖∞.

It remains to prove that Ψ is surjective. Let f ∈ `∗1 be any linear and continuous
functional and define yk := 〈f, ek〉 for any k ∈ N. We can easily prove that y = (yk)k∈N
belongs to `∞ since

|yk| ≤ ‖f‖`∗1 =⇒ ‖y‖∞ ≤ ‖f‖`∗1 < +∞.

Finally, notice that 〈Ψy, ek〉 = 〈f, ek〉 for any k ∈ N, that is, f and Ψy coincide on a
dense subset with respect to the norm ‖ · ‖`1 (the span of {ek}k∈N) and by continuity
they coincide in the whole space.
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Extra. The inclusion c0 ↪→ c∗∗0 is exactly the set inclusion, and the following diagram
is commutative

c0 c∗∗0

`∗1

c0 `∞

id

Φ∗

Ψ

(c) We want to prove that the dual of `∞ is the space of the measures µ : P(N) → R
additive and finite, i.e.,

ba(N) := {µ ∈M(N; R) | µ additive, finite and eventually negative} .

Clearly ba(N) is a Banach space with the total variation norm, that is,

‖µ‖ba := sup
A⊂N

[µ(A)− µ(N \A)] .

Let µ ∈ ba(N) and let f ∈ `∞ be a function of finite rank (i.e. a simple function), e.g.,

f(x) =

r∑
k=1

ckχEk(x),

where ck ∈ R (or C) and Ek ⊆ N. If we set∫
N
f(x) dµ(x) :=

r∑
k=1

ck µ(Ek),

then it is easy to prove that the integral is well-defined, that is, it does not depend on
the particular representation of f . The linear subspace

F := {f ∈ `∞(N; C) | f(N) is finite}

is dense with respect to the `∞ norm; thus the map

µ 7−→
∫
N
f(x) dµ(x)

may be extended to the whole space because it is continuous. Indeed, it is easy to
prove that the map is bounded on F since∣∣∣∣∫

N
f(x) dµ(x)

∣∣∣∣ ≤ ‖f‖∞ ‖µ‖ba,

and thus there is a linear and continuous extension

I : ba(N) −→ `∗∞(N; C), µ 7−→ Iµ : Iµ(f) :=

∫
N
f(x) dµ(x).

It is straightforward to prove that I is an isometry. Indeed, the inequality above
holds true also when passing to the limit, and thus

‖Iµ‖`∗∞ ≤ ‖µ‖ba.
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On the other hand

‖µ‖ba = sup
A⊂N

[µ(A)− µ(N \A)] = sup
A⊂N

∫
N

(
χA − χN\A

)
dµ(x) ≤ ‖Iµ‖`∗∞ ,

and hence it is an isometry. Finally, to prove that it is surjective notice that given
α ∈ `∗∞, we can define a measure µα by setting

µα(A) = 〈α, χA〉. (3.3)

Clearly (3.3) is a finite measure (since α is finite in the `∞ measure) and it is additive
(by the linearity of α).

In conclusion, notice that the equality α = I(µα) holds on the dense subset F ; thus
they coincide on the whole space and the thesis is proved. Observe that the immersion

`1 ↪→ `∗∗1
∼= ba (N)

gives us the identification `1 ! baσ, that is, the subset of the σ-additive finite measure
on N.

Theorem 3.19. The space c0 is not the dual of any Banach space X, that is, c0 6= X∗ for
any X Banach.

We are quite not ready to prove this result. We need to state and give a proof of
a technical lemma which will allow us to derive a contradiction when we assume that a
Banach space X such that X∗ = c0 exists.

Lemma 3.20. Any infinite-dimensional closed subspace X of `1 contains a subspace Y
linearly homeomorphic to `1.

Proof. We divide the proof into three steps.

Step 0. Let f ∈ `∗1 be any linear continuous functional. Since X is an infinite-dimensional
closed subspace, the intersection Ker f ∩X is also infinite-dimensional and closed.

We can find, inductively, a sequence un ∈ X with the first n components zero (u0 =
u1 = · · · = un = 0) and unitary norm (‖u‖ = 1). Furthermore, given a unitary sequence
u ∈ X, we can find a natural number N ∈ N such that∑

k>N

|uk| <
1

4
.

Step 1. The preliminary remark allows us to find a sequence of sequences (un)n∈N ⊂ X
and an increasing sequence of natural numbers (kn) ⊂ N satisfying the following properties:

(1) The norm of each elements is unitary, that is, ‖un‖`1 = 1 for all n ∈ N.
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(2) The mass of the sequence un is focused on the first kn components, that is,

‖un
∣∣
[0, kn]

‖`1 ≥ 3/4 for all n ∈ N.

(3) The (n + 1)th elements is zero on the interval where the mass of the previous one is
focused, that is,

un+1
∣∣
[0, kn]

≡ 0 for any n ∈ N.

Let us consider the operator L : `1 −→ X defined by setting

L(λ) :=
∑
n∈N

λnun,

which is well-defined as a consequence of the assumption X closed.

Step 2. First, notice that
‖L(λ)‖`1 ≤ ‖λ‖`1 ,

and thus L is a linear and bounded (=continuous) operator. If we set In := (kn−1, kn], then
it follows immediately that

‖L(λ)‖`1 =

∥∥∥∥∥∑
n∈N

λnunχIn +
∑
n∈N

λnunχX\In

∥∥∥∥∥
`1

≥

≥

∥∥∥∥∥∑
n∈N

λnunχIn

∥∥∥∥∥
`1

−
∑
n∈N

λn‖unχIcn‖`1 .

On the other hand, the family of intervals In is disjoint. Therefore the above inequality
yields to

‖L(λ)‖`1 ≥
∑
n∈N
‖λnunχIn‖`1 −

1

4
‖λ‖`1 ≥

1

2
‖L‖`1 ,

which means that, for every λ ∈ `1, the inequality

1

2
‖λ‖`1 ≤ ‖L(λ)‖`1 ≤ ‖λ‖`1 ,

holds, and
L : `1 −→ L(`1) ⊂ X

induces an invertible operator. In conclusion, it suffices to set Y := L(`1) and take the
homeomorphism L : `1 −→ Y .

Proof of Theorem 3.19. We argue by contradiction. Suppose that there exists a Banach
space X such that X∗ = c0. Then (see Theorem 3.18), it turns out that

X ↪→ X∗∗ ∼= `1 =⇒ X ⊆ `1,

and therefore we can apply Lemma 3.20. In particular, there exists Y ⊂ X such that Y ∼= `1.
On the other hand, in Section 3.3.1 we were able to find a way to express the dual of a linear
closed subspace, and therefore

`∞ ∼= Y ∗ = X∗�Y ⊥ = c0�Y ⊥,
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which implies that `∞ is a quotient of c0. This is the sought contradiction: the space c0 is
separable, but `∞ is not separable, and thus it cannot be a quotient of c0.

Remark 3.5. Let X be a reflexive Banach space. Then the bidual inclusion is surjective
(i.e. X ∼= X∗∗), and this gives us a small chain of duals:

X −→ X∗ −→ X 7−→ X∗ −→ . . .

On the other hand, there is a theorem asserting that X∗ reflexive implies X reflexive.
The implications of this statement are fascinating. Indeed, it is always possible to start
from a non-reflexive Banach space and obtain a infinite chain of non-surjective inclusions
X ⊂ X∗ ⊂ . . . .

3.4 Exercises

Exercise 3.1. Prove the completeness of the following spaces:

(a) Lp(X, dµ), for any 1 ≤ p ≤ ∞.

(b)
(
C0
b (X), ‖ · ‖∞

)
, i.e. the bounded function on a topological space X with the uniform

norm.

(c) Let X be a Banach space and let N be a closed linear(vector) subspace. Then X�N
is complete with the quotient norm, that is

‖x+N‖ def
= inf

y∈N
‖x+ y‖.

(d) Let X be an Hilbert space and let N be a closed linear(vector) subspace. Then the
quotient is the orthogonal N⊥, the quotient norm is equal to the orthogonal norm and
π : X → X�N is an open map.

Solution.

(a) The reader may refer to Example 2.5 for the proof in the case 1 ≤ p < +∞.

Let (fn)n∈N be a Cauchy sequence in L∞. Given an integer k ≥ 1 there is an integer
Nk such that

‖fn − fm‖L∞ ≤
1

k
,

for any m, n ≥ Nk. Hence there is a null set Ek such that

|fn(x)− fm(x)| ≤ 1

k
, ∀x ∈ X \ Ek, ∀m, n ≥ Nk.

Then we let E := ∪k∈NEk, so that E is a null set, and we see that for any x ∈ X \ E
it turns out that the sequence fn(x) is Cauchy in R. By completeness

fn(x)
n→+∞−−−−−→ f(x), ∀x ∈ X \ E.
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In particular, taking the limit m→ +∞ on the inequality above, yields to

|fn(x)− f(x)| ≤ 1

k
, ∀x ∈ X \ Ek, ∀n ≥ Nk.

We conclude that f ∈ L∞(X) and ‖f − fn‖L∞ ≤ 1
k for all n ≥ Nk, thus fn converges

to f also (strongly) in L∞(X). Note that this implies that, up to a subsequence, the
convergence is also point-wise.

(b) The reader may refer to Example 2.5 for a more general situation concerning bounded
functions.

(c) For each x ∈ X let us denote x̂ := x + N ∈ X�N . Let (x̂n)n∈N be any sequence
converging uniformly (i.e.

∑
n ‖x̂n‖ converges). From the definition of ‖ · ‖, it follows

that, for each n ∈ N, there exists xn ∈ x̂n such that ‖xn‖X ≤ 2 ‖x̂n‖. Therefore

+∞∑
n=1

‖xn‖X ≤ 2

+∞∑
n=1

‖x̂n‖ <∞,

then (xn)n∈N converges uniformly as well. Since X is Banach, by Theorem 2.4 the
sum converges to some vector x ∈ X. Then, from the definition of the norm in X�N ,
it follows that

∑
n x̂n converges to x̂ in X�N and, applying again Theorem 2.4, we

infer that the quotient space is complete.

(d) We define the projection

p : X�N → N⊥, x+N 7→ p(x+N) = π(x),

where π is the projection over N⊥. The mapping is well defined since

x+n1 = x+n2 =⇒ p(x+n1) = π(x+n1) = π(x)+π(n1) = π(x)+π(n2) = p(x+n2),

i.e. it is independent from the particular representative of the coset.

The projection is injective. If p([x]) = 0, then [x] = x + N ⊂ Ker(π) which is equal
to N (see Theorem 1.18), and thus [x] = 0 (since x ∈ N).

The projection is surjective. If y ∈ N⊥, then [y] = y + N has image via p exactly
equal to y.

Finally, we prove that the spaces are isometric, that is

‖x+N‖ = inf
y∈N
‖x+ y‖ = ‖π x‖ = ‖π(x+N)‖.

Exercise 3.2. Let (X, p) be a seminormed space and let N be a closed linear(vector)
subspace. Then X�N is normed with ‖ · ‖ := p

∣∣
X
/
N
.

Solution. Suppose that N is closed, and that ‖x + N‖ = 0. Then, by definition of the
norm, it turns out that

inf
y∈N
‖x− y‖ = 0.
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Hence there exist a minimizing sequence (yn)n∈N such that ‖x− yn‖ → n as n→ +∞. But
N is closed, thus x belongs to N . Finally, we have that

x+N = N = 0 +N =⇒ [x] = 0

as a class of equivalence in X�N .

Exercise 3.3. Let (X, p) be a semi-normed space. Then X� ¯{0} is normed with norm p.

Solution. Corollary of Exercise 3.2.

Exercise 3.4. Let X1, . . . , Xn be normed spaces. Represent the dual of X1 × · ×Xn, in
terms of X∗i as i ranges in {1, . . . , n}.

Solution. Let ‖ · ‖Xi be the norm on Xi for each i. On the product space define the norm

‖(x1, . . . , xn)‖X =

n∑
i=1

‖xi‖Xi ,

and consider the following mapping

F :

n∏
i=1

X∗i →

(
n∏
i=1

Xi

)∗
, (f1, . . . , fn) 7−→ f := (f1, . . . , fn).

This map is clearly bijective (since it admits an inverse) and linear, thus it is an isomorphism.

Exercise 3.5. Let 0 < p < 1. Prove that Lp ([0, 1]) is a topological vector space, metric
and complete. Prove also that the only open convex subset is the whole space itself, i.e. the
only linear continuous form is f ≡ 0.

Exercise 3.6. Let (fn)n∈N ⊂ `1 be a sequence. Then it converges weakly to f if and only
if it converges to f in norm.



Chapter 4

Banach-Steinhaus and Open
Mapping Theorem

In the first half of this chapter, we formally introduce the notion of topological vector space,
and we investigate some of its fundamental properties (e.g., separability, special neighbor-
hoods of the origin, and metrizability).

The next section is entirely devoted to state and prove the uniform boundedness theorem
(due to Banach and Steinhaus) for families of operators between topological vector spaces.

In the final section, we exploit the boundedness principle to derive two fundamental
results in functional analysis: the open mapping theorem, and the closed graph theorem
(both widely used).

4.1 Topological Vector Spaces

Definition 4.1 (Topological Vector Space). A topological vector space is a K vector space
X endowed with a compatible topology τ , that is, a topology such that the operations

+ : X ×X −→ X and · : K×X −→ X

are both τ -continuous.

Remark 4.1. Let (X, τ) be a topological vector space. The topology is translation-
invariant, which means that τ can be completely determined by a local basis of neigh-
borhoods of the origin.

Lemma 4.2. Let (X, τ) be a topological vector space. Then the following properties hold:

(1) Every neighborhood of the origin is absorbing.

(2) Every neighborhood U of the origin contains a neighborhood of the origin V such that

V + V ⊆ U and V = −V.
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(3) Every neighborhood U of the origin contains a balanced1 neighborhood of the origin
V ⊆ U .

Proof. The assertion (1) is rather obvious since the product is continuous and

x ∈ X  lim
t→0+

tx = 0 =⇒ tx ∈ U for all t ∈ [0, τ ].

(2) Recall that, in a topological vector space (X, τ), the sum is τ -continuous. Conse-
quently, there are V1 and V2 neighborhoods of 0 such that

(x, y) ∈ V1 × V2 =⇒ x+ y ∈ U.

In particular, we have the inclusion V1, V2 ⊆ U and, since the family of the neigh-
borhoods of a point is closed under intersection, we also have that W := V1 ∩ V2 is a
neighborhood of the origin. In conclusion, if we set V := W ∩ (−W ), then it is easy
to prove that that V is the sought neighborhood of the origin, that is,

V + V ⊆ U and V = −V.

(3) Recall that, in a topological vector space, the product is τ -continuous. In particular,
there is a positive real number δ > 0 and a neighborhood W of 0 such that

α ·W ⊆ U, ∀α : |α| < δ.

Let us denote by V the union of the scalings α ·W , i.e.

V :=
⋃
|α|<δ

α ·W.

It is easy to see that V is a neighborhood of the origin, and also that V ⊆ U . In
conclusion, to prove that V is balanced, it suffices to take |β| ≤ 1 and compute the
product:

β · V =
⋃
|α|<δ

(βα) ·W,

but |βα| < δ for any |α| < δ, which is enough to infer that V is balanced.

Lemma 4.3. Let X be a vector space, and let U be a collection of subsets satisfying the
following properties:

(1) The origin belongs to all U ∈ U .

(2) For all U, V ∈ U , there exists W ∈ U such that W ⊆ U ∩ V .

(3) Every set U ∈ U is absorbing.

1Definition. A subset C ⊂ X of a vector space is balanced if and only if θ · C ⊆ C for every |θ| ≤ 1.
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(4) For all U ∈ U one can find V ∈ U such that

V + V ⊆ U and V = −V.

(5) For all U ∈ U one can find a balanced V ∈ U such that V ⊆ U .

Then Bx := {x+ U} is a local basis of neighborhoods for all x ∈ X. The generated topology
τ on X is compatible with the vector space operations, and it turns out that

A ∈ τ ⇐⇒ ∀x ∈ A, ∃ U ∈ U : x ∈ U ⊂ A.

4.1.1 Locally Convex Spaces

In this brief subsection, we investigate some of the fundamental properties of locally convex
topologies (since most of the spaces we will deal with are locally convex.)

Definition 4.4 (Locally Convex). Let (X, τ) be a topological vector space. We say that τ
is locally convex if there exists a local basis of convex neighborhoods of 0.

Remark 4.2. Equivalently, a topological vector space X is locally convex if and only if
there exists a family U of subsets such that:

(1) The origin belongs to all U ∈ U .

(2) For all U, V ∈ U , there exists W ∈ U such that W ⊆ U ∩ V .

(3) Every set U ∈ U is absorbing.

(4) For all U ∈ U one can find V ∈ U such that

V + V ⊆ U and V = −V.

(5) For all U ∈ U one can find a convex balanced set V ∈ U such that V ⊆ U .

Example 4.1. Here we give a short list of locally convex spaces, and we also furnish a brief
explanation of what the notions of convergence are.

1) The space of all continuous functions on the real line C0(R; R) equipped with the
family of seminorms PK := ‖ · ‖∞, K , where K ⊂ R is a compact subset. The notion
of convergence is the uniform convergence on compact subsets.

2) The space of all differentiable functions on a bounded subset Ck(Ω) equipped with
the family of seminorms Pα,K := ‖Dα · ‖∞, K , where K ⊂ Ω is a compact subset.
The notion of convergence is the uniform convergence of all derivatives on compact
subsets.

3) The space of distributions D(Ω).

4) The space of all sequences RN (or its subset made up of compactly supported se-
quences) is a locally convex space with the finer topology that makes the inclusions
continuous).
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Theorem 4.5 (Seminorm Characterization). Let X be a vector space, and let P = {pα}α∈I
be a family of seminorms defined on X. The following properties hold true:

(a) The ball Bpα is absorbing, convex and balanced for every α ∈ I.

(b) The family of neighborhoods

U :=

{ ⋂
α∈S⊂I

Bpα | S finite subset of indices of I

}

satisfies the properties (1)-(5) described above, and hence it defines a locally convex
topology τ on X.

(c) The extended family of seminorms, i.e.

P̃ :=

{
p̃S := max

α∈S
pα | S finite subset of indices of I

}
induces a family of balls

Ũ := {Bp̃S | S finite subset of indices of I }

which defines the same locally convex topology τ of (b).

(d) Let U be a local basis of the origin made up of absorbing, convex and balanced sets, and
let σ be the locally convex topology induced on X. Then the family of the Minkowski
functionals

P := {pU | U ∈ U }

is a family of seminorms, which generates the same topology σ.

Remark 4.3. Let X be a topological vector space, and let U be a local basis of neighbor-
hoods of the origin. The following topological properties hold:

(a) The space X is T1 if and only if X is T0.

(b) The space X is T1 if and only if {0} is closed if and only if
⋂
U∈U U = {0} or,

equivalently, if and only if p(x) = 0 for any p ∈ P implies x = 0.

(c) The space X is T0 if and only if X is T2 (i.e., Hausdorff).

(d) Assume that (X, τ) is a locally convex T0 space, and assume also that there exists a
countable separated family of seminorms generating τ . Then X is metrizable.

Proof.

(a) Any topological group which is T0 is automatically T1. The converse is always true.

(b) Recall that a topological space is T1 if and only if each singlet {x} is closed. But if
{0} is closed in a topological vector space, then every {x} is closed as x ranges in X.

(c) Fix x, y ∈ X. The singlet {x} is always compact, while the singlet {y} is closed because
of the T1 assumption. Therefore, the existence of open neighborhoods separating x
and y follows immediately from Lemma 3.8.
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(d) Let us set

d(x, y) := max
k∈N

[
2−k

pk(x− y)

1 + pk(x− y)

]
. (4.1)

The reader may check by herself that (4.1) is a distance on X. For example, it is easy
to see that

d(x, y) = 0 =⇒ pk(x− y) = 0 for all k ∈ N,

and this is enough to infer that x is necessarily equal to y, as a consequence of the
fact that the family of seminorms is separated.

Furthermore, the function d is translation-invariant. Thus we only need to prove that
the collection of open balls

Br(0) := {x ∈ X | d(x, 0) < r}

is a local basis of neighborhoods of the origin, which induces the very same topology
τ .

Step 1. The condition d(x, 0) < r easily implies that(
2−k − r

)
pk(x) < r,

and this inequality is automatically satisfied for all k > log2(1/r) =: r∗. The finite
number of remaining indices satisfy the inequality

pk(x) <
r

2−k − r
=: rk,

and thus Br contains the intersection of a finite number of P-balls, that is,

br∗c⋂
k=0

rk ·Bpk ⊆ Br(0).

In particular, the metric ball Br(0) contains a τ -neighborhood of the origin.

Step 2. Vice versa, given a τ -neighborhood V of the origin, it follows from the
definition of local basis that one can always find positive real numbers rj > 0 such
that

m⋂
j=0

rj ·Bpj ⊆ V.

If we take r satisfying the inequality

2r < max
{

2−j · rj | j = 1, . . . , m
}
,

then any x ∈ Br(0) satisfies the inequality

d(x, 0) < r <
2−j · rj

2
=⇒ pj(x) < rj for all j = 1, . . . , m.

Consequently, the metric ball Br(0) is contained in the finite intersection of the balls
rj ·Bpj , and therefore it is also contained in V .
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Theorem 4.6. A T0 topological vector space X is second-countable if and only if it is
metrizable.

Hint. Take a countable basis of neighborhoods of the origin such that each element is bal-
anced and monotone (with respect to the inclusion) Un+1 + Un+1 ⊆ Un. Then define

ρ(x) = inf

{
n∑
i=1

2−ki | ki ∈ N, x ∈ Uk1
+ · · ·+ Ukn

}

and prove that ρ(x− y) = d(x, y) is a metric on X.

The proof of this theorem is rather technical and I will not write it down, but it can be
found e.g. in W. Rudin, Functional Analysis (Theorem 1.24).

4.2 The Uniform Boundedness Principle

Let X be a topological vector space. In this section, we shall denote by Up(X) a local basis
of neighborhoods around p ∈ X.

Definition 4.7 (Bounded). A set E ⊂ X is bounded if and only if for every U ∈ U0(X)
there exists r > 0 such that E ⊆ r · U .

Remark 4.4. If X is a metric space, a set is bounded in the sense above if and only if it
is bounded with respect to the metric.

Lemma 4.8. Let X be a topological vector space and let S ⊂ X be any subset. The closure
of S is given by the (possibly) infinite intersections of the U-translations:

S =
⋂

U∈U0(X)

S + U.

In particular, any point x ∈ X admits a local basis of closed neighborhoods. Indeed, it is
straightforward to prove that

{V + x | V ∈ U0(X)}

is a local basis of neighborhoods of x, and hence{
V + x | V ∈ U0(X)

}
is also a local basis.

Lemma 4.9. Let X be a topological vector space, and let E ⊂ X be a bounded subset. Then
the closure E is also bounded.

Proof. By definition, for every U ∈ U0(X) there exists a positive real number r > 0 such
that E ⊂ r · U . Hence, by taking the closure we obtain the chain of inclusions

E ⊆ r · U ⊂ (r + ε) · U,

for some ε > 0, as a consequence of Lemma 4.8.
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Lemma 4.10. Let X and Y be topological vector spaces. If L ∈ L(X, Y ) is a linear and
continuous operator, then it is bounded. The converse is true if, e.g., X is locally bounded.

Theorem 4.11. A topological vector space X is normable if and only if it is both locally
convex and locally bounded.

We now present a simple criterion to show whether or not a set is bounded looking at
the behavior of all the sequences.

Lemma 4.12. Let X be topological vector space and let E ⊂ X. Then E is bounded if and
only if for every sequence (αn)n∈N ⊂ K converging to 0 and every sequence (xn)n∈N ⊂ E, it
turns out that

αnxn = o(1) for n→ +∞.

Proof. Suppose that E is a bounded subset of X. Fix U ∈ U0(X) neighborhood of the origin
in X, and let r > 0 be the positive real number such that E ⊂ r · U . It follows that

xn ∈ r · U =⇒ xn
r
∈ U for n ∈ N.

Therefore, we can always choose N ∈ N in such a way that αN < 1/r, that is,

αnxn ∈ U for all n ≥ N.

The opposite implication is trivial (e.g., one could consider xn := x to be the constant
sequence).

Corollary 4.13. If E is relatively compact (or relatively sequentially compact), then E is
bounded.

Remark 4.5. Let (X, ‖ · ‖) be a normed space. Then:

(1) A subset E ⊂ X is strongly bounded if and only if supx∈E ‖x‖ < +∞.

(2) A subset E ⊂ X is weakly bounded if and only if for all f ∈ X∗ we have supx∈E〈f, x〉 <
+∞.

(3) A subset E ⊂ X∗ is weakly-∗ bounded if and only if for all u ∈ X we have supf∈E〈f, u〉 <
+∞.

Notation. Let X and Y be topological vector spaces, and let Γ be a family (eventually
uncountable) of linear and continuous applications from X to Y . For every set S ⊂ X, we
denote by Γ(S) the union of the images, that is

Γ(S) :=
⋃
T∈Γ

T (S),

and, for every R ⊂ Y , we denote by Γ−1(R) the intersection of the preimages, that is

Γ−1(R) :=
⋂
T∈Γ

T−1(R).

In particular, the inclusion Γ(S) ⊂ R is a compact way to express that

T (S) ⊂ R for every T ∈ Γ,

and, similarly, it is also equivalent to the inclusion

S ⊂ T−1(R) for every T ∈ Γ.
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Definition 4.14 (Equicontinuous). Let X and Y be topological vector spaces. A family
Γ ⊂ L(X, Y ) of linear and continuous applications is equicontinuous if and only if

∀V ∈ U0(Y ), ∃U ∈ U0(X) : Γ(U) ⊂ V.

Remark 4.6. If X and Y are metric spaces, this notion is completely equivalent to the
equicontinuity in the sense of ε-δ.

Remark 4.7. If X and Y are normed spaces, a family Γ is equicontinuous if and only if Γ
is equibounded in L(X, Y ) with respect to the operator norm.

Definition 4.15 (Meager Set). Let (X, τ) be a topological space, and let S ⊂ X. We say
that S is a meager (or first-category) set if and only if there exists a countable cover made
up of nowhere dense subsets of X, that is,

S =
⋃
n∈N

Xn, IntXn = ∅.

Furthermore, we say that S is a second-category set if it is not a first-category set.

Theorem 4.16 (Baire). Let X be either a complete metric space or a locally compact
topological space. Then each open nonempty subset of X is a second-category set.

Theorem 4.17 (Banach-Steinhaus). Let X and Y be topological vector spaces and let Γ ⊂
L(X, Y ) be a collection (eventually uncountable) of linear and continuous applications. If

E := {x ∈ X | Γ({x}) is bounded}

is a second-category set (i.e., Γ is pointwise bounded in a second-category set), then Γ is a
equicontinuous family.

Proof. Fix U ∈ U0(Y ) neighborhood of the origin in Y . Recall that we can always find a
neighborhood V ∈ U0(Y ) closed, balanced and satisfying the the inclusion V + V ⊂ U .

By assumption, for all x ∈ E there exists a positive natural number m(x) ∈ N such that
Γ(x) ⊂ m(x) · V (or, equivalently, x ∈ m(x) · Γ−1(V )). In particular, we have that

E ⊆
⋃
n∈N

n · Γ−1(V ) and Γ−1(V ) closed.

Since E is a second-category set, there exists m ∈ N such that m · Γ−1(V ) has nonempty
internal part (and, hence, the same applies to n · Γ−1(V ) for every n ∈ N). In particular, it
turns out that

V := Γ−1(V )− Γ−1(V ) ∈ U0(X),

and by linearity of Γ we also have that

Γ(V) = Γ(Γ−1(V ))− Γ(Γ−1(V )) = V − V ⊆ U.

Therefore, the set V is a neighborhood of the origin in X whose image is contained in U ,
and this is exactly what we wanted to prove.

Remark 4.8. The theorem is false if Γ is a family of linear (but not necessarily continuous)
operators from X to Y . The easiest counterexample is the following: Consider a Banach
space X, and let Y := R and Γ := {L}, for any L discontinuous linear functional.
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Applications. In this brief paragraph, we investigate some basic results which may be
obtained through a simple application of the uniform boundedness principle.

Theorem 4.18. Let X be a complete metric space, and let Y and Z be topological vector
spaces. If

B : X × Y −→ Z

is a bilinear application separately sequentially continuous, then B is jointly sequentially
continuous (i.e., seq. continuous w.r.t. the couple).

Proof. We first prove a particular case, and then we generalize it with a simple algebraic
trick.

Step 1. Let (xn)n∈N ⊂ X be a sequence converging to 0, and let (yn)n∈N ⊂ Y be a
converging sequence. The linear mapping

B(·, yn) : X −→ Z

is clearly continuous for every n ∈ N, and it is pointwise bounded. Indeed, for u ∈ X fixed,
the subset

{B(u, yn)}n∈N ⊂ Z
is bounded in Z, since converging sequences are bounded. The Baire Theorem 4.16 holds in
the complete metric space X, and hence the Banach-Steinhaus Theorem 4.17 implies that
for every U ∈ U0(Z) there exists V ∈ U0(X) such that

B (V, yn) ⊂ U for every n ∈ N.

The sequence (xn)n∈N converges to 0; thus, xn ∈ V definitively, and this means that
B(xn, yn) belongs to U for n sufficiently large, that is, B(xn, yn)→ 0.

Step 2. If xn → x ∈ X, then the thesis follows from the previous step if one notices that
the difference (xn − x)n∈N converges to 0. Then

B(xn, yn) = B(xn − x, yn) +B(x, yn)
n→+∞−−−−−→ 0 +B(x, y) = B(x, y).

Corollary 4.19. Let (Tn)n∈N ⊂ L(X, Y ) be a family of linear and continuous operators
between two Banach spaces, and assume that the sequence is pointwise bounded, that is,

sup
n∈N
‖Tn(x)‖ < +∞ for all x ∈ X.

Then Tn is equibounded,that is, there exists a positive constant C > 0 such that

sup
n∈N
‖Tn‖L(X,Y ) ≤ C < +∞.

Remark 4.9. Let (Tn)n∈N ⊂ L(X, Y ) be a family of linear and continuous operators
between two Banach spaces, and suppose that

Tn(x)
n→+∞−−−−−→ T (x) w.r.t. the strong convergence in X.

Then Tn → T ∈ L(X, Y ) in the operator norm, and the convergence is uniform on any
compact set.
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Proof. The sequence (Tn)n∈N is pointwise bounded. Therefore, the previous corollary asserts
that it is also equibounded, that is, there exists a positive constant c such that

sup
n∈N
‖Tn‖ = c <∞.

It follows that
‖Tnx‖ ≤ c‖x‖ for all x ∈ X,

which means that Tn is also an equi-Lipschitz continuous sequence.

The Ascoli-Arzelà theorem allows us to extract a subsequence (nk)k∈N such that Tnk
converges, uniformly on compact sets, to a linear operator T . Furthermore, the assumption

‖Tnx‖ ≤ c‖x‖ for all x ∈ X,

is preserved under the limit for n → +∞, and therefore T is a continuous operator, which
means that

Tnk
k→+∞−−−−−→ T ∈ L(X, Y ),

uniformly on compact sets.

4.3 The Open Mapping Theorem

The statement and the proof of the open mapping theorem are both taken verbatim from
the Brezis book [1].

Theorem 4.20 (Open Mapping). Let X and Y be two Banach spaces, and let T be a
continuous linear operator from X to Y that is surjective (=onto). Then there exists a
constant c > 0 such that

T (BX(0, 1)) ⊃ BY (0, c).

Remark 4.10. The conclusion of the open mapping theorem is equivalent to saying that
T is an open map. Indeed, let us suppose that U is open in X and let us prove that T (U)
is open in Y .

Fix any point y0 ∈ T (U), so that y0 = T x0 for some x0 ∈ U . Let r > 0 be such that
B(x0, r) ⊂ U , i.e., x0 +B(0, r) ⊂ U . It follows that

y0 + T (B(0, r)) ⊂ T (U).

Then by open mapping theorem it follows that

T (B(0, r)) ⊃ B(0, rc)

and therefore
B(y0, rc) ⊂ T (U).

Proof. We split the argument into two steps.
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Step 1. Assume that T is a linear surjective operator from X onto Y . Then there exists
a constant c > 0 such that

T (BX(0, 1)) ⊃ BY (0, 2c).

Set Xn = n · T (BX(0, 1)). Since T is surjective, we clearly have

Y =
⋃
n∈N

Xn,

and by Baire category theorem there exists some N such that IntXN 6= ∅. It follows that
the same holds true (by homeomorphisms) for any other Xn and thus

Int
(
T (BX(0, 1))

)
6= ∅.

Pick c > 0 and y0 ∈ Y such that

BY (y0, 4c) ⊂ T (BX(0, 1)).

In particular, y0 ∈ T (BX(0, 1)), and by symmetry,

−y0 ∈ T (BX(0, 1)).

Therefore
BY (0, 4c) ⊂ T (BX(0, 1)) + T (BX(0, 1)).

On the other hand, since T (BX(0, 1)) is convex, we have

T (BX(0, 1)) + T (BX(0, 1)) = 2 · T (BX(0, 1)),

and the first claim follows.

Step 2. Assume that T is continuous linear operator from X into Y that satisfies the first
claim. Then we have

T (BX(0, 1)) ⊃ BY (0, c).

Choose any y ∈ Y with ‖y‖ < c. The goal is to find some x ∈ X such that

‖x‖ < 1 and Tx = y.

We know that

∀ε > 0, ∃ z ∈ X such that ‖z‖ < 1

2
and ‖y − Tz‖ < ε.

Choosing ε = c/2, we find some z1 ∈ X such that

‖z1‖ <
1

2
and ‖y − Tz1‖ <

c

2
.

Proceeding similarly, by induction we obtain a sequence (zn)n∈N ⊂ X such that

‖zn‖ <
1

2n
and ‖y − T (z1 + · · ·+ zn)‖ < c

2n
, for any n ∈ N.

It follows that the sequence xn = z1 + · · ·+ zn is a Cauchy sequence. Let x be its limit
(since X is complete) with, clearly, ‖x‖ < 1 and y = Tx (since T is continuous).
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Corollary 4.21. Let X and Y be Banach spaces, and let T be a bijective continuous and
linear operator from X to Y . Then T−1 is a continuous operator from Y to X.

Proof. The Open Mapping Theorem 4.20, together with the assumption that T is injective,
is enough to infer that

x ∈ X : ‖Tx‖Y < c =⇒ ‖x‖X < 1.

By homogeneity, it turns out that

‖x‖X ≤
1

c
‖Tx‖Y , ∀x ∈ X,

and hence T−1 is continuous.

Corollary 4.22. Let X be a vector space provided with two norms, ‖ ·‖1 and ‖ ·‖2. Assume
that X is Banach with respect to both norms, and assume that there exists a constant C ≥ 0
such that

‖x‖2 ≤ C ‖x‖1, ∀x ∈ X.

Then the two norms are equivalent, i.e., there is a constant c > 0 such that

‖x‖1 ≤ c ‖x‖2, ∀x ∈ X.

Proof. It suffices to apply Corollary 4.21 with

X := (X, ‖ · ‖1), Y := (X, ‖ · ‖2) and T = idX .

Remark 4.11. The assumption that the two norms are comparable is critical. Indeed, if
(X, ‖ · ‖) is an infinite-dimensional Banach space, then one can always find a linear form
` : X −→ R which is not continuous. Therefore, we may define a non-continuous operator
A : X −→ X as follows. Pick a point x0 ∈ X such that Tx0 = 1, and set

A(x) := x− 2x0 〈`, x〉.

We can easily define a norm
‖x‖A := ‖Ax‖X ,

which makes A an isometry of X (and thus continuous), if seen as an operator between
(X, ‖ · ‖X) and (X, ‖ · ‖A).

The reader may check as an exercise that the corollary above fails since (X, ‖ · ‖A) is
also a Banach space, but ‖ · ‖A and ‖ · ‖ are not equivalent norms.

Theorem 4.23 (Closed Graph). Let X and Y be two Banach spaces, and let T : X −→ Y
be a linear operator. Then T is continuous if and only if the graph of T , denoted by Γ(T ),
is closed in the Cartesian product X × Y .

Proof. First, we notice that the graph

Γ(T ) := {(x, Tx) | x ∈ X }

is the kernel of the map
X × Y 3 (x, y) 7−→ Tx− y.
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Step 1. If T is continuous, then the map (x, y) 7−→ Tx− y is also continuous. Therefore,
the preimage of the singlet {0}, which is closed, is exactly equal to the graph Γ(T ).

Step 2. Vice versa, let us consider on X the two norms

‖x‖1 := ‖x‖X + ‖Tx‖Y and ‖x‖2 := ‖x‖X .

It is easy to check, using the assumption that G(T ) is closed, that X is a Banach space for
the norm ‖ · ‖1. On the other hand, by assumption, X is also a Banach space for ‖ · ‖2 and
clearly

‖x‖1 ≥ ‖x‖2.

It follows from Corollary 4.22 that the two norms are equivalent; hence there exists a constant
c > 0 such that ‖x‖1 ≤ c ‖x‖2, from which it follows that

‖Tx‖Y ≤ c′ ‖x‖X ,

i.e. T is continuous.



Chapter 5

Banach-Alaoglu and Closed Rank
Theorem

In this chapter, we exploit the results we have proved so far to define a locally convex
topology on a Banach space X (which is weaker than the topology induced by the norm.)

In a similar fashion, we show that the dual space X∗ may be endowed with three (even-
tually) different topologies: the one induces by the dual norm, the weak one, and the weak-∗
one.

In the second half of the chapter, we investigate some of the main properties of the
weak-∗ topology, e.g. the Banach-Alaouglu theorem (which asserts that the ball is weakly-∗
compact.)

5.1 Initial Topology

Let X be a vector space, and let F ⊂ X ′ be a subfamily of the algebraic dual1. Notice
that every linear functional induces a seminorm, defined by

|ϕ| (x) := |ϕ(x)| ,

and therefore the collection
P := {|ϕ| : ϕ ∈ F}

generates a locally convex topology on X . More precisely, let

Brϕ := {x ∈ X | |ϕ(x)| < r}

denote the ball associated to ϕ ∈ P. The enlarged family, which is defined by

P̃ :=

{
max
i∈S
|ϕi| | S ⊂ F finite subset

}
,

1Definition. Let X be a vector space. The algebraic dual of X, denoted by X′, is the set of all the
linear functional ϕ : X −→ R - since a priori there is no topology on X.
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has the following property: Every ball associated to an element of P̃ is equal to a finite
intersection of balls associated to elements of P.

The family of seminorms P induces on X a locally convex topology τ , which is the
coarsest topology that makes any ϕ ∈ F continuous.

Example 5.1. Let us consider a collection (Xi, τi)i∈I of topological vector spaces, and let
us denote by X the product of the Xi’s, that is,

X :=
∏
i∈I

Xi.

Our goal is to define a topology τ on X that makes it a topological vector space. The
natural way to do it is to require that a map f : Y −→ X is continuous if and only if the
components pi ◦ f : Y −→ Xi are τi-continuous for every i ∈ I, where

pi : X :=
∏
i∈I

Xi −→ Xi

denotes the ith canonical projection. Furthermore, one can easily prove that

(Xi, τi) is locally convex for all i ∈ I =⇒ (X, τ) is locally convex.

For example, both the sum and the scalar product on X are τ -continuous operations since
the composition with each projection pi is continuous.

Back to the general case, we observe that the initial topology τ , generated by the family
P, is defined in such a way that it is the coarsest topology making every ϕ ∈ F continuous.

Proposition 5.1. Let X be a vector space, let F ⊂ X ′ be a subfamily of the algebraic
dual, and let τ be the initial topology relative to F . Then continuous linear forms of (X , τ)
are precisely the elements of F and all of their linear combinations, that is,

X ∗
τ = Span〈f : f ∈ F 〉.

The proof of this result is an immediate consequence of the following technical lemma.

Lemma 5.2. Let X be a vector space, and let f, f1, . . . , fn ∈ X ′. Then the following
properties are equivalent:

(a) There are real numbers λ1, . . . , λn ∈ R such that

f =

n∑
i=1

λifi.

(b) There exists a positive constant C > 0 such that

|f(x)| ≤ C max
i=1, ..., n

|fi(x)| for all x ∈ X.

(c) The kernel of f contains the intersection of the kernels, that is,

ker f ⊇
n⋂
i=1

ker fi.
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Proof. The unique nontrivial implication is (c) =⇒ (a). In the linear algebra course
we have proved that there exists a unique λ : Rn −→ R such that the diagram below is
commutative

X Rn

R

F

f
λ

where F (x) := (f1(x), . . . , fn(x)).

On the other hand, the mapping λ : Rn −→ R is clearly linear and satisfying the identity
λ ◦ F (x) = f(x). It follows that f is a linear combination of the components of F , that is,

f(x) =

n∑
i=1

λifi(x).

In particular, if f is continuous with respect to the initial topology τ , then f is bounded
in a neighborhood of the origin of the form

n⋂
i=1

{x ∈ X | |fi(x)| < εi }

Therefore, it follows from Lemma 5.2 that f is a linear combination of a finite number of
elements fi ∈ F , precisely f1, . . . , fn, that is,

X ∗
τ = Span〈f : f ∈ F 〉.

5.2 Elementary Properties of the Weak Topologies

Let (X, ‖ · ‖) be a Banach space, and let F := X∗ be the topological dual, that is, the set
of all the linear forms continuous with respect to the strong convergence τs.

The initial topology associated to the family F is called weak topology of X, and it is
usually denoted by τw. A natural question arises: The weak topology τw and the strong
topology τs are actually different?

Answer. The reader may readily check that the dual spaces are the same, that is,

X∗τw = X∗τs ,

and also that both topologies are separated. Luckily, this is not enough for them to coincide
and, actually, if X is an infinite-dimensional Banach space, the strong topology and the
weak topology are always different, as a consequence of the following result.

Lemma 5.3. Let U be a neighborhood of the origin in τw. Then there exists a finite-
codimensional subspace H ⊂ X contained in U .
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Proof. A subbasis of the neighborhoods of the origin in the weak topology σ (X, X∗) is
given by the sets of the form

Wf, ε = {x ∈ X | |〈f, x〉| < ε} for f ∈ X∗ and ε > 0.

In particular, given U ∈ U0(X) neighborhood of the origin, one can always find f1, . . . , fN ∈
X∗ and ε1, . . . , εN > 0 such that

U ⊇
N⋂
i=1

Wfi, εi .

Furthermore, we may always assume that the finite intersection is made up of linearly
independent elements. The reader can easily check that the finite-dimensional subspace

H = {x ∈ X | fi(x) = 0 for all i = 1, . . . , N }

is contained in U , and it is thus the sought subspace.

Weak-∗ Topology. Let (X∗, ‖ · ‖∗) be the topological dual of a Banach spaceX, endowed
with the operator norm. The valuations jx : X∗ −→ R form a linear subspace of the algebraic
bidual X ′′, which may be identified with X in the obvious way.

Definition 5.4. The initial topology on X∗ associated to the family

F := {jx : X∗ −→ R | x ∈ X }

is called weak-∗ topology, and it is usually denoted by τ∗w.

In particular, on the dual space X∗ one can define three remarkable topologies satisfying
the following chain of inclusions:

τ∗w ⊆ τw ⊆ τs.

Notation. In the literature, the initial topology on a vector space X associated to a family
F is usually denoted by σ(X, F ). Therefore, from now on, we denote by σ (X, X∗) the
weak topology on X, by σ (X∗, X∗∗) the weak topology on X∗, and by σ(X∗, X) is the
weak-∗ topology on X∗.

Definition 5.5 (Separated). Let X be a vector space, and let F be a subfamily of the
algebraic dual. The initial topology σ(X, F ) is separated if and only if for every x ∈ X,
x 6= 0, there is an element f ∈ F such that 〈f, x〉 6= 0.

Remark 5.1. Equivalently, the initial topology σ(X, F ) is separated if and only if for
every x 6= 0 there are a neighborhood U of the origin and a positive real number c > 0 such
that

x /∈ c · U.

Lemma 5.6. Let X be a Banach space. The weak topology σ(X, X∗) and the weak-∗
topology σ(X∗, X) are separated.

Proof. Let x ∈ X \ {0}. It follows from Example 3.2 that one can always find a continuous
linear functional f : X −→ R such that

‖f‖X∗ = 1 and 〈f, x〉 = ‖x‖ 6= 0.

On the other hand, a functional f ∈ X∗ is nonzero if and only if there exists x ∈ X such
that 〈f, x〉 6= 0. Therefore, the valuation jx is different from zero in f , and this concludes
the proof.
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Lemma 5.7. Let X be a Banach space.

(a) A subset E ⊂ X is bounded in norm if and only if it is weakly bounded.

(b) A subset E ⊂ X∗ is bounded in norm if and only if it is weakly-∗ bounded.

Proof. One implication is clear in both the assertions: if E is bounded w.r.t. the strong
topology, then it is bounded in the weak (or weak-∗) topology since there are less neighbor-
hoods of 0.

(a) Assume that E ⊂ X is weakly bounded. For every f ∈ X∗, the image f(E) is bounded
and hence there exists a positive constant cf > 0 such that

|〈f, x〉| ≤ cf for all x ∈ E.

If we identify E with the subspace of the bidual {jx | x ∈ E }, then the estimate above
can be rewritten in terms of the valuation:

|jx(f)| ≤ cf for all x ∈ E and f ∈ X∗.

Then E is pointwise bounded as a subset of the bidual X∗∗, and hence the Banach-
Steinhaus Theorem 4.17 implies that E is uniformly bounded as a subset of the bidual.
On the other hand, X is a Banach space and so is X∗∗. Consequently, the set E is
bounded w.r.t. the norm in X∗∗, and therefore also w.r.t. the norm in X.

(b) In this case the Banach-Steinhaus Theorem 4.17 may be applied directly to the family
E since, by assumption, we have

sup
f∈E
|〈f, x〉| < C for all x ∈ X.

Remark 5.2. If X is a locally convex topological vector space, the first assertion is still
true while the second is, generally, not true.

Lemma 5.8. Let X be a Banach space.

(a) If C ⊂ X is a convex set, then C is closed in norm if and only if C is weakly closed.

(b) If C ⊂ X∗ is a convex set, then C is closed in norm if it is weakly-∗ closed.

Proof. First, notice that C closed in the weak (or weak-∗) topology, always implies C closed
in norm.

(a) Suppose that C is a convex closed set w.r.t. the strong topology. We shall now prove
that the complement A := Cc is weakly open. Let x0 /∈ C. By Hahn-Banach Theorem
3.9 there exist a linear continuous functional f ∈ X∗ and a real number α ∈ R such
that

〈f, x0〉 < α < 〈f, x〉 for all x ∈ C.
It follows that V := {y ∈ X | 〈f, y〉 < α} is an open neighborhood of x0, strictly
contained in A, and this is enough to infer that A is weakly open.



79 5.3. THE BANACH-ALAOGLU THEOREM

(b) It follows easily from the definitions, but it is interesting to see a counterexample for
the opposite implication. For example, a non-reflexive Banach space X is closed in
norm (as a subset of the bidual X∗∗), but it is weakly-∗ dense and thus it cannot be
weakly-∗ closed.
A beautiful, concrete example may be found at this Math Stackexchange post.

5.3 The Banach-Alaoglu Theorem

In this section, we set the ground to state and prove a major result concerning the weak-∗
topology. Namely, the closed ball is weakly-∗ compact.

Let X be any set. The space of all the functions from X to C, denoted by CX , is a
separated locally convex topological vector space, endowed with the product topology.

More precisely, one can easily prove that the product topology coincides with the initial
topology associated to the family of the projections

F :=
{
πx : CX −→ Cx | Cx ∼= C, x ∈X

}
,

and it is thus the coarsest that makes them continuous.

Remark 5.3. There is a natural inclusion X ∗ ⊂ CX and, surprisingly, the subspace
topology coincides with the weak-∗ topology σ (X ∗, X ).

The assertion of the previous remark is, actually, a consequence of a more general fact.
Let Y ⊂X , and endow X with the initial topology relative to the family

F := {fα : X −→ Zα}α∈Γ,

for some set of indices Γ. Then the subspace topology induces on Y is the initial topology
relative to the restricted family

F
∣∣
Y

:= {fα : X ∩ Y −→ Zα}α∈Γ.

Remark 5.4. The algebraic dual of X is closed w.r.t. the inclusion X ′ ⊂ CX . Indeed,
using the definitions, it is always possible to write it as the arbitrary intersection of closed
sets:

X ′ = {f : X −→ C | 〈f, αx+ βy〉 = α〈f, x〉+ β〈f, y〉 for all α, β ∈ C and x, y ∈X } =

=
⋂

α, β∈C

⋂
x, y∈X

{
f ∈ CX | 〈f, αx+ βy〉 = α〈f, x〉+ β〈f, y〉

}
.

Definition 5.9 (Polar). Let X be a topological vector space, and let S ⊂ X be any subset.
The polar set associated to S is defined by

S◦ := {f ∈ X∗ | |f(x)| ≤ 1 for all x ∈ S }

http://math.stackexchange.com/questions/218611/weak-star-closedness-in-dual-space
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Remark 5.5. Let X be a topological vector space and let S ⊂ X be any subset. The polar
S◦ is clearly convex and weakly-∗ closed since it is the intersection of weakly-∗ closed convex
sets:

S◦ :=
⋂
x∈S
{x}◦.

Furthermore, if V is a neighborhood of the origin in X, then the polar V ◦ is convex, weakly-
∗ closed and also closed in the product space CX (since it is closed in the algebraic dual X ′,
which is closed in the product).

Theorem 5.10 (Banach-Alaoglu). Let X be a topological vector space, and let V be a
neighborhood of the origin. Then the polar V ◦ is convex, weakly-∗ closed and weakly-∗
compact.

Proof. First, notice that as a consequence of the definition of polar set we have

|〈f, x〉| ≤ 1 for all x ∈ V and all f ∈ V ◦.

In a topological vector space, a neighborhood of the origin is always absorbing. Therefore,
there exists a function ν : X −→ N such that, for any f ∈ V ◦, we have

|〈f, x〉| ≤ ν(x) for all x ∈ X.

Let x ∈ X be a point. The image via f ∈ V ◦ belongs to a ball, whose radius depends only
on x itself only, and this proves that

V ◦ ⊂ X ′ ∩
∏
x∈X

BC (0, ν(x)).

By Tychonov Theorem 5.29, it follows that

X ′ ∩
∏
x∈X

BC (0, ν(x))

is compact with respect to the product topology. On the other hand, the product topology
coincides with the subspace topology induced by the inclusion

X ′ ⊂ CX .

In conclusion, note that V ◦ is a weakly-∗ closed subset of a Hausdorff weakly-∗ compact
set, and it is thus compact.

Corollary 5.11. Let X be a Banach space. The closed ball BX∗(0, 1) in X∗ is weakly-∗
compact, that is, it is compact in the σ(X∗, X) topology.

Proof. It follows from the Banach-Alaoglu Theorem 5.10 since

V = BX(0, 1) =⇒ V ◦ = BX∗(0, 1).

Theorem 5.12. Let X be a infinite-dimensional Banach space. The topological spaces
(X, σ(X, X∗)) and (X∗, σ(X∗, X)) are not metrizable, that is, they are not A1.

Optional Proof. We may always assume without loss of generality that X is an infinite-
dimensional space, that is, dimX ≥ ℵ0. It is a well-known fact that the dual has (at least)
the dimension of the continuum c, i.e., the dimension of X∗ is uncountable.
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Step 1. A subbasis of the neighborhoods of the origin in the weak topology σ (X, X∗) is
given by the sets of the form

Wf, ε = {x ∈ X | |〈f, x〉| < ε} for some f ∈ X∗ and ε > 0.

Clearly the family of the finite intersection of these elements is a local basis for the origin,
since for any U ∈ U0(X) there are f1, . . . , fN ∈ X∗ and ε1, . . . , εN > 0 such that

U ⊇
N⋂
i=1

Wfi, εi .

As a consequence, we may always assume that the finite intersections are made up of lin-
early independent elements.

Step 2. Suppose that X is metrizable, i.e. that X is second-countable, and let

B :=
{
Wfi,

1
k
| i, k ∈ N

}
be a local countable basis made up of linearly independent functionals.

The dimension of X∗ is uncountable, and therefore we can always find a nontrivial
functional g ∈ X∗ \ Span 〈fi | i ∈ N 〉. Furthermore, by the Hahn-Banach Theorem 3.1, we
can find a sequence of points (xn)n∈N ⊂ X such that

g(xn) = 1 and fi(xn) =
1

n
for i = 1, . . . , n.

Any finite intersection of the form

Wfi1 ,
1
k1

∩ · · · ∩WfiN ,
1
kN

contains all but finitely many xn’s, while the neighborhoodWg, 1 does not contain any point
of the sequence. In particular

Wfi1 ,
1
k1

∩ · · · ∩WfiN ,
1
kN

6⊂Wg, 1

for any choice of the indices, and thus there exists a neighborhood of the origin that does
not belong to B: a contradiction.

Step 3. Assume that the dimension of X is uncountable, that is, dimX > ℵ0. A subbasis
of the neighborhoods of the origin in the weak-∗ topology σ (X∗, X) is given by the sets of
the form

Wx, ε = {f ∈ X∗ | |〈f, x〉| < ε} for some x ∈ X and ε > 0.

The family of the finite intersections of these elements is a local basis for the origin, since
for any U ∈ U0(X) there are x1, . . . , xN ∈ X and ε1, . . . , εN > 0 such that

U ⊇
N⋂
i=1

Wxi, εi .

As a consequence, we may always assume that the finite intersections are made up of lin-
early independent elements.
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Step 4. Suppose that X is metrizable, i.e. that X is second-countable, and let

B :=
{
Wxi,

1
k
| i, k ∈ N

}
be a local countable basis made up of linearly independent functionals. The dimension of
X is uncountable by assumption, and hence there exists a point y ∈ X \ Span 〈xi | i ∈ N 〉.
Furthermore, by the Hahn-Banach Theorem 3.1, we can always find a sequence of functionals
(fn)n∈N ⊂ X such that

fn(y) = 1 and fn(xi) =
1

n
for i = 1, . . . , n.

Any finite intersection of the form

Wxi1 ,
1
k1

∩ · · · ∩WxiN ,
1
kN

contains all but finitely many fn’s, while the neighborhood Wy, 1 does not contain any point
of the sequence. In particular

Wxi1 ,
1
k1

∩ · · · ∩WxiN ,
1
kN

6⊂Wy, 1

for any choice of the indices, and thus there is a neighborhood of the origin that does not
belong to B: a contradiction.

Step 5. Assume now that the dimension of X is countable, that is, dimX = ℵ0. Then the
completion X̃ has dimension at least c, and the weak-∗ topologies of X∗ and X̃∗ coincide.
Therefore, the previous steps conclude the proof.

Theorem 5.13 (Banach-Alaoglu). Let X be a separable Banach space. Then the closed
ball

BX∗(0, 1) ⊂ X∗

is weakly-∗ metrizable and sequentially weakly-∗ compact.

Proof. Let {xk}k∈N ⊂ BX∗(0, 1) be a dense countable subset, and let us consider

D := Span 〈xk : k ∈ N〉 .

Metric. For any f, g ∈ BX∗(0, 1), let us set

d(f, g) :=
∑
k∈N

2−k |〈f − g, xk〉| . (5.1)

We can easily check that (5.1) defines an actual metric on the closed ball of radius one.
Indeed, one can readily prove that:

(1) The function d(−, ·) is positive and symmetric with respect to both variables.
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(2) The function d(−, ·) is subadditive since

M∑
k=0

2−k |〈f − h, xk〉| =
M∑
k=0

2−k |〈f − g + g − h, xk〉| ≤

≤
M∑
k=0

2−k |〈f − g, xk〉|+
M∑
k=0

2−k |〈g − h, xk〉| .

(3) If f, g ∈ BX∗(0, 1) and d(f, g) = 0, then

〈f − g, xk〉 = 0 ∀ k ∈ N =⇒ 〈f − g, d〉 = 0 ∀ d ∈ D,

and we conclude that f = g using the fact that D is dense and f − g is uniformly
continuous.

Equivalence. To conclude the proof, we need to show that the weak-∗ convergence is
equivalent to the notion of convergence induced by the metric d. Let us consider

(fn)n∈N ⊂ BX∗(0, 1).

Step 1. Suppose that fn converges to some f w.r.t. the weak-∗ topology. It follows that

d(fn, f) :=
∑
k∈N

2−k |〈f − fn, xk〉|︸ ︷︷ ︸
→0

,

as a consequence of the Lebesgue domination theorem.

Step 2. Vice versa, if fn
d−→ f , then d(fn, f)

n→+∞−−−−−→ 0. In particular, it turns out that∑
k∈N

2−k |〈f − fn, xk〉|
n→+∞−−−−−→ 0 ⇐⇒ 〈f − fn, xk〉

n→+∞−−−−−→ for all k ∈ N,

which means that fn − f converges weakly at every xk to 0. On the other hand, the fn
are uniformly continuous, and therefore the sequence converges on the closure of D as well,
that is, it converges at every x ∈ X. More precisely, it turns out that

fn
∗
⇀ f ∈ BX∗(0, 1).

Compactness. We consider the identity mapping between two copies of the closed ball,
endowed with different topologies, i.e.

id :
(
BX∗(0, 1), d

)
−→

(
BX∗(0, 1), σ(X∗, X)

)
.

This map is sequentially continuous, the domain is compact, and so is the codomain. We
can finally infer that the closed ball is sequentially compact w.r.t. the weak-∗ topology.

Theorem 5.14 (Separability Criterion). Let X be a Banach space. If BX∗(0, 1) ⊂ X∗ is
weakly-∗ metrizable, then X is separable.
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Proof. Let d be the metric on BX∗(0, 1). For all n ∈ N, we consider the metric ball of radius
1/n, that is,

Un :=

{
f ∈ BX∗(0, 1)

∣∣∣∣ d(f, 0) <
1

n

}
.

For all n ∈ N, let Vn be a neighborhood of the origin w.r.t. σ (X∗, X) satisfying the inclusion
Vn ⊂ Un. We may assume that Vn has the form

Vn :=
{
f ∈ BX∗(0, 1) | |〈f, x〉| < εn for all x ∈ En

}
,

where εn > 0 and En ⊂ X is some finite subset. Then

D :=
⋃
n∈N

En ⊂ X,

is countable, and we now prove that D is also dense in X. Indeed, if

〈f, x〉 = 0 for all x ∈ D,

then it turns out that f ∈ Vn ⊂ Un for any n ∈ N, and thus f ≡ 0 since⋂
n∈N

Un = {0}.

Theorem 5.15. Let (X, τ) be a T0 topological vector space. Then X is locally compact if
and only if X is a finite-dimensional space if and only if X is linearly homeomorphic to Kn.

Proof. We first prove that a finite-dimensional T0 topological vector space is linearly home-
omorphic to Kn with the usual topology (which is locally compact), and then we show that
a locally compact space is finite-dimensional.

Step 1. Suppose that X is a finite-dimensional T0 topological vector space, and let
{e1, . . . , en} be a basis of X. There is linear isomorphism Φ : Kn −→ X, defined by
setting

Kn 3 (λ1, . . . , λn) 7−→
n∑
i=1

λiei ∈ X.

We only need to prove that Φ is an open map to conclude that it is an homeomorphism
since Φ is clearly continuous and bijective.

Let B := BKn(0, 1) be the closed unit ball, and let S := ∂B be its boundary. Then S
is compact in Kn and it does not contain the origin; hence Φ(S) is compact in X, and it
does not contain the origin of X. In particular Φ(S) is closed2 in X, and thus there exists
V ∈ U0(X) open and balanced neighborhood of the origin such that

V ∩ Φ(S) = ∅.

2Recall that a T0 topological vector space is automatically Hausdorff , and a compact set in a Hausdorff
space is always closed.
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Let x ∈ V \ Φ(B). The map is surjective, which means that we can find λ ∈ Kn such
that x = Φ(λ), with ‖λ‖ > 1. The rescaling λ/‖λ‖ belongs to S, and therefore we find a
contradiction since

Φ

(
λ

‖λ‖

)
=

x

‖λ‖
=⇒ Φ

(
λ

‖λ‖

)
∈ 1

‖λ‖
· V = V,

that is, x belongs to both Φ(S) and V at the same time. It follows that V ⊆ Φ(B), and this
implies that Φ(B) is a neighborhood of the origin in X, that is, Φ is an open mapping.

Step 2. Conversely, assume that X is locally compact, and let V be a compact neigh-
borhood of the origin of X. Clearly 1/2 · V is also a neighborhood of the origin and, by
compactness, there are finitely many points xi ∈ V such that

V ⊆
m⋃
i=1

(
xi +

1

2
· V
)
.

Let Y be the linear span of the points x1, . . . , xm. Then

V ⊆ Y +
1

2
· V =⇒ · · · =⇒ V ⊆ Y +

1

2n
· V.

Notice that the local compactness of X easily implies that the family {2−n · V }n∈N is a local
basis of the origin in X, and hence

V ⊆
⋂
n∈N

(
Y +

1

2n
· V
)

= Y = Y,

since Y is finite-dimensional, and thus closed. This concludes the proof since V is absorbent
and each rescaling is contained in Y , i.e.

X =
⋃
t>0

t · V ⊆ Y =⇒ X = Y.

Corollary 5.16. Let (X, τ) be a T0 topological vector space, and let Y ⊂ X be a finite-
dimensional subspace. Then Y is closed.

5.4 Iteration Lemma

In this brief section, we investigate the iteration lemma, which we implicitly exploited to
prove the open mapping theorem in the previous chapter.

Lemma 5.17 (Iteration Lemma). Let T ∈ L(X, Y ) be a continuous linear mapping between
two Banach spaces. Suppose that there exists a neighborhood of the origin U ∈ U0(Y ) and a
positive real number t ∈ (0, 1) satisfying the inclusion

U ⊆ TBX + t · U. (5.2)

Then
(1− t) · U ⊆ TBX and T is open and surjective.
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Proof. The assumption (5.2) implies that

(1− t) · U ⊆ (1− t) · T (BX) + (1− t)t · U ⊆ T (BX) + t · T (BX) + t2 · U.

If we iterate this process n times, we find the following inclusion:

(1− t) · U ⊆

[
(1− t)

n−1∑
k=0

tk

]
· T (BX) + (1− t)tn · U.

Since t belongs to (0, 1), we can easily compute the sum of the series multiplying the first
term on the right-hand side, that is,

lim
n→+∞

[
n−1∑
k=0

tk

]
=

1

1− t
.

Therefore, if we take the limit as n→ +∞ of the inclusion above, we find that

(1− t) · U ⊆ lim
n→+∞

[
(1− t)

n−1∑
k=0

tk

]
· T (BX) ⊆ T (BX),

where the last inclusion follows from the fact that X is a Banach space (thus the sequence
of points converges). Indeed, one can easily notice that

(1− t) · U ⊆ T (BX) =⇒ T open,

and
Y =

⋃
n∈N

n · U =⇒ Y ⊆
⋃
n∈N

n

1− t
· T (BX) =⇒ T surjective.

Applications of the Iteration Lemma. In this paragraph, we state and prove two
extension results that follow from an easy application of the iteration lemma.

Theorem 5.18. Let A be a closed subset of a metric space M , and let f : A −→ E be a
continuous map with values in a Banach space E. Then there exists a continuous map

f̃ : M −→ E

which extends f , that is f̃
∣∣
A
≡ f .

Proof. Notice that we may always assume, without loss of generality, that f is a bounded
map.

Step 0. The thesis is clearly equivalent to the surjectivity of the operator

T : C0
b (M, E) −→ C0

b (A, E)

g 7−→ g
∣∣
A
.
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The idea here is to apply the Iteration Lemma 5.17 to the operator T . In particular, it is
enough to prove that for every f ∈ C0

b (A, E) there is g ∈ C0
b (M, E) such that ‖g‖ ≤ 1 and

∥∥g ∣∣
A
− f

∥∥ ≤ 1

2
.

Indeed, any function f ∈ C0
b (A, E) can be rewritten as

f = g
∣∣
A
−
(
g
∣∣
A
− f

)
,

and this is enough to infer that that the map is open and surjective.

Step 1. The function f is continuous at every point p ∈ A, which means that we can
always find a neighborhood Up of p in M such that

f
∣∣
Up∩A

≡ fp
∣∣
Up∩A

,

where fp : Up −→ E is a continuous local approximation of f at p.

Step 2. Consider the open covering

Ω := {Up}p∈A ∪ {M \A}

of the metric space M , and let let {ψp}p∈A ∪ {ψ0} be the associated partition of unity3.

Step 3. For every p ∈ A there are only finitely many functions ψp that does not vanishing
at p, and therefore we can define the approximation in the obvious way:

f̃(x) :=
∑
p∈A

ψp(x)fp(x).

The reader may check that, not only f̃(x) is the sought approximation, but also that it can
be chosen to be zero outside of an arbitrarily small neighborhood of A.

Theorem 5.19. Let E and F be Banach spaces, and let L ∈ L(E, F ) linear, continuous
and surjective operator. If (M, d) is a metric space and f : M −→ F a mapping, then it
can be lifted to a map f̃ : M −→ E in such a way that the following diagram commutes:

E

M F

L

f

f̃

Proof. The argument is very much similar to the previous one. First, we assume, without
loss of generality, that f is a bounded mapping.

3Every metric space is paracompact, and therefore every metric space admits a partition of unity asso-
ciated to an open covering.



CHAPTER 5. BANACH-ALAOGLU AND CLOSED RANK THEOREM 88

Step 0. The thesis is clearly equivalent to the surjectivity of the operator

T : C0
b (M, E) −→ C0

b (M, F )

g 7−→ L ◦ g.

In particular, the Iteration Lemma 5.17 implies again that it is enough to show that for
every f ∈ C0

b (M, F ) there is a g ∈ C0
b (M, E) such that ‖g‖ ≤ 1 and

‖L ◦ g − f‖ ≤ 1

2
.

We shall not prove this result here because it is enough to produce minor changes to the
argument used in the previous theorem.

5.5 Closed Rank Theorem

In this final section, we study the set of all operators between two Banach spaces in more
depth; more precisely, we investigate necessary and sufficient condition for an operator to
be injective (or surjective) and the relation with the dual operator.

Proposition 5.20. Let X and Y be Banach spaces. The subspace of all surjective contin-
uous linear mappings from X to Y is open.

Remark 5.6. More precisely, if T ∈ L(X, Y ) is surjective, the operator

T̃ : X�KerT −→ Y

is invertible, and the positive constant k :=
∥∥∥T̃−1

∥∥∥ > 0 is well-defined. Then, the proposition
above can be restated in a compact way as follows:

k ·BY ⊆ T (BX) =⇒ T +H surjective for all H such that ‖H‖ ≤ k.

Proof. The proof is a fairly simple consequence of the Iteration Lemma 5.17. Indeed, the
inclusion

k ·BY ⊆ T (BX)

immediately implies that

k ·BY ⊆ (T +H) (BX) +H (BX) ⊆

⊆ (T +H) (BX) + ‖H‖ ·BY ⊆

⊆ (T +H) (BX) +
‖H‖
k
· (k ·BY ) .

Since k > ‖H‖ by assumption, the Iteration Lemma 5.17 implies that

k ·
(

1− ‖H‖
k

)
·BY ⊆ (T +H) (BX) ,

and hence
(k − ‖H‖) ·BY ⊆ (T +H) (BX) ,

which means that T +H is open and, hence, surjective.
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Remark 5.7. If X and Y are infinite-dimensional Banach spaces, then the result does not
hold for the set of all injective linear continuous operators.

Lemma 5.21. Let T ∈ L(X, Y ) be a linear continuous injective operator. Then

Ran(T ) = Ran(T ) ⇐⇒ ∃ c > 0 : ‖Tx‖ ≥ c‖x‖.

Proof. First, assume that Ran(T ) is closed. Then (Ran(T ), ‖ · ‖Y ) is a Banach space, and
the Open Mapping Theorem implies that

T−1 : Ran(T ) −→ X

is a continuous well-defined operator. Therefore

‖T−1x‖Y ≤ c1‖x‖X =⇒ ‖Tx‖Y ≥
1

c1
‖x‖X .

Vice versa, notice that

∃ c > 0 : ‖Tx‖ ≥ c‖x‖ =⇒ T injective.

Let (yn)n∈N ⊂ Ran(T ) be a sequence converging to some y ∈ Y . Then

‖yn − ym‖Y = ‖TT−1yn − TT−1ym‖Y & ‖T−1yn − T−1ym‖X

for all n, m ∈ N. The sequence (yn)n∈N is Cauchy in Y , and thus the sequence (T−1yn)n∈N ⊂
X is Cauchy in X, which means that

T−1yn
n→+∞−−−−−→ x ∈ X.

In conclusion, notice that

T (x) = lim
n→+∞

T (T−1(yn)) = lim
n→+∞

yn = y,

and this proves that y ∈ Ran(T ).

On the other hand, under the simple assumption that the images are closed, we can find
an equivalent proposition for injective operators.

Proposition 5.22. Let X and Y be Banach spaces. The subspace of injective continuous
linear mappings from X to Y , with closed rank, is open.

Proof. Let L ∈ L(X, Y ) be an injective operator and assume that Ran(T ) is closed (in
norm). The previous lemma implies that we can always find a positive constant c > 0 such
that

‖Tx‖ ≥ c‖x‖ for all x ∈ X,

and this is an open condition. Indeed, the triangular inequality implies that

‖(T +H)x‖ ≥ ‖Tx‖ − ‖H‖‖x‖ ≥ (c− ‖H‖) ‖x‖,

and thus T + H ∈ L(X, Y ) is injective and its rank is closed for every H whose norm is
strictly less than c.
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Proposition 5.23. Let X and Y be Banach spaces, and let T ∈ L(X, Y ) be an operator
such that the adjoint T ∗ : Y ∗ −→ X∗ satisfies the estimate

‖T ∗y∗‖ ≥ ‖y∗‖ for all y∗ ∈ Y ∗.

Then T : X −→ Y is an open and surjective mapping, that is,

k ·BY ⊆ T (BX) .

Proof. Let t ∈ (0, 1). By the Iteration Lemma 5.17, it suffices to prove that

BY ⊆ T (BX) + t ·BY .

Suppose that there is y0 ∈ BY such that y /∈ T (BX) + t ·BY . Since C := T (BX) + t ·BY is
an open convex set, the Hahn-Banach Theorem 3.6 implies that there exists y∗ ∈ Y ∗ such
that

〈y∗, Tx+ t · y〉 < 〈y∗, y0〉 for all x ∈ BX and all y ∈ BY .
If we take y = y0, then it turns out that

(1− t) · 〈y∗, y0〉 > 〈y∗, Tx〉 = 〈T ∗y∗, x〉 for all x ∈ BX .

We take the supremum w.r.t. x ∈ BX and y ∈ BY respectively, and we obtain a contradic-
tion with the assumption on T ∗ since

(1− t) · ‖y∗‖ ≥ (1− t) · 〈y∗, y0〉 ≥ ‖T ∗ y∗‖ ≥ ‖y∗‖

for some t ∈ (0, 1), which is clearly impossible.

Remark 5.8. The condition stated in the previous Proposition 5.23 is not only sufficient
for the operator T to be surjective, but it is also necessary.

Corollary 5.24. Let X and Y be Banach spaces and let T ∈ L(X, Y ) be a linear continuous
operator. If T ∗ is injective and the rank RanT ∗ is closed, then the map T is open and
surjective.

Annihilator. Let X be a Banach space and let M be a subspace of X. The annihilator
of M is defined by

M⊥ = {f ∈ X∗ | 〈f, x〉 = 0 for all x ∈M } .
Notice that M⊥ is a weakly-∗ closed subspace of the dual X∗, since it is equal to an
intersection (possibly infinite) of closed sets:

M⊥ =
⋂
x∈M
{f ∈ X∗ | 〈f, x〉 = 0} .

In a similar fashion, given subspace N of X∗, we define the pre-annihilator of N as the set
of points of x which are zero against each element of N , that is,

N⊥ = {x ∈ X | 〈f, x〉 = 0 for all f ∈ N } .

Clearly, the pre-annihilator N⊥ ⊂ X is closed w.r.t. the norm topology or, equivalently,
w.r.t. the weak topology σ(X, X∗) since it is convex (see Lemma 5.8). Indeed, we can
always write it as the intersection of closed sets:

N⊥ =
⋂
f∈N

Ker f.
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Notice that ⊥ and ⊥ are both inclusion-inversing operation, that is,

A ⊂ B ⊂ X =⇒ A⊥ ⊃ B⊥ and A ⊂ B ⊂ X∗ =⇒ A⊥ ⊃ B⊥.

Remark 5.9. If N is a subspace of the dual X∗, the annihilator N⊥ is a subset of the
bidual X∗∗, while the pre-annihilator N⊥ is a subset of X, which can be identified with its
image via the canonical immersion ı : X ↪→ X∗∗. As a consequence, it turns out that

N⊥ = N⊥ ∩X = ı−1
(
N⊥

)
.

Lemma 5.25. Let X be a Banach space, and let M ⊂ X and N ⊂ X∗ be two subspaces.

(a) M ⊆
(
M⊥

)
⊥.

(b)
(
M⊥

)
⊥ = M

‖·‖
= M

τw .

(c) N ⊆ (N⊥)
⊥.

(d) (N⊥)
⊥

= N
τ∗w .

Proof.

(a) This inclusion follows from the definitions.

(b) By Lemma 5.8, it follows that
(
M⊥

)
⊥ is closed with respect to both the strong topol-

ogy and the weak topology, and thus(
M⊥

)
⊥ ⊇M

‖·‖
= M

τw
.

Let x /∈M‖·‖. It follows from Hahn-Banach Theorem there exists a functional f such
that

〈f, x〉 = 1 and f ∈M⊥,

and thus x /∈
(
M⊥

)
⊥, which is enough to infer that the opposite inclusion holds.

(c) This inclusion follows from the definitions.

(d) We noted above that (N⊥)
⊥ is closed with respect to both the weak-∗ topology, and

thus
(N⊥)

⊥ ⊇ Nτ∗w .

Let f /∈ Nτ∗w . It follows from Hahn-Banach Theorem there exists a valuation jx such
that

〈jx, f〉 = 1 and x ∈ N⊥,

and thus f /∈ (N⊥)
⊥, which is enough to infer that the opposite inclusion holds.

Lemma 5.26. Let X and Y be Banach spaces and let T ∈ L(X, Y ). Then the following
inclusions hold true:
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(a) KerT = (RanT ∗)⊥.

(b) KerT ∗ = (RanT )
⊥.

(c) RanT ⊆ (KerT ∗)⊥.

(d) RanT ∗ ⊆ (KerT )
⊥.

(e) RanT
‖·‖

= RanT
τw

= (KerT ∗)⊥.

(f) RanT ∗
τ∗w = (KerT )

⊥.

Proof.

(a) Let x ∈ KerT . For every f ∈ Y ∗, it turns out that

〈f, Tx〉 = 0 =⇒ 〈T ∗f, x〉 = 0,

that is, x ∈ (RanT ∗)⊥. Vice versa, let x ∈ (RanT ∗)⊥ and notice that

〈f, Tx〉 = 0 ⇐= 〈T ∗f, x〉 = 0

for all f ∈ Y ∗, which means that x ∈ KerT .

(b) Let f ∈ KerT ∗. For every x ∈ X, it turns out that

〈T ∗f, x〉 = 0 =⇒ 〈f, Tx〉 = 0,

that is, x ∈ (RanT )
⊥. Vice versa, let f ∈ (RanT )

⊥ and notice that

〈T ∗f, x〉 = 0 ⇐= 〈f, Tx〉 = 0,

for all x ∈ X, which means that f ∈ KerT ∗.

(c) Let y ∈ RanT , and let x ∈ X be a point such that Tx = y. Thus, for every f ∈ Y ∗,
it turns out that

〈f, Tx〉 = 〈f, y〉 =⇒ 〈f, y〉 = 〈T ∗f, x〉

and this concludes the proof.

(d) This is similar to the previous point.

(e) This equality follows from the point (c) and Lemma 5.25.

(f) This equality follows from the point (d) and Lemma 5.25.

Lemma 5.27. Let X and Y be Banach spaces and let T ∈ L(X, Y ) be an operator.

(a) The operator T is injective if and only if RanT ∗ is weakly-∗ dense.

(b) The operator T ∗ is injective if and only if RanT is weakly/strongly dense.
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Proof.

(a) The operator T is injective if and only if KerT = 0 if and only if (Lemma 5.26)
(RanT ∗)⊥ = 0 if and only if the weak-∗ closure of RanT ∗ is the whole space Y ∗, that
is, the rank is τ∗w-dense.

(b) The operator T ∗ is injective if and only if KerT ∗ = 0 if and only if (Lemma 5.26)
(RanT )

⊥
= 0 if and only if the weak closure (or norm closure) of RanT is the whole

space Y , that is, the rank is τw-dense (or dense in norm).

Theorem 5.28 (Closed Rank). Let X and Y be Banach spaces and let T ∈ L(X, Y ) be a
continuous linear operator. The following properties are equivalent:

(1) The rank RanT is closed in norm.

(2) The rank RanT is weakly closed.

(3) The rank RanT is equal to (KerT ∗)⊥.

(4) The rank RanT ∗ is closed in norm.

(5) The rank RanT ∗ is weakly-∗ closed.

(6) The rank RanT ∗ is equal to (KerT )
⊥.

Proof. Here we only prove the two nontrivial implications. The remaining ones follows easily
from the theory we have developed so far.

"(4) =⇒ (1)" Suppose that RanT ∗ is closed w.r.t. the topology induced by the norm
as a subset of X∗. Let Z = RanT

‖·‖
and consider the decomposition of the operator T as

follows:
X Y

Z

T

S j

We may equivalently prove that S is a surjective operator. If we consider the dual diagram

X∗ Y ∗

Z∗

T∗

j∗S∗

then it is easy to see that j∗ is the restriction operator, which is surjective by the Hahn-
Banach Theorem 3.1. Consequently, we have the equality

RanS∗ = RanT ∗,

which means that RanS∗ is closed w.r.t. the norm topology. In conclusion, since S∗ is an
injective operator with closed rank, it follows from Corollary 5.24 that S is surjective, and
thus Z = RanT .
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"(1) =⇒ (6)" Suppose that RanT is closed w.r.t. the topology induced by the norm.
We already know that the inclusion

Ran(T ∗) ⊆ (Ker(T ))
⊥

always holds. Therefore, it is enough to prove the opposite one. Let f ∈ (KerT )
⊥, and

notice that
Ker f ⊃ KerT.

The usual algebraic lemma proves that there exists f̃ : RanT −→ K such that the small
triangle in the diagram below commutes:

X Ran(T ) Y

K

f

T

f̃

F

By Hahn-Banach Theorem 3.1 there is an extension F of f̃ to the whole Y satisfying the
identity F ◦ T = f . Since F ◦ T = T ∗(F ), this implies that f belongs to the image of T ∗,
that is,

RanT ∗ ⊇ (KerT )
⊥
.

5.6 Appendix

In this appendix, we introduce the notion of filter and, specifically, ultrafilter to give a
relatively simple proof of the Tychonov Theorem, which is a result we used in the Banach-
Alaoglu section.

5.6.1 Tychonov Theorem. Ultrafilter Approach

The main purpose of this section is to prove the Tychonov theorem using the basic definitions
and the basic properties of ultrafilters.

Theorem 5.29 (Tychonov). The topological product
∏
iXi of an arbitrary collection of

compact topological spaces Xi is compact.

Recall that a set E is compact (in the Heine-Borel sense) if and only if any open covering
U admits a finite subfamily V ⊂ U such that

E ⊆
⋃
V ∈V

V.

This notion of compactness can be easily reformulated in terms of closed coverings.
Namely, a set Y ⊂ X is compact if and only if every collection of closed set F = {Fi := U ci }i∈I
has the finite intersection property, that is,⋂

i∈J
Fi 6= ∅ for all J ⊂ I finite =⇒

⋂
i∈I

Fi 6= ∅.
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Definition 5.30 (Filter). Let X be a set. A filter F on X is a subset of P(X) satisfying the
following properties:

(a) If F ∈ F , then F is nonempty.

(b) The collection is increasing, that is, if F ∈ F and F ′ ⊃ F , then F ′ ∈ F as well.

(c) The collection is closed under intersection, that is, for all F, F ′ ∈ F , the intersection
F ∩ F ′ still belongs to F .

Example 5.2. We now present a short list of filters.

(a) If (X, τ) is a topological space and x0 ∈ X a point, then F = Ux0(X) is a filter.

(b) If X = N, the family F = {A ⊂ N |A is finite} is a filter.

(c) If A ⊂ X is nonempty, then the principal filter associated to A is defined by

〈A〉 := {B ∈ P(X) |B ⊇ A} .

Definition 5.31 (Filter Basis). Let X be a set. A basis for a filter is a collection B ⊂ P(X)
satisfying the following properties:

(a) If B ∈ B, then B is nonempty.

(b) The collection is closed under intersection, that is, for all B, B′ ∈ B there exists
B′′ ∈ B such that B′′ ⊆ B ∩B′.

Furthermore, the filter generated by the basis B is defined by

FB := {A ∈ P(X) | there is B ∈ B such that B ⊆ A} .

Definition 5.32 (Coarser Filter). Let X be a set, and let F and F ′ be filters on X. We say
that F is coarser than F ′ if F ⊂ F ′.

Definition 5.33 (Coarser Basis). Let X be a set, and let B and B′ be filter bases on X. We
say that B is coarser than B′ if FB ⊂ F ′B′ .

Remark 5.10. Let X be a set, and let F and F ′ be filters on X. The infimum is defined
as the maximum filter coarser than both, it always exists and it is equal to

F ∧ F ′ := F ∩ F ′.

In a similar fashion, the supremum is defined as the minimum filter finer than both, but it
does not always exists. When it does, it is denoted by

F ∨ F ′.

Lemma 5.34. Let X be a set, and let F and F ′ be filters on X. The following properties
are equivalent:

(1) There exists a filter G finer than both.

(2) The supremum F ∨ F ′ exists.



CHAPTER 5. BANACH-ALAOGLU AND CLOSED RANK THEOREM 96

(3) For every A ∈ F and every A′ ∈ F ′, the intersection A ∩A′ is nonempty.

Proof. The chain of implications (2) =⇒ (1) =⇒ (3) is trivial. If (3) holds true, then the
supremum may be directly defined as

F ∨ F ′ = {A ∩A′ |A ∈ F , A′ ∈ F ′ } .

Notice that the set of all the filters on X is partially ordered by the inclusion ⊂. Further-
more, it has the ascendant chain property, and thus (Zorn’s lemma) each filter is contained
in a maximal filter, called ultrafilter.

Lemma 5.35. Let X be a set. The filter M on X is maximal if and only if for every
A ∈ P(X) either A ∈M or Ac ∈M.

Proof. We divide the proof into two steps.

” =⇒ ” Suppose thatM is an ultrafilter. If A is any subset of X, then it turns out that
either A∩F 6= ∅ for any F ∈M or there exists F ∈M such that the intersection is trivial.

In the first case, the previous lemma shows that the supremum between M and 〈A〉 is
well-defined, and it is finer thanM, which is absurd. In the second case, A∩F = ∅ implies
that F ⊂ Ac, and thus Ac ∈M.

” ⇐= ” Vice versa, suppose that for any A ∈ P(X) either A ∈M or Ac ∈M. If F ⊃M,
then each F ∈ F either belongs also toM (which is fine) or the complement belongs toM
(which is absurd, since F c ∈M ⊂ F implies that ∅ = F ∩ F c ∈ F).

Image of a filter. Let f : X −→ Y be a function and let F be a filter on X. The image
of F through f is the filter f(F) generated by the basis

B = {f (F ) | F ∈ F } .

Lemma 5.36. Let f : X −→ Y be a function and let F be an ultrafilter on X. Then the
image filter f(F) is always an ultrafilter on Y.

Topological Filters. We are finally ready to restate the main topological definitions in
terms of filters and ultrafilters.

Definition 5.37 (Convergence). Let (X, τ) be a topological space. A filter F is said to be
convergent at x ∈ X if and only if

F ⊃ Ux(X).

Definition 5.38 (Continuity). Let (X, τ) and (Y, σ) be topological spaces. A function
f : X −→ Y is continuous at x ∈ X if and only if

f (Ux(X)) ⊃ Uf(x)(Y).

In particular, a sequence f : N −→ X is convergent, and its limit is x0 ∈ X, if and only if
the image filter of the Frechèt filter F on N is convergent at x0.
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Remark 5.11. Let f : X −→ Y be a function, and let F be a filter on Y. If f is surjective,
then {

f−1(F ) | F ∈ F
}

is a filter basis on X, and we denote by f−1(F) the generated filter.

Remark 5.12. Let X and Y be sets, and let F and G be filters on X and Y respectively.
If f : X −→ Y is a function, then

f−1(F) ⊆ G ⇐⇒ F ⊆ f(G).

Indeed, if f−1(F) ⊆ G, then for every F ∈ F there is G ∈ G such that G ⊆ f−1(F ). But
this implies that f(G) ⊆ F , and thus F ⊆ f(G).

Lemma 5.39. Let (Xi, τi)i∈I be topological spaces. A filter F on X :=
∏
i∈I Xi converges

at x ∈ X if and only if for each i ∈ I the projection πi (F) converges at πi(x).

Proof. The filter of the neighborhoods of a point x ∈ X can be expressed as the supremum
of the filters π−1

i (Uxi(Xi)), where xi = πi(x), and

π−1
i (Uxi(Xi)) = Filter generated by

∏
j 6=i

Xj × Ui | Ui ∈ Uxi(Xi)

.
Therefore, a filter F on X :=

∏
i∈I Xi converges at x ∈ X if and only if

F ⊇ Ux = sup
i∈I

π−1
i (Uxi(Xi)) ,

which is equivalent to for any i ∈ I

πi(F) ⊇ Uxi(Xi) for all i ∈ I,

also equivalent to πi (F) converges at πi(x) = xi for all i ∈ I.

Definition 5.40 (Adherent). Let (X, τ) be a topological space and let F be a filter on X.
A point p ∈ X is adherent to the filter F if and only if

∀U ∈ Up(X), ∀F ∈ F  U ∩ F 6= ∅.

Remark 5.13. Equivalently, the set of the adherent point to a filter F can be expressed
as the intersection of all the closures of the elements of F . More precisely, it turns out that

{p ∈ X | p adherent to F } =
⋂
F∈F

F .

Moreover, p ∈ X is adherent to F if and only if there is a finer filter than both Ux(X) and
F if and only if there exists the supremum F ∨ Ux(X) if and only if F admits a refinement
convergent at p.

Remark 5.14. Let (X, τ) be a compact topological space. As we have already pointed out,
it is equivalent to require that every family of closed sets with nonempty finite intersection,
has nonempty intersection.

On the other hand, we can prove that X is compact if and only if each filter on X has
adherent points (at least one) if and only if each ultrafilter is convergent if and only if each
filter has adherent points and admits a convergent refinement.
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Proof of Tychonov Theorem. Let F be an ultrafilter on the product X :=
∏
i∈I Xi. Then

for all i ∈ I the image πi(F) is an ultrafilter on Xi and thus, by compactness, it is also
convergent.

Remark 5.15. The Thychonov theorem requires the choice axiom to be proved, but it turns
out that it is actually equivalent. More precisely, if we assume the Thychonov theorem to
be true, then it turns out that for any family (Xi)i∈I of nonempty set, the product

∏
i∈IXi

is nonempty.

5.7 Exercises

Definition 5.41 (σ-convexity). The set C ⊆ X is σ-convex if for any bounded sequence
(xk)k∈N ⊂ C and any sequence (λk)k∈N of positive numbers such that

∑
k λk = 1, it turns

out that ∑
k∈N

λk · xk ∈ C.

Exercise 5.1. Let X, Y be Banach spaces and let T ∈ L(X, Y ).

(a) If C is convex and closed, then C is σ-convex.

(b) If C is convex and open, then C is σ-convex.

(c) If C is σ-convex and bounded, then T (C) is also σ-convex.

(d) If C is σ-convex, then also the translation and the preimage are σ-convexes.

(e) If C is σ-convex and bounded, then for any t ∈ (0, 1) the inclusion E ⊆ C + t · E
implies that (1− t) · E ⊆ C.
Moreover, this property characterize σ-convex sets in a Banach space.
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Chapter 6

Compact Operators on Banach
Spaces

In this chapter, we are mainly concerned with compact operators and symmetric (compact)
operators between Banach spaces.

In the first half, we study the ideal of compact operators and the spectral theory (e.g., the
Fredholm alternative theorem), which gives us an excellent estimate of the spectral radius.

In the second half, we investigate the fundamental properties of compact symmetric
operators, for which the spectral theory gives us more precise pieces of information.

6.1 Main Definitions and Elementary Properties

Definition 6.1 (Compact Operator). Let X and Y be two Banach spaces. An operator
T : X −→ Y is compact if and only if the following properties hold:

(a) The operator T is continuous with respect to the strong topologies.

(b) The image T (E) of every bounded subset E ⊆ X is relatively compact1 in Y .

Remark 6.1. If the operator T : X −→ Y is linear and continuous, we do not need to
check it maps every bounded set in a relatively compact one. Indeed, it is enough to verify
whether or not the image of the unit ball is relatively compact, that is, if T (BX) is compact
in Y .

Lemma 6.2. Let T ∈ L(X, Y ) be a linear continuous operator between Banach spaces.
Then T is compact if and only if for every bounded sequence (xn)n∈N ⊂ BX(0, c) there
exists an increasing subsequence (nk)k∈N such that

∃ y ∈ Y : lim
k→+∞

‖Txnk − y‖Y = 0.

1Let X be a topological space. A subset Y ⊂ X is relatively compact if the topological closure Y is
compact in X.
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The next goal is to give two compactness criteria, easy to check, that hold in reflexive
(=X ∼= X∗∗) Banach spaces. Before we can do that, we need a characterization of the
reflexivity in terms of the compactness of the ball with respect to a suitable topology.

Lemma 6.3. A Banach space X is reflexive if and only if the closed unit ball BX(0, 1) is
weakly compact.

Proof. First, we notice that the closed unit ball BX(0, 1) is weakly compact if X is a reflexive
Banach space, as a consequence of the Banach-Alaoglu Theorem.

Vice versa, if BX is weakly compact, then it is weakly-∗ closed inX∗∗. Since the weakly-∗
closure of BX in X∗∗ is BX∗∗ , and we get

BX = BX∗∗ =⇒ X is reflexive.

Lemma 6.4. Let X be a reflexive (separable) Banach space, and let M be a closed linear
subspace of X. Then (M, ‖ · ‖M ) is also a reflexive (separable) Banach space, where

‖ · ‖M = ‖ · ‖
∣∣
M
.

First Proof. Recall that X is reflexive if and only if the closed unit ball is compact in the
weak topology, as a consequence of Lemma 6.3.

Therefore, it is enough to notice that the closed unit ball of M is the intersection of the
unit ball of X with the closed subspace M , that is,

BM = BX ∩M =⇒ BM is closed.

Second Proof. Let jM : M ↪→ X be the inclusion map. The dual operator

j∗M : X∗ −�M∗

is surjective as a consequence of the Hahn-Banach Theorem 3.1, since it is nothing more
than the restriction map:

j∗M : X∗ 3 f 7−→ f
∣∣
M
∈M∗.

The dual of this operator, which is given by the bidual of the inclusion

j∗∗M : M∗∗ ↪→ X∗∗,

is injective, and its image is weakly-∗ closed2, that is, the rank is σ(X∗∗, X∗)-closed. On

2The rank Ranj∗M is weakly closed because j∗M is surjective andM is closed w.r.t. the subspace topology.
It follows from the Closed Rank Theorem 5.28 that the rank of dual operator j∗∗M is weakly-∗ closed.
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the other hand, it can be easily identified with the closure of M by noticing that

M∗ ∼= X∗�M⊥ =⇒ M∗∗ ∼=
(
X∗�M⊥, σ(X,X∗)

)∗ ∼=
∼=
(
M⊥, σ(X,X∗)

)⊥, σ(X∗, X∗∗) ∼=

∼=
(
M⊥, σ(X∗∗, X∗)

)⊥, σ(X∗, X∗∗) ∼=

∼= M
σ(X∗∗, X∗)

.

If X is a reflexive Banach space, it turns out that σ(X∗∗, X∗) = σ(X, X∗) is the weak
topology, and therefore

M∗∗ ∼= M
σ(X∗∗, X∗) ∼= M

τW
= M

since we assumed M to be a closed subspace of X.

Lemma 6.5. Let X be a Banach space. Every weakly converging sequence in X is bounded.

Proof. Let (xn)n∈N ⊂ X be a weakly convergent sequence in X, and let Tn ∈ X∗∗ be defined
by

Tn(`) := `(xn) for all ` ∈ X∗ and n ∈ N.
If we consider Γ := {Tn : n ∈ N}, then the weak convergence of xn implies that Γ is a
pointwise bounded family in a second-category set. It follows from the Banach-Steinhaus
Theorem that

sup
n∈N
‖xn‖X = sup

n∈N
‖Tn‖X∗∗ < +∞,

which means that (xn)n∈N ⊂ X is bounded.

Lemma 6.6. Let X be a Banach space, and let (xn)n∈N ⊂ X be a sequence. If every
subsequence (nk)k∈N admits a sub-subsequence (nk`)`∈N such that

lim
`→+∞

‖xnk`‖X = 0,

then the whole sequence converges strongly to 0, that is,

lim
n→+∞

‖xn‖X = 0.

Proof. We argue by contradiction. Fix ε > 0. We claim that for every k ∈ N, there exists
nk > k such that

‖xnk‖ ≥ ε. (6.1)

If the claim holds, then it suffices to notice that the subsequence xnk does not admit any
converging sub-subsequence, which yields to a contradiction.

To prove that the claim (6.1) holds true, notice that, if for some k ∈ N there is no bigger
index nk > k such that ‖xnk‖ ≥ ε, then

‖xm‖ ≤ ε for all m ≥ k,

and therefore the sequence xn converges strongly to 0, in contradiction with what we have
assumed.
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Lemma 6.7. Let X be a reflexive Banach space. A linear continuous operator T ∈ L(X, Y )
is compact if and only if every sequence (xn)n∈N ⊂ X, weakly converging to 0, has the
property that the image (Txn)n∈N ⊂ Y converges strongly (=w.r.t the norm ‖ · ‖Y ) to 0 in
Y .

Proof. We divide the argument into two steps to ease the notation.

” =⇒ ” Suppose that T : X −→ Y is compact and let (xn)n∈N ⊂ X be a sequence such
that

xn ⇀ 0.

The set {xn | n ∈ N} is bounded in X, as a consequence of Lemma 6.5, and thus (since T
is compact) there exists an increasing subsequence (nk)k∈N such that

Txnk
‖·‖Y−−−→ y ∈ Y.

On the other hand, the operator T is continuous; hence Txn ⇀ 0 since

〈ϕ, Txn〉 = 〈T ∗ϕ, xn〉
n→+∞−−−−−→ 0.

The uniqueness of the limit immediately implies that y = 0, and thus the usual argument
based on the behavior of the sub-subsequences (see Lemma 6.6) proves the whole sequence
(T xn)n∈N converges strongly to 0.

” ⇐= ” Vice versa, let (xn)n∈N ⊂ X be a sequence weakly converging to 0, and let

X0 := Span 〈xn : n ∈ N〉

be the closure of the linear span generated by the sequence.

By Lemma 6.4, it follows that X0 is a separable reflexive Banach space, and thus, by
Banach-Alaoglu Theorem 5.13, the unit ball of X∗0 is sequentially weakly-∗ compact. On
the other hand, since X0 is a reflexive space, the weak-∗ topology on X∗0 is equal to the
weak topology on X0, and hence the unit ball of X0 is weakly compact, that is, there is a
subsequence (nk)k∈N such that

xnk ⇀ x∞ ∈ X.

The sequence (xnk − x∞)k∈N converges weakly to 0. Therefore, by assumption, it follows
immediately that

‖Txnk − Tx∞‖
n→+∞−−−−−→ 0

in Y , which is enough to infer that the set {Txn | n ∈ N} is relatively compact with respect
to the strong topology in Y .

Lemma 6.8. Let X and Y be reflexive Banach spaces. A linear and continuous operator
T : X −→ Y is compact if and only if for any sequence (xn)n∈N ⊂ X weakly converging to
0 and any sequence (y∗n)n∈N ⊂ Y ∗ weakly-∗ converging to 0, it turns out that

〈y∗n, Txn〉
n→+∞−−−−−→ 0.
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6.1.1 Ideals of Finite-Rank Operators and Compact Operators

In this section, we prove that compact operators give rise to an ideal and we investigate some
of its main properties (e.g., if it is closed), included the relation with finite-rank operators.

Let X, Y be Banach spaces. We denote by Lc(X, Y ) the subset of the linear and con-
tinuous operators which are also compact.

Definition 6.9 (Totally Bounded). A metric space (M, d) is totally bounded if and only if
for every ε > 0 there is a finite collection of open balls B(x1, ε), . . . , B(xN , ε) of radius ε
covering the space, that is,

M ⊆
N⋃
i=1

B (xi, ε) .

Lemma 6.10. Let (M, d) be a complete metric space. A subset Y ⊆ M is totally bounded
if and only if Y is relatively compact.

Lemma 6.11 (Ideal of Compact Operators).

(1) The set of linear continuous compact operators Lc(X, Y ) is a closed subspace of
L(X, Y ).

(2) Let T ∈ L(X, Y ) and S ∈ L(Y, Z) be two operators. If either of them is compact,
then the composition S ◦ T is also compact.

(3) The subspace Lc(X) is a closed bilateral ideal in the operator algebra with respect to
the composition.

(4) The subspace Lf (X) of finite-dimensional rank operators is an ideal in the operator
algebra, but it is, in general, not closed. Moreover, it is the minimal nonzero ideal.

Proof.

(1) Let T ∈ Lc(X, Y ) and let S ∈ Lc(X, Y ) be a compact operator. The inclusion

T (BX) ⊆ S (BX) + ‖T − S‖ ·BY (6.2)

holds as a consequence of the triangular inequality. For any ε > 0 there exist Sε ∈
Lc(X, Y ) such that ‖T − Sε‖ < ε/2, and a finite3 subset F ⊆ S (BX) such that

Sε (BX) ⊆ F +
ε

2
·BY .

Therefore, the inclusion (6.2) may be rewritten as follows

T (BX) ⊆ F + ε ·BY ,

and this is enough to conclude that T (BX) is totally bounded. Since Y is a complete
space, we infer from Lemma 6.10 that T (BX) is also relatively compact, i.e., T is a
compact operator.

3The operator Sε is compact and Y is a Banach (complete) space. It follows that the image of the unit
ball BX (a bounded set) is relatively compact in Y , and hence also totally bounded.
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(2) This assertion is a straightforward consequence of the fact that any linear continuous
operator sends bounded (resp. relatively compact) sets in bounded (resp. relatively
compact) sets.

(3) The subspace Lc(X) is closed by (1), and it is a bilateral ideal by (2).

(4) Let I be a nonzero ideal of L(X), and let T 6= 0 be an element of I. Let x0 ∈ X be
any point such that Tx0 6= 0, and let α, β ∈ X∗ be linear continuous forms.

Recall that, for every fixed y ∈ X, the operators of the form

x 7−→ y 〈α, x〉

have rank equal to 1. Therefore, if we consider the composition with T (which is still
an element of I by assumption), then for y0 ∈ X fixed it turns out that

[y0〈β, ·〉] ◦ T ◦ [x0〈α, ·〉] ∈ I.

If we let 〈β, Tx0〉 = 1, then the composition above is given by

x 7−→ y0〈α, x〉,

and thus I contains all the operators with rank of dimension 1.

In particular, the minimal closed ideal in the operator algebra is Lf (X). It has been for
long an open problem to determine whether it is equal to Lc(X) or if the inclusion can be
strict.

In the ′73 the mathematician Enflo showed that the equality could be strict in a particular
Banach space [2].

Lemma 6.12. Let X and Y be normed spaces, and let T ∈ Lc(X, Y ) be a compact operator.
Then

T (X) ⊂ Y is a separable Banach space.

Proof. Note that
X =

⋃
n∈N

B(0, n),

and every ball B(0, n) is a bounded subset of X, which means that its image via T is
relatively compact in Y . On the other hand, a relatively compact set is always separable
and

T (X) =
⋃
n∈N

T (B(0, n))

is a countable union of separable set, meaning that it is also separable.

Lemma 6.13. Let X be a Hilbert space. Then the closure of the finite-rank operators is the
ideal of the compact operators, i.e.,

Lc(X) = Lf (X).
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Proof. First, we notice that every finite-rank operator is compact. Since the ideal Lc(X) is
closed, the first inclusion follows:

Lc(X) ⊇ Lf (X).

Let T : X −→ X be a compact operator. The closure of the image T (X) is a separable
Hilbert space (see Lemma 6.12). Thus, we can always consider a sequence of projections
(Pn)n∈N over the n-dimensional subspaces

Pn : X −→ Span〈e1, . . . , en〉,

in such a way that ⋃
n∈N

Pn(X) = T (X) ∼= `2.

The convergence criterion (see Lemma 6.14 below) implies that PnT → T strongly (in
norm), which means that

lim
n→+∞

‖PnT − T‖X∗ = 0.

On the other hand, by construction PnT is a finite-rank operator for all n ∈ N. Therefore,
we just proved that T is the limit of a sequence of finite-rank operators with respect to the
operator norm, which means that

Lc(X) ⊆ Lf (X).

Lemma 6.14. Let H be a Hilbert space and let (xn)n∈N ⊂ H be a sequence. Then xn →
x ∈ H strongly if and only if xn ⇀ x weakly and ‖xn‖ → ‖x‖.

Proof. Suppose that xn → x strongly (in norm). The weak topology is coarser than the
topology induced by the norm; therefore strong convergence always implies weak conver-
gence.

Moreover, the norm ‖ · ‖H is a continuous function with respect to the norm topology as
a consequence of the reversed triangular inequality:

|‖xn‖ − ‖x‖| ≤ ‖xn − x‖
n→+∞−−−−−→ 0.

Vice versa, suppose that xn ⇀ x weakly and that ‖xn‖ → ‖x‖. By definition we have that

‖xn − x‖2 = 〈xn − x, xn − x〉 =
(
‖xn‖2 + ‖x‖2

)
− 2 〈xn, x〉 ,

and it is easy to see that the first term converges to 2‖x‖2, while the second converges to
−2‖x‖2.

Lemma 6.15. Let H be a Hilbert space and let T ∈ L(H) be a continuous linear operator.
If T is not compact, then there exists an infinite-dimensional closed subspace M ⊂ H such
that

T
∣∣
M

: M
∼−→ T (M) is an isomorphism

and T (M) ⊂ H is a closed infinite-dimensional subset of H.

Proposition 6.16. Let H be a separable Hilbert space. The compact operators form the
unique bilateral closed ideal in the operators algebra.
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Proof. Let I be a nonempty bilateral closed ideal in the operator algebra L(H), and suppose
that there exists T ∈ I that is not compact.

By Lemma 6.15 there exists an infinite-dimensional closed subspace M ⊂ H such that
T
∣∣
M

is invertible onto its image. On the other hand, since M and T (M) are both infinite-
dimensional spaces, it turns out that

H separable =⇒ M ∼= T (M) ∼= H.

Consequently, the operator given by the composition

S : H
∼−→M

T−→ T (M)
∼−→ H

belongs to I, and this concludes the proof since S is invertible and S ∈ I means that I is
equal to the whole operator algebra.

6.1.2 Schauder Theorem

Theorem 6.17 (Schauder). Let X, Y be Banach spaces. An operator T ∈ L(X, Y ) is
compact if and only if T ∗ ∈ L(Y ∗, X∗) is compact.

Proof. We divide the argument into three steps to ease the notation.

Step 1. Suppose that T is a compact operator and let (y∗n)n∈N ⊂ Y ∗ be a bounded
sequence, that is, there exists C > 0 such that

‖y∗n‖ ≤ C.

Consider the sequence defined by the restrictions on the closure of the image of the unit ball

(z∗n)n∈N :=
(
y∗n
∣∣
T (BX)

)
n∈N

,

and notice that z∗n is a continuous function defined on the compact metric space T (BX)
(since BX is a bounded set in X and T is compact).

Step 2. The sequence (z∗n)n∈N is clearly equibounded and equi-Lipschitz continuous with
constant 0 < L ≤ C. It follows from the Ascoli-Arzelà theorem that one can find an
increasing subsequence (nk)k∈N such that

z∗nk
−→−→ z ∈

(
T (BX)

)∗
.

In particular, it is a Cauchy sequence with respect to the uniform norm (since the conver-
gence is uniform) on the closure of the image of the unit ball, and therefore∥∥∥y∗nk − y∗nj∥∥∥∞, T (BX)

=
∥∥∥y∗nk − y∗nj∥∥∥∞, T (BX)

=

=
∥∥∥y∗nk ◦ T − y∗nj ◦ T∥∥∥∞, BX =

=
∥∥∥T ∗y∗nk − T ∗y∗nj∥∥∥∞, BX =

∥∥∥T ∗y∗nk − T ∗y∗nj∥∥∥X∗ .
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In conclusion, we infer that
(
T ∗y∗nk

)
k∈N is a Cauchy sequence in X∗, which is complete, and

thus it converges.

Step 3. Vice versa, assume that the dual operator T ∗ is compact. The previous steps
prove that the bidual operator T ∗∗ is compact, that is,

T ∗∗(BX) has compact closure in Y ∗∗.

Since T (BX) = T ∗∗(BX) and Y is closed in Y ∗∗, we conclude that T (BX) has compact
closure in Y , which is exactly what we wanted to prove.

6.2 Riesz-Fredholm Spectral Theory

In this section, we state and prove the so-called Fredholm alternative theorem for com-
pact operators, which asserts that compact perturbation of the identity behaves in a very
controlled manner.

Theorem 6.18 (Fredholm alternative). Let T ∈ Lc(X) be a compact operator and let X
be a Banach space.

(a) The kernel Ker(idX − T ) is a closed, T -invariant and finite-dimensional subspace of
X.

(b) The kernels Kn := (Ker (idX − T )
n
)n∈N form an increasing and stable sequence of

closed, T -invariant and finite-dimensional subspaces of X.

(c) The rank Ran(idX − T ) is a closed, T -invariant and finite-codimensional subspace of
X.

(d) The ranks Rn := (Ran (idX − T )
n
)n∈N form a decreasing and stable sequence of closed,

T -invariant and finite-codimensional subspaces of X.

Proof.

(a) The kernel Ker(idX−T ) is clearly closed, while the T -invariance follows from a simple
computation:

x ∈ Ker(idX − T ) =⇒ x− Tx = 0 =⇒ Tx ∈ Ker(idX − T ).

Therefore, the restriction operator

T
∣∣
K1

: Ker(idX − T ) −→ Ker(idX − T )

is compact and equal to the identity (x = Tx). On the other hand, if B is a Banach
space, then the identity idB is compact if and only if B is locally compact if and only
if B is a finite-dimensional space.
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(b) If we expand the binomial (idX−T )n using the Newton formula, we obtain an operator
of the form idX − T ′, for some T ′ ∈ Lc(X). In particular, the sequence (Kn)n∈N is
increasing and made up of closed, T -invariant and finite-dimensional subspaces.

We only need to prove that the sequence is stable, that is, there exists n0 ∈ N such
that

Kn0
= Km for all m ≥ n0.

We argue by contradiction. Namely, we suppose that there exists a strictly increasing
subsequence (nj)j∈N such that Knj ⊂ Knj+1

is a strict inclusion. First, we claim that
for all j ∈ N there exists a point xnj ∈ Knj such that

‖xnj‖ ≤ 2 and d
(
xnj , xnj−1

)
= 1. (6.3)

Proof Claim. Let K ⊂ L be closed subspaces of a Banach space B. Then there
exists a point x ∈ L \K such that

d (x, K) = 1.

Since the distance between a point and a set is given by the infimum of the distances,
there must be a point k ∈ K such that d(x, k) ≤ 2. Hence the point u := x−k belongs
to L and it turns out that

‖u‖ = d(x, k) ≤ 2 and d (u, K) = d(x, K) = 1.

Back to the proof of (b), for all i < j we have that∥∥Txnj − Txni∥∥ = ‖ xnj︸︷︷︸
∈Knj

−(xnj − Txnj︸ ︷︷ ︸
∈Knj−1

+ Txni︸ ︷︷ ︸
∈Kni⊂Knj−1

)‖ ≥ 1,

since idX − T : Kn −→ Kn−1 and d(xnj , Knj−1
) = 1.

This is in contradiction with the assumption that T is compact since the sequence(
Txnj

)
j∈N does not admit any converging subsequence.

(c) The kernel Ker(idX − T ) is a finite-dimensional closed subspace of a Banach space.
Therefore, there exists X0 ⊆ X such that

X0 is closed and X = X0 ⊕Ker(idX − T ) topological direct sum,

that is, the application + : X0 ×K1 −→ X is linearly invertible.

N.B. If X is a Banach space and K ⊂ X is a closed infinite-dimensional subspace
of X, then the existence of such a decomposition is, in general, not certain.

On the other hand, if K and the algebraic supplement K ′ are closed, then it holds
true (e.g, as a consequence of the Open Mapping Theorem 4.20).

Back to the proof of (c), notice that the restriction (idX − T )
∣∣
X0

is injective and it
has the same rank. Therefore, the operator

(idX − T )
∣∣
X0

: X0 −→ Ran(idX − T )
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is bijective, linear and continuous. If we can prove that Ran(idX − T ) is complete,
then we will be able to conclude that it is also closed. Clearly, it suffices to prove that

(idX − T )
−1

: Ran(idX − T ) −→ X0

is continuous. We argue by contradiction. If the restriction is not a homeomorphism,
then there is a sequence (xk)k∈N ⊂ X0 of elements, whose norm is uniformly equal to
1, such that

‖xk − Txk‖
k→+∞−−−−−→ 0.

Since T is a compact operator, up to subsequences, it turns out that Txk → ξ. It
follows from the relation above that also xk → ξ ∈ X0, and the norm of ξ is also equal
to 1. This yields to a contradiction since

ξ ∈ ∂BX(0, 1) ∩X0 ∩Ker(idX − T ) = ∂BX(0, 1) ∩ {0} = ∅.

(d) If we expand the binomial (idX − T )n, we obtain an operator of the form idX − T ′ for
a certain T ′ ∈ Lc(X). In particular, the sequence (Rn)n∈N is decreasing and made up
of closed, T -invariant and finite-codimensional (see Theorem 6.20) subspaces.
We only need to prove that the sequence is stable, that is, there exists n0 ∈ N such
that

Rn0
= Rm for all m ≥ n0.

We argue by contradiction. Namely, we suppose that there exists a strictly increasing
subsequence (nj)j∈N such that Rnj ⊃ Rnj+1

is a strict inclusion. First, we claim that
for every j ∈ N there is a point xnj ∈ Rnj such that

‖xnj‖ ≤ 2 and d
(
xnj , xnj+1

)
= 1. (6.4)

For every i < j, it turns out that∥∥Txnj − Txni∥∥ = ‖ xni︸︷︷︸
∈Rni

−(xni − Txni︸ ︷︷ ︸
∈Rni+1

+ Txnj︸ ︷︷ ︸
∈Rnj⊂Rni+1

)‖ ≥ 1,

since idX − T : Rn −→ Rn+1 and d(xni , Rni+1
) = 1.

This is in contradiction with the assumption that T is compact since the sequence
(Txni)i∈N does not admit any converging subsequence.

Lemma 6.19. Let T ∈ Lc(X) be a compact operator. Then

idX − T is injective if and only if idX − T is surjective.

Proof.

” =⇒ ” Suppose that idX − T is injective, but not surjective, and let y ∈ X be a point
that does not belongs to the image, i.e., y /∈ Ran(idX − T ). Then it is easy to prove that

(idX − T )ny ∈ Rn \Rn+1 =⇒ the sequence (Rn)n∈N is not stable,

and this is absurd, as a consequence of the Fredholm Alternative Theorem 6.18.
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” ⇐= ” Suppose now that idX − T is surjective, but not injective, and let y ∈ X be a
nonzero point of the kernel, i.e., y 6= 0 and (idX − T ) y = 0. For every n ∈ N there exists
yn ∈ X such that

(idX − T )
n
yn = y 6= 0 and (idX − T )

n+1
yn = 0.

It follows that the sequence (Kn)n∈N is not stable, and this is absurd for the same reason
mentioned above.

Theorem 6.20. Let T ∈ Lc(X) be a compact operator. Then

dimKn = codimRn = codimR∗n = dimK∗n,

where
K∗n = Ker(idX − T ∗)n and R∗n = Ran(idX − T ∗)n.

Proof. Let us consider the projection

P : X −→ K1

onto the finite-dimensional subspace Ker(idX − T ), corresponding to the direct sum X =
X0 ⊕K1 mentioned above. Let s : K1 −→ Y ⊂ X be a surjective (or injective4) mapping
between K1 and the algebraic supplement Y of Ran(idX − T ), that is, the subspace Y such
satisfying the following properties:

Y ∩ Ran(idX − T ) = ∅ and X = Y + Ran(idX − T ).

If we prove that s is a bijection, then the following identity will arise automatically:

dim Ker(idX − T ) = dimY = codim Ran(idX − T ).

Step 1. Let us consider the operator defined by

idX − T ′ := idX − (T − s ◦ P ).

Since the composition s ◦ P ∈ Lf (X) is a finite-rank operator, we can apply Lemma 6.19
and infer that

s is surjective ⇐⇒ idX − T ′ is surjective ⇐⇒ idX − T ′ is injective ⇐⇒ s is injective,

and this concludes the first part of the proof.

Step 2. Recall that, if T is a compact operator, then T ∗ is also a compact operator.
Therefore, it is enough to prove that

dim Ker(idX − T ) = dim Ker(idX − T ∗).

4Both the kernel K1 and the algebraic supplement Y of the rank are vector spaces (one of which finite-
dimensional), and therefore we can always find an injective or surjective map, depending on the respective
dimensions.
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Indeed, a straightforward computation shows that

dim Ker(idX − T ) = codim Ran(idX − T ) =

= dim
(
X�Ran(idX − T )

)
=

(∗)
= dim

(
X�Ker(idX − T ∗)⊥

)
=

(∗)
= dim

(
X�Ker(idX − T ∗)⊥

)∗
=

= dim (Ker(idX − T ∗)⊥)
⊥

= dim (Ker(idX − T ∗)) ,

where (∗) follows from the Closed Rank Theorem 5.28, and (∗) follows from the fact that
the quotients are finite-dimensional (and V ∗ ∼= V if dim(V ) < +∞).

Step 3. In conclusion, the generalization to n > 1 is an easy consequence of the fact that

(idX − T )
n

= idX +

n∑
i=1

(−1)i
(
n

i

)
T i = idX − T ◦

n∑
i=1

(−1)i
(
n

i

)
T i−1,

since the composition between an operator and a compact operator is still compact.

Corollary 6.21. Let T ∈ Lc(X) be a compact operator defined on a Banach space, and let
n0 ∈ N be the natural number such that, for all n ≥ n0, it turns out that

Ker(idX − T )n = Ker(idX − T )n0 and Ran(idX − T )n = Ran(idX − T )n0 .

Then, for any n ≥ n0, the space X admits the T -invariant decomposition given by

X = Ker(idX − T )n ⊕ Ran(idX − T )n.

Proof. Let x ∈ Ker(idX−T )n∩Ran(idX−T )n, and let y ∈ X be such that (idX−T )n y = x.
The sequences of subspaces are both stable after n0; thus

(idX − T )2n y = (idX − T )n x = 0 =⇒ y ∈ Ker(idX − T )2n = Ker(idX − T )n,

and this implies that x = 0. Moreover, it is easy to check that

X = Ker(idX − T )n + Ran(idX − T )n,

since, by Theorem 6.20, the dimension of the kernel is exactly equal to the codimension of
the rank.

6.3 Spectrum of a Compact Operator

In this section, we investigate the basic properties of the spectrum of a compact operator,
and we give an estimate from above of the spectral radius.
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Introduction. Let λ ∈ C \ {0} be any complex number. The results obtained in the
previous section can be easily generalized to operators of the form λ · idX − T since one
could always consider the compact perturbation

λ

(
idX −

1

λ
· T
)
.

Definition 6.22 (Spectrum). Let T ∈ L(X) be a linear and continuous operator. The
spectrum of T is defined as the space of all λ such that (λ · idX − T ) is not invertible, that
is,

σ(T ) := {λ ∈ C | λ · idX − T /∈ GL(X)} .
The eigenvalue spectrum of T is defined by

σe(T ) := {λ ∈ C |Ker (λ · idX − T ) 6= 0} .

Furthermore, the elements of the eigenvalue spectrum are called eigenvalues, while the
nonzero elements of Ker (λ · idX − T ) are called eigenvectors (or eigenstates).

Definition 6.23 (Multiplicity). Let T ∈ Lc(X) be a compact operator defined on a Banach
space X, and let λ ∈ C \ {0}. The algebraic multiplicity of λ is defined by

ma(λ) := ma(λ, T ) = dim Ker(λ · idX − T )n, (6.5)

where n ≥ n0. The geometric multiplicity of λ is defined as

mg(λ) := mg(λ, T ) = dim Ker(λ · idX − T ). (6.6)

Notation. Let T ∈ Lc(X) be a compact operator, and let n0 ∈ N be a natural number big
enough that the sequences (Kn)n∈N and (Rn)n∈N are stable at n0. We denote by V (λ) the
generalized autospace associated to λ, that is,

V (λ) := Ker(λ · idX − T )n,

and we denote by R(λ) the generalized rank associated to λ, that is,

R(λ) := Ran(λ · idX − T )n.

Remark 6.2. Let λ ∈ C \ {0} be a nonzero complex number.

(a) The algebraic multiplicity ma(λ) is always bigger than or equal to the geometric
multiplicity mg(λ), as it follows from the Fredholm Theorem 6.18.

(b) The complex number λ is an eigenvalue for T if and only if ma(λ) > 0 if and only if
mg(λ) > 0.

(c) If T is a compact operator, then ma(λ, T ) = ma(λ, T ∗) and, similarly, mg(λ, T ) =
mg(λ, T

∗).

In particular, as a consequence of Corollary 6.21, the Banach space X admits a spectral
decomposition with respect to λ, that is X is the direct sum of the generalized spaces:

X = V (λ)⊕R(λ).

The decomposition is T -invariant, and the restriction (λ · idX − T )
∣∣
V (λ)

: V (λ) −→ V (λ) is
a nilpotent operator, while the restriction (λ · idX−T )

∣∣
R(λ)

: R(λ) −→ R(λ) is an invertible
operator.
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Remark 6.3. If T is defined on an infinite-dimensional Banach space, then, in general, the
spectrum σ(T ) contains the eigenvalue spectrum σe(T ) strictly (see, e.g., Exercise 6.3).

Remark 6.4. If T ∈ Lc(X) is a compact operator, then

σ(T ) \ {0} = σe(T ) \ {0}.

Lemma 6.24. Let T ∈ L(X) be a linear continuous operator. The spectrum σ(T ) is a
closed subset of C, and it is contained in the closed ball of center 0 and radius ‖T‖, i.e.,

σ(T ) ⊆ BC(0, ‖T‖).

Proof. The first assertion is an easy consequence of the fact that

A ∈ GL(X) =⇒ B
(
A, ‖A−1‖−1

)
⊆ GL(X),

that is, the complement of σ(T ) is an open subset of C. On the other hand, if λ is a complex
number such that |λ| > ‖T‖ strictly, then

λ · idX − T = λ ·
(

idX −
T

λ

)
,

and it is easy to prove that the operator idX− T
λ is invertible (e.g., notice that the modulus

of any eigenvalue is bigger than or equal to 1− ‖T‖/λ > 0.)

Remark 6.5 (Spectrum of Compact Operators).

(a) If X is an infinite-dimensional Banach space, then 0 ∈ σ(T ) for any T ∈ Lc(X).

Indeed, a compact operator is invertible if and only if X is locally compact if and only
if X is finite-dimensional.

(b) There are compact operators such that σ(T ) = {0} and T 6≡ 0 (see, e.g., Exercise 6.4).

Lemma 6.25. Let T be a compact operator. The eigenvalue spectrum σe(T ) is made up of
isolated points, i.e., for any λ ∈ σe(T ) there exists ε > 0 such that

BC(λ, ε) ∩ σe(T ) = {λ}.

Proof. Let λ, µ ∈ σe(T ) be two complex numbers such that λ 6= µ. The spectral decompo-
sition associated to λ, i.e.

X = V (λ)⊕R(λ),

is invariant under the action of the operator µ · idX − T . Moreover, the identity

µ · idX − T = (µ− λ) · idX + (λ · idX − T )

implies that µ · idX − T is equal to a nonzero multiple of the identity, minus a nilpotent
operator on V (λ). Hence, a simple algebraic lemma proves that µ · idX − T is invertible on
V (λ).

In conclusion, since the operator µ · idX − T is invertible for λ sufficiently near to µ
(the condition is open, as mentioned before), the unique possibility is that λ is an isolated
point.
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If T ∈ Lc(X) is a compact operator defined on a infinite-dimensional Banach space, then
σ(T ) is given by the singlet {0} and it contains all the nonzero eigenvalues whose algebraic
multiplicity is strictly greater than 0, that is,

T ∈ Lc(X) =⇒ σ(T ) = {0} ∪ σe(T ).

Moreover, as a consequence of Lemma 6.25, it turns out that 0 is an cluster point for the
eigenvalue spectrum of T , that is, the nonzero eigenvalues of T form a sequence which
converges to 0.

Remark 6.6. In the proof of Lemma 6.25, we have proved that, if µ and λ are "far enough",
then

V (λ) ⊂ R(µ) and V (µ) ⊂ R(λ).

Iterated Decomposition. Let λ, µ ∈ C \ {0} be two complex numbers such that λ 6= µ,
and let Pλ : X −→ V (λ) and Pµ : X −→ V (µ) be the projections. It is easy to see that
there is a spectral decomposition associated to both λ and µ, that is,

X = V (λ)⊕ V (µ)⊕ (R(λ) ∩R(µ)) .

Since Pλ ◦ Pµ = Pµ ◦ Pλ = 0, it tuns out that (idX − Pµ − Pλ) is an idempotent operator (a
projection), and it is clearly the one associated with the decomposition above.

Notation. Let λ ∈ σe(T ). If T is a compact operator, then the projection associated
with the spectral decomposition is denoted by E(λ) : X −→ V (λ), and it is called spectral
projection.

In a similar fashion, the projection onto the rank is denoted by D(λ) : X −→ R(λ), and
it is defined as the orthogonal projection to the spectral one, i.e. D(λ) := idX − E(λ).

In particular, for any finite subset F ⊂ σ(T ) (e.g., F = σ(T )\B(0, ε)) we have a spectral
decomposition

X =

(⊕
λ∈F

V (λ)

)⊕(⋂
λ∈F

R(λ)

)
.

Complexification. Let X be a real Banach space. The complexification of X is the space

XC := C⊗R X,

with a complex structure induced by the action of the operator

J =

(
0 −idX

idX 0

)
,

where (a+ ı b) · z := az + b Jz, as z ranges in X ⊕X.

Let T ∈ LR(X, Y ) be an operator between real topological vector spaces. The complex-
ification of T is the operator defined by

TC =

(
T 0
0 T

)
∈ LC(XC, YC).
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6.4 Symmetric Operators

In this section, we introduce a new class of operators, called symmetric operators, defined
on a Hilbert space H. We investigate some of their main properties, and we prove that the
kernel and the rank behave nicely with respect to the orthogonal.

Definition 6.26 (Hilbert Adjoint). Let A : H −→ K be a linear continuous operator
between two Hilbert spaces H and K. The hilbertian adjoint of A is the operator A∗ :
K −→ H defined by the formula

(Ax, y)K = (x, A∗y)H , (6.7)

for all x ∈ H and all y ∈ K.

Remark 6.7. Let A : H −→ K be a linear continuous operator between Hilbert spaces H
and K.

(1) For every complex number λ ∈ C \ {0} it turns out that

(λ ·A)
∗

= λ ·A∗.

Indeed, if we replace A with λ ·A in the left-hand side of (6.7), then

(λ ·Ax, y)K = λ (Ax, y)K =

= λ (x, A∗y)H =
(
x, λ ·A∗y

)
H
.

(2) The map L(H, K) 3 A 7−→ A∗ ∈ L(K, H) is semi-linear.

Definition 6.27 (Symmetric Operator). Let A : H −→ H be a linear continuous operator
defined on a Hilbert space H. We say that A is symmetric if A = A∗, and we denote by
Lsym(H) the space of all symmetric operator defined on a Hilbert space H.

Proposition 6.28. Let A ∈ Lsym(H) be a symmetric operator.

(a) (Ran(A))
⊥

= Ker(A).

(b) (Ker(A))
⊥

= Ran(A).

(c) If H0 ⊆ H is an A-invariant subset, then H0 and H⊥0 are also A-invariant.

(d) The spectrum is contained in the open ball of radius ‖A‖ of R, that is,

σ(A) ⊂ [−‖A‖, ‖A‖] ⊂ R.

(e) If λ, µ ∈ σe(A) are eigenvalues of A such that λ 6= µ, then the corresponding eigen-
vectors are orthogonal.

(f) The eigenvalues are semisimple, that is,

ma(λ) = mg(λ), ∀λ ∈ σe(A).

Proof.



117 6.4. SYMMETRIC OPERATORS

(a) This assertion follows from Lemma 5.26 since the operator is symmetric (i.e., it is
equal to its dual.)

(b) This assertion follows from Lemma 5.26. Indeed, the operator A is symmetric and one
can show that in a Hilbert space H, given two closed subsets M and N , it turns out
that5 (

M⊥
)
⊥ = M and (N⊥)

⊥
= N.

(c) Both the assertion follows easily from the definition; we prove the second one, and
leave the first one as a simple exercise for the reader.
Let x ∈ H⊥0 be any point. For any y ∈ H0, it turns out that

(Ax, y)H = (x, Ay)H = 0,

and hence Ax ∈ H⊥0 , which is what we wanted to prove.

(d) First, we prove that the any element of the spectrum belongs to R. Let a ∈ R and
b ∈ R \ {0} be given; the idea is to show that operator (a + ıb) · idX + A is always
invertible.
We claim that the (composition) operator

[(a− ıb) · idX +A] ◦ [(a+ ıb) · idX +A]

is invertible. Indeed, if we evaluate the product, it turns out that

[(a− ıb) · idX +A] ◦ [(a+ ıb) · idX +A] = b2

(
idX +

(
a+A

b

)2
)
,

and thus it is enough to prove that idX +A2 is invertible for every symmetric operator
A ∈ Lsym(H). The estimate∥∥(idX +A2)x

∥∥2

H
≥ ‖x‖2 > 0 ∀x 6= 0,

proves that idX +A2 is injective with closed image (see Corollary 5.24). In conclusion,
the assertion (b) implies idX +A2 surjective, and thus bijective.

(e) This assertion follows from a straightforward computation:

(λx, y) = (Ax, y) = (x, Ay) =

= (x, µy) =

= (µx, y) ⇐⇒ (λ− µ)(x, y) = 0 ⇐⇒ (x, y) = 0 ⇐⇒ x ⊥ y.

(f) It is enough to prove that Ker(λ · idX−T )2 = Ker(λ · idX−T ); the assertion will follow
by means of a simple induction.
Let x ∈ H be an element such that (λ · idX − T )2x = 0. Then(λ · idX −A)x ∈ Ker(λ · idX −A)

(λ · idX −A)x ∈ Ran(λ · idX −A)
=⇒ (λ·idX−A)x = 0 =⇒ x ∈ Ker(λ·idX−A).

5It suffices to notice that, for example,
(
M⊥

)
⊥ =

(
M⊥

)⊥
= M , as we have proved in the first chapter.
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Quadratic Form. Let qA : H −→ R be the quadratic form associated to an operator A,
that is,

qA(x) := (Ax, x)H .

It is easy to prove that the following inequality holds (even in a more general setting than
Hilbert spaces, e.g., Banach spaces):

rA := sup
‖x‖≤1

|qA(x)| ≤ sup
‖x‖=1

‖y‖=1

|〈Ax, y〉| = sup
‖x‖=1

‖Ax‖ = ‖A‖.

On the other hand, in our particular case of Hilbert spaces, the polarization equality char-
acterizes the scalar product in terms of the quadratic form:

(Ax, y)H =
1

4
[qA(x+ y)− qA(x− y)] . (6.8)

It follows that

|(Ax, y)H | ≤
1

4

[
‖x+ y‖2 + ‖x− y‖2

]
· rA =

1

2
rA
(
‖x‖2 + ‖y‖2

)
,

and thus we infer that rA is equal to the operator norm of A.

Variational Characterization. Let A ∈ Lsym(H). The Rayleigh quotient is the function

fA(x) =
(Ax, x)H
(x, x)H

: H \ {0} −→ R, (6.9)

which is clearly a C∞ function (in the sense of Fréchet derivatives). Then

∇fA(x) =
2

‖x‖2
(Ax− fA(x), x)H ,

and hence a couple (λ, x) ∈ R× (H \ {0}) is a (eigenvalue, eigenvector) couple if and only
if x is a critical point for fA and λ = fA(x).

6.5 Compact Symmetric Operators

In this section, we investigate the compact symmetric operators, and we prove that the
standard spectral theorem holds true even in infinite-dimensional spaces.

Lemma 6.29. Let A ∈ Lc(H) be a compact operator defined on a Hilbert space H. If

α := sup
‖x‖=1

〈Ax, x〉 6= 0,

then there exists x0 ∈ ∂BH(0, 1) such that α = (Ax0, x0).

Proof. We can assume that H is a separable Hilbert space. Indeed, we can always consider
the decomposition

H = Ker(A)⊕ Ran(A),
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and restrict, without loss of generality, the quadratic form qA to Ran(A), which is always
a separable Hilbert space (see Lemma 6.12). Let (xn)n∈N ⊂ H be a maximizing sequence,
that is,

‖xn‖ = 1 and 〈Axn, xn〉
n→+∞−−−−−→ α.

By Banach-Alaoglu Theorem 5.13 it turns out that there exists an increasing subsequence
(nk)k∈N such that xnk ⇀ x weakly. Notice also that the limit point x has norm ‖x‖ ≤ 1
since

‖x‖2 = 〈x, x〉 = lim
n→+∞

〈xn, x〉 ≤ ‖x‖‖xn0‖ = ‖x‖.

To prove that the norm of x is exactly one, let us set y = x/‖x‖ and observe that

α ≥ 〈Ay, y〉 = α
1

‖x‖2
⇐⇒ ‖x‖ = 1,

The operator A is compact. Therefore (see Lemma 6.2) there exists an increasing subse-
quence such that Axnk → Ax strongly (in norm), and this implies that

〈Ax, x〉H = α,

that is, the limit point x is the sought one.

Lemma 6.30. Let H be a Hilbert space. If (xn)n∈N ⊂ H is a sequence weakly converging
to x, and (yn)n∈N ⊂ H is a sequence strongly converging to y, then

(xn, yn)
n→+∞−−−−−→ (x, y) .

Theorem 6.31. Let A ∈ Lsym
c (H) be a symmetric compact operator defined on a Hilbert

space H, and let qA be the associated quadratic form. Then either ‖A‖ or −‖A‖ is an
element of σe(A).

Proof. In the previous section, we have proved that

A ∈ Lsym(H) =⇒ ‖A‖ = sup
‖x‖=1

|qA(x)| .

It follows that

‖A‖ = sup
‖x‖=1

|(Ax, x)| = sup
‖x‖=1

max {(Ax, x) , − (Ax, x)} =

= max

{
sup
‖x‖=1

(Ax, x) , − inf
‖x‖=1

(Ax, x)

}
,

and hence either ‖A‖ = sup‖x‖=1 (Ax, x) or −‖A‖ = inf‖x‖=1 (Ax, x). We now assume,
without loss of generality, that

‖A‖ = sup
‖x‖=1

(Ax, x) .

The operator A is compact; hence, by Lemma 6.29, there exists x ∈ H such that ‖x‖ ≤ 1,
and there is a maximizing sequence xn ⇀ x such that

〈Axn, xn〉
n→+∞−−−−−→ 〈Ax, x〉 = ‖A‖ 6= 0 =⇒ x 6= 0.



CHAPTER 6. COMPACT OPERATORS ON BANACH SPACES 120

To prove that the norm of x is exactly one, let us set y = x/‖x‖ and observe that

α ≥ 〈Ay, y〉 = α
1

‖x‖2
⇐⇒ ‖x‖ = 1,

so that, by Lemma 6.14, the convergence xn → x is strong (it is not needed for the proof,
but it is an interesting fact worth remarking on).

The variational characterization (in terms of the Rayleigh quotient) concludes the proof,
since we have proved that x is a critical point of fA and ‖A‖ is exactly equal to fA(x).

Corollary 6.32. Let A ∈ Lsym
c (H) be a symmetric compact operator defined on a Hilbert

space H. Each nonempty, closed and invariant subspace H0 ⊆ H contains the eigenvector
of A associated either to the eigenvalue ‖A‖H0

or to −‖A‖H0
.

Theorem 6.33 (Spectral Theorem). Let A ∈ Lsym
c (H) be a symmetric compact operator

defined on a Hilbert space H. There exists an orthogonal basis of eigenvectors, i.e., the
operator A is diagonalizable.

Proof. We can assume without loss of generality that H is a separable Hilbert space, since
the same argument of Lemma 6.29 holds.

Let {ek}k∈N be an orthonormal system of eigenvectors for A, and suppose that it is
maximal with respect to the inclusion (simple application of Zorn lemma). We claim that

Span 〈ek : k ∈ N〉 = H.

If not, by Corollary 6.32, there would be an eigenvector in H0 := (Span 〈ek : k ∈ N〉)⊥ 6= ∅,
and this is absurd since the system {ek}k∈N is maximal.

In particular, any A ∈ Lsym
c (H) is unitary equivalent to a multiplication operator defined

on `2(N) by an element of c0, i.e., there is λ ∈ c0 such that

H H

`2 `2

A

·λ

6.6 Applications of the Spectral Theorem

Minimax Principle. Let A ∈ Lsym
c (H) be a symmetric compact operator defined on a

Hilbert space H. The Spectral Theorem 6.33 allows us to index the positive eigenvalues
with positive integers, that is,

λ1 ≥ λ2 ≥ · · · ≥ λn ≥ . . . ,

where an eigenvalue λ is repeated as many times as its multiplicity. In a similar fashion, we
can index the negative eigenvalues

λ−1 ≤ λ−2 ≤ · · · ≤ λ−m ≤ . . . .
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The set of indices I ⊂ Z allows us to identify the Hilbert space H with `2(I), and the
operator A with the multiplication operator

x 7−→
∑
i∈I

xiλi ei.

Theorem 6.34 (Courant-Fisher). Let A ∈ Lsym
c (H). For every n ∈ I it turns out that

λn = inf
E⊆H

codim(E)<n

sup
x∈E
‖x‖=1

(Ax, x) = sup
E⊆H

dim(E)≥n

inf
x∈E
‖x‖=1

(Ax, x) .

Similarly, for any −n ∈ I it turns out that

λ−n = sup
E⊆H

codim(E)<n

inf
x∈E
‖x‖=1

(Ax, x) = inf
E⊆H

dim(E)≥n

sup
x∈E
‖x‖=1

(Ax, x) .

Proof. The second assertion follows immediately from the first one since

λ−n(A) = −λn(−A).

Let us identify H with `2(I) and A with the multiplication operator ·λ. Let {ei}i∈I be the
set of eigenvectors of A, and let us consider

En := Span 〈e1, . . . , en〉 , E⊥n−1 = Span 〈ei | i ∈ I \ {1, . . . , n− 1}〉.

We consider the restriction operators

A
∣∣
En

: x 7−→
n∑
i=1

λixi ei has eigenvalues λ1, . . . , λn

A
∣∣
E⊥n−1

: x 7−→
∑

i∈I\{1, ..., n−1}

λixi ei has eigenvalues λn, . . .

from which it follows that

sup
x∈E⊥n−1

‖x‖=1

(Ax, x) = λn = inf
x∈En
‖x‖=1

(Ax, x) .

If we take the infimum of the left-hand side and the supremum of the right-hand side, we
obtain the first inequality:

inf
E⊆H

codim(E)<n

sup
x∈E
‖x‖=1

(Ax, x) ≤ λn ≤ sup
E⊆H

dim(E)≥n

inf
x∈E
‖x‖=1

(Ax, x) .

Let E ⊆ H be a subspace of codimension strictly less than n, and let F ⊆ H be a subspace
of dimension at least n. It follows easily that

E ∩ En ∩ ∂B(0, 1) 6= ∅

F ∩ E⊥n−1 ∩ ∂B(0, 1) 6= ∅,
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and thus there exist points x0 in the first intersection and y0 in the second intersection. We
conclude the proof by noticing that

sup
x∈E
‖x‖=1

(Ax, x) ≥ (Ax0, x0) ≥

≥ min
x∈En
‖x‖=1

(Ax, x) = λn =

= max
x∈E⊥n−1

‖x‖=1

(Ax, x) ≥

≥ (Ay0, y0) ≥ inf
x∈F
‖x‖=1

(Ax, x) .

Theorem 6.35 (Alternating Eigenvalues Principle). Let A ∈ Lsym
c (H), and let H0 ⊂ H be

a closed hyperplane of H. Let P0 : H −→ H0 be the projection, and set A0 := P0 ◦ A
∣∣
H0

:

H0 −→ H0. Then A0 ∈ Lsym
c (H0), and for any n ∈ I

λn+1(A) ≤ λn(A0) ≤ λn(A).

Proof. It is a simple consequence of the Courant-Fisher Theorem 6.34. More precisely, it
turns out that

λn+1(A) = sup
E⊆H

dim(E)≥n+1

inf
x∈E
‖x‖=1

(Ax, x) ≤

≤ sup
E⊆H

dim(E∩H0)≥n

inf
x∈E
‖x‖=1

(Ax, x) ≤

≤ sup
E⊆H

dim(E∩H0)≥n

inf
x∈E∩H0

‖x‖=1

(Ax, x) =

= sup
E⊆H0

dim(E)≥n

inf
x∈E
‖x‖=1

(Ax, x) =

= λn(A0) ≤ sup
E⊆H

dim(E)≥n

inf
x∈E
‖x‖=1

(Ax, x) = λn(A).
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6.7 Spectral Theory of Banach Spaces

Let X be a Banach space. The space of linear continuous operators (L(X), +, ◦) is an
algebra satisfying the inequality

‖A ◦B‖ ≤ ‖A‖ · ‖B‖, (6.10)

for any A, B ∈ L(X).

Definition 6.36 (Banach Algebra). The normed space (X, ‖ · ‖X) is a Banach algebra if
the following properties are satisfied:

(a) X is a Banach space.

(b) There are + : X ×X −→ X and · : K×X −→ X such that (X, +, ·) is an associative
algebra over K.

(c) For any x, y ∈ X, it turns out that

‖x · y‖ ≤ ‖x‖ ‖y‖.

Notation. The resolvent set associated to a linear operator A ∈ L(X) is defined as the set
of complex numbers such that A− λ · idX is invertible, that is,

ρ(A) := {λ ∈ C |A− λ · idX is invertible} .

The spectrum is the complement of the resolvent, and it is denoted by

σ(A) := C \ ρ(A).

The resolvent operator, defined on ρ(A), it denoted by R(λ, A) and it is defined by setting

R(λ, A) := (λ · idX −A)
−1
.

Finally, the spectral radius is defined as the supremum of σ(A), i.e.,

rA := sup
λ∈σ(A)

|λ|.

Lemma 6.37. Let X be a Banach space, and let A ∈ L(X) be a linear continuous operator
on X.

(1) The resolvent ρ(A) is an open subset of C.

(2) The spectral radius rA is less or equal than ‖A‖.

(3) The map defined by the resolvent operator

ρ(A) 3 λ 7→ R(λ, A) =: R(λ) ∈ L(X)

is analytic. If λ > ‖A‖, then its power series is given by

R(λ) =

+∞∑
i=0

λ−i−1Ai.
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(4) The map defined by the resolvent operator admits a local representation as

R(λ) =

+∞∑
i=0

(λ− λ0)
i
R(λ0)i+1, ∀λ ∈ B

(
λ0, ‖R(λ0)‖−1

)
.

(5) Resolvent Identity. For any µ, λ ∈ ρ(A), it turns out that

R(λ)−R(µ) = (µ− λ)R(µ)R(λ). (6.11)

The central goal of this section is to prove that the spectral radius is equal to the
limit of the sequence ‖An‖1/n. We will give two proofs of this fact: the first one relies on
holomorphic function theory, while the second one relies on a variational argument (Palais-
Smale sequences).

Lemma 6.38. Let (an)n∈N ⊂ R be a subadditive sequence (am+n ≤ am + an). Then the
limit of the sequence (1/n · an)n∈N exists and it is equal to the infimum, that is,

lim
n→+∞

(
1

n
an

)
= inf
n∈N

(
1

n
an

)
.

Proof. Let d be a positive natural number. For any n ∈ N there are p ∈ N and k ∈
{0, . . . , d− 1} such that

n = p · d+ k, where p =
⌊n
d

⌋
.

For every n ∈ N it turns out that

inf
m∈N

(
1

m
am

)
≤ an

n
≤ ap·d + ak

n
≤

≤ 1

n
(p · ad + ak) =

(
1

d
+O (1)

)
· ad +O (1) =

=
ad
d

+O (1).

Thus we can take the superior limit of the left-hand side of the inequality above

inf
m∈N

(
1

m
am

)
≤ lim sup

n→+∞

(
1

n
an

)
≤ ad

d
=⇒ inf

n∈N

(
1

n
an

)
= lim
n→+∞

(
1

n
an

)
,

and this concludes the proof.

Theorem 6.39 (Spectral Radius). Let A ∈ L(X) be any linear continuous operator defined
on a Banach space X. The spectral radius of A is given by

rA = lim
n→+∞

‖An‖ 1
n = inf

n∈N
‖An‖ 1

n .

Holomorphic Proof. Let us consider the sequence an = log (‖An‖).
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Step 1. The logarithm is subadditive; thus we can apply Lemma 6.38 and infer that

lim
n→+∞

1

n
· log (‖An‖) = inf

n→+∞

1

n
· log (‖An‖) ,

that is, the second identity is true:

lim
n→+∞

‖An‖ 1
n = inf

n∈N
‖An‖ 1

n .

It remains to prove that this quantities coincide with the spectral radius rA of A.

Step 2. One inequality is trivial since λ ∈ σ(A) implies λ · idX − A not invertible; hence,
for every n ∈ N, the operator λn · idX −An is not invertible, and this easily implies that

λn ∈ σ (An) and rAn ≤ ‖An‖ =⇒ |λ|n ≤ ‖An‖ =⇒ |λ| ≤ ‖An‖ 1
n .

Vice versa, let us fix x ∈ X, x∗ ∈ X∗ and let us consider the holomorphic function

C ⊇
{
t ∈ C

∣∣∣∣ |t| < 1

rA

}
3 t 7−→

〈
x∗, (idX − t ·A)

−1
x
〉
∈ C,

where < ·, · > is the duality (X, X∗). Consequently, the series

Φ(t) =

+∞∑
k=0

〈
x∗, Akx

〉
tk

converges at any point x ∈ B, where B is the maximal ball contained in the domain.
Therefore, when r > rA, it turns out that

sup
k∈N

∣∣∣∣∣
〈
x∗,

(
A

r

)k
x

〉∣∣∣∣∣ ≤ C < +∞

for every x ∈ X and x∗ ∈ X∗. By Banach-Steinhaus Theorem 4.17 it turns out that
‖(A/r)k‖ is bounded, and thus∥∥Ak∥∥ 1

k ≤ c · r =⇒ inf
∥∥Ak∥∥ 1

k ≤ r

for every r > rA, which is enough to conclude that inf
∥∥Ak∥∥ 1

k ≤ rA.

Remark 6.8. The same result holds true in the more general setting of Banach algebras.

Theorem 6.40 (Spectral Map). Let p(z) ∈ C[z] be a complex polynomial of degree n, and
let A ∈ L(X) be a linear continuous operator defined on a Banach space X. Then

p (σ(A)) = σ (p(A)) ,

where p (σ(A)) = {p(λ) | λ ∈ σ(A)}.

Proof. Suppose that p(z) is a monic polynomial. For any λ ∈ C, we can factorize the
polynomial p(z)− λ as follows:

p(z)− λ =

n∏
i=1

(
z − µ(λ)

j

)
,
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where µ(λ)
j are the roots of the polynomial, eventually repeated. Clearly, by construction,

we have that
p(µ) = λ ⇐⇒ ∃ j ∈ {1, . . . , n} : µ = µ

(λ)
j .

Therefore λ ∈ σ (p(A)) if and only if p(A)− λ · idX is not invertible if and only if there is a
factor which is not invertible, that is, there exists j ∈ {1, . . . , n} such that A− µ(λ)

j · idX is
not invertible.

Symmetric Operators. Let H be a Hilbert space, and let A ∈ Lsym(H) be a symmetric
continuous linear operator. We can introduce a partial ordering on Lsym(H) by setting

A ≥ 0 ⇐⇒ 〈Ax, x〉 ≥ 0 ∀x ∈ H,

from which it follows that A ≥ B if and only if A−B ≥ 0.

Proposition 6.41. Let H be a Hilbert space, and let A ∈ Lsym(H) be a symmetric operator.
Then

mA := inf
‖x‖=1

〈Ax, x〉 = minσ(A),

MA := sup
‖x‖=1

〈Ax, x〉 = maxσ(A).

Proof. First, we observe that any positive operator A ∈ Lsym(H) (i.e., such that A ≥ 0)
has the following property: the operator idX +A is invertible or, equivalently, minus one is
not an element of the spectrum σ(A). Indeed, for every x ∈ H it turns out that

‖(idX +A)(x)‖2 = ‖x‖2 + ‖Ax‖2︸ ︷︷ ︸
≥0

+2 〈Ax, x〉︸ ︷︷ ︸
≥0

≥ ‖x‖2,

and hence by Remark 5.22 it is injective and with closed rank. By Proposition 6.28 it implies
that the operator is injective and surjective, that is, bijective. In particular, if t < mA, then

−1 /∈ σ
(
A−mA

mA − t

)
since it is a positive symmetric operator, and thus A−mA · idX + (mA− t) · idX = A− t · idX

is invertible. If we replace mA with MA, a similar argument proves that

t < mA or t > MA =⇒ t /∈ σ(A) =⇒ σ(A) ⊆ [mA, MA].

It remains to prove that the extremal points mA and MA are actually attained, i.e., they
belong to σ(A). Clearly, it is enough to prove it for MA (we obtain mA by replacing A with
−A). Let

a(u, v) := (MAu−Au, v),

and notice that a(·, −) is symmetric and such that

a(u, u) ≥ 0 for all u ∈ H.

It follows from the Cauchy-Schwartz inequality that

|a(u, v)| ≤ a(u, u)
1
2 a(v, v)

1
2 for all u, v ∈ H,
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and this implies that

|MAu−Au| ≤ C · a(u, u)
1
2 for all u ∈ H.

Let (un)n∈N ⊂ H be a sequence such that

‖un‖ = 1 and (Aun, un)
n→+∞−−−−−→MA,

and notice that the estimate above yields to

|MAun −Aun|
n→+∞−−−−−→ 0.

We infer that MA ∈ σ(A) since, if MA ∈ ρ(A), then

un = (MA −A)
−1

(MAun −Aun)
n→+∞−−−−−→ 0,

and this is impossible because ‖un‖ = 1 for all n ∈ N. In conclusion, we want to prove that
the maximum between |MA| and |mA| is equal to ‖A‖. A simple computation shows that

‖A‖2 = sup
‖x‖=1

‖Ax‖2 = sup
‖x‖=1

〈Ax, Ax〉 = sup
‖x‖=1

〈
A2x, x

〉
= ‖A2‖.

In particular, we can consider the subsequence (2n)n∈N ⊂ (n)n∈N and observe that

‖A‖ =
∥∥∥A2n

∥∥∥ 1
2n

=⇒ rA = lim
n→+∞

‖An‖ 1
n = lim

n→+∞

∥∥∥A2n
∥∥∥ 1

2n

=⇒ max{|MA|, |mA|} = rA = ‖A‖.

Variational Approach to Spectral Radius. Let A ∈ Lsym(H) be a symmetric operator
defined on a Hilbert space H. The couple (x, λ) ∈ H×C is an eigenvector-eigenvalue couple
if and only if x is a critical point of the Rayleigh quotient fA and λ = fA(x).

Lemma 6.42. Let A ∈ Lsym(H) be a symmetric operator defined on a Hilbert space H. A
complex number λ is an eigenvalue of A if and only if there exists a sequence (xn)n∈N ⊂
∂ BX(0, 1) such that (xn)n∈N ∈ (PS)λ, i.e., it is a Palais-Smale sequence at the level λ.

Proof. The details are left to the reader. The main idea is to prove that Rayleigh quotient
fA is lower semi-continuous and that it satisfies the Palais-Smale condition.

Behind this Lemma, there is the following general variational principle (named after
Ekeland).

Theorem 6.43 (Ekeland). Let f : X → R be a lower semi-continuous function, and let X
be a complete metric space. If infx∈X f(x) > −∞, then for any x0 ∈ X and δ, ε > 0 such
that

f(x0) < inf
x∈X

f(x) + ε,

there exists y ∈ X satisfying the following properties:

(a) d(y, x0) < δ;

(b) sup
u 6=y
u∈X

f(y)− f(u)

d(y, u)
<
ε

δ
.

Therefore, if (xn)n∈N ⊂ H is a minimizing sequence, then there exists a sequence (yn)n∈N,
equivalent in the sense of Cauchy, such that (yn)n∈N (PS)inf f .
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6.8 Exercises

Exercise 6.1. Let k ∈ L2 ([0, 1]× [0, 1]). The integral operator

Tk : L2 ([0, 1]× [0, 1]) −→ L2 ([0, 1]) ,

defined by setting

Tk(u)(x) :=

∫ 1

0

k(x, y)u(x, y) dy

is well-defined, linear, continuous and compact.

Solution. First, we notice that the operator Tk is well-defined as a consequence of both the
Fubini theorem and the Hölder inequality. Namely, a simple computation shows that

‖Tk(u)‖2L2([0, 1]) =

∫ 1

0

∣∣∣∣∫ 1

0

k(x, y)u(x, y) dy

∣∣∣∣2 dx ≤

≤
∫ 1

0

‖k(x, ·)‖2L2([0, 1])‖u(x, ·)‖2L2([0, 1]) dx ≤

≤
[∥∥‖k(x, ·)‖L2([0, 1])

∥∥
L2([0, 1])

∥∥‖u(x, ·)‖L2([0, 1])

∥∥
L2([0, 1])

]2
=

= ‖k‖2L2([0, 1]×[0, 1])‖u‖
2
L2([0, 1]×[0, 1]) < +∞,

which means that Tk sends L2 ([0, 1]× [0, 1]) in L2 ([0, 1]), and the operator norm of Tk is
less than or equal to the L2-norm of k.

Compactness The operator Tk is clearly linear, and therefore the computation above
shows that it is also continuous (since it is bounded). To prove that Tk is compact, we shall
show that there is a sequence (Tnk )n∈N of finite-rank operator such that

lim
n→+∞

‖Tk − Tnk ‖ = 0.

Let {φi}i∈N be a orthonormal basis of L2 ([0, 1]). Then one can easily show that

{φiφj}i, j∈N

is a orthonormal basis of the product space L2 ([0, 1]× [0, 1]). In particular, if we set

ki, j :=

∫∫
[0, 1]2

k(x, y)φi(x)φj(y) dxdy for all i, j ∈ N,

then the kernel k is given by the following sum:

k(x, y) =

+∞∑
i=1

+∞∑
j=1

ki, jφi(x)φj(y).
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We now define the partial kernel

kn(x, y) :=

n∑
i=1

+∞∑
j=1

ki, jφi(x)φj(y)

and the associated operator

Tnk (u)(x) :=

∫ 1

0

kn(x, y)u(x, y) dy.

The operator Tnk maps L2([0, 1]×[0, 1]) into a finite-dimensional linear subspace of L2([0, 1]),
and therefore Tnk is a finite-rank operator. In conclusion, note that

‖Tk(u)− Tnk (u)‖2L2([0, 1]) =

∥∥∥∥∫ 1

0

kn(x, y)u(x, y) dy −
∫ 1

0

kn(x, y)u(x, y) dy

∥∥∥∥2

L2([0, 1])

≤

≤ ‖k − kn‖2L2([0, 1]×[0, 1])‖u‖L2([0, 1]×[0, 1]) =

=

 +∞∑
i=n+1

+∞∑
j=1

|ki, j |2
 ‖u‖L2([0, 1]×[0, 1]),

and the last term goes to zero as n→ +∞ since the sum is finite

+∞∑
i=1

+∞∑
j=1

|ki, j |2 = ‖k‖2L2([0, 1]×[0, 1]) < +∞.

Exercise 6.2. Let λ ∈ cb be a bounded sequence and let us consider the operator

Tλ : `2(N) −→ `2(N)

defined by setting

x := (x1, x2, . . . ) 7−→ (λ1x1, λ2x2, . . . ) =: λ · x.

Prove that
‖Tλ‖ = ‖λ‖∞,

and Tλ is compact if and only if λ ∈ c0.

Solution. The operator norm ‖Tλ‖ can be computed by standard means. Here we only show
that Tλ is compact if and only if λ is an infinitesimal sequence.

” =⇒ ” This implication is left as an easy exercise for the reader. The main idea is to
use the definition of compact operator, choose an adequate sequence in (zn)n∈N ⊂ `2(N),
and show that λ must be infinitesimal for T (zn) to have a converging subsequence.
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” ⇐= ” To prove that Tλ is compact, we simply need to show that it is the limit (in the
operator norm) of a sequence of finite-rank operators Tnλ . Let us define

λn := (λ1, λ2, . . . , λn, 0, . . . ) =

n∑
i=1

λiei ∈ c0,

and consider the operator
Tnλ (x) := λn · x.

The operator Tnλ maps `2(N) into the finite-dimensional linear subspace of `2(N) spanned
by e1, . . . , en, and therefore Tnλ is a finite-rank operator. In conclusion, note that

‖Tλ(x)− Tnλ (x)‖2`2(N) = ‖λ · x− λn · x‖2`2(N) ≤

≤ ‖λ− λn‖2∞‖x‖2`2(N) =

= sup
i>n
|λi|2‖x‖2`2(N),

and the last term goes to zero as n → +∞ since the λ is an infinitesimal (c0) sequence by
assumption.

Exercise 6.3. Let S : `2(N) −→ `2(N) be the shift operator defined by

(x1, x2, . . . ) 7−→ (x2, x3, . . . ).

Prove that σ(S) is equal to BC(0, 1), but none of them is an eigenvalue.

Solution. The spectrum σ(S) is contained in the closure of the ball of center zero and radius
1 because the spectral radius of S is equal to 1. The opposite implication is left to the reader.

Eigenvalues. We argue by contradiction. Suppose that S admits an eigenvalue λ ∈ C\{0}
with eigenstate x ∈ `2(N). Then

(λx1, λx2, . . . ) = (x2, x3, . . . ),

which means that
xi =

xi+1

λ
for all i = 1, . . .

In particular, the sequence x is uniquely determined by the value of the first coefficient x1,
i.e.

x = (x1,
x1

λ
,
x1

λ2
, . . . ),

and therefore x cannot be an element of `2(N) since

‖x‖`2(N) =

+∞∑
i=1

∣∣∣ x1

λi−1

∣∣∣2 = |x1|2
+∞∑
i=0

|λ−i|2 = +∞

for all values of λ ∈ C \ {0} such that |λ| ≤ 1, and this is exactly what we wanted to
prove.
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Exercise 6.4. LetX := C0 ([0, 1]), and let us consider the Volterra operator T : C0 ([0, 1])→
C0 ([0, 1]), defined by

u 7−→
∫ x

0

u(t) dt.

Prove that T is a compact operator with no eigenvalues, i.e.,

σe(T ) = {0}.

Furthermore, find an explicit formula for the inverse operator (λ · idX − T )
−1, as λ ranges

in the resolvent set ρ(T ).

Exercise 6.5. Let H = L2(X, Σ, µ), and let f ∈ L∞(X, Σ, µ). The operator

Mf : H −→ H, g 7→ fg

is linear and continuous. Prove that:

(a) The norm operator of Mf is equal to ‖f‖∞.

(b) The spectrum of Mf is given by

σ(Mf ) =
⋂

N null-set

g(X \N),

where g ∈ [f ] is any function in the equivalence class. More precisely, λ ∈ σ(Mf ) if
and only if for any ε > 0 the support of g∗(µ) intersects B(λ, ε) in a set of positive
measure.

(c) The eigenvalues spectrum of Mf is given by

σe(Mf ) =
{
λ ∈ C \ {0}

∣∣ µ(f−1(λ)) 6= 0
}
.



Chapter 7

Functional Calculus

From Wikipedia: "In mathematics, a functional calculus is a theory allowing one to apply
mathematical functions to mathematical operators. It is now a branch (more accurately,
several related areas) of the field of functional analysis, connected with spectral theory."

7.1 Continuous Functional Calculus

In this section, we only develop the functional calculus of continuous functions defined on
the spectrum of linear bounded symmetric operators on a Hilbert spaceH. Therefore, unless
stated otherwise, we assume that A ∈ Lsym(H) throughout this paragraph.

First, we present a few motivational examples of functional calculus in a Hilbert space
with finite dimension, and we also discuss what may happen in an infinite-dimensional
setting using a computation that was already considered in the previous chapter.

Example 7.1.

(i) The Cauchy problem {
ẋ(t) = Ax(t)

x(0) = x0

admits one and only one solution, that is,

x(t) = exp(tA)x0.

It follows that

eA :=

+∞∑
n=0

An

n!

is the result of the exponential function exp(·) applied to an operator, and it is still
an operator.

(ii) If ‖A‖ < 1, then we have already proved that

(idX −A)
−1

=

+∞∑
n=0

An.

https://en.wikipedia.org/wiki/Functional_calculus
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More precisely, we can obtain the inverse of the operator (idX −A) simply by applying
a function, defined by its Taylor series, to the operator A.

(iii) Assume that H is a finite-dimensional Hilbert space. Then A is diagonalizable, that
is, there exists a unitary operator U such that

A = UDU−1, where D = diag (λ1, . . . , λn).

If f : σ(A) ⊂ C −→ C is a function defined on the spectrum of A, then we can easily
infer that

f(A) = Uf(D)U−1, where f(D) = diag (f(λ1), . . . , f(λn)).

Real Polynomials. Let p(x) ∈ R[x] be a real polynomial defined by

p(x) = anx
n + . . . a1x+ a0, with ai ∈ R for all i = 0, . . . , n.

Set B := p(A). The operator B is linear continuous and symmetric (i.e. B ∈ Lsym(H))
because

(Bx, y) =

n∑
i=1

ai(A
ix, y) + a0(x, y) =

n∑
i=1

ai(x, A
iy) + a0(x, y) = (x, By),

where the last equality holds because ai is real, and hence

ai(x, A
iy) = (x, āiA

iy) = (x, aiA
iy).

Therefore, the operator norm of B is given by the maximum absolute value of the eigenvalues
of B, that is,

‖B‖ = sup
‖x‖≤1

|〈B x, x〉| = max
λ∈σ(B)

|λ| .

On the other hand, the Spectral Map Theorem 6.40 shows that the spectrum of B is related
to the spectrum of A via the polynomial p, that is,

σ(B) = p (σ(A)) .

It follows that the operator norm of B is also equal to

‖B‖ = max
λ∈p(σ(A))

|λ| = max
λ∈σ(A)

|p(λ)| = ‖p‖∞, σ(A) , (7.1)

that is, it is equal to the uniform norm of the restriction to the spectrum σ(A) of the
polynomial p.

Complex Polynomials. Let p(z) ∈ C[z] be a complex polynomial defined by

p(z) = anz
n + . . . a1z + a0, with ai ∈ C for all i = 0, . . . , n.

It induces:

(a) A function σ(A) ⊆ C −→ C, also denoted by p, defined on the spectrum of the operator
A.
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(b) A bounded symmetric operator p(A) if p is a real-valued polynomial, and a linear
bounded (but, generally, not symmetric) operator if p(z) ∈ C[z] \ R[x].

In particular, there exists an isometric correspondence between (a) and (b). More precisely,
it turns out that by sending a polynomial p to p(A) we have a one-to-one map

{polynomial functions σ(A)→ C} ←→ {operators of the form p(A)} = C[A],

where C[A] is the commutative algebra spanned by A. Furthermore, the correspondence
is also an isometry as a consequence of (7.1), since they are endowed with the subspace
norms induced by

(
C0 (σ(A), C) , ‖ · ‖∞, σ(A)

)
and (L(H), ‖ · ‖) respectively.

Proposition 7.1. Let A ∈ Lsym(H) be a symmetric bounded operator. There exists a
unique continuous homomorphism of algebras

Φ : C0 (σ(A), C) −→ C[A]

with the additional requirement that Φ
(
idσ(A)

)
= A. Furthermore, the homomorphism Φ

satisfies the following properties:

(a) The map Φ is an isometry.

(b) If f ∈ C0 (σ(A), C) is a positive function, then the operator Φ(f) := f(A) is symmetric
and positive, that is,

λ ∈ σ (f(A)) =⇒ λ ≥ 0.

(c) For any f ∈ C0 (σ(A), C) it turns out that

Φ(f)∗ = Φ
(
f
)
.

(d) For all B ∈ L(H) such that [A, B] = 0 and for all continuous function f ∈ C0 (σ(A), C),
it turns out that

[Φ(f), B] = 0.

Proof. To ease the notation for the reader, we divide the proof into many little steps.

Uniqueness. Suppose that there exists a homomorphism of algebras Φ, and suppose that
it satisfies the properties (a) − (d). Φ. The requirement that Φ

(
idσ(A)

)
= A allows us to

extend Φ to all the polynomials as follows:

p 7−→ p(A).

Since Φ is an isometry, it follows from Stone-Weierstrass1 (note that σ(A) is compact) that
Φ can be uniquely extended by density to the whole space C0 (σ(A), C).

1Suppose that X is a compact Hausdorff space and A is a subalgebra of C0 (X; C) which contains a
non-zero constant function. Then A is dense if and only if it separates points.
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Existence. The map Φ is already well-defined from the complex polynomials to C[A]. To
prove that it can be extended up to the closures of these spaces, we simply need to show
the property (a), that is, Φ is an isometry.

(a) Let p(z) ∈ C[z] be a complex polynomial, and let B := p(A). A straightforward
computation shows that

‖p(A)‖2L(H)= ‖p(A)∗ p(A)‖L(H) =

= ‖p(A) p(A)‖L(H) =

= ‖(p p) (A)‖L(H) =

= max
λ∈σ(A)

|p p(λ)| = ‖p‖2∞, σ(A),

that is, Φ is an isometric homomorphism that sends idσ(A) to A. Therefore, there
exists an unique extension of Φ up to the closures, that is,

Φ : C0 (σ(A), C)→ C[A].

Notice that the closure of the complex polynomials defined on σ(A) is C0 (σ(A), C)
as a consequence of the Stone-Weierstrass and the compactness of σ(A).

To conclude the proof of this first property (and, thus, of the existence of Φ), it remains
to justify the identities we used to infer that Φ is an isometry.

The red identity is true under more general assumptions, that is, it is satisfied by any
linear bounded operator B. Indeed, the operator B∗B is always symmetric and thus

‖B‖2L(H) =

(
sup
‖x‖=1

‖Bx‖

)2

= sup
‖x‖≤1

〈B∗Bx, x〉 = ‖B∗B‖L(H)

The blue identity follows easily from (ıA)
∗

= −ıA∗, while the green identity follows
from the fact that Φ is a homomorphism of algebras.

In a similar fashion, the properties (b), (c) and (d) are certainly true when f ∈ C0 (σ(A), C)
is a polynomial, and they are preserved under the isometric extension.

The reader may fill the details as an exercise. Notice that (b) follows immediately from
(c) and the Spectral Map Theorem 6.40.

In this paragraph we introduce a more general class of operators, and we show that a
similar (but slightly more technical) result holds true.

Definition 7.2 (Normal Operator). A linear bounded operator A defined on a Hilbert
space H is normal if and only if

[A, A∗] := AA∗ −A∗A = 0.

Example 7.2. Here we give some examples of normal operators.
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(1) If A ∈ Lsym(H), then A is normal.

(2) If A is a linear bounded unitary operator, then A is also normal.

(3) If A ∈ Lsym(H) and λ ∈ C \ R, then λA is a normal operator which is, generally, not
symmetric.

(4) If A ∈ Lsym(H) and f ∈ C0 (σ(A), C), then f(A) is a normal operator, but it may
fail to be symmetric as we proved above.

Lemma 7.3 (Spectral Radius). Let A ∈ L(H) be a normal operator. Then the spectral
radius of A, denoted by rA, is equal to ‖A‖.

Proof. Since A is a linear bounded operator, Theorem 6.39 proves that the spectral radius
rA is given by

rA = lim
n→+∞

‖An‖ 1
n = inf

n∈N
‖An‖ 1

n .

Therefore, it is enough to prove that limn→+∞ ‖An‖
1
n is equal to ‖A‖. Recall that this

property has already been proved for symmetric operators (see Proposition 6.41). It follows
that

‖A‖ = ‖A∗A‖
1
2 =

= lim
n→+∞

‖(A∗A)
n‖

1
2n =

(?)
=

[
lim

n→+∞
‖(A∗)nAn‖

1
n

] 1
2

≤

≤
[

lim
n→+∞

‖(A∗)n‖
1
n lim
n→+∞

‖An‖
1
n

] 1
2

=

= (rA∗ · rA)
1
2 = rA,

where the equality (?) follows from the normality of A. The proof is now concluded because
the opposite one (‖A‖ ≥ rA) is trivially satisfied by any linear bounded operator A.

7.2 Borel Functional Calculus

The functional calculus of symmetric operators does not work anymore since p(A)∗p(A) is
not a polynomial in the sole variable A, but it depends on both A and A∗.

Moreover, σ(A) may have a nonempty internal part, which, in turn, would imply that
the polynomials are not dense anymore.

The fundamental idea here is to first develop a functional calculus in one variable, as-
suming that f is a Borel function (that is, there is no need for f to be continuous.)

Remark 7.1. Let H be a Hilbert space. Then there is a canonical isomorphism

L(H) = Lc(H)∗∗.
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We will not prove this fact, but it is important to know because it proves that L(H) is the
dual of a Banach space, and thus we can endow it with a weak-∗ topology.

Theorem 7.4 (Riesz-Markov). Let Σ be a compact metric space. The map

M (Σ; C) 3 µ −→ Λµ ∈ C0 (Σ; C)
∗

: Λµ(f) :=

∫
Σ

f(x) dµ(x)

is an isometry, whereM (Σ; C) is equipped with the total variation norm.

Proposition 7.5. Let A ∈ Lsym(H) be a symmetric operator. There exists a sesquilinear
application

H ×H 3 (x, y) 7−→ µx, y ∈M (σ(A), C) ,

where µx, y is a complex-valued Borel measure, whose support is contained in σ(A), such
that the following properties are satisfied:

(a) The mapping
Ψx, y : C0 (σ(A); C) 3 f 7−→ (f(A)x, y)H ∈ C

is linear and continuous, that is, Ψx, y ∈ C0 (σ(A); C)
∗. Furthermore, for all x, y ∈ H

we have

(f(A)x, y) =

∫
σ(A)

f(t) dµx, y(t).

(b) For all x, y ∈ H it turns out that

µy, x = µx, y.

(c) For all x, y ∈ H it turns out that

‖µx, y‖ := |µx, y| (σ(A)) ≤ ‖x‖‖y‖,

where the absolute value of a measure ν is defined by

|ν| (E) := sup
π

∑
A∈π
|ν(A)| for all E ⊂ σ(A).

(d) The measure µx := µx, x is positive and the total variation of µx is exactly equal to the
norm of x squared, that is,

|µx| (σ(A)) = ‖x‖2.

(e) For any f ∈ C0 (σ(A); C), it turns out that the Radon-Nikodym derivative is given by

dµf(A)x, y

dµx, y
= f.

Proof. The existence of the sesquilinear application follows immediately from the first prop-
erty and the Riesz-Markov representation theorem, as mentioned below.
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(a) For any couple (x, y) ∈ H ×H, the mapping

Ψx, y : C0 (σ(A); C) 3 f 7−→ (f(A)x, y) ∈ C

is linear since it is equal to the composition of the following linear operators:

f 7−→ f(A) 7−→ f(A)x 7−→ (f(A)x, y) .

Furthermore, Ψx, y is bounded as a consequence of the definition of operator norm and
the Cauchy-Schwartz inequality:

|Ψx, y(f)| = |(f(A)x, y)| ≤

≤ ‖f(A)x‖‖y‖ ≤

≤ ‖f(A)‖‖x‖‖y‖ = ‖f‖∞, σ(A)‖x‖‖y‖,

and hence Ψx, y belongs to the dual space C0 (σ(A); C)
∗. It follows from the Riesz-

Markov Theorem 7.4 that, for any x and y in H, there exists a unique complex-valued
measure µx, y ∈M (σ(A), C) such that

(f(A)x, y) =

∫
σ(A)

f(t) dµx, y(t).

(b) The identification with the dual space C0 (σ(A); C)
∗ immediately implies that the

two measures are equal if and only if they are equal against every continuous function
f . A simple computation shows that

〈µy, x, f〉 = (f(A)y, x) =

= (y, f(A)∗x) =

=
(
y, f(A)x

)
=

=
(
f(A)x, y

)
=
〈
µx, y, f

〉
,

where the red identity follows from the following, general, property:∫
Σ

f(t) dµ(t) =

∫
Σ

f(t) dµ(t).

(c) This estimate follows immediately from the argument used above to show (a).

(d) The measure µx is positive if and only if for any positive function f ∈ C0 (σ(A); C)
it turns out that ∫

σ(A)

f(t) dµ(t) ≥ 0.

This is an easy consequence of the fact that f ≥ 0 =⇒ f(A) is a positive operator
(see Proposition 7.1).
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(e) For all functions g ∈ C0 (σ(A); C) it turns out that

〈
µf(A)x, y, g

〉
=

∫
σ(A)

g(t) dµf(A)x, y(t) =

= (g(A) (f(A)x) , y) =

= (g · f(A)x, y) = 〈µx, y, g · f〉 .

Therefore, the Radon-Nikodym density of µf(A)x, y with respect to µx, y is the function
f .

Lax-Milgram Theorem. We now introduce a fundamental result in functional analysis
and partial differential equations, which is also the main ingredient needed to extend the
functional calculus from continuous to Borel functions.

Theorem 7.6 (Lax-Milgram). Let H be a complex Hilbert space, and let b : H ×H −→ C
be a sesquilinear form. Suppose that b is bounded, that is, there exists a constant C > 0
such that

|b(x, y)| ≤ C · ‖x‖‖y‖ for all (x, y) ∈ H ×H.

Then there exists a continuous linear operator B ∈ L(H, H) such that

b(x, y) = (Bx, y) for all (x, y) ∈ H ×H. (7.2)

Proof. For x ∈ H fixed, the application

H 3 y 7−→ b(x, y) ∈ C

is linear and continuous. Therefore, a straightforward application of the Riesz Representa-
tion Theorem 1.22 proves that there exists a unique element v ∈ H such that

b(x, y) = (v, y) for every y ∈ H.

If we denote by B(x) the element v ∈ H, then we find an operator B : H −→ H satisfying
the identity

b(x, y) = (B(x), y) ,

and thus it is enough to prove that B is linear and continuous. The uniqueness of the vector
v ∈ H (given by the representation theorem) is enough to infer that B is linear since the
two elements

αB(x) + βB(y) and B (αx+ βy)

both satisfies the relation (7.2). More precisely, we have that

(B(αx+ βy), z) = b(αx+ βy, z) =

= αb(x, z) + βb(y, z) =

= α(B(x), z) + β(B(y), z) = (αB(x) + βB(y), z)
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for all x, y ∈ H×H and z ∈ H. It follows that (since B is linear) to prove the continuity, it
suffices to prove the boundedness of B. It follows from the assumption that for any x ∈ H
we have

|b(x, y)| ≤ C · ‖x‖‖y‖ =⇒ ‖Bx‖ ≤ C · ‖x‖,

and this concludes the proof.

Notions of Convergence. In this brief paragraph, we introduce a different notion of con-
vergence on the space of bounded Borel functions, and we also recall the strong convergence
for continuous linear operators.

Notation. Let Σ be a compact subset of C. From now on, we shall denote by L∞ (Σ; C)
the set of all bounded Borel functions defined on Σ.

Definition 7.7. Let (fn)n∈N ⊂ L∞ (Σ; C) be a sequence of functions. We say that fn
converges dominantly pointwise to f if and only if the following properties are satisfied:

(1) For every x ∈ Σ it turns out that

fn(x)
n→+∞−−−−−→ f(x).

(2) There exists a positive constant C > 0 such that

‖fn‖∞,Σ ≤ C < +∞ (7.3)

Remark 7.2. Let µ be a finite measure, and let Σ ⊂ C be a compact set. Then every
sequence of function (fn)n∈N ⊂ L∞ (Σ; C) converging to some f dominantly pointwise,
also converges to f with respect to the L2(Σ, µ) norm.

Proof. It suffices to notice that the difference |fn(x)− f(x)|2 is uniformly bounded, and it
converges µ-almost everywhere (in Σ) to zero.

Lemma 7.8. Let P(Σ; C) be the set of all polynomials defined on Σ. The sequential closure
of P(Σ; C) with respect to the dominantly pointwise convergence is the space L∞ (Σ; C).

Road Map. We do not prove this statement here, but the reader may try to fill in the details
as an exercise.

(a) If V ⊆ L∞ (Σ; C) is a subspace, then V
seq ⊆ L∞ (Σ; C) is also a subspace.

(b) If V ⊆ L∞ (Σ; C) is a lattice, then V
seq ⊆ L∞ (Σ; C) is also a lattice.

(c) If V = C0 (Σ; C), then {
E ⊆ Σ

∣∣∣ χE ∈ V seq}
is a σ-algebra containing the Borel σ-algebra.
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Definition 7.9. Let (Tn)n∈N ⊂ L(H) be a sequence of linear bounded operators. We say
that Tn converges strongly to T if and only if

Tn(x)
n→+∞−−−−−→ T (x) for all x ∈ H, (7.4)

that is, if and only if Tn is pointwise convergent to T .

Remark 7.3. The Banach-Steinhaus theorem implies that, if Tnx converges for all x ∈ H,
then there exists a linear bounded operator T such that Tn → T strongly.

Remark 7.4. A sequence of linear bounded operators (Tn)n∈N ⊂ L(H) converges weakly
to some T ∈ L(H) if and only if

〈Tnx, y〉H
n→+∞−−−−−→ 〈Tx, y〉 for every x, y ∈ H. (7.5)

Lemma 7.10. Let (Tn)n∈N ⊂ L(H) be a weakly converging sequence, and let T ∈ L(H) be
its limit. Then the following assertions hold:

(a) If S ∈ L(H) is a linear bounded operator, then TnS converges weakly to the product
TS.

(b) If S ∈ L(H) is a linear bounded operator, then BTn converges weakly to the product
ST .

Proof.

(a) The sequence (Tn)n∈N ⊂ L(H) is weakly convergent; therefore, for every x, y ∈ H, it
turns out that

〈TnSx, y〉 = 〈Tn (Sx) , y〉 n→+∞−−−−−→ 〈T (Sx) , y〉 ,

which is exactly what we wanted to prove.

(b) The sequence (Tn)n∈N ⊂ L(H) is weakly convergent; therefore, for all x, y ∈ H, it
turns out that

〈STnx, y〉 = 〈Tnx, S∗y〉
n→+∞−−−−−→ 〈Tx, S∗y〉 = 〈STx, y〉 .

Definition 7.11 (?-Homomorphism). Let A and B be ?-algebras. A ?-homomorphism
f : A −→ B is an algebra homomorphism that is compatible with the involutions of A and
B, that is,

f(a∗) = f(a)∗ for all a ∈ A.

We are finally ready to state and prove the main result concerning the functional calculus
for bounded Borel functions.

Proposition 7.12. Let A ∈ Lsym(H) be a symmetric operator, and let σ(A) := Σ. There
exists a unique ?-homomorphism of ?-algebras

Φ : L∞ (Σ; C) −→ L(H)

such that Φ (idΣ) = A. Moreover, it satisfies the following properties:
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(a) The mapping Φ is sequentially continuous if we endow L∞ (Σ; C) with the dominate
pointwise convergence and L(H) with the weak convergence of operators.

(b) The mapping
Ψx, y : L∞ (Σ; C) 3 f 7−→ (Φ(f)x, y) ∈ C

is linear and continuous, that is, Ψx, y ∈ L∞ (Σ; C)
∗. Furthermore, there exists a

unique complex-valued measure µx, y satisfying

(Φ(f)x, y) =

∫
Σ

f(t) dµx, y(t).

(c) For any f ∈ L∞ (Σ; C) it turns out that

‖Φ(f)‖ ≤ ‖f‖∞,Σ.

(d) For any f ∈ L∞ (Σ; C) it turns out that

B ∈ L(H) : [A, B] = 0 =⇒ [Φ(f), B] = 0.

(e) For any f ∈ L∞ (Σ; C) it turns out that

f ≥ 0 =⇒ Φ(f) ≥ 0.

(f) The mapping Φ is sequentially continuous if we endow L∞ (Σ; C) with the dominate
pointwise convergence and L(H) with the strong convergence of operators.

Proof. We first prove that if such a map exists, then it must be unique. Then, we use the
formula obtained in the uniqueness step and show that it actually defines a map with the
desired properties.

Uniqueness. The map Φ is unique because it is the unique isometric extension of the
continuous functional calculus (see Proposition 7.1). Moreover, from the formula

(Φ(f)x, y) =

∫
Σ

f(t) dµx, y(t) (7.6)

valid for all f ∈ C0 (Σ; C), it follows that the functional Ψx, y, defined in the statement,
can be extended to the whole L∞ (Σ; C) by (sequential) continuity.

Existence. The mapping

H ×H 3 (x, y) 7−→ Ψx, y(f) ∈ C,

defined by formula (7.6), is a sesquilinear application satisfying the assumptions of the Lax-
Milgram Theorem 7.6. Therefore, there exists a continuous linear operator, denoted by
Φ(f), such that

Ψx, y(f) = (Φ(f)x, y)H ,

which is exactly what we wanted to prove.
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Sequential Continuity (a). If we endow L∞ (Σ; C) with the dominate pointwise con-
vergence and L(H) with the weak convergence of operators, then the sequential continuity is
an immediate consequence of the properties of the spectral measures (see Proposition 7.5).

Properties (b)− (e) . Recall that the properties (b)− (e) have already been proved in
Proposition 7.1 for the continuous functional calculus. Since Φ is a ?-homomorphism, we
infer that these properties are already satisfied when f ∈ C0 (Σ; C).

The reader may complete the proof of this step by noticing that these properties can all
be extended by continuity to L∞ (Σ; C).

Sequential Continuity (f). Let (fn)n∈N ⊂ L∞ (Σ; C) be a sequence of functions such
that

fn(x)
n→+∞−−−−−→ f(x) for all x ∈ Σ and ‖fn‖∞,Σ ≤ C.

The goal is to prove that the sequence of continuous linear operators (Φ(fn))n∈N ⊂ L(H)
converges to the continuous linear operator Φ(f) pointwise. Indeed, if ‖ · ‖H denotes the
norm on the Hilbert space H, then it turns out that

‖Φ(fn)(x)− Φ(f)(x)‖2H = ((Φ(fn)− Φ(f))x, (Φ(fn)− Φ(f))x)H =

=
(
Φ (fn − f) Φ

(
fn − f

)
x, x

)
H

=

=
(
Φ
(
(fn − f)

(
fn − f

))
x, x

)
H

=

=
(
Φ
(
|fn − f |2

)
x, x

)
H

=

=

∫
Σ

|fn(t)− f(t)|2 dµx(t) =

= ‖fn − f‖2L2(Σ, µx)
n→+∞−−−−−→ 0

since by Remark 7.2 the dominated pointwise convergence is stronger than the L2 conver-
gence.

The red identity follows from the fact that Φ(f)∗ = Φ
(
f
)
, while the blue identity follows

from the fact that Φ is a ?-homomorphism.

7.3 Multivariable Functional Calculus

The primary goal of this section is to generalize the functional calculus to a multivariable
setting, that is, when we have to deal with more than one operator.

Remark 7.5. Let A ∈ L(H) be a normal operator. Then A is the sum of symmetric
operators B, C ∈ Lsym(H), defined in the following way:

A = B + ıC, where B =
A+A∗

2
and C =

A−A∗

2ı
.
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Since A commutes with its adjoint A∗, a simple computation shows that B commutes with
C, i.e.,

[A, A∗] = 0 =⇒ [B, C] = 0.

In particular, the functional calculus for normal operators will follows immediately from the
multivariable functional calculus, which we shall develop throughout this section.

Proposition 7.13. Let A1, . . . , An ∈ Lsym(H) be symmetric operators such that

[Ai, Aj ] = 0 for all i, j ∈ {1, . . . , n}.

For each index i let Ii := [−‖Ai‖, ‖Ai‖], and let

I :=

n∏
i=1

Ii.

There exists a unique ?-homomorphism of ?-algebras

Φ : L∞ (I; C) −→ L(H)

sequentially continuous with respect to the dominated pointwise convergence and the strong
convergence of operators respectively, sending the projection πi to Ai for each index i, that
is,

πi : I −→ Ii =⇒ Φ(πi) = Ai.

Furthermore, it satisfies the following properties:

(a) The mapping
Ψx, y : L∞ (I; C) 3 f 7−→ (Φ(f)x, y) ∈ C

is linear and continuous, that is, Ψx, y ∈ L∞ (I; C)
∗. Furthermore, there exists a

unique complex-valued measure µx, y such that

(Φ(f)x, y) =

∫
I

f(t1, . . . , tn) dµx, y(t1, . . . , tn).

(b) For any f ∈ L∞ (I; C) it turns out that

‖Φ(f)‖ ≤ ‖f‖∞, I .

(c) For any f ∈ L∞ (I; C) it turns out that

B ∈ L(H) : [Ai, B] = 0 for every i = 1, . . . , n =⇒ [Φ(f), B] = 0.

(d) For any f ∈ L∞ (I; C) it turns out that

f ≥ 0 =⇒ Φ(f) ≥ 0.

Proof. We first suppose that such an operators satisfying these properties exists, and we
prove that it must be uniquely determined. Then, we prove the existence of Φ and give the
idea on how it can be extended to the space of Borel bounded functions.
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Uniqueness. First, we notice that if f is a function that depends on a single variable xi,
then Φ(f) coincides with the result of the usual Borel functional calculus

f 7−→ f(Ai).

On the other hand, since Φ is a homomorphism, for every collection E1 ⊂ I1, . . . , En ⊂ In
of Borel subsets, it turns out that

Φ (χE1×···×En) =

n∏
i=1

χEi(Ai). (7.7)

Therefore, Φ is uniquely determined by its value on simple functions (finite sums of charac-
teristics of Borel subsets E ⊂ I) and, by pointwise convergence density, it turns out that Φ
can be extended in a unique way to the whole space L∞ (I; C).

Existence, Step 1. Let Pi be a finite and measurable partition of Ii for all i ∈ {1, . . . , n},
and let us denote by P the product partition of I, that is,

P := {E1 × · · · × En | Ei ∈ Pi for every i ∈ {1, . . . , n}} .

Let Fi be the finite algebra generated by the partition Pi (i.e., its power set), and let F be
the finite algebra generated by P. Let Φ be a Borel function defined on F . By construction,
it turns out that

Φ ∈ BF := Span {χE | E ∈ P } ,
as the reader may readily check using (7.7). The map Φ is certainly a ?-homomorphism
since [

χEi(Ai), χEj (Aj)
]

= 0

for all i, j ∈ {1, . . . , n}. Indeed, it follows easily from Proposition 7.12, which asserts that
in the Borel functional calculus each operator B ∈ L(H) such that [B, A] = 0 also commutes
with Φ(f), that is, [Φ(f), B] = 0.

The map Φ is also ordinate, that is, it sends positive functions f ≥ 0 to positive operators
Φ(f). Indeed, since Φ is a ?-homomorphism it turns out that

f =
(√

f
)2

=⇒ Φ(f) = Φ
(√

f
)2

= Φ(f)∗Φ(f),

and the latter operator is always positive.

Existence, Step 2. A refinement of the partition Pi for all i ∈ {1, . . . , n} yields to a
different function Φ, which extends the one constructed previously. Hence Φ is well-defined
on the set ⋃

P
BF : F algebra generated by the finite partition P.

There are now two different, but equivalent, ways to extend Φ to the set of Borel bounded
functions:

(1) We first extend Φ to C0 (I; C) by density. Then we extend it to the space L∞ (I; C),
as we have already done in the case of a single variable (that is, we define suitable
spectral measures and prove an equivalent assertion to Proposition 7.12).

(2) We extend Φ directly to L∞ (I; C) by density.
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Properties. The map Φ : L∞ (I; C)→ L(H) is clearly a ?-homomorphism, and a similar
argument to the one used in the previous section, is enough to prove that the properties
(a)− (d) hold true. For example, if f ∈ L∞(I) is a real-valued function, then

−‖f‖∞, I ≤ f ≤ ‖f‖∞, I
Φ

=⇒ −‖f‖∞, I idH ≤ Φ(f) ≤ ‖f‖∞, I idH =⇒

=⇒ ‖Φ(f)‖ ≤ ‖f‖∞, I .

If f ∈ L∞ (I; C) is a bounded Borel function, then the previous inequality implies that

‖Φ (|f |) ‖ ≤ ‖f‖∞, I ,

and this is enough to conclude that (b) holds true since

Φ (|f |) =
√

Φ∗(f) Φ(f) =⇒ ‖Φ(f)‖ = ‖Φ (|f |)‖ .

Multiplicative Operator. In this paragraph, we briefly introduce one of the most im-
portant applications of the functional calculus and, in the next section, we will see why it
is so important.

Proposition 7.14. Let (X, Θ, m) be a measure space, and assume that m(X) < +∞. If
a : X → R is a measurable function such that

a · L2 (X, Θ, m) ⊆ L2 (X, Θ, m) ,

then a is essentially bounded, that is, a ∈ L∞ (X, Θ, m).

Proposition 7.15. Let (X, Θ, m) be a measure space, and assume that m(X) < +∞.
Let H = L2 (X, Θ, m) and let α ∈ L∞ (X, Θ, m) be a class of equivalence of measurable
essentially bounded real-valued functions X → R. The multiplicative operator

Mα : H → H, u 7−→ α · u

satisfies the following properties:

(a) The kernel of Mα − λ IdH is equal to L2 (spt(λ), Θ, m), where

spt(λ) := α−1(λ) ⊆ X.

(b) The rank of Mα − λ IdH is equal to

Ran (Mα − λ IdH) =
{
u ∈ L2 (X, Θ, m)

∣∣ ∃ v ∈ L2 (X, Θ, m) , u = (α− λ) v
}
.

(c) The operator Mα − λ IdH is surjective if and only if

1

α− λ
∈ L∞ (X, Θ, m)

if and only if there exists ε > 0 such that

m ({|α− λ| < ε}) = 0

if and only if there exists ε > 0 such that

α#m (B(λ, ε)) = 0.
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(d) For any f ∈ L∞ (σ(Mα); C) it turns out that

f (Mα) = Mf◦α.

(e) For any u, v ∈ H and for any f ∈ L∞ (σ(Mα); C) the spectral measure is given by

µu, v = α# (uv ·m) .

7.4 Unitary Conjugation of Symmetric Operators

Introduction. In this final section, we show that any symmetric operator A defined on a
complex Hilbert space is conjugated, via a unitary operator, to the multiplication operator
in L2(σ(A), µξ) if its spectrum is simple. We also show how this property can be generalized
if the spectrum is not simple, using a particular orthogonal decomposition.

Let A ∈ Lsym(H) be a linear bounded symmetric operator defined on a Hilbert space H.
For any ξ ∈ H we denote by Hξ the minimal closed A-invariant subspace of H containing
ξ, that is,

Hξ = Span 〈An ξ : n ∈ N〉.
Let p ∈ C[z] be a complex-valued polynomial. The reader may easily check that the subspace
Hξ is defined in such a way that it is also invariant under the action operator p(A), that is,

p(z) = anz
n + · · ·+ a1z + a0 =⇒ p(A)η = anA

nη + · · ·+ a1Aη + a0η ∈ Hξ.

Furthermore, the subspace

{T ∈ L(H) |Hξ is T -invariant} ⊂ L(H)

is closed with respect to the weak topology of the operators, since

Tn ⇀ T ⇐⇒ 〈Tn, η〉
n→+∞−−−−−→ 〈T, η〉,

and this implies that, for any η ∈ Hξ, we have

〈Tn, η〉 ∈ Hξ for all n ∈ N =⇒ 〈T, η〉 ∈ Hξ.

Therefore, it follows from Proposition 7.12 that the subspace Hξ is invariant under the
operator f(A) for every f ∈ L∞ (σ(A); C).

Lemma 7.16. Let ξ ∈ H be any element. For any ξ′ ∈ H it turns out that

ξ′ ⊥ Hξ ⇐⇒ Hξ′ ⊥ Hξ.

Proof. Recall that the operator A is symmetric, which means that (An)
∗

= An for any
n ∈ N. A straightforward computation shows that

ξ′ ⊥ Hξ ⇐⇒
〈
ξ′, An+m ξ

〉
= 0 for all n, m ∈ N

⇐⇒ 〈Am ξ′, An ξ〉 = 0 for all n, m ∈ N

⇐⇒ Hξ′ ⊥ Hξ,

and this concludes the proof.
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Orthogonal Decomposition. The previous Lemma 7.16 suggest the possibility that the
complex Hilbert space H may be decomposed as the direct orthogonal sum of closed A-
invariant subspaces, that is, there exists Ξ ⊂ H such that

H =
⊕
ξ∈Ξ

Hξ.

We shall give this decomposition for granted, but the interested reader may try to fill in the
details using the statement of Theorem 1.28. Indeed, if we consider H as a Hilbert module
with scalar ring C[z] and action defined by

C[z]×H 3 p · v 7−→ p(A)v ∈ H,

then the mentioned theorem proves the existence of a maximal family Ξ.

Remark 7.6. We also observe that, if H is a separable Hilbert space, then Ξ is at most
countable.

Relation between Hξ and µξ. Set µξ := µξ, ξ. For all f ∈ C0 (σ(A); C), it turns out
that f(A) ξ ∈ Hξ, and a straightforward computation yields to

‖f(A)ξ‖2H = (f(A)ξ, f(A) ξ)H =

= (f(A)∗f(A)ξ, ξ)H =

=
(
|f |2(A) ξ, ξ

)
H

=

=

∫
σ(A)

|f |2dµξ = ‖f‖2L2(µξ)
.

In particular, the map defined by setting

C0 (σ(A); C)→ Hξ, f 7−→ f(A)ξ

is an isometry, and thus it can be extended to the closures of the sets, that is,

U : L2 (σ(A), µξ)→ Hξ, f 7−→ f(A)ξ.

Let Mx be the multiplicative operator that acts on L2(σ(A), µξ). Then there is a commu-
tative diagram

L2 (σ(A), µξ) Hξ

L2 (σ(A), µξ) Hξ

Mx

U

A

U

as the reader may easily verify that

f 7−→ f(A)ξ 7−→ A [f(A)ξ] ,

f 7−→ xf(x) 7−→ A [f(A)ξ]
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are, respectively, the composition A ◦ U and U ◦Mx.

The brief discussion above has many important consequences. We first study a possible
outcome when the spectrum of A has a particularly simple form.

Definition 7.17 (Simple Spectrum). The spectrum of a linear bounded symmetric operator
A ∈ Lsym(H), defined on a complex Hilbert space H, is simple if there exists ξ ∈ H such
that

Hξ = H.

Corollary 7.18. If A ∈ Lsym(H) has a simple spectrum, then A is conjugate to the multi-
plication operator Mx, defined on L2 (σ(A), µξ), via a unitary operator U .

In the general case, as we mentioned above, the spaceH may be written as the orthogonal
sum of A-invariant subspaces as follows:

H =
⊕
ξ∈Ξ

Hξ.

Let us consider the topological product σ(A)× Ξ, endowed with the σ-algebra product

B((σ(A))⊗ P(Ξ)

where B((σ(A)) is the Borel σ-algebra generated by the spectrum σ(A), and P(Ξ) is the
power set of Ξ. The measure µ that makes it a measure space is defined in the usual way,
that is,

µ(E) =
∑
ξ∈Ξ

µξ (Eξ) , where E =
⋃
ξ∈Ξ

Eξ × {ξ}.

In this case we have a slightly more complex commutative diagram

L2 (σ(A)× Ξ, B × P (Ξ), µ) H

L2 (σ(A)× Ξ, B × P (Ξ), µ) H

Mx

U=⊕ξ∈ΞUξ

A

U=⊕ξ∈ΞUξ

where Mx is the multiplicative operator defined by setting

Mx (f(x, ξ)) := x f(x, ξ).

As a consequence of the decomposition and of what we have already proved above, a simple
generalization of the previous corollary holds.

Corollary 7.19. If A ∈ Lsym(H), then A is conjugate to the multiplication operator Mx,
defined on L2 (σ(A)× Ξ, B × P (Ξ), µ), via a unitary operator U .



Chapter 8

Fredholm Operators

In this brief chapter, we introduce the class of Fredholm operators and the notion of Fredholm
index, and we investigate their relation with compact operators.

8.1 Definitions and Main Properties

Definition 8.1 (Fredholm Operator). A linear continuous operator T ∈ L(X, Y ) between
two Banach spaces is a Fredholm operator if and only if the following properties hold:

1) The dimension of the kernel KerT is finite.

2) The codimension of the rank RanT is also finite.

Remark 8.1. If T ∈ L(X, Y ) is a Fredholm operator, then RanT is closed as a subspace
of Y .

Proof. Let F ⊂ Y be a finite-dimensional direct algebraic addendum of the range of T in
Y , that is,

Y = F ⊕ RanT, ⊕ : algebraic direct sum.

Let T̃ : X × F −→ Y be the operator defined by sending

X × F 3 (x, f) 7−→ Tx+ f ∈ Y.

By construction T̃ is a surjective operator; hence the Open Mapping Theorem 4.20 implies
that T̃ is an open map and also that it can be identified to a quotient map

X × F Y

X × F�Ker T̃

T̃

π

α

where α is a linear isomorphism. Moreover, the kernel of the operator is given by

Ker T̃ = KerT × {0} ⊂ X × {0},
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and it is thus closed in X × F . On the other hand, we have that

RanT = T̃ (X × {0}) = α ◦ π(X × {0})

as a consequence of the decomposition above, and this is enough to infer that RanT is a
closed subspace of Y since α is a linear isomorphism and Lemma 8.2 applies here.

Lemma 8.2. Let X be a Banach space, and let N be a closed subspace of X. For every
V ⊃ N closed subspace, the image of V via the projection

pN : X −� X�N,

denoted by pN (V ), is a closed subspace of the quotient X�N .

Definition 8.3 (Semi-Fredholm Operator). A linear continuous operator T ∈ L(X, Y )
between Banach spaces is a semi-Fredholm operator if and only if the following properties
hold:

1) The rank RanT is closed.

2) Either the dimension of KerT or the codimension of RanT is finite.

Definition 8.4 (Fredholm Index). Let T ∈ L(X, Y ) be a (semi-)Fredholm operator. The
Fredholm index of T is the integer number (eventually infinite) defined by the formula

i(T ) := dim KerT − codim RanT ∈ Z ∪ {±∞}. (8.1)

Example 8.1.

(1) If X = Y is a Banach space and K ∈ Lc(X) is a compact operator, then T := idX−K
is a Fredholm operator with Fredholm index equal to 0.

(2) Let X = Y = `2. We denote by S the injective shift operator

S : `2 → `2, (x0, x1, . . . ) 7−→ (0, x0, x1, . . . ),

and we denote by S∗ the surjective shift operator

S∗ : `2 → `2, (x0, x1, . . . ) 7−→ (x1, x2, x3, . . . ).

The reader may check by herself that S∗ is the adjoint of S (i.e., the notation is
coherent), and also that the Fredholm indexes are respectively equal to

i(S) = −1 and i (S∗) = +1.

Moreover, the operator S is the essential inverse (see Theorem 8.5) of S∗ (and vice
versa) since

S∗ ◦ S = id`2 and S ◦ S∗ = id`2 − π〈e1〉,

where π is the projection onto the 1-dimensional subspace 〈e1〉 of `2. Notice also that
the Fredholm index seems to satisfy an additive property because

i (id`2) = 0 = i(S) + i (S∗) .
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Remark 8.2. Let T : X −→ Y be a linear continuous operator between Banach spaces.
Then T is a Fredholm operator if and only if there are finite dimensional spaces E and F
such that

0 −→ E −→ X
T−→ Y −→ F −→ 0

is a short exact sequence.

Theorem 8.5 (Atkinson). Let T ∈ L(X, Y ) be a linear continuous operator between Banach
spaces. Then T is a Fredholm operator if and only if T is essentially invertible, that is, there
exists S ∈ L(Y, X) such that

T ◦ S = idY +K1 and S ◦ T = idX +K2,

where K1 ∈ Lc(Y ) and K2 ∈ Lc(Y ) are compact operators.

Proof. To ease the notation, we divide the argument into two paragraphs.

” =⇒ ”: Suppose that T is a Fredholm operator. By definition, the subspace E0 :=
KerT is closed and finite-dimensional; hence it follows from Exercise 8.1 that E0 is a direct
algebraic addendum of X, that is,

X = E0 ⊕ E1.

Similarly, the subspace F1 := Ran(T ) is closed and finite-codimensional; hence it is an
algebraic direct addendum of Y , that is,

Y = F0 ⊕ F1.

Let Pi : X −� Ei and Qi : Y −� Fi be the projections associated to the decompositions
above, and let us consider the invertible operator

T1 : E1 −→ F1, T1 := Q1 ◦ T ◦ P1.

If we set S := T−1
1 ◦Q1 ∈ L(Y, X), then it turns out that

S ◦ T = T−1
1 ◦Q1 ◦ T = P1 = idX − P0,

T ◦ S = T ◦ T−1
1 ◦Q1 = Q1 = idY −Q0,

and this proves the thesis (since the projections are compact operators).

In other words, the argument of this arrow can be equivalently stated by seeing the
operator T as a 2× 2 matrix defined on the decompositions of X and Y as follows:

T : E0 ⊕ E1 −→ F0 ⊕ F1, T =

Q0 ◦ T ◦ P0 Q1 ◦ T ◦ P0

Q0 ◦ T ◦ P1 Q1 ◦ T ◦ P1

 =

0 0

0 T1

 .

” ⇐= ” Suppose that T is essentially invertible, and let S be its essential inverse. It is
immediate to verify that the following inclusions hold:

KerT ⊂ KerS ◦ T = Ker (idX +K2) ,

RanT ⊃ RanT ◦ S = Ran (idY +K1) .
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It follows from Theorem 6.18 that the right-hand side of the first (resp. second) inclusion
has finite dimension (resp. codimension), and therefore the same is true for the left-hand
side.

Remark 8.3. If Ss and Sd are respectively the left essential inverse and the right essential
inverse of a Fredholm operator T , then Sd − Ss ∈ Lc(X, Y ). Indeed, it turns out thatTSd = idY +K1

SsT = idX +K2

 

SsTSd = Ss + Ss ◦K1

SsTSd = Sd +K2 ◦ Sd,

and this proves the claim. In particular, both Ss and Sd are essential inverses of T .

Let X and Y be Banach spaces. From now on, we denote by F (X, Y ) the set of all the
Fredholm operators between X and Y .

Proposition 8.6. The set of all Fredholm operators F (X, Y ) is an open subset of L(X, Y ).

Proof. Let T ∈ F (X, Y ) be a Fredholm operator, let S ∈ F (Y, X) be an essential inverse
and set

r := ‖S‖−1.

We claim that
T +H ∈ F (X, Y ) ∀H ∈ L(X, Y ) : ‖H‖ < r.

Indeed, consider the operator S(idY + HS)−1, and notice that it is well-defined. Further-
more, a simple computation shows that

(T +H)
[
S(idY +HS)−1

]
= (TS +HS) (idY +HS)

−1
=

= (idY +HS) (idY +HS)
−1

+K ′ =

= idY +K ′,

where K ′ := K1 (idY +HS)
−1 ∈ Lc(Y ). In a similar fashion one can prove that[

(idX + SH)
−1
S
]

(T +H) = idX +K ′′,

and this is enough to infer that T +H ∈ F (X, Y ), as a consequence of Remark 8.3.

Lemma 8.7. Let T ∈ F (X, Y ) be a Fredholm operator of index i(T ) = 0. There exist
U : X −→ Y invertible operator and L : X −→ Y finite-rank operator such that

T = U + L.

Proof. Let Ei, Fi, Pi, Qi and Ti be the objects defined in the proof of Theorem 8.5. Since
E0 and F0 are finite-dimensional vector spaces (with the same dimension), there exists a
linear isomorphism L0 : E0 −→ F0; hence we can define

L := L0 ◦ P0 and U := T − L.
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The operator U is invertible because both of the diagonal blocks are invertible, that is,

T − L : E0 ⊕ E1 −→ F0 ⊕ F1, T − L =

−L0 0

0 T1

 .

Proposition 8.8. The Fredholm index

i : F (X, Y ) −→ Z

is a continuous map (and thus locally constant.)

Proof. We divide the argument into two steps.

Step 1. Suppose that the Fredholm index of T ∈ F (X, Y ) is 0. By Lemma 8.7 there
exist U ∈ L(X, Y ) invertible and L ∈ Lf (X, Y ) such that

T = U + L.

Let S ∈ F (Y, X) be an essential inverse of T , and let H ∈ L(X, Y ) be an operator such
that ‖H‖ < r, where r := ‖S‖−1. Clearly

U +H is invertible because U
(
idx + U−1H

)
is invertible,

and hence the reader may easily check that

T +H = (idY + L′) ◦ U ′,

where U ′ := U + H is invertible and L′ := L ◦ (U +H)
−1 is a finite-rank operator. The

operator U ′ is invertible, and therefore

i (idY + L′) = 0 =⇒ i(T +H) = 0

which is exactly what we wanted to prove.

Step 2. In the general case (i(T ) = k), one may always consider the operator

T̃ : X ⊕ E −→ Y ⊕ F, (x, e) 7−→ (Tx, 0),

where E and F are finite-dimensional spaces such that

−k = dimE − dimF.

By definition, the operator T̃ has Fredholm index equal to zero. Thus what we have proved
in the first step immediately implies that

i
(
T̃ + (H ⊕ 0E→F )

)
= 0 ∀H ∈ L(X, Y ) : ‖H‖ < r,

from which we easily infer that i(T +H) = k.
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Proposition 8.9 (Invariance Properties). Let X and Y be Banach spaces.

(a) The sum of a Fredholm operator and a compact operator is still a Fredholm operator,
that is,

F (X, Y ) + Lc(X, Y ) ⊆ F (X, Y ).

(b) The index is invariant under compact perturbations, that is,

i(T +K) = i(T ), ∀T ∈ F (X, Y ) ∀K ∈ Lc(X, Y ).

Proof.

(a) Let K be a compact operator, let T ∈ F (X, Y ) be a Fredholm operator and let S an
the essential inverse, given by Theorem 8.5. Then S is also an essential inverse of the
operator T +K since one can easily check that

S(T +K) = ST + SK = idX +K2 + SK ∈ idX + Lc(X)

(T +K)S = TS +KS = idY +K1 +KS ∈ idY + Lc(Y )

since the operators SK and KS are both compact as a result of Lemma 6.11.

(b) Let t ∈ [0, 1] be a real number, and let us consider the operator

Lt := T + t ·K.

The operator t·K is compact; hence (a) implies that Lt ∈ F (X, Y ) for every t ∈ [0, 1].
In conclusion, it suffices to notice that by Proposition 8.8 the map

(0, 1) 3 t 7−→ i(T + t ·K) ∈ Z

is continuous and with values in a discrete set, that is, it is constant.

Corollary 8.10. Let GL(X, Y ) ⊂ L(X, Y ) be the subset of all the invertible operators from
X o Y . Then the Fredholm operator of index 0 are given by

F0(X, Y ) = GL(X, Y ) + Lc(X, Y ) = GL(X, Y ) + Lf (X, Y ).

Remark 8.4. The set of all Fredholm operators F (X, Y ) is open (Proposition 8.6). More-
over, it is equal to the countable union of open subsets

F (X, Y ) =
⋃
k∈N

Fk(X, Y )

where Fk(X, Y ) is the subset of all the operators whose index is equal to k.

Notice that, a priori, the Fk(X, Y )’s are not the connected components of F (X, Y )
(they may be disconnected), but, if X = Y is an infinite-dimensional separable Hilbert
space, then they are.

Proposition 8.11. Let X, Y, Z be Banach spaces, and let T ∈ F (X, Y ) and S ∈ F (Y, Z).
Then the composition ST belongs to F (X, Z) and the Fredholm index is multiplicative, that
is,

i(ST ) = i(S) + i(T ).

Proof 1. We split the argument into two steps.
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Step 1. The reader may prove as an exercise that there is an exact sequence

0 −→ KerT −→ KerS ◦ T T−→ KerS −→ 0,

hence the dimension of KerS ◦T is finite since the dimensions of KerT and KerS are finite.

In a similar fashion, one could prove that the codimension of RanS ◦T is finite, and thus
that ST ∈ F (X, Z) is a Fredholm operator.

Step 2. The argument presented here works only if X = Y = Z. We consider the path of
Fredholm operators (Lθ)θ∈[0, π/2] defined by

Lθ :=

(
idX 0
0 S

)(
cos θ − sin θ
sin θ cos θ

)(
T 0
0 idX

)(
cos θ sin θ
− sin θ cos θ

)
.

A simple computation proves that

L0 =

(
T 0
0 S

)
and Lπ

2
=

(
idX 0
0 ST

)
,

are Fredholm operators linked via a continuous path. In particular, it turns out that

i (L0) = i
(
Lπ

2

)
=⇒ i(T ) + i(S) = i(idX)︸ ︷︷ ︸

=0

+i(ST ),

which is exactly what we wanted to prove.

Proof 2. The key idea is to decompose X, Y and Z in 3, 4 and 3 closed spaces respectively
in such a way that T and S induce, on corresponding spaces, either the null map or an
invertible map.

Decomposition of X. Let X0 := KerT be a finite-dimensional closed subspace of X.
Since the kernel of T is included in the kernel of ST , it turns out that there exists a finite-
dimensional subspace X1 ⊂ X such that

X0 ⊕X1 = KerS ◦ T.

Finally, let X2 ⊂ X be the complement of KerS ◦ T ⊂ X so that

X0 ⊕X1 ⊕X2 = X.

Moreover, observe that the operator T , restricted to X0, is the null map. In a similar
fashion, one can prove that T

∣∣
Xi

is injective for i = 1, 2.

Decomposition of Y . Let Y1 := T (X1) and notice that

T (X1) = T (X0 +X1) = T (KerS ◦ T ) =

= RanT ∩KerS
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Let Y2 := T (X2). Since T (X1 +X2) = T (X0 +X1 +X2) = RanT it follows that Y1 and Y2

are closed, disjoint and that their direct sum is equal to the image of T . Moreover, there
exists a finite-dimensional closed subset Y0 ⊂ Y such that

Y0 ⊕ Y1 = Ker(S),

and there exists a finite-dimensional closed subset Y3 ⊂ Y such that

Y0 ⊕ Y1 ⊕ Y2 ⊕ Y3 = Y.

In particular, observe that T restricted to Y0 ⊕ Y1 is the null map (by definition), and also
that the restriction S

∣∣
Y2⊕Y3

is an injective operator.

Decomposition of Z. In a similar fashion, let us set Z2 := S(Y2) and Z3 := S(Y3). These
subspaces are closed, and they do not intersect, as follows from an argument similar to the
one used to decompose Y . Thus it turns out that

Z2 ⊕ Z3 = RanS.

Finally, let Z1 ⊂ Z be the closed finite-dimensional subspace of Z such that

Z = Z1 ⊕ Z2 ⊕ Z3.

Computation of the indices. The operators T and S assume a particularly simple form
as matrices 4 × 3 and 3 × 4 respectively, as a consequence of the decompositions. More
precisely, it turns out that

T =


0 0 0
0 T

∣∣
X1

0

0 0 T
∣∣
X2

0 0 0

 =⇒ i(T ) = dim(X0)− (dim(Y0) + dim(Y3)) ,

and also that

S =

0 0 0 0
0 0 S

∣∣
Y2

0

0 0 0 S
∣∣
Y3

 =⇒ i(S) = dim(Y0) + dim(Y1)− dim(Z1).

The composition is given by

ST =

0 0 0
0 0 S

∣∣
Y2
T
∣∣
X2

0 0 0

 =⇒ i(ST ) = dim(X0) + dim(X1)− dim(Z1)− dim(Z3),

and this is exactly what we wanted to prove since

i(T ) + i(S) = dim(X0) + dim(Y1)− dim(Y3)− dim(Z1) =

= dim(X0) + dim(X1)− dim(Z3)− dim(Z1) =

= i(ST ).
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8.2 Calkin Algebra

Let X be a Banach space. In the previous chapters we proved that L(X) is an algebra, and
Lc(X) is a closed bilateral ideal (see Lemma 6.11).

The quotient space is a Banach algebra (since it is a Banach space and also an algebra
satisfying the inequality (6.10)). It is called Calkin algebra, and it is denoted by C(X), i.e.,

C(X) := L(X)�Lc(X).

The set of all the invertible Calkin operator, denoted by G (C(X)), is an open subset and
also a subgroup of C(X). Therefore, there is a commutative diagram

L(X) C(X)

π−1 (G (C(X))) G (C(X))

π

π

and it is clear that
π−1 (G (C(X))) = F (X),

that is, it is equal to the set of all the Fredholm operators. The reader may prove the
following result as an exercise:

Lemma 8.12. Let F0(X) be the set of all the Fredholm operators of index 0. Then
π (F0(X)) is a normal subgroup and an open subset of G (C(X)). Moreover, the quotient

G (C(X))�π (F0(X))

is a discrete group.

Remark 8.5. If X is a separable Hilbert space, then the composition

F (X)
π−→ G (C(X)) −→ G (C(X))�< 0 >

∼= Z

is equal to the Fredholm index, where < 0 > denotes the connected component containing
the neutral element of the group.

Essential Spectrum. There is a notion of spectrum in every Banach algebra, and it is
always a compact subset of C (as a result of a more general theory).

In particular, there is a notion of spectrum associated with the Banach algebra C(X),
called essential spectrum, defined by

σess(T ) = {λ ∈ C | λ idX − T /∈ F (X)} = σ (π(T )) ,

where σ(·) is the spectrum associated to the Banach algebra L(X).

8.3 Exercises

Finite Dimension. Let X be a Banach space, and let N be a finite-dimensional (or
finite-codimensional) closed subset of X.
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Exercise 8.1. Prove that there exists a linear projection or, equivalently, that N is an
algebraic direct addendum of X.

Solution. Let {e1, . . . , en} be a basis of N , that is,

N = Span〈e1, . . . , en〉.

Every x ∈ N can be written, uniquely, as a sum

x = α1e1 + · · ·+ αnen,

and therefore we can always consider the linear continuous functionals α1, . . . , αn ∈ N∗

such that
x = α1(x)e1 + · · ·+ αn(x)en for all x ∈ N.

By the Hahn-Banach Theorem we can find linear continuous extensions of α1, . . . , αn ∈ X∗,
and therefore we can define a projection

P : X −→ N, x 7−→ α1(x)e1 + · · ·+ αn(x)en.

Let M := KerP . Then one can easily prove that

X = M ⊕N

since every x ∈ X can be written as

x = (x− P (x)) + P (x) ∈M +N.

Exercise 8.2. Prove that there is no linear projection associated to the inclusion

c0 ⊂ `∞.

Explain why, in this case, the statement of Exercise 8.1 does not hold.

Proof. The reader may consult this thread for a collection of references and proofs of this
assertion.

Exercise 8.3. Let X be a Banach space. The inclusion

X∗ ↪→ X∗∗∗

always admits a direct addendum.

Hint. The reader may try to consider the following maps:

ıX : X ↪→ X∗∗  (ıX)
∗

: X∗∗∗ → X∗,

ıX∗ : X∗ ↪→ X∗∗∗.

As a corollary of Exercise 8.2 and Exercise 8.3 we find again that c0 is not the dual of a
Banach space (see Subsection 3.3.3).

https://math.stackexchange.com/questions/132520/complement-of-c-0-in-ell-infty
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Inverse Operators. Let X and Y be Banach spaces. An operator L ∈ L(X, Y ) admits
a right (left) inverse if there exists S ∈ L(Y, X) such that ST = idX (TS = idY ).

Exercise 8.4. Let T ∈ L(X, Y ) be a right-invertible operator, and let S ∈ L(Y, X) be the
right inverse. Prove that:

(1) The operator TS is a projection.

(2) The kernel of TS coincides with the kernel of S, that is, Ker(TS) = Ker(S).

(3) The range of TS coincides with the range of T , that is, Ran(TS) = Ran(T ).

Solution.

(1) To prove that TS is a projection, we simply employ the associative property of the
composition:

(TS)2 = TSTS = T (ST )S = TS.

(2) The kernel of the operator S is alway contained in the kernel of the operator TS, and
hence we only need to prove the opposite inclusion.
Let y ∈ Ker(TS). It follows that TS(y) = 0, and therefore

0 = TS(y) =⇒ 0 = S(0) = ST︸︷︷︸
=idX

S(y) =⇒ S(y) = 0,

which means that y ∈ Ker(S).

(3) In a similar way, the range of the operator TS is always contained in the range of the
operator T , and hence we only need to prove the opposite inclusion.
Let y ∈ Ran(T ). It follows that y = T (x), and therefore

S(y) = ST (x) = x =⇒ y = TS(x),

which means that y ∈ Ran(TS).

Essential Spectrum. Let X be a Banach space, and let C(X) be the Calkin algebra.

Exercise 8.5. Let S be the injective shift operator

S : `2(N)→ `2(N), (x0, x1, . . . ) 7−→ (0, x0, x1, . . . ).

(1) Prove that the spectrum of S is given by the closed ball of radius 1 in C, i.e. σ(S) =
BC(0, 1).

(2) Prove that the eigenvalue spectrum of S is given by the empty set. Namely, the shift
operator S does not admit any eigenvalue.

(3) Find an explicit description of the essential spectrum of S.
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Chapter 9

Sobolev Spaces

In this final chapter, we use all the theory we have developed so far to introduce and study
the main properties of the Sobolev spaces Wm, p(Ω), whose importance is well-known in the
partial differential equations field.

9.1 Introduction and Elementary Properties

Introduction. In this paragraph, we denote by I an open interval (a, b) of the real line
R (eventually unbounded), unless stated otherwise.

Definition 9.1 (Weak Derivative). Let f ∈ L1
loc(I) be a locally summable function. A

function g ∈ L1
loc(I) is the weak derivative of f if and only if∫

I

f(x)ϕ′(x) dx = −
∫
I

g(x)ϕ(x) dx for every ϕ ∈ C∞c (I). (9.1)

Proposition 9.2. Let f ∈ L1
loc(I). The following properties hold:

(a) If g ∈ L1
loc(I) is the weak derivative of f , then it is unique up to the a.e. equivalence

relation. More precisely, if g1 ∈ L1
loc(I) and g2 ∈ L1

loc(I) are both weak derivatives of
f , then

g1(x) = g2(x) for almost every x ∈ I.

(b) If f ∈ C1(I), then a representative of the weak derivative equivalence class coincides
with the usual derivative f ′.

(c) Let f ∈ C0(I) be a continuous function such that the usual derivative f ′(x) exists at
all x ∈ I \D, where D is at most countable. Then the weak derivative of f exists, and
a representative of the equivalence class is given by f ′.

Proof.
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(a) Suppose that g1 and g2 are both weak derivatives of f . It follows from (9.1) that∫
I

[g1(x)− g2(x)]ϕ(x) dx = 0 for all ϕ ∈ C∞c (I),

and hence g1(x) = g2(x) for almost every x ∈ I as a consequence of the fundamental
lemma in calculus of variations1.

(b) It suffices to integrate by parts ∫
I

f(x)ϕ′(x) dx = 0,

and apply the same argument of the previous point.

Remark 9.1. Let f ∈ C0(Ω) be a continuous function, and suppose that f ′(x) exists at
almost every x ∈ I. Then

g(x) := f ′(x) a.e. x ∈ I 6=⇒ g is the weak derivative of f.

Proof. Recall that the Cantor function fC : [0, 1] → R is the unique continuous increasing
function satisfying the following relations:

fC(x) + fC(1− x) = 1 and fC

(x
3

)
=

1

2
fC(x),

for every x ∈ [0, 1]. The Cantor function is locally constant on the complement of the
Cantor set C since

f constant on the interval J =⇒ f constant on
1

3
J and 1− 1

3
J.

Therefore fC is locally constant on a set of full measure (note that the Cantor set C is
uncountable and has measure zero).

Conclusion. The usual derivative f ′C exists at almost all x ∈ [0, 1], and it must be equal
to 0 a.e. because fC is locally constant almost everywhere. If the function identically equal
to zero were the weak derivative of fC , then a variation of the fundamental lemma in the
calculus of variation2 would imply fC constant, which gives the sought contradiction.

1Lemma. Let f ∈ L1
loc(I). If∫

I
f(x)ϕ(x) dx = 0 for all ϕ ∈ C∞c (I) =⇒ f(x) = 0 for almost every x ∈ I.

2Lemma. (Paul du Bois-Reymond.) Let f ∈ L1
loc(I). If∫

I
f(x)ϕ(x) dx = 0 ∀ϕ ∈ C∞c (I) :

∫
I
ϕ(x) dx = 0,

then f(x) = c for almost every x ∈ I.
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Alternative Proof. We argue by contradiction. If fC ∈ L1
loc ([0, 1]) is a weakly differentiable

function, then Proposition 9.7 proves that the Cantor function fC admits an absolutely
continuous representative, and thus it maps null-sets to null-sets.

But fC maps the Cantor set (a set of measure zero) to its complement (a set of strictly
positive measure), and this is yields to a contradiction.

Definition 9.3 (Absolutely Continuous). A function f : I −→ R is absolutely continuous
if and only if for all ε > 0 there exists δ(ε) := δ > 0 such that, for any finite disjoint family
J1, . . . , Jn ⊂ I of open intervals (ai, bi) satisfying the property

n∑
i=1

|Ji| =
n∑
i=1

|bi − ai| ≤ δ,

it turns out that
n∑
i=1

|f(bi)− f(ai)| ≤ ε.

Definition 9.4 (Oscillation). Let f : I −→ R be a continuous function, and let J ⊂ I be a
subset. The oscillation of f in J is defined by setting

osc (f, J) := sup {|f(x)− f(y)| : x, y ∈ J} .

Remark 9.2. There are many equivalent definitions of absolute continuity of a function,
whose proof is left to the reader.

(1) A function f : I −→ R is absolutely continuous if and only if for all ε > 0 there exists
δ(ε) := δ > 0 such that, for any finite disjoint family J1, . . . , Jn ⊂ I of open intervals
(ai, bi) satisfying the property

n∑
i=1

|Ji| =
n∑
i=1

|bi − ai| ≤ δ,

it turns out that
n∑
i=1

osc (f, Ji) ≤ ε.

(2) A function f : I −→ R is absolutely continuous if and only if for all ε > 0 there exists
δ(ε) := δ > 0 such that, for any countable disjoint family J1, . . . , Jn, · · · ⊂ I of open
intervals (ai, bi) satisfying the property

+∞∑
i=1

|Ji| =
+∞∑
i=1

|bi − ai| ≤ δ,

it turns out that
+∞∑
i=1

osc (f, Ji) ≤ ε.

Proposition 9.5. A finite measure µ defined on the Borel σ-algebra B(R) is absolutely
continuous with respect to the Lebesgue measure if and only if the cumulative distribution
function

Fµ(x) = µ ((−∞, x])

is absolutely continuous.
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Theorem 9.6. A function f ∈ L1
loc(I) is (locally) absolutely continuous if and only if there

exists g ∈ L1
loc(I) such that

f(x)− f(y) =

∫ y

x

g(t) dt. (9.2)

More precisely, any absolutely continuous function is a.e. differentiable, and the usual
derivative is a representative of the weak derivative equivalence class.

Proof. Let J := [a, b] ⊂ I be a closed interval. The function f is absolutely continuous in
J , and hence we can define a measure µ by setting

µ ([x, y)) := f(y)− f(x).

We can easily prove that the cumulative distribution function is absolutely continuous, and
therefore µ is absolutely continuous with respect to the Lebesgue measure, as a consequence
of Proposition 9.5. It follows from the Radon-Nikodym Theorem that there exists g ∈ L1(J)
such that

f(y)− f(x) =

∫ y

x

g(t) dt for all x, y ∈ J.

Therefore, f is differentiable at almost every x ∈ J , and we can easily prove that g is
a representative of the weak derivative equivalence class (using the integration by parts
formula).

Proposition 9.7. Let f ∈ L1
loc(I) be a weakly differentiable function. There exists an

absolutely continuous representative in the equivalence class of f .

Proof. Suppose that f ∈ L1
loc(I) is a weakly differentiable function, and let g ∈ L1

loc(I) be
the weak derivative. It is easy to prove that

(9.1) ⇐⇒
∫
I

f(x)ϕ′(x) dx = −
∫
I

g(x)ϕ(x) dx for all ϕ ∈ PWC1
c (I),

where PWC1
c (I) denotes the space of all piecewise continuously differentiable functions with

compact support in I.

Conclusion. Let x < y ∈ I, and let us consider the function

Φεη(t) :=


0 t ≤ x− ε,
1 x+ ε < t < y − η,
0 t ≥ y + η.

Denote by Φεη the obvious piecewise differentiable extension to the whole interval I. It is
easy to compute the left-hand side of (9.1) since∫

I

f(t)
(
Φεη
)′

(t) dt =
1

2ε

∫ x+ε

x−ε
f(t) dt− 1

2η

∫ y+η

y−η
f(t) dt,

and, similarly, the right-hand side is given by∫
I

g(t)Φεη(t) dt =

∫ y

x

g(t) dt+ o(1) for ε, η → 0+.
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If we let
χε(t) :=

1

2ε
χ[−ε, ε] and χη(t) :=

1

2η
χ[−η, η]

then the left-hand side may be rewritten as follows:∫
I

f(t)
(
Φεη
)′

(t) dt = f ∗ χε(x)− f ∗ χη(y).

If we take the limit as ε→ 0+, and then we take the limit as η → 0+, it turns out that

f(x)− f(y) =

∫ y

x

g(t) dt =⇒ f(y)− f(x) =

∫ y

x

(−g)(t) dt,

and Theorem 9.6 concludes the proof.

9.2 W 1, p Spaces

Introduction. In this section, we denote by I an open interval (a, b) of the real line R
(eventually unbounded), unless stated otherwise.

Definition 9.8 (Sobolev Space). Let p ∈ [1, +∞]. The (1, p)-Sobolev space, denoted by
W 1, p(I), is the space of all the Lp(I) functions with weak derivative in Lp(I), that is,

W 1, p(I) := {f ∈ Lp(I) |Df ∈ Lp(I)} .

Normed Space. In this paragraph, we briefly discuss the main idea that allows one to
define a norm on W 1, p(I) that makes it a Banach space.

Remark 9.3. The Sobolev space W 1, p(I) is a vector space, and the derivative map

D : W 1, p(I) −→ Lp(I), f 7−→ Df

is well-defined and linear.

Lemma 9.9. The graph of the operator D : W 1, p(I) −→ Lp(I) is closed, that is,

Γ(D) :=
{

(f, Df)
∣∣ f ∈W 1, p(I)

}
⊂ Lp(I)× Lp(I)

is closed with respect to the subspace topology.

Proof. Let (fn, Dfn)n∈N ⊂ Γ(D) be a converging sequence, and let (f, g) ∈ Lp × Lp be its
limit in the product norm, that is,

fn
Lp−−→ f and Dfn

Lp−−→ g.

The identity ∫
I

fn(t)ϕ′(t) dt = −
∫
I

Dfn(t)ϕ(t) dt

holds for every n ∈ N and for every ϕ ∈ C∞c (I). Recall that the Lp convergence implies the
pointwise convergence of a subsequence, and therefore we can take the limit as n goes to
+∞ of the identity above to obtain∫

I

f(t)ϕ′(t) dt = −
∫
I

g(t)ϕ(t) dt,

which means that g = Df , i.e., the graph is closed.
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Corollary 9.10. The mapping

W 1, p(I) −→ Lp(I)× Lp(I), f 7−→ (f, Df)

is linear, injective and onto the rank. More precisely, it turns out that

W 1, p(I) −→ Γ(D)

is linear and bijective.

In conclusion, the product Lp×Lp induces on Γ(D) the subspace topology by taking the
restriction of the product norm ‖ · ‖p + ‖ − ‖p. More precisely, if we endow W 1, p with the
topology generated by the norm

‖f‖W 1, p(I) := ‖f‖Lp(I) + ‖Df‖Lp(I), (9.3)

then one can easily prove that W 1, p is complete (and thus a Banach space).

Remark 9.4. Clearly (9.3) may be replaced by any equivalent norm in the product Lp×Lp.
In particular, when p = 2, it is particularly useful to consider the equivalent norm

‖f‖H1(I) :=
(
‖f‖2L2(I) + ‖Df‖2Lp(I)

) 1
2

(9.4)

since it makes H1(I) := W 1, 2(I) a Hilbert space, with scalar product given by the formula

(u, v)H1(I) = (u, v)L2(I) + (Du, Dv)L2(I). (9.5)

Remark 9.5. The method employed in this paragraph to define a complete norm can be
easily extended to any linear subspace of a Banach space. Indeed, let

T : Y −→ B

be a linear operator between a linear space Y ⊆ B and a Banach space (B, ‖ · ‖B). If T is a
closed operator, then the operator

Y −→ Grap(D) ⊂ B × B, f 7−→ (f, Tf)

is linear and bijective. In particular, it turns out that Y is a Banach space endowed with
the norm

‖f‖Y := ‖f‖B + ‖T f‖B.

Proposition 9.11. Let p ∈ [1, +∞]. Then for every f ∈ W 1, p(I) there is an absolutely
continuous representative of the equivalence class. In other words, the inclusion

W 1, p(I) ⊆ C0(I)

is a linear and continuous, i.e., there exists a positive constant C such that

‖f‖C0(I) ≤ C‖f‖W 1, p(I).

Proof. This follows directly from Proposition 9.7.

Proposition 9.12.
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(a) A function f : I −→ R is Lipschitz if and only if it belongs to W 1,∞(I).

(b) If p ∈ (1, +∞), then
f ∈W 1, p(I) =⇒ f ∈ C0, 1

p′ (I),

where p′ is the conjugate of p. Vice versa,

f ∈ C0, α(I) 6=⇒ f ∈W 1, p(I).

(c) The Sobolev space W 1, p(I) is isomorphic to a closed subset of Lp(I) × Lp(I). In
particular, it is separable for p ∈ [1, +∞) and it is reflexive for p ∈ (1, +∞).

Proof.

(a) This assertion is left as a simple exercise. For the solution, the reader may refer to
this post.

(b) Let f ∈ W 1, p(I) be a p-summable function, for some p ∈ (1, +∞). By Proposition
9.7 there is an absolutely continuous representative, which we still denote by f , such
that

f(x)− f(y) =

∫ x

y

Df(t) dt.

If we take the absolute values and apply the Hölder inequality, we find that

|f(x)− f(y)| ≤ ‖Df‖Lp(I) · |x− y|
1
p′ ,

which means that f is 1/p′-Hölder continuous.
Vice versa, the reader may check for herself that the Weierstrass function is Hölder
continuous, but is not absolutely continuous, and is not of bounded variation either.

Dual Space. Let p ∈ [1, +∞). The dual space of W 1, p(I) can be easily represented as

W 1, p(I) 3 u 7−→
∫
I

[u(x)f(x) + (Du(x)) g(x)] dx,

as f and g range in Lp
′
(i.e., the dual space Lp for p 6= +∞). This is an easy consequence

of the fact that the dual of a product is the product of the duals

(Lp × Lp)∗ = Lp
′
× Lp

′
,

endowed with a suitable norm (see Exercise 3.4).

Remark 9.6. The representation is not unique. Indeed, the following Proposition 9.13
explains partially why (since φ can be chosen almost arbitrarily).

Proposition 9.13. Let x ∈ I, and let p ∈ [1, +∞). Then there exists a function Ψx ∈ Lp
′

such that the valuation functional jx ∈
(
W 1, p(I)

)∗ can be represented as

jx(u) =

∫
I

u(t)φ(t) dt+

∫
I

Du(t)Ψx(t) dt,

where φ : I −→ R is a continuous function with compact support.

https://math.stackexchange.com/questions/874982/relation-between-sobolev-space-w1-infty-and-the-lipschitz-class
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Proof. Let φ : I −→ R be a continuous function with compact support and unitary mass∫
I

φ(t) dt = 1.

Let u be the absolutely continuous representative of the equivalence class u ∈ W 1, p(I). In
particular, we have that

u(x) = u(y) +

∫ x

y

Du(t) dt for every y < x ∈ I,

and thus, if one multiplies by φ(y) and integrate in dy both members, then it turns out that

u(x) =

∫
I

u(y)φ(y) dy +

∫
I

(∫ x

y

Du(t) dt

)
φ(y) dy.

By Fubini-Tonelli theorem

u(x) =

∫
I

u(y)φ(y) dy +

∫
I

[
1(−∞, x](t)

∫
I

1(−∞, t](y)φ(y) dy

]
Du(t) dt,

and this implies that

u(x) =

∫
I

u(y)φ(y) dy +

∫
I

Du(y)Ψx(y)dy,

where

Ψx(y) := 1(−∞, x)(y)

∫ y

−∞
φ(t) dt.

Inclusion in Bounded Functions. It follows from Proposition 9.13 that, given p ∈
[1, +∞) and u ∈W 1, p(I), we have the estimate

|u(x)| ≤ ‖u‖Lp(I) ‖φ‖Lp′ (I) + ‖Du‖Lp(I) ‖Ψx‖Lp′ (I).

Moreover, the Lp
′
-norm of Ψx does not depend on x, and hence there exists a positive

constant C > 0 such that
|u(x)| ≤ C‖u‖W 1, p(I),

which means that the inclusion

W 1, p(I) ↪→
(
C0
b (I), ‖ · ‖∞, I

)
is continuous with respect to the uniform norm.

Proposition 9.14. Let I be a bounded interval of R, and let p ∈ (1, +∞]. Then the
inclusion

W 1, p(I) ↪→ C0
(
I
)

is continuous and compact.
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Proof. We have already proved in Proposition 9.12 that the inclusion is continuous, and

|u(x)− u(y)| ≤ ‖Du‖Lp(I) · |x− y|
1
p′ .

Namely, the elements of the unitary ball inW 1, p(I) are equicontinuous (as they are also equi-
Hölder of parameter 1/p′). Moreover, the Lp-norm is bounded by 1, and thus it follows from
the main-value theorem that for all u ∈ BW 1, p(I)(0, 1) there exists a point x0 := x0(u) ∈ I
such that

|u(x0)| ≤ C < +∞,

which, in turn, implies that

|u(x)| ≤ |u(x0)|+ ‖Du‖Lp(I) · |x− x0|
1
p′ .

In particular, every sequence (un)n∈N ∈ BW 1, p(I)(0, 1) is equibounded and equicontinuous.
The interval I is bounded; hence the closure is compact and we conclude that the inclusion

W 1, p(I) ↪→ C0
(
I
)

is compact as a straightforward corollary of the Ascoli-Arzelà theorem.

Remark 9.7. The inclusion
W 1, p(R) ↪→ C0

b (R)

is not compact. Indeed, the action of the group of translations TR preserves the norm, that
is,

u ∈W 1, p(R) =⇒ ‖Thu‖W 1, p(R) = ‖u‖W 1, p(R).

Let u ∈ W 1, p(R) be any function of norm 1, and let (τnu)n∈N ⊂ W 1, p(R) be a sequence.
The weak limit is clearly the function identically zero, but

‖τnu‖W 1, p(Rn) = 1 for all n ∈ N =⇒ un 6→ 0 strongly.

9.2.1 Extension Operator

Let r : W 1, p(R) −→W 1, p(I) be the restriction operator defined by setting

r(f) := f
∣∣
I
.

Definition 9.15 (Extension Operator). A linear continuous operator

E : W 1, p(I) −→W 1, p(R)

is called extension operator if it is a right inverse of r, i.e., if

r(E(f)) = f.

Example 9.1. Let u ∈ W 1, p(I), and assume that I is an open interval of the form (a, b).
We have proved earlier that there always is an absolutely continuous function in the class
of equivalence u, which we still denote by u. It turns out that the value at the extremal
points of the interval can be computed as follows:

u(a) = lim
n→+∞

u

(
a+

1

n

)
= lim
x→a+

u(x) and u(b) = lim
n→+∞

u

(
b− 1

n

)
= lim
x→b−

u(x).
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Let δ > 0 be a real number, and consider the following extension of u, given by

ũ(x) :=



0 x ∈ (−∞, a− δ],
linear interpolation x ∈ (a− δ, a],

u(x) x ∈ (a, b]

linear interpolation, x ∈ (b, b+ δ],

0 x ∈ (b+ δ, +∞).

The reader may check by herself, as an exercise, that ũ belongs to W 1, p(R). More precisely,
it is enough to check that

(1) ũ belongs to Lp(R), and

(2) ũ is the primitive (in the sense of formula (9.2)) of some ṽ ∈ Lp(R).

Example 9.2. Let u ∈ W 1, p(I) be any function, and assume that I = [0, a). We can
always consider the extension by reflection, that is,

ũ(x) :=

{
u(x) x ∈ (−a, 0]

u(x) x ∈ [0, a).

Again, the reader may verify, as an exercise, that

ũ ∈W 1, p ((−a, a)) .

The following theorem asserts that for all p ∈ [1, +∞], one can always find an extension
operator P satisfying the additional property that the inclusions

P : W 1, p(I) ↪→ Lp(R) and P : W 1, p(I) ↪→W 1, p(R)

are both continuous.

Theorem 9.16 ([1]). Let 1 ≤ p ≤ ∞. There exists a bounded linear operator P :
W 1, p(I) −→ W 1, p(R), called an extension operator, satisfying the following properties:

(a) The map P is an actual extension, that is,

Pu
∣∣
I

= u for every u ∈W 1, p(I).

(b) The inclusion P : W 1, p(I) ↪→ Lp(R) is continuous with respect to the Lp-norm, that
is,

‖Pu‖Lp(R) ≤ C‖u‖Lp(I) for every u ∈W 1, p(I).

(c) The inclusion P : W 1, p(I) ↪→W 1, p(R) is continuous, that is,

‖Pu‖W 1, p(R) ≤ C‖u‖Lp(I) for every u ∈W 1, p(I).

Furthermore, the constant C depends only on the length of the interval I.
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9.2.2 Characterizations of W 1, p(I)

In this section, we investigate some possible characterization of the space W 1, p(I), for a
suitable range of p’s, in terms of the Lp-continuity property.

Proposition 9.17. Let p ∈ (1, +∞]. If u ∈ Lp(I), then the following assertions are
equivalent:

(a) The function u belongs to W 1, p(I).

(b) For every ϕ ∈ C∞c (I) it turns out that∣∣∣∣∫
I

u(t)ϕ′(t) dt

∣∣∣∣ ≤ C(u)‖ϕ‖Lp′ (I).

Proof. We divide the proof into two steps.

Step 1. Assume that u ∈ W 1, p(I) is a Sobolev function, and let ϕ ∈ C∞c (I) be a test
function. By definition, we have the identity∣∣∣∣∫

I

u(t)ϕ′(t) dt

∣∣∣∣ =

∣∣∣∣−∫
I

Du(t)ϕ(t) dt

∣∣∣∣ ,
and thus by the Hölder inequality it turns out that∣∣∣∣∫

I

u(t)ϕ′(t) dt

∣∣∣∣ ≤ ‖Du‖Lp(I) · ‖ϕ‖Lp′ (I),

which is exactly what we wanted to prove.

Step 2. The functional

C∞c (I) 3 ϕ 7−→
∫
I

u(t)ϕ′(t) dt ∈ R

is linear and, by assumption, continuous with respect to the Lp
′
norm. The inclusion

C∞c (I) ⊂ Lp
′
(I)

is dense, which means that the functional can be extended to the whole Lp
′
isometrically.

By the Riesz Representation Theorem 1.22 there exists3 an element f ∈ Lp(I) such that∫
I

f(t)ϕ(t) dt = 〈f, ϕ〉2 =

∫
I

u(t)ϕ′(t) dt for all ϕ ∈ C∞c (I),

and therefore −f ∈ Lp(I) is the weak derivative of u.

Proposition 9.18 (Lp-continuity). Let p ∈ [1, +∞), and let u ∈ Lp(R). Then there exists
a modulus of Lp-continuity ω : [0, +∞] −→ [0, +∞] such taht

‖τhf − f‖Lp(R) = ω(|h|)↘ 0. (9.6)

Proof. We divide the proof into two steps.

3Here we need p 6= 1 since Lp is the dual space of Lp
′
whenever p′ 6= +∞.
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Step 1. The property (9.6) clearly holds true for all compactly supported continuous
functions.

Step 2. Let us consider the subspace

G := {g ∈ Lp(R) | (9.6) is satisfied by g } ⊂ Lp(R).

The first step proves that C0
c (R) ⊆ G, which means that if we can prove (9.6) for any

function on the closure with respect to the Lp norm of G, then (9.6) will be true for the
closure of C0

c (R) in Lp(R), which coincides with Lp(R) itself.

Step 3. Let f ∈ G be any element of the closure so that for any positive ε > 0 there exists
a function gε ∈ G such that

‖f − gε‖Lp(R) ≤ ε.
It follows that

‖τhf − f‖Lp(R) ≤ ‖τhf − τhgε‖Lp(R) + ‖τhgε − gε‖Lp(R) + ‖f − gε‖Lp(R) =

= 2‖f − gε‖Lp(R) + ‖τhgε − gε‖Lp(R) ≤

≤ 2ε+ ‖τhgε − gε‖Lp(R).

By taking the limit as |h| → 0, it turns out that

lim sup
|h|→0

‖τhf − f‖Lp(R) ≤ 2 ε,

and this is enough to conclude the proof since ε was chosen to be arbitrarily small.

We are finally ready to state the main result of this section, namely the characterization
of W 1, p(I) in terms of the Lp-continuity property stated above.

Proposition 9.19. Let p ∈ (1, +∞). If u ∈ Lp(I), then the following assertions are
equivalent:

(a) The function u belongs to W 1, p(R).

(b) For every translation τh ∈ TR, it turns out that

‖τhu− u‖Lp(R) . |h|.

Remark 9.8. Let f ∈ Lp(Rn) be any p-summable function. As we mentioned above f
satisfies, for all p 6= +∞, the Lp-continuity property, that is,

‖τhf − f‖Lp(Rn) = o(1) as |h| → 0.

Equivalently, f admits a modulus of Lp-continuity, i.e., there exists an increasing continuous
function ω : [0, +∞] −→ [0, +∞] satisfying the properties

ω(0) = 0 and ω(t) = o(1) for t→ 0,

such that
‖τh f − f‖Lp(Rn) ≤ ω (|h|) . (9.7)

Proof of Proposition 9.19. We divide the proof into two steps.
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Step 1. Assume that u ∈W 1, p(R), and let u be its absolutely continuous representative.
For any positive number h > 0, we have that

u(x+ h)− u(x) =

∫ x+h

x

Du(t) dt.

Hence, we can easily estimate the absolute value of the left-hand side using the Hölder
inequality

|u(x+ h)− u(x)| ≤
∫ x+h

x

|Du(t)| dt ≤ ‖Du‖Lp(R) |h|
1/p′ ,

where p′ is the conjugate of p. Consequently, we have

‖u− τhu‖pLp(R) ≤

=hp−1︷ ︸︸ ︷
|h|p

′·p
∫∫
R×R

1[x, x+h](t) |Du(t)| dtdx=

= h · |h|p−1

∫
R
|Du(t)|p dt =

= ‖Du‖pLp(R) · |h|
p,

where the red identity follows from the Fubini-Tonelli theorem. Taking the pth root of both
the left-hand side and the right-hand side, it turns out that

‖u− τh u‖Lp(R) . |h|,

where the constant depends on u only c := ‖Du‖Lp(R), and is finite by assumption.

Step 2. Vice versa, we use the characterization given by Proposition 9.17 and prove instead
that

‖u− τhu‖Lp(R) . |h| =⇒
∣∣∣∣∫
R
u(t)ϕ′(t) dt

∣∣∣∣ ≤ C(u)‖ϕ‖Lp′ (R)

for every ϕ ∈ C∞c (R). Recall that the translation is a self-adjoint operator, that is,∫
R
τhu(t)ϕ(t) dt =

∫
R
u(t)τ−hϕ(t) dx,

and hence ∫
R
u(t)

ϕ(t)− ϕ(t− h)

h
dt = − 1

h

∫
R

[τhu(t)− u(t)]ϕ(t) dt.

If we take the absolute value, then it turns out that∣∣∣∣∫
R
u(t)

ϕ(t)− ϕ(t− h)

h
dt

∣∣∣∣ ≤ 1

|h|

∣∣∣∣∫
R

[τhu(t)− u(t)]ϕ(t) dt

∣∣∣∣ ≤
≤ 1

|h|
‖τhu− u‖Lp(R) · ‖ϕ‖Lp′ (R) .

.
1

|h|
|h|‖ϕ‖Lp′ (R) ' ‖ϕ‖Lp′ (R),

and we conclude by taking the limit as h → 0 since the right-hand side of the inequality
does not depend on h anymore.
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9.3 Compactness in Lp(Rn)

First, we recall a definition that will be extremely useful in what follows in this section.

Definition 9.20 (Modulus of Continuity). A modulus of continuity is any real-extended
valued function

ω : [0, ∞] −→ [0, ∞],

vanishing at 0 and continuous at 0, that is,

lim
|h|→0

ω(|h|) = 0.

Let f ∈ Lp(Rn) be any p-summable function defined on the whole real line. The following
properties are trivial:

(1) The Lp-norm of f is finite, i.e., ‖f‖Lp(Rn) < +∞.

(2) There is a modulus of Lp-continuity ω : [0, +∞]→ [0, +∞] such that

‖τhf − f‖Lp(Rn) ≤ ω(|h|). (9.8)

(3) There is a modulus of Lp-continuity α : [0, +∞]→ [0, +∞] such that

‖f‖Lp(B{
R) ≤ α

(
1

R

)
. (9.9)

Remark 9.9. If F = {f1, . . . , fn} ⊂ Lp(Rn) is a finite family of functions, then the
properties (1), (2) and (3) hold uniformly. More precisely, we have that:

(1) The Lp-norm of the fi’s is bounded by a uniform constant. Namely, it turns out that

‖fi‖Lp(Rn) ≤ max
j=1, ..., n

‖fj‖Lp(Rn) =: C < +∞

for all i = 1, . . . , n.

(2) There is a modulus of Lp-continuity ω : [0, +∞]→ [0, +∞] such that

‖τhfi − fi‖Lp(Rn) ≤ ω(|h|) for all i ∈ {1, . . . , n},

and it is given by the maximum of the moduli of continuity of the fi’s, that is,

ω(t) := max
j=1, ..., n

ωj(t).

(3) There is a modulus of Lp-continuity ω : [0, +∞]→ [0, +∞] such that

‖fi‖Lp(B{
R) ≤ α

(
1

R

)
for all i ∈ {1, . . . , n},

and it is given by the maximum of the moduli of continuity of the fi’s, that is,

α(r) := max
j=1, ..., n

αj(r).
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Remark 9.10. In a similar fashion, one could prove that any compact family F ⊂ Lp(Rn)
satisfies the properties (1), (2) and (3) uniformly.

We are now ready to state a complete characterization of relatively compact sets (and
thus compact sets) in the Lp space for all p ∈ [1, +∞).

Theorem 9.21 (Fréchet-Kolmogorov). A set E ⊂ Lp(Rn), for p ∈ [1, +∞), is relatively
compact if and only if E satisfies the following properties:

(1) The set E is equibounded in Lp(Rn), that is, there exists a constant c > 0 such that

‖f‖Lp(Rn) ≤ c for all f ∈ E.

(2) The set E is equicontinuous in Lp(Rn), that is, there exists a modulus of Lp-continuity
ω : [0, +∞] −→ [0, +∞] such that

‖τhf − f‖Lp(Rn) ≤ ω(|h|) for all f ∈ E.

(3) The set E is equiconcentrated in Lp(Rn), that is, there exists a modulus of Lp-continuity
α : [0, +∞] −→ [0, +∞] such that

‖f‖Lp(B{
R) ≤ α

(
1

R

)
for all f ∈ E.

Before we give the complete proof of this result, we discuss briefly the case p = +∞ and
why the same statement does not hold.

Proposition 9.22. A set E ⊆ C0
0 (Rn) is relatively compact with respect to the uniform

topology if and only if E satisfies the following properties:

(a) The set E is equibounded in L∞(Rn), that is, there exists a constant c > 0 such that

‖f‖L∞(Rn) ≤ c for all f ∈ E.

(b) The set E is equicontinuous in L∞(Rn), that is, there exists a modulus of L∞-
continuity ω : [0, +∞] −→ [0, +∞] such that

‖τhf − f‖L∞(Rn) ≤ ω(|h|) for all f ∈ E.

(c) The set E is equiconcentrated in L∞(Rn), that is, there exists a modulus of L∞-
continuity α : [0, +∞] −→ [0, +∞] such that

‖f‖L∞(B{
R) ≤ α

(
1

R

)
for all f ∈ E.

Proof. The idea is to first prove uniform convergence on compact sets (closed balls), and
then generalize it to the whole space.
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Step 1. Let (fn)n∈N ⊂ E be an arbitrary sequence, and fix R > 0. The properties (a)
and (b) allows us to apply the Ascoli-Arzelà theorem and find a subsequence (fnk, R)k∈N
uniformly converging to some fR in the closed ball of center 0 and radius R.

The argument does not depend on the particular value of R, therefore we can find such
a subsequence for all R > 0. The diagonal method allows us to extract a sub-subsequence,
still denoted by (fnk)k∈N ⊂ E, such that

fnk
−→−→ f

∣∣
BR

for all R > 0, uniformly in BR.

Step 2. In conclusion, the property (c) implies that E is relatively compact with respect
to the uniform norm since one can always write

‖fn − f‖∞,Rn ≤ ‖fn − f‖∞, BR + 2α(R) = ‖fn − f‖∞, BR + o(1) as R→ +∞.

Proof of Theorem 9.21. The proof presented here is rather involved, and requires a lot of
work. Thus we divide it into five steps to ease the notation a little.

Step 1. First, observe that, for any R > 0, the property (3) implies that

‖f − χBRf‖Lp(Rn) = ‖f‖Lp(B{
R) ≤ α

(
1

R

)
, (9.10)

where χBR is the indicator function of the ball of radius R.

Step 2. In a similar fashion, for every positive mollifier ϕ ∈ C0
c (Rn) with mass equal to 1

and diameter of the support d > 0, it turns out that

‖f ∗ ϕ− f‖Lp(Rn) ≤ sup
|h|≤d

‖τhf − f‖Lp(Rn) ≤ ω(d). (9.11)

The estimate (9.11) requires a little bit of work to be justified completely. Indeed, for every
such mollifier ϕ ∈ C0

c (Rn), we have

|f ∗ ϕ(x)− f(x)| =
∣∣∣∣∫
Rn
ϕ(y) [f(x)− f(x− y)] dy

∣∣∣∣ =

=

∣∣∣∣∫
Rn
ϕ1/p(y) [f(x)− f(x− y)]ϕ1/p′(y) dy

∣∣∣∣ ≤

≤

(∫
spt(ϕ)

ϕ(y) |f(x)− f(x− y)|p dy

)1/p

∫
Rn
|ϕ(y)|dy︸ ︷︷ ︸

=1


1/p′

.
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It follows that

‖f ∗ ϕ− f‖pLp(Rn) ≤
∫
Rn

[∫
spt(ϕ)

ϕ(y) |f(x)− f(x− y)|p dy

]
dx =

=

∫
spt(ϕ)

[∫
Rn
|τyf(x)− f(x)|p dx

]
ϕ(y) dy ≤

≤ sup
|y|≤d

‖τy f − f‖pLp(Rn),

where the last inequality follows easily from the fact that the support of ϕ has diameter d.

Step 3. The space Lp(Rn) is a complete normed space, which means that, as a consequence
of Lemma 6.10, it is enough to prove that

(1) + (2) + (3) =⇒ E is totally bounded.

Let B denotes the unitary ball BLp(Rn)(0, 1). Note that the estimates (9.10) and (9.11)
respectively prove the following inclusions:E ⊆ χBR · E + α

(
1
R

)
·B,

E ⊆ ϕ ∗ E + ω(d) ·B.

Moreover, if E is equicontinuous and R > 0, then the family of functions χBR · E is also
equicontinuous (although, with a different modulus of Lp-continuity, which we denote by
ωR). More precisely,

‖ϕ ∗ (χBRf)− f‖Lp(Rn) ≤ ‖ϕ ∗ (χBRf)− χBRf‖Lp(Rn) + ‖χBRf − f‖Lp(Rn) ≤

≤ ωR(d) + α

(
1

R

)
,

which means that

E ⊆ χBR · E + α

(
1

R

)
·B ⊆ ϕ ∗ (χBR · E) +

(
ωR(d) + α

(
1

R

))
·B.

Step 4. Fix ε > 0. One can always find real numbers R > 0 and d > 0 such that the
constant on the right-hand side can be estimated by 2ε, that is,

E ⊆ ϕ ∗ (χBR · E) + 2 ε ·B.

Therefore, we can equivalently prove that the set ϕ ∗ (χBR · E) is totally bounded in
C0
c (BR+d) with respect to the uniform norm. In fact, this is enough to come to the same

conclusion in the Lp topology (since it is weaker, and thus there are less open sets to check).
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Step 5. For any f ∈ Lp(Rn) and any ϕ ∈ C0
c (Rn), it turns out that

‖τh (ϕ ∗ f)− ϕ ∗ f‖∞ = ‖ϕ ∗ (τhf − f)‖∞ ≤

≤ ‖ϕ‖Lp′ (Rn) · ‖τhf − f‖Lp(Rn),

where the red inequality follows from a straightforward application of Young inequality4. In
particular, for every f ∈ E, it turns out that

‖τh (ϕ ∗ f)− ϕ ∗ f‖∞ ≤ ‖ϕ‖Lp′ (Rn) · ‖τhf − f‖Lp(Rn) ≤ ‖ϕ‖Lp′ (Rn) · ω(|h|),

from which it also follows that

‖ϕ ∗ f‖∞ ≤ ‖ϕ‖Lp′ (Rn) · ‖f‖Lp(Rn),

i.e., the set ϕ ∗ (χBR · E) is equibounded and equicontinuous with respect to the uniform
topology (=uniform norm). A straightforward application of the Ascoli-Arzelà theorem
proves that the set ϕ ∗ (χBR · E) is relatively compact in C0

c (BR+d) with respect to the
uniform norm, and hence it is relatively compact in Lp(Rn).

There is a different way to prove this theorem using the regularization by convolution
only, but we will not give the details here. The interested reader can try to fill in the missing
information in the following road-map.

Alternative Proof. Consider the inclusion

E ⊆ ϕ ∗ E + ω(d) ·B

proved in the third step of the previous proof. The set ϕ ∗ E is compact in C0
0 (Rn) since

one can easily prove that the following properties hold true:

(a) For every f ∈ E it turns out that

‖ϕ ∗ f‖∞ ≤ ‖ϕ‖Lp′ (Rn) · ‖f‖Lp(Rn).

(b) For every f ∈ E and for every h ∈ R it turns out that

‖τh (ϕ ∗ f)− ϕ ∗ f‖∞ ≤ ‖ϕ‖Lp′ (Rn) · ω(|h|).

(c) For every f ∈ E and for every R sufficiently large it turns out that

‖ϕ ∗ f‖B{
R,∞

≤ α
(

1

R− d

)
.

In particular, the set ϕ ∗ E is compact in Lploc(Rn), and we can conclude that it is also
continuously included in Lp(Rn) by using the property (3).

4Young Inequality. Let f ∈ Lp(Rn) and g ∈ Lq(Rn), and assume that

1 +
1

r
=

1

p
+

1

q
.

The convolution f ∗ g belongs to Lr(Rn), and the following inequality holds:

‖f ∗ g‖Lr(Rn) ≤ ‖f‖Lp(Rn)‖g‖Lq(Rn). (9.12)
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9.4 Sobolev Space Wm, p(Ω)

The primary goal of this section is to generalize the notion of Sobolev space from the interval
I ⊆ R to an arbitrary (and eventually unbounded) open set Ω ⊆ Rn for n ≥ 2.

Remark 9.11.

(1) Let α ∈ Nn be a multi-index. The αth derivative operator, denoted by Dα, is defined
on the space C∞c (Ω) as follows:

Dαu(x1, . . . , xn) :=
∂α1

∂xα1
1

. . .
∂αn

∂xαnn
u(x1, . . . , xn).

(2) For every f ∈ C1(Ω) and for every g ∈ C∞c (Ω), it turns out that∫
Ω

∂

∂xi
f(x)g(x) dx = −

∫
Ω

f(x)
∂

∂xi
g(x) dx.

In particular, for any multi-index of length |α| ≤ k and any f ∈ Ck(Ω), the formula
above can be generalized as follows:∫

Ω

Dαf(x)g(x) dx = (−1)|α|
∫

Ω

f(x)Dαg(x) dx. (9.13)

Definition 9.23 (Weak Derivative). Let f ∈ L1
loc(Ω) be a locally summable function. A

function g ∈ L1
loc(Ω) is the αth weak derivative of f , and we denote g by Dαf , if and only if∫

Ω

f(x)∂αϕ(x) dx = (−1)|α|
∫

Ω

g(x)ϕ(x) dx, ∀ϕ ∈ C∞c (Ω). (9.14)

Proposition 9.24. Let f ∈ L1
loc(Ω). Then the following properties hold:

(a) If g ∈ L1
loc(Ω) is the αth weak derivative of f , then it is unique up to the almost

everywhere equivalence relation.

(b) The definition (9.14) is local. Namely, if there exists a neighborhood Ux ⊂ Ω where f
is α-weakly differentiable for every x ∈ Ω, then f admits a global α-weak derivative g
in Ω.

Proof.

(a) Suppose that g1 and g2 are both α-th weak derivatives of f . It follows from the
definition formula (9.14) that∫

Ω

[g1(x)− g2(x)]ϕ(x) dx = 0 ∀ϕ ∈ C∞c (Ω),

and therefore g1(x) = g2(x) for almost every x ∈ Ω as a consequence of the fundamen-
tal lemma in calculus of variations5.

5Lemma. Let f ∈ L1
loc(Ω). If ∫

Ω
f(x)ϕ(x) dx = 0 ∀ϕ ∈ C∞c (Ω),

then f(x) = 0 for almost every x ∈ Ω.
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(b) Let us consider an open covering

U := {Ui}i∈N

of Ω, and the collection gi ∈ L1
loc(Ui) of weak derivatives of f

∣∣
Ui
. Let us consider also

the partition of unity
{ρi : Ω −→ R≥0}i∈N

subordinated to the covering U . We claim that the function

g(x) :=

+∞∑
i=0

ρi(x) · gi(x)

is the (global) weak derivative of f , that is, the following properties are satisfied:

(1) The function is locally summable, that is, g ∈ L1
loc(Ω).

(2) The function g is the weak derivative of f , that is, it satisfies (9.14).

LetK ⊂ Ω be a compact subset. The partition is locally finite; hence the first assertion
follows easily from the estimate

‖g‖L1(K) =

∥∥∥∥∥∑̀
i=1

ρi · gi

∥∥∥∥∥
L1(K)

≤
∑̀
i=1

‖gi‖L1(K) < +∞,

since the gi’s are locally summable by assumption.

Let ϕ ∈ C∞c (Ω), and let K ⊂ Ω be a compact set containing the support of ϕ. Then∫
Ω

f(x)Dαϕ(x) dx =

∫
K

f(x)Dαϕ(x) dx =

=

∫
K

(∑̀
i=1

ρi(x)

)
f(x)Dαϕ(x) dx =

=
∑̀
i=1

∫
K

(ρi(x)f(x))Dαϕ(x) dx =

=
∑̀
i=1

∫
Ui

(ρi(x)f(x))Dαϕ(x) dx =

= (−1)|α|
∑̀
i=1

∫
Ui

(ρi(x)gi(x))ϕ(x) dx =

= (−1)|α|
∫
K

g(x)ϕ(x) dx,

which is exactly what we wanted to prove.
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Definition 9.25 (Sobolev Space). Let p ∈ [1, +∞], and let m ∈ N. The (m, p)-Sobolev
space, denoted by Wm, p(Ω), is the space of all Lp(Ω) functions with α weak derivatives in
Lp(Ω) for every |α| ≤ m, that is,

W k, p(I) := {f ∈ Lp(Ω) |Dαf ∈ Lp(Ω) for all |α| ≤ m} .

Normed Space. In this paragraph, we discuss briefly the main idea that allows us to
define a norm on Wm, p(Ω) that makes it a Banach space.

Remark 9.12. The Sobolev space Wm, p(Ω) is a vector space, and the application

Dα : Wm, p(Ω)→ Lp(Ω), f 7−→ Dαf

is well-defined and linear for all multi-indices α ∈ Nn such that |α| ≤ m.

Lemma 9.26. The graph of the operator Dα : W k, p(Ω) −→ Lp(Ω) is closed for every
α ∈ Nn of length |α| ≤ m, that is,

Γ(Dα) :=
{

(f, Dαf)
∣∣ f ∈W k, p(Ω)

}
⊂ Lp(Ω)× Lp(Ω)

is closed with respect to the subspace topology.

Lemma 9.27. Let N denote the cardinality of the set N := {α ∈ Nn : |α| ≤ m}. The graph
of the operator T , defined by setting

T : W k, p(Ω) −→ (Lp(Ω))
N
, f 7−→ (Dαf)α∈N ,

is closed with respect to the subspace topology.

Proof. Let (fj)j∈N ⊂W
m, p(Ω) be a converging sequence, i.e.,

fj
Lp−−→ f ∈ Lp(Ω),

Dαfj
Lp−−→ fα ∈ Lp(Ω) for all α ∈ N.

If we are able to prove that fα is nothing else than the αth weak derivative of f for all α ∈ N,
then we can easily infer that f belongs to Wm, p(Ω). By definition of weak derivative, it
turns out that∫

Ω

fj(x)Dαϕ(x) dx = (−1)|α|
∫

Ω

Dαfj(x)ϕ(x) dx, ∀ϕ ∈ C∞c (Ω)

holds for every j ∈ N and for every admissible α.

Therefore, we can pass the identity to the limit using the Lebesgue dominated conver-
gence theorem. This is possible because the Lp convergence implies (up to a subsequence)
the a.e. pointwise convergence of the sequence, i.e.

fjk(x)
k→+∞−−−−−→ f(x) for almost every x ∈ Ω,

Dαfjk(x)
k→+∞−−−−−→ fα(x) for almost every x ∈ Ω and for all α ∈ N.
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Corollary 9.28. The operator

T : Wm, p(Ω) −→ (Lp(Ω))
N

is linear, injective and onto its rank. More precisely, it turns out that

T : Wm, p(Ω) −→ Γ(T )

is linear and bijective.

In particular, the product (Lp(Ω))N = Lp(Ω) × · · · × Lp(Ω) induces on the graph Γ(T )
the subspace topology, that is, the topology generated by the restriction of the product
norm

‖ −1 ‖p + · · ·+ ‖ −N ‖p.
More precisely, for p 6= +∞, if we endowWm, p(Ω) with the topology generated by the norm

‖f‖m, p,Ω :=

 ∑
|α|≤m

‖Dαf‖pLp(Ω)

 1
p

, (9.15)

then Wm, p(Ω) is a Banach space. Similarly, if p = +∞, then the norm

‖f‖m,∞,Ω := sup
|α|≤m
x∈Ω

|Dαf(x)| , (9.16)

gives to Wm,∞(Ω) the structure of a Banach space. In any case, there is an isometry

(Wm, p(Ω), ‖ · ‖m, p,Ω)
∼−→
(

Γ(T ), ‖ · ‖(Lp(Ω))N
∣∣
Γ(T )

)
which makes the following properties trivially true:

(a) The Sobolev space Wm, p(Ω) is isomorphic to a closed subset of (Lp(Ω))
N .

(b) If 1 ≤ p < +∞, then Wm, p(Ω) is a separable Banach space. If p = +∞, then
Wm,∞(Ω) is not separable.

(c) If 1 < p < +∞, then Wm, p(Ω) is a reflexive Banach space.

Dual Space. The elements g of the dual space (Wm, p(Ω))
∗ can be easily represented by

g : Wm, p(Ω) 3 u 7−→
∑
|α|≤m

∫
Ω

gα(x)Dαf(x) dx,

where gα ∈ Lp
′
(Ω), and p′ is the conjugate of p.

Remark 9.13. Contrarily to the one-variable case, in general, it is not true that

Wm, p(Ω) ⊂ C0(Ω).

For example, the space W 0, p(Ω) = Lp(Ω) is not contained in the space of all continuous
functions on Ω since a Lp function need not be continuous (nor there is a continuous rep-
resentative in each class) when the dimension is at least n ≥ 2. In a similar fashion (see
Exercise 9.10), one can show that

Wm, p(Ω) 6⊂ L∞(Ω).
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Theorem 9.29 (Sobolev Embedding Theorem, [3]). Let Ω be a bounded open subset of Rn,
with a C1 boundary. Let f ∈Wm, p(Ω).

(a) If
m <

n

p
,

then f belongs to Lq(Ω), where
1

q
=

1

p
− k

n
.

We have in addition the estimate

‖f‖Lq(Ω) ≤ C(m, p, n, Ω) ‖f‖Wm, p(Ω).

(b) If
m >

n

p
,

then f ∈ Ck−bn/pc−1, γ(Ω̄), where

γ =


bnp c+ 1− n

p , if np is not an integer

any positive number < 1, if np is an integer.

We have in addition the estimate

‖f‖Ck−bn/pc−1, γ(Ω̄) ≤ C(m, γ, p, n, Ω) ‖f‖Wm, p(Ω).

Remark 9.14. The space Wm, 2(Ω) is a Hilbert space for any m ∈ N.

9.4.1 Operations on Sobolev Space Wm, p(Ω)

Product. In this brief paragraph, we introduce the main properties of the multiplication
operator in Sobolev spaces.

Lemma 9.30. Let f ∈Wm, p(Ω), and let ϕ ∈ C∞c (Ω).

(a) The support of the product is smaller than the support of the test function, that is,

spt(fϕ) ⊆ spt(ϕ).

(b) The product is a closed operator, that is,

fϕ ∈Wm, p(Ω).

Moreover, the Leibniz rule holds true for any (integer) derivative, that is,

Dα (f · ϕ) =
∑
β≤α

(
α

β

)
Dβ f Dα−β ϕ. (9.17)

Proof.
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(a) Obvious.

(b) First, we check the two assertions for the derivatives of order one, and then we gener-
alize it by induction. Indeed, for every test function ψ it turns out that∫

Ω

[
f(x)

∂ϕ(x)

∂xj
+ ϕ(x)Dj (f(x))

]
ψ(x) dx =

=

∫
Ω

f(x)
∂ϕ(x)

∂xj
ψ(x) dx+

∫
Ω

ϕ(x)Dj (f(x))ψ(x) dx =

=

∫
Ω

f(x)

(
∂ϕ(x)

∂xj
ψ(x)

)
dx+

∫
Ω

ϕ(x)Dj (f(x))ψ(x) dx=

= −
∫

Ω

(f(x)ϕ(x))
∂ψ(x)

∂xj
dx,

where the red equality follows from the formula

∂ϕ(x)

∂xj
ψ(x) =

∂ (ϕψ) (x)

∂xj
− ϕ(x)

∂ψ(x)

∂xj
.

The reader may check by herself that Sobolev spaces can be equivalently defined as

f ∈Wm, p(Ω) ⇐⇒

D
jf ∈Wm−1, p(Ω) ∀ j = 1, . . . , n

f ∈ Lp(Ω),

and hence the thesis follows by induction on the length of the multi-indices α ∈ Nn.

Regularization by Convolution (1 ≤ p < +∞). Let f ∈ Wm, p
c (Ω) be a Sobolev

function with compact support, and let ϕ ∈ C∞c (Ω) be a function such that

diam (spt(ϕ)) < d (spt(f), Ωc) .

It is a well-known fact that the support of the convolution is contained in the sum of the
supports. As a consequence of the condition above, we have that

spt (f ∗ ϕ) ⊂⊂ Ω,

and the inclusion is compact. Furthermore, one can easily prove that

f ∗ ϕ ∈ C∞c (Ω),

that is, the usual informal assertion "the regularity of the convolution is the maximum
between the regularity of the elements" holds true.

Suppose that Φ ∈ C∞c (B(0, 1)) is a mollifier (that is, a positive function with total mass
equal to 1), and let Φε be the rescaled associated function defined by setting

Φε(x) :=
1

εn
Φ
(x
ε

)
.
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A natural question now arises: The convolution product Φε ∗ f converges to f in the
Wm, p(Ω) topology (=with respect to the ‖ · ‖m, p,Ω norm) when ε→ 0+?

Lemma 9.31. Let Φ ∈ L1(Rn), and let f ∈ Wm, p(Rn). The convolution product belongs
to Wm, p(Rn) and, for every |α| ≤ m, it turns out that

Dα (f ∗ Φ) = Dαf ∗ Φ = f ∗DαΦ. (9.18)

Proof. Suppose that (9.18) holds true. By Young’s inequality (9.12) it turns out that

‖Dα (f ∗ Φ)‖Lp(Rn) = ‖Dαf ∗ Φ‖Lp(Rn) ≤ ‖Φ‖L1(Rn) · ‖Dαf‖Lp(Rn)

for every |α| ≤ m. Therefore the convolution product belongs to Wm, p(Rn).

The answer to the question raised above is thus affirmative. Indeed, it follows from (9.18)
that

Dα (Φε ∗ f) = Φε ∗Dαf,

and this converges to Dαf in the Lp(Ω) topology (= with respect to the Lp norm) for every
|α| ≤ m, which means that

‖Φε ∗ f − f‖m, p,Ω
ε→0+

−−−−→ 0.

9.5 Sobolev Spaces: Wm, p
0 (Ω) and Hm, p(Ω)

In this final section, we introduce the spaces Wm, p
0 (Ω) and Hm, p(Ω), and we also give a

sketch of the proof of the well-known result "H = W".

Definition 9.32. The (m, p, 0)-Sobolev space is the closure of the space of test functions
with respect to the (m, p)-norm, that is,

Wm, p
0 (Ω) := C∞c (Ω)

‖·‖m, p,Ω
.

Remark 9.15. The primary idea behind the notion of Wm, p
0 (Ω) is to give a meaning to

the Dirichlet boundary condition u(x) = 0 in the weak formulation of partial differential
equations.

Remark 9.16. The inclusion

Wm, p
0 (Ω) ⊆Wm, p(Ω)

is always true since C∞c (Ω) is a subspace of Wm, p(Ω), and so is its closure. On the other
hand, if Ω = Rn, then it turns out that

Wm, p
0 (Rn) = Wm, p(Rn),

coherently with the intuitive meaning of "being zero at the boundary".

Proof. It suffices to prove the inclusion

Wm, p
0 (Rn) ⊇Wm, p(Rn),

that is, every function f ∈ Wm, p(Rn) is the limit of a sequence of functions C∞c (Rn) with
respect to the Sobolev norm ‖ · ‖m, p,Ω.
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Step 1. Let us consider a cut-off function such that

η ∈ C∞c (B(0, 2)) , η
∣∣
B(0, 1)

≡ 1 and η(x) ∈ [0, 1],

and let us consider the rescaling function

ηR(x) := η
( x
R

)
.

By Lemma 9.30 it turns out that the product function ηR · f belongs to W k, p(Ω), and from
the Leibniz formula we infer that

Dα (ηR · f) =
∑
β≤α

(
α

β

)
Dβ(ηR)Dα−β(f).

The γth derivative of ηR goes to 0 as R−|γ| for R→ +∞, and therefore one can easily prove
that ∑

β≤α
β 6=0

(
α

β

)
Dβ(ηR)Dα−β(f)

R→+∞−−−−−→ 0,

e.g., as a consequence of the dominated convergence theorem.

Step 2. In particular, for any fixed ε > 0 there exists R > 0 such that

‖ηR · f − f‖m, p ≤ ε.

Let Φ ∈ C∞c (Rn) be a smooth mollifier, and let Φr be its rescaling. The convolution
Φr ∗ (ηR · f) is smooth, and we find that

Φr ∗ (ηR · f)
r→0+

−−−−→ ηR · f with respect to the Wm, p norm.

Set r := 1/R. We infer that

Φ 1
R
∗ (ηR · f)

R→+∞−−−−−→ f with respect to the Wm, p norm,

and this is exactly what we wanted to prove.

Definition 9.33 (Nikol’skii space). Let Ω ⊆ Rn be an open set. The space Hm, p(Ω) is the
completion of the space

{f ∈ Cm(Ω) |Dαf ∈ Lp(Ω) for all |α| ≤ m}

with respect to the Sobolev norm ‖ · ‖m, p,Ω.

Theorem 9.34 (Meyers-Serrin). Let Ω ⊆ Rn be an open subset, and let p ∈ [1, +∞). Then

Hm, p(Ω) = Wm, p(Ω).

Remark 9.17. The identity, in general, does not hold for the value p = +∞. Indeed, in
this particular case, the statement depends also on the regularity of the boundary of Ω.
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Proof. The inclusion
Hm, p(Ω) ⊆Wm, p(Ω)

is trivial because

{f ∈ Cm(Ω) |Dαf ∈ Lp(Ω) for all |α| ≤ m} ⊆Wm, p(Ω),

and therefore the completion with respect to its norm is also contained in Wm, p(Ω).

The opposite inclusion, on the other hand, requires a little bit more work. We divide the
proof into four steps to ease the notation, and we leave to the reader to fill in the missing
details.

Step 1. Let us consider the family (as k ranges in N) of open sets

Uk :=

{
x ∈ Ω

∣∣∣∣ d(x, Ωc) >
1

k
and |x| < k

}
,

and notice that it is increasing

Uk ⊂⊂ Uk+1 ⊂⊂ · · · ⊂⊂ Ω =⇒ Uk ⊂ Uk+1,

and such that every Uk has compact closure.

Step 2. Let us consider a collection of open sets {Vk}k∈N satisfying the following property:

Uk+1 ⊃ Vk ⊃ Uk.

For every k ≥ 1 there exists a cut-off function ηk ∈ C∞c (Uk) such that

ηk
∣∣
Vk−1

≡ 1 and ηk
∣∣
Uck
≡ 0.

Let Ωk := Uk \ Uk−2, and let
ϕk := ηk − ηk−2

be a partition of unity associated with the covering {Ωk}k≥2. Indeed, it is easy to check
that ∑

k≥2

ϕk(x) = 1 for all x ∈ Ω,

and also that the sum is locally finite since

Ωk ∩ Ωj 6= ∅ ⇐⇒ |k − j| = 1.

Step 3. Let f ∈Wm, p(Ω). If we set fk(x) := f(x) ·ϕk(x) ∈Wm, p
c (Ωk), then we can write

f(x) =
∑
k≥2

fk(x).

Let ε > 0 be a fixed real number. By definition, one can always find a collection of functions
gk ∈ C∞c (Ωk) such that

‖gk − fk‖m, p,Ωk = ‖gk − fk‖m, p,Rn ≤
ε

2k
.
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Step 4. Let
g(x) :=

∑
k≥2

gk(x).

The reader may prove by herself, as an exercise, that

g ∈Wm, p(Ω) and ‖f − g‖m, p,Ω = O(ε),

that is, the test functions are dense in Wm, p(Ω) with respect to the norm ‖ · ‖m, p,Ω.

9.6 Exercises

In this section, we denote by I an open interval (a, b) of the real line R (eventually un-
bounded), unless otherwise stated.

Exercise 9.1. Let I = (0, 1), and let p ∈ (1, +∞].

(1) The inclusion W 1, 1(I) ⊆ C0
(
I
)
is not compact.

(2) The inclusion
W 1, 1(I) ↪→ Lq(I)

is compact for every 1 ≤ q <∞.

Proof.

(1) Let us consider the sequence (un)n≥2 ⊂W 1, 1 ((0, 1)) defined by

un(x) =


0 if x ∈ [0, 1

2 ],

n ·
(
x− 1

2

)
if x ∈ ( 1

2 ,
1
2 + 1

n ),

1 if x ∈ [ 1
2 + 1

n , 1].

The weak derivatives sequence is clearly given by

Dun(x) =


0 if x ∈ [0, 1

2 ],

n if x ∈ ( 1
2 ,

1
2 + 1

n ),

0 if x ∈ [ 1
2 + 1

n , 1],

hence

‖un‖1, 1, I = n ·
∫ 1

2 + 1
n

1
2

(
x− 1

2

)
dx+

1

2
− 1

n
+ n ·

∫ 1
2 + 1

n

1
2

dx

=
1

n
+

1

2
− 1

n
+ 1 =

3

2
,

that is, the sequence is bounded in W 1, 1.
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We now observe that sequence un(x) converges pointwise to the bump function

u(x) =

0 if x ∈ [0, 1
2 ],

1 if x ∈ [ 1
2 , 1].

On the other hand, for any n ≥ 2 it turns out that

‖un − u‖∞ = 1,

hence no subsequence of (un)n≥2 can converge to u in the uniform norm.

(2) Let B be the unit ball in W 1, 1(I). Let P be the extension operator of Theorem 9.16
and set F := P (B), so that B = F

∣∣
I
.

The set F is bounded in W 1, 1(R) by construction; hence it is bounded also in Lq(R)
for all 1 ≤ q < +∞. If we are able to prove that for every f ∈ F there is a modulus
of Lq-continuity such that

‖τh f − f‖Lq(R) ≤ ω(|h|),

then we can apply the compactness result (Theorem 9.21) to infer that B has compact
closure in Lq(R). From Proposition 9.17 it turns out that

‖τh f − f‖L1(R) = O(|h|),

and hence

‖τh f − f‖qLq(R) ≤
(
2 ‖f‖L∞(R)

)q−1 · ‖τh f − f‖L1(R) ≤ C · |h|.

If we take the q-th root, then we obtain the estimate

‖τh f − f‖Lq(R) ≤ C · |h|
1
q ,

and this concludes the proof since we can set ω(|h|) := C · |h|
1
q for every 1 ≤ q < +∞.

Exercise 9.2. The Sobolev space W 1, p(I) is a function algebra, that is,

u, v ∈W 1, p(I) =⇒ u · v ∈W 1, p(I),

and the Leibniz rule also holds true for the weak derivative operator.

Exercise 9.3 (Convolution). Let u ∈W 1, p(R), and let v ∈ L1(R) be a convolution kernel.
Prove that

u ∗ v ∈W 1, p(R) and D (u ∗ v) = u ∗ v′.
Exercise 9.4 (Mollification). Let ϕ ∈ C∞c (R) be a convolution kernel, and let us set

ϕε(x) :=
1

ε
ϕ
(x
ε

)
.

For any p ∈ [1, +∞) and for every u ∈W 1, p(R), it turns out that

uε := u ∗ ϕε
ε→0+

−−−−→ u in W 1, p(R),

that is, uε → u in Lp(R)

Duε → Du in Lp(R).
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Exercise 9.5 (Density). For any p ∈ [1, +∞), the inclusion

W 1, p(I) ∩ C∞c (I) ⊂W 1, p(I)

is dense.

Exercise 9.6. Let g ∈ C1(I) be a differentiable function such that ‖g′‖∞, I < +∞. Prove
that, for any u ∈W 1, p(I), it turns out that

g ◦ u ∈W 1, p(I) and
d

dx
[g (u(x))] = g′(u(x))Du(x).

Exercise 9.7. Prove that, as a particular case of the previous exercise, it turns out that

u ∈W 1, p(I) =⇒ |u| ∈W 1, p(I).

Exercise 9.8 (*). Let I be a bounded interval. If g : R −→ R is a Lipschitz function, then

u ∈W 1, p(I) =⇒ d

dx
[g (u(x))] = g′(u(x))Du(x) for almost every x ∈ I.

If I is an unbounded interval, then the same formula holds true if we require g to be
essentially bounded, that is, if ‖g‖L∞(I) < +∞.

Solution. The reader may refer to [4, Theorem 2.1.11] for a proof of this statement.

Exercise 9.9. Prove that the Sobolev space W 1, p(I) is a lattice.

Exercise 9.10. Prove that there exists a function f ∈W 1, 2(R2) such that f is unbounded.

Solution. Here we only present a road map of the solution. The reader may try to fill in
the missing details as an easy computational exercise.

Step 1. The function

g(x, y) = log

[
log

(
1 +

1√
x2 + y2

)]

is unbounded, but one can prove as an exercise that it belongs to W 1, 2 (Int(B(0, 1))).

Hint. Take the derivative of g, find an estimate from above of its absolute value and then
compute the integral using the polar coordinates.

Step 2. Let Φ be a cut-off function such that φ
∣∣
B(0, 1)

≡ 1 and spt Φ ⊂ B(0, 2). The
function

f(x, y) := (g · Φ) (x, y)

is an unbounded function on R2 with compact support. On the other hand, based on what
we have proved in the first step, it follows immediately that f ∈W 1, 2(R2).
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