SOLUTIONS OF EXERCISES OF WEEK FOUR

Exercise 1. For each of the following differential equation, write a normal form and its
domain.

Also, check whether the function is a solution (Sol.) to the corresponding differential
equation (Eq.)

(1) Sol. : (¥%,(0,1)) Egq.: 4y"(x) —y(x) =0
() Sol.: (vV1—1x,[0,1]) Eq.: 2y(x)y'(x) = -1
© Sol.: (%12, (—e0, +-e0)) Eq.:y/(x)/x = y(x)
4) Sol. : (x?, (—00, +00)) Eq.:y'(x) = 2/y(x).
Solution.

(1) The normal form is F(x, y(x),y'(x),y"(x)) = 0 where
F:R* = R, F(x,y,p1,p2) =4ps—v.

We have
4(62x)// _ e — 1562x ?é 0.

Then (e?*, (0,1)) is not a solution.
(2) The normal form is F(x,y(x),y'(x)) = 0 where

F:R® =R, F(x,y,p)=2py+1

Since v/1 — x is not derivable at x = 1, (/1 — x, [0, 1]) is not a solution.
(3) The normal form is F(x,y(x),y'(x)) = 0 where

F:(R—{0})xRxR—=R, F(xyp) =

RI<

J— y'
If x =0, then
(0,4(0),'(0))

does not belong to the domain of F. So, it is not a solution.
(4) The function F of the normal form is

F: Rx[0,+40) xR =R, F(x,y,p)=p—2v.
Then F(x,y(x),y'(x)) = 0 if and only if
2x = 2|x|

which is true only if x > 0. Then (x2, (—co, +0) is not a solution.

Date: 2014, October 13.



Exercise 2. Integrate each of the following differential equations

(5)
(6)

y'(x) = y(x)(1 —y(x))
y'(x) 4 2xy*(x) = 0.

Among the solutions of (5) find at least three solutions with existence interval IR.
Among the solutions of (6) find at least one solution such that the existence interval is
not IR.

Solution.

(5)

(6)

Without integrating the equation, we can find two solutions defined on (—oo, +0),
the constants

(Yo(x) = 0, (=00, +00))
(y1(x) =1, (=00, +00)).

We integrate the equation with the separable variables technique. Then, suppose
that y(x)(1 — y(x)) # 0 for every x. Then

yx
yNA—y(x)

<y(1x) B y(x)l_ 1) y'(x) =1

In Jy(x)] — In[y(x) — 1] = x +¢

That is

Integrating, we obtain

which we can write

y(x)
y(x) —1
Now, we need to find an explicit solution. Let us consider the case there 0 < y < 1.
Then

= efe”.

y(x) g
y(x) —1
where d = —e°. Then
(x) = — de*
Y = T T gex
Then, if we choose ¢ = 0, or d = —1, we obtain the third solution on (—oo, +0)
ex
(v0) = e (-o0,49))

the constant solution 0 is defined on (—oo, +0c0). So, in order to find a solution
which is not defined on IR we have to integrate the equation. We have

/
}% = —2x
whence
——=-x*4c
Then ,
Ye(x) =



If ¢ > 0, then the function above is not defined on all the real numbers. If we take
¢ = 0, we obtain

(yo(x) = % (0,+oo)) :
O

Exercise 3. Let ¢ and f be two derivable Lipschitz functions on the interval [0,1]. Is
fg a Lipschitz function?

Solution. First, we check that a Lipschitz function on [0, 1] is bounded. In fact,

fE)] < 1f(x) = FO] +1FO)] < 1f(0) + Ly|x| < [f(0)] + Ly

where L¢ is the Lipschitz constant of f. Similarly, ¢ is bounded by L¢ + |¢(0)]. Since f
and ¢ are derivable,

|(f8) (¥)] = f'8(x) + f&'(X)| < 1f'g(x)[ + Ifg'(x)]
< Lg(Lg +|8(0)]) + Lg(Ls + |£(0)]).

Since fg has bounded derivative on an interval, it is a Lipschitz function. O

Exercise 4. Let y be a one-variable function which is 1 on the interval (0,1) and 2 on
the interval (1, 2). Is it Lipschitz?

Solution. It is not Lipschitz. In fact, on the sequences

Xn :=1—%, X, :=1—|—%
we have
y(o) — ()|
Xp — X,
which goes to infinity as n goes to infinity. (]

Exercise 5. Check whether each of the following functions are Lipschitz or locally
Lipschitz (if it is locally Lipschitz, write explicitly what is r in Q(xo, yo))

) 21:(0,1) x(0,1) - R, g1(x,y) =sin(1/x)
(8) 2: R x[0,471] = R, g(x,y)=|siny|
) 3 RxR—=R, gxy) =xy(l—y)
-1
(10) @ (1,2) 5 R, gqu(x) = |xx §
Solution.

(7) Since dxg is not bounded, g is not Lipschitz. However, it is locally Lipschitz. In
fact, given (xg,y0) in (0,1) x (0,1), we take
r:=min{xp, 1 — x9,y0,1 —yo}/2.
Then, dy¢g = 0 and

1

1 .
uga (x,9)| = |~z sin

» < 2max{xy?, (1 —x0)" '}

is bounded



(8) g2 is not derivable on the domain of definition. However, it is derivable on the
intervals Iy := (krt, (k + 1)7) for every 0 < k < 3. On each of these intervals

19yg2(x,y)| < 1.

Then g, is Lipschitz on I for every 0 < k < 3. Since g is continuous on [0, 471], it is
Lipschitz. Then, is also locally Lipschitz.

(9) 9xg3 = y(1 — y) is not bounded on IR%. Then g3 is not Lipschitz. However, it is
locally Lipschitz: given (xg, o), we choose r = 1. Then

[9x83(x, y)| = [y(1 = y)| < (lyo| + 1)(lyo| +2)
and
[9yg3(x,y)| = [x(1 = 2y)| < (|x0] +1)(3 + 2|yol)-
(10) On the interval (1,2), x —1 > 0. Then

x—1 1
galvy)=——=1-—
and d,g4 = 0 (bounded) and
1
0x84 = 2 <1

Then g4 is a Lipschitz function.

Exercise 6. Let (1, (0,1)) be a solution to the differential equation

y'(x) = y(x) siny(x)
such that y(0) = 71/2. Show that 0 < y(x) < 7t forevery 0 < x < 1.

Solution. We see that there are two constant solutions

(%0 =0,(0,1)), (y1 =7 (0,1)).
We write the equation as
y'(x) = fy(x))

where f(y) = ysiny. The function is locally Lip, because
dyf(x,y) = siny +ycosy

is a locally bounded function. Since f it also continuous, it satisfies the hypotheses of
the Picard-Lindel6f Theorem.

We claim that y # yp on (0,1). In fact, suppose that there exists x. in (0,1) such that
y(xx) = yo. By the uniqueness of the Initial Value Problem, we should have y = 0 on
(0,1). However, this is not possible, because y(0) = 7t/2.

Similarly, y # y1 on (0,1). In fact, if y = y; at some point, wehad y = y; = ron (0,1),
which, again, contradicts y(0) = /2.

Then, for every x € (0,1), we have y(x) # 0 and y(x) # 7. We show that 0 < y(x) <
7t: if there exist xg such that y(xg) > 7, then there exists x; such that y(x1) because
y and continuous and y(0) < 7. This contradicts the conclusions of the previous
paragraph. Similarly, y > 0 on (0,1). O



