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1 Introduction

The aim of this notes is to give a complete and self-contained proof of the following
result.

Theorem 1.1 (Marstrand). Let p be a locally finite Borel measure on R", a > 0 and
E CR" a Borel set s.t. u(E) > 0. Assume that

0 < Oual(pt,z) =05 (1, x) < 400 for p-a.e. x € E.
Then « is an integer.

This beautiful theorem was first proved by Marstrand in [2]; in deed, the author
proved a much stronger result, which provides important information on the measures
1 that satisfies the assumptions of theorem 1.1. Moreover, it is the starting point of the
Preiss’ regularity theory (see [4]). It is well known that, given E a locally Hfinite and
d-rectifiable set in R”, the measure u = H?L E has d-dimensional density 1 for H%a.e.
x € E (see [3]). The Preiss’ regularity theory goes in the opposite direction. The first
part of the statement above is the Marstrand’s theorem.

Theorem 1.2 (Preiss). Given a Borel locally finite measure p s.t. ©n(p, x) exists, it
is finite and positive for p-a.e. x € E, then « is integer the support of p can be covered
p-a.e. by an a-rectifiable set.

Our proof of theorem 1.1 is based on the notion of tangent measures: given u as
in the Marstrand’s theorem, a "blow-up" procedure provides the existence of a second
(non trivial) measure v, with the property of being a-uniform (see 1.22).

The presentation given has been strongly inspired by that of chapter 14 of [2] and
that of chapter 3 of the [1].

1.1 Preliminaries

We briefly recall some preliminaries and well known notions; the following can be found
in any book of Geometric Measure Theory (for instance, see [3]).
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1.1.1 oa-dimensional density

Definition 1.3 (a-density). Let u be a locally finite Borel measure in R”, z € R™ and
a > 0. We define the lower a-dimensional density of 1 at x as

B
0.0 (1, ) = limiinf ).
r—0 wara

similarly, we define the upper a-dimensional density of y at x as
B, (x
O (p, x) == limsup M
r—0 wara

If Ou0(p,z) = O%(1, z), we denote the common value as O, (i, z). We say that p
admits a-dimensional density at x.

Remark 1.4. The constant w, in 1.3 is only needed as a normalization factor: if « is not
integer, we can freely assume w, = 1; if « is integer, we set w, to be the a-dimensional
volume of the unit ball in R®.

1.1.2 Convergence in the sense of measure

Definition 1.5 (Weak™* convergence of measures). Given (fi,)n, fleo of locally finite
Borel measures on R", we say that (u,,), converges to fi, locally in the sense of measure
(or simply j1, — fiso) if the following holds true:

lim_ [ o) dialy) = | o) dunls) Vg € CUR).

n—4o0o Rn

Remark 1.6. In other words, the convergence in the sense of measure that we will
consider is the one induced by duality with continuous functions compactly supported.
In deed, this notion of convergence makes sense, since we deal with locally finite Borel
measures.

The following properties hold true.

Proposition 1.7. Let (u,), be a sequence of locally finite Borel measures that converges
weakly* to a locally finite Borel measure p. Then, for all lower semicontinuous and
compactly supported function f:R™ — R there holds

| o0) dut) <timint [ gty) dua(y).

n——+00 Rn
In particular, the followings hold true:

o for all open set A there holds

(1(A) < liminf g, (A);

n——+00

e for all closed set C there holds

(1(C) > limsup p1,, (C);

n—+400

2



e for all Borel set E s.t. u(E) =0, there holds

W(E) = lim p,(E).

n—-+oo

Theorem 1.8 (Compactness of measures). Given a sequence (f,)n of locally finite
Borel measures on R", assume that (w,), is locally uniformly bounded, i.e. for all r > 0
there holds

sup pn(By) < +00.
neN

Then, up to subsequences, (fin)n converges weakly™* to a locally finite Borel measure.

1.1.3 Besicovitch’s covering theorem

Definition 1.9 (Besicovitch’s covering). Let £ C R™; let F be a family of balls in R?
s.t.

inf{r | B(x,r) e F} =0 Vz € E.

We say that F is a Besicovitch’s covering of F.

Theorem 1.10 (Besicovitch’s covering theorem - 1). Let p be a Borel, locally finite
measure on R™. Let E C R"™ be a Borel set s.t. u(E) < +oo. Let F be a family of
closed balls which is a Besicovitch’s covering of E (see 1.9). Then, for all e > 0 there
exists F' C F disjoint s.t.

e F' is disjoint, at most countable and covers p-a.a. of E;

® > per M(B) < u(E) +e.

Theorem 1.11 (Besicovitch’s covering theorem - 2). Let p be a Borel, locally finite
measure on R". Let E C R"™ be a Borel set s.t. u(E) < 4o00. Let F be a family of
closed balls which is a Besicovitch’s covering of E (see 1.9). Then, for all € > 0 there
exists F' C F disjoint s.t.

o F' covers p-a.a. of E;

o Yper u(B) < ul(E) + <.

Theorem 1.12 (Besicovitch’s differentiation theorem). Let v be a locally finite Borel

measure R" and f € L} (R™ 1) be a nonnegative measure. Then, for u-a.e. x € R"

the following holds true:

lim |f(z) = f(y)] duly) =0;

r—0 B, (x)

in particular, for p-a.e. v € R™, f is L' approzimately continuous at x, that is

f(z) =lim f(y) du(y).

r—0 Br(l‘)
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1.2 Blow-up of a measure in a point

Blowing up a measure 4 in a point x means looking at the behaviour of u in very small
neighbourhoods of z. Despite being very simple and intuitive, this idea is surprisingly
powerful and it gives important information on the measure itself. We describe this
procedure.

We introduce the following notation, which will be extremely useful.

Definition 1.13. Let p be a locally finite Borel measure in R", x € R™ and r > 0. We
denote as p,, the locally finite Borel measure on R™ defined by

por(A) = p(x +rA) VA CR" Borel.

Remark 1.14. Given p,x,r as in 1.13, we denote as T, : R” — R" the affine map

By definition 1.13, there holds that

for(A) = u(T; 1 (A)) VA CR" Borel.

xz,Tr

In other words, ., is the push-forward of u according to Ty.. Then, given f € L'(R™, p),
we deduce that f € L'(R", u,.,); moreover, there holds

10 dit) = [ £ Tt dut) = [ 1 (U5 dut

R” R”

Definition 1.15 (Tangent measure). Let pu be a locally finite Borel measure in R”,
r € R" and r > 0. We denote as Tan, (i, z) the set of all measure v for which there
exists a sequence of positive radii r; | 0 s.t.

Har ”

o
L5

Remark 1.16. The notion of tangent measures given in 1.15 is not the most general
possible. In deed, this notion was first introduced by Preiss in [4|, where all the weak™
limit of sequence of the form c;u, ,, are considered. In the following, we will only deal
with the definition of tangent measures given in 1.15, since it carries all the information
needed.

Remark 1.17. Clearly, the tangent measures of definition 1.15 are locally finite and
Borel. As remarked in 1.14, the convergence in the definition 1.15 can be stated as
follows:

lim ig (y — x) du(y) = /ng(y) dv(y) Vg€ Ce(R").

i—00 Jpn T T
Remark 1.18. Blowing-up the measure p blowing up at the point x means that we want
to study the limiting behaviour of £%- as r | 0. By definition 1.13, it is immediate to
see that
:U’:Jc,r<31> o M(BT(‘T))

T-CM 7»0(
As r | 0, the numerator goes to the measure of the point x and the denominator blows
up to co. In other words, when r is very small, x,, spreads the measure p of the ball
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B,(x) in the unit ball. In this sense, the measure p,, zooms in the measure p in a
very small neighbourhood of the point = (which becomes the "new" origin the zoomed
euclidean space). As for the denominator, if r® is the right scaling factor, the limiting
behaviour of £%- might be a (non trivial) measure carrying useful information on the
geometry of the support of x in a neighbourhood of x.

In the following, we describe the blow up procedure in the classical case. This will
show as the notion of the tangent measure can be seen as a suitable definition of the
concept of tangent planes to a C'! submanifold of R™.

Proposition 1.19 (Tangent measures to a C'' submanifold). Let & be k-submanifold
of R™ of class C' (without boundary). Letting u = HFLY, the followings hold true:

o for all x € ¥ for all r > 0 we have

Mo _ gk <E — x) ;

rk r
e for all x € X, we have

25 <E—x

) ML Tan,Y asr L0,

where Tan,Y is the tangent plane of 3 at x.

Remark 1.20. In the framework of proposition 1.19, for all x € 3, we deduce that
HF¥_Tan,Y is the unique tangent measure to #*L_Y at x. In some sense, this is not
surprising: as we zoom in the neighbourhood of x the manifold ¥ looks almost like
the tangent plane Tan,>:; similarly, the k-dimensional Hausdorff measure on > looks
almost like the Lebesgue measure on a k-dimensional linear space.

Proof of 1.19. Fix x € ¥. As for the first statement, given r > 0, by the rescaling
property of H¥, for all A C R™ Borel we have

ux,;im _ ik H((z +rA)NE)
e ((Fea)n)
= N (A N = ; x)

Y
=ML ( “”) (A).
r
We denote as BY the k-dimensional ball centered at the origin in R¥ of radius . As
for the second statement, we can make the following assumptions:
o v =0
e Tan,Y = Span(ey, ..., e;) = R¥, where R = R* x R"7%;

e there exist § > 0 and a C' map & : BY — By " s.t. I'N (B x By™") is the graph
of @, that is

I'N(BY x By %) = {(x,®(x)) e R* x R"* | x € B}}.
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Let g be a test function in C.(R™); we have to check that

lim [ g dH"L (E) :/ g dHFL (Tan,Y). (1)
Rn /r‘ n

r—0
Under our assumptions, (1) becomes
iy [ gl aH @) = [ oe.0) da (2
r—0 2/7‘ Rk
Notice that ¥/r can be parameterized in Bs/, x Bg‘/;k as follows:

)

X/rn (B(’;/T X Bgl/;"“) = {(z, . ) € R x R"*

Since we are interested in the limiting behaviour as r approaches 0, there exists n > 0
s.t. for all € (0,7) there holds

supp(g) C Bs,, x By,".

Given x € B¥, denote by J®(x) the jacobian determinant of ®; by the area formula,
for r € (0,7n) there holds

/ o) ) = / o (= 2E) VT 7003 do 3)

r

Under our assumptions, notice that the map & as differential d® that vanishes at zero;
hence, J®(0) = 0. As r | 0, for all z € R¥, there holds that

lim O (2r)

r—0 r

= d®y(z) = 0.

Since ® is a map of class O, we have that
lim J®(rz) = 0.
r—0
It is easy to show that the pointwise limit above are are uniformly bounded with respect

to r € (0,n) and 2z in any compact set of R¥. Then, by the dominated convergence
theorem, we deduce that

iy [ g<z,q’(”)) I+ (2 de = / o(z,0) de. (@)

r—0 r
§/r R¥

]

Another important (and intuitive) fact is that the notion of tangent measure is
completely local, as explained by the proposition above.

Proposition 1.21 (Locality of Tan,). Let u be a locally finite Borel measure on R™,
a>0and f € L}, (R, u) s.t. f(x) >0 for p-a.e. x € R". Then, for u-a.e. R™ there
holds

Tan,(f - p,x) = f(z) Tan, (@, x). (5)
In particular, for any Borel set B C R™ the following holds true for p-a.e. B:

Tan,(ul B, z) = Tan,(u, ). (6)
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Proof. We claim that (5) holds for every x € By, where (2 is defined as follows:

Q::{xeR”

iy 11t = £ duty) =0}

r—0

The conclusion follows by the fact that p(R™\ Q) = 0; in deed, it is well knows that
f € L (R" ) implies that f is L'-approximately continuous at p-a.e. z € R".
Fix x € Q and v € Tan, (i, z). By definition 1.15, there exists r; | 0 s.t.

_ Har %

v 2
L
For all 7 € N define
V{ . (f ' /’[’)1577'2'
=

(2

We claim that v/ — fr; this would imply that

Tana(f ’ ,u,x) - f(x)Ta’na(pﬁ 37)

Given p > 0, if we apply 1.17 we can compute

(f(x):ux,n - (f ’ ,u):r:,n') (BP)

—~
~
—~
]
N~—
S
|
S
N~—
—
s
>
N—
I

3= -

f@)p(Br,p(x)) — /B f(y) dux,m(y)]

= ia f(x),u(Bm;(I)) - / f(y) d:ux,n(y)]
T L Br,p(2)
_ Ti @) = S W) e (v) (7)

Taking the total variation in the ball B,, (7) leads to

@i — V) (B,) < — /B @) — )] duly)

re

=ML 17 - ) i) ®)

(07
T

Since x € 2, if we show that the ratio

M(Bmp(x)) _ ’um’”<B'D) = Vi(BP)

o (e}
T T

is uniformly bounded with respect to i, from (8) we immediately deduce that

lim_|f ()i — 2] (B,) = 0. (9)

1——+00

In other words, (f(z)v; —v/}); converges to 0 in total variation in any balls; in particular,
(f(x)v; — v)); converges to 0 locally in the sense of measures. Since (f(z)-v;); converges
weak™ to f(x)r, we deduce that ()); converges weak™ to f(x)v, as desired. Having
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said that, take g € C.(R") s.t. g takes values in [0,1] and ¢ = 1 in B,. From the
convergences in the sense of measures it follows that

limsupv;(B,) < limsup /n g(y) dvi(y) = /n 9(y) dv(y) < +o0.

i——400 i——+00

Thus, we have shown that

Tana(f " l’) - f(x)Tana(,u7$)'

As for the reverse inclusion, we can argue in a similar way.
If we take f := 1, for some Borel set B C R", immediately obtain (6) from (5). O

1.3 «a-uniform measures

We introduce the notion of a-uniform measure; we will prove that in the hypothesis of
theorem 1.1, there are very interesting tangent measures, which have the property of
being a-uniform. This fact will play a crucial role in the proof of Marstrand’s theorem.

Definition 1.22 (a-uniform measure). Let u be a locally finite Borel measure on R"
and o > 0. We say that u is a-uniform if the following holds:

(B, (x)) = war® Va € supp(p) Vr > 0, (10)

where w, is defined as in 1.4. We denote by U, (R™) the set of the a-uniform measures
v s.t. 0 € supp(v).

Remark 1.23. e The fact that the support of measure p € U, (R"™) must contain 0
is simply needed to exclude the zero measure from U, (R").

e From (10), there follows immediately the same property for closed balls. In deed,
given p a-uniform, x € supp(u) and r > 0, for all € > 0 there holds

(0B, (x)) < p(Brie(w)) — w(Bp(x)) = wal(r + )" — 7] = ofe).
Thus, we obtain p(9B,(x)) = 0, which implies that
(B, () = war® Yz € supp(p) Vr > 0. (11)

The huge symmetry properties of a measure u € U, (R™) yields a useful change of
variable formula.

Proposition 1.24. Let p be an a-uniform measure in R™, for some o« > 0. Let
¢ : [0,4+00) = R be a Borel function s.t. ¢(|-|) € L*(R™, p). Then, for all y € supp(pu)
there holds ¢(|- — y|) € L*(R™, p); furthermore, there holds

[ el dnte) = [ otz =) duce). (12)

Proof. Assume that ¢ = 1jg,; then, (12) is an immediate consequence of (10). By
linearity, (12) holds true if ¢ is a step function of the type

N
¥ = Z a;iliom)-
i=1

By approximation and Beppo Levi’s theorem, we deduce that (12) holds true if ¢ is
a nonnegative functions; hence, we immediately extend (12) to the case in which ¢ is
real-valued and o(|-|) € L'(R", u). O



We can easily characterize the a-uniform measure in R" for a > n.

Proposition 1.25. Given a > n, take o an a-uniform measure in R™. Then p is
absolutely continuous with respect to £". Moreover, if a > n, then U,(R™) = 0; if
a =n, then U,(R™) = {L"}.

Proof. Step 1: Take E C R"™ a Borel set s.t. £"(E) = 0; we have to show that
u(E) = 0. Without loss of generality, we can assume that £ C supp(u): in deed,
p(E \ supp(p)) = 0. Then, by Besicovitch’s covering theorem, for all € > 0 we can cover
FE with at most countably many balls (B;); centered in E of radii at most 1 s.t.

> LB <e.

For simplicity, denote B; = B,,(x;); recall that r; <1 and z; € supp(u) for all 7. Since
a > n, there holds

€2 Zg"(BZ) = anﬂn

wn — wn
= — Wariry ™ > — Wals
Wy & Wy &
(] (]
Wn, Wn,
=— > u(B;) > —p(E).
Wy & We
1

Since € > 0 is arbitrary, we infer that pu(F) = 0.

Step 2: We have that p and .£" are both o-finite measure (in deed, they are locally
finite). So, the Radon-Nikodym theorem provides the existence of f € L (R", . #")
nonnegative s.t. = f-.Z". From the Besicovitch’s differentiation theorem and the

fact that p is a uniform, we deduce that for £" —a.e. x € R" there holds

e W(B(T) L Wa o,
f(z) = }g% T ll_r}(l) wnr . (13)
If & > n, then (13) yields f(z) =0 for Z"-a.e. x € R™, that is u = 0; however, this is
against the fact that 0 € supp(u), as in definition 1.22. Then, U, (R") = 0 if a > n.
If n = «, then (13) implies that f(z) =1 for all x € supp(u). Since u € U, (R™) (in
particular, 0 € supp(u)), for all » > 0 there holds

war" = p(B,) = i, fly) d2"(y) = £"(B: Nsupp(n)). (14)

Since supp(p) is closed, we deduce that B,supp(u) (recall that every non empty open
set in R™ has positive Lebesgue measure). Since r is arbitrary, we conclude that
supp(p) = R™, that is p = Z". O

The simple characterization given in 1.25 yields the corollary below, which will
be extremely useful in the following. It goes in the direction of studying a-uniform
measures concentrated on specific subsets of the euclidean space.

Corollary 1.26. Let p be measure in U,,(R™), where m,n are positive integer. Assume
that supp(p) C V', where V' is an m-dimensional affine subspace in R™. Then, u =
H"LV.



Proof. Clearly, we can see j as an m-uniform measure measure in V' ~ R™. Proposition
1.25 implies that p is the m-dimensional Lebesgue measure in R, that is gy = H™LV
(under the identification of V' and R™). O

As explained in 1.4, w, is only a normalization constant in definition 1.22. However,
its choice for o integer guarantees that H*L_V is a k-uniform measure in R" for all
k-dimensional affine plane V' C R"™. In deed, this fact is obvious. We just mention
the extremely interesting fact that, if k is an integer less than n, there exist k-uniform
measures in R” which are not of the form H*LV, for some k-dimensional affine plane
V C R".

2 Proof of Mastrand’s theorem

We are now in the position to give a complete proof of theorem 1.1. For the reader
convenience, we split this long proof in some parts.
The Mastrand’s theorem is an immediate consequence of the following propositions.

Proposition 2.1. Let p be a measure as in theorem 1.1. Then, for p-a.e. x € E there
holds
0 # Tana(p, x) € {Oalp, x)v | v € Ua(R")} . (15)

Proposition 2.2. IfU,(R") # 0, then « is an integer less or equal than n.
If we assume propositions 2.1 and 2.2, the proof of Marstrand follows easily.

Proof of theorem 1.1. Since F has positive measure, proposition 2.1 yields the existence
of x € E s.t. (15) holds true. In particular, U, (R™) # 0); then, by proposition 2.2, we
infer that « is an integer less or equal than n. O

The following sections are devoted to prove propositions 2.1 and 2.2.

2.1 Proof of proposition 2.1

As for proposition 2.1, the proof is based on a very common "countable decomposition"
argument.

Proof of proposition 2.1. Without loss of generality, we can assume that for all x € FE
O, (1, z) exists, it is positive and finite.
Step 1: Given 7, j, k € N consider the sets

(j — Dwa < w(Br(z)) < (j +.1)W04 Vr < l}

) ro - ) ~— k

Eiik — {x e R"

By the assumption on F, we immediately see that
Ec(JE"*
i gk
Fix 7, j,k € N; we claim that for pu-a.e. x € E*9* the following holds:

Qe g
V(B (y)) — On(pt, )war?| < Yol vy e Tang (ul E** 1), Yy € supp(v), Vr > 0.

Z (16)
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By the locality property of tangent measures (see 1.21) and (16), we obtain that for
p-a.e. x € E* the following holds:

TN

V(B (y)) — Oty T)war?®| < Vv € Tan,(p, x), Yy € supp(v), Vr > 0. (17)

1

Fix i € N; since E C |, E***, we deduce (17) holds for p-a.e. x € E. Then, we have
that for py-a.e. z € F the followmg holds:

2w,r%

V(B (y)) — O, T)war?| < Vv € Tan,(p, z), Yy € supp(v), Vr >0, Vi € N,

1

which immediately yields
V(B (y)) = Oalpt, )war® Vv € Tana(p,x), Yy € supp(v), Vr > 0. (18)

In other words, g is an a-uniform measure; to conclude that V=g 6t € Ua (R™),
it suffices to show that 0 & supp( ( )>, that is 0 € supp(v). In deed, by the

convergence in the sense of measures, for all p > 0, there holds

B 1 or (B
i p)Z—limsup—u”g 0)
pe P imstoo Ty
B,
2 ].lm Sup lu’( P z(m))

itoo  (pri)®
> WaOa(p, x) > 0.

Letting p T r, we deduce that
V(B,) > waOa(p,x) >0 Vr > 0. (19)

Hence, 0 € supp(v).
Step 2: We are left with the task of proving that for all i, j,k € N (16) holds for
p-a.e. x € EWF Since i, j, k are fixed, set F = E"'"*; define

o HBo () \ F)

r—0 ro

Flzz{:vEF

=0, Tan,(p, ) = Tan, (ulLF, x)}

={z € F|O,(pLF* x) =0, Tany(u, x) = Tan, (ulF,z)} .

Recall that p(F \ Fi) = 0; so, it suffices to show (16) for all x € F;. Fix z € F},
v € Tan, (uLF,z) = Tan,(u, x) and r; | 0 s.t.

Facr'*
_ W F)ay s

i =
o
T

We claim that for all y € supp(v) there exists (x;); C F' s.t.

r; — X

Yi = -y

T
By the convergence in the sense of measures, for all p > 0 we have that

0< V(Bp(y>) < lim inf Vz(Bp(y)) — liminf M(Bﬂh' (I _’_ariy) N F) .

1—+00 1—+00 7”7;
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In particular, p(B,y, (z+7;y) N F) > 0 for all i large enough. Then, it is clear that there
exists N(p) s.t. for i > N(p) there exists z; , € B,,,(x + r;y) N F. So, we have that

Tip — T

—y' <p.
r;

At this point, with a diagonal argument, we built a sequence (z;); C F s.t.

Ty — X

lim
1——400

e

T
We claim that there exists S C RT at most countable s.t. for all p € R\ S there holds

Tim (B, () = (B, (). (20)
Notice that the center of the balls in (20) are not the same. So, we define &; == (v;)y,—y.1-
Then, (20) becomes

Jim &(B,(y)) = v(B,). (21)

for all A open s.t. ¥(OA) = 0; since v is locally finite, there exist at most countably
many radii p s.t. ¥(0B,(y) is positive. Having said that, it is immediate to check that

& = v: in deed, this is obvious by the facts that v; — v and y; — .
Fix p € RT \ S; let us compute

. W g BB (i) NF)
Jdim v(By(yi)) = lim e : (22)

Since #—=* — y;, there exists a constant C' > 0 s.t. |x; — x| < Cr; for all i. So, by the
fact that « € Fi, we obtain that
B r()\ F
o (Bieipn @)\ F)

i B @)\ F)

1—+00 Tf‘ 1—+400 T’i

— 0. (23)

By (20), (22), (23) and the fact the z € F = E%"* we deduce that

v(B,(y)) = lim v;(B,(y;)) = lim “(Bp§($)) e (<=7 = Dwar® (j “,)“apa). (24)

i—+o00 i—+o0 r; () 1

Notice, that by definition of F', the quantity O, (u, z)w,p® belongs to the same interval.
Then, we deduce that for all p € RT \ S there holds

[v(By(y)) = Oalpt, x)wap®| < 2waip - (25)

Since S is at most countable, by continuity, we deduce that (25) holds true for all
p € R*, which proves (16).
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Step 3: We have shown that Tan,(u,z) C O, (p, 2)U,(R") for p-ae. = € E.
To conclude, we show that Tan,(u,z) # 0 for p-a.e. © € E. Fix any © € F s.t.
Ou (1, ) < +00. Then, for all p > 0, we have that

B, e (B

>0 re r>0 T
Hence, the family of measures (7%, ,).<; is locally uniformly bounded; by the com-
pactness of measures with respect to the weak™ convergence (in duality with C.(R")),
we deduce that there exist a subsequence r; | 0 and a locally finite Borel measure v s.t.

Har x

Ta

In other words, v € Tan, (i, z) by definition. O

2.2 Proof of proposition 2.2

We highlight the main steps of the proof of the proposition 2.2, which can be divided in
some lemmas.

Sketch of proof of 2.2. 1. We already know that U,(R™) = 0 if o > n (see 1.25).

2. The fundamental step consists in showing that, if & < n, then U, (R") # () implies
that U, (R™™1) # 0.

3. By iteration of the previous argument, we obtain that i/, (R["‘]) # (). Assume by
contradiction that o is not integer; then a > [a] and U, (R[®!) should be empty
by the first of these steps. Hence, we find a contradiction.

]

We study the tangent measures to an a-uniform measure. Having in mind the
heuristic description given in 1.18 and the definition 1.22, it would not by surprising
that the tangent measures to an a-uniform measure are still a-uniform measures, as
shown in the lemma below. The proof is very similar to that of proposition 2.1

Lemma 2.3. Let a > 0, p € U, (R") and x € supp(p). Then
0 # Tang(u, z) C U, (R™).

Remark 2.4. Given a measure p as in theorem 1.1, proposition 2.1 guarantees that
tangent measures are (up to multiplicative factors) a-uniform measures p-a.e. In some
sense, lemma 2.3 is the analogous of the following: take ¥ submanifold of class C! in
R™ and = € ¥; then Tan,(Tan,(x 4+ Tan,>) = Tan,X.

Proof of 2.3. The argument given in the third step of the proof of proposition 2.1
shows that Tan,(u,z) # 0 for all € supp(u): since p is a-uniform, at every point
x € supp(u) there holds that O, (u, x) = 1.

Now fix x € supp(u), v € Tan,(u, ) and r; | 0 s.t.

:“x_giﬁy
i

V; -

Given y € supp(v), arguing as in the second step of the proof of proposition 2.1, we
can easily check the following facts:

13



e there exists a sequence (z;); € supp(u) s.t.

Ty — X

Yi = —Y;

T
e there exists a set S C R" at most countable s.t. for all p € RT \ S there holds

V(B,(y)) = lim PerBo@)) (B ()

(e
. . = (.Uap ’
1—+00 T ;
7 7
where we use also use the fact that p is a-uniform.

e Since S is at most countable, by continuity, we deduce that

V(B(y)) = war® Vr > 0.

We only have to check that 0 € supp(v). Fix p > 0; by the weak™ convergence and the
fact that p is a-uniform, it follows that

#(Bpr, (7))

) xT,T B .
v(B,) > limsup L&p) = lim sup -

i—>+00 r; i—+o00 r;

= wWep* > 0.

By approximation, we deduce that every open ball centered at the origin has positive
measure . m

The following is an elementary geometric remark.

Lemma 2.5. Take 0 < a <n and p € U,(R™). There exists y € supp(p) and a system
of coordinates (x1,...,x,) on R s.t.

supp(v) C {xy >0} Vv € Tan,(u, ). (26)

Proof. Set E = supp(p). Since a < n, we claim that E # R"; in deed, we show that
By is not contained in E. Assume by contradiction that B; C E; then, we can use
the Besicovitch’s covering theorem to cover Z#"-a.a. on B; with at most countably
many disjoint balls (B;); of radii at most 1. For all i, we set B; = B,.(x;); recall that
x; € By C F and r; < 1. Since p is a-uniform and o < n, we have that

u(B1) 2 3 B o)) = Swart > 302 2B, ) =T o)

Wn

Then p(B1) > wy; since 0 € supp(p), this yields a contradiction.

Having shown that £ # R", fix y ¢ F; since F ia a non empty closed set, there
exists z € F s.t. dist(y, E) = |y — z| = a. We can choose coordinates (z1,...,x,) in
R"s.t. z=0and y = (—a,0,...,0). Set

E =R\ B,(y);

by definition of distance from a subset, we have that £ C E (see figure 1). We claim
that z fulfils the required properties. Fix v € Tan,(u,0) and a sequence r; | 0 s.t.

ILLO,Ti i 0

o
T

V; =
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{""120} E . .{:1:_1__2}0}'___ i

o(-a, 0)

Figure 1 Figure 2

Clearly, the support of v; is contained in the set
B, :==R"\ By, (2) .
T

Notice that for any = in the half space {x; < 0} there exist 79 > 0 and N € N s.t.
B,(x)NE; for all i > N for all 7 < rq (see figure 2). Then, we obtain that v;(B,(z)) = 0
for all i« > N for all » < ro. Thus, v(B,(z)) = 0 for all » < ry. This is enough to
conclude that = ¢ supp(v). O

The next lemma is the key step in the proof of proposition 2.2.

Lemma 2.6. Take 0 < oo < n and p € Uy (R™). If supp(v) C {z1 > 0}, then for all
v € Tan,(v,0) there holds

supp(v) C {x, = 0}.

Remark 2.7. In some sense, the statement of lemma 2.6 is the analogous of the fact
that the tangent space to the half space is an hyperplane of codimension 1.

Proof of 2.6. Take v € Tan,(v,0); given r > 0, define the quantities

b(r) == wq ][T zdv(z), c(r) = wq ][T z dv(z),

where the integrals are defined component-wise. Up to the multiplicative factor w,,
b(r) and c¢(r) are the baricenters of the measure vL_ B, and vL_B,, respectively. Denote
b(r) = (by(r),...,by(r)) and ¢(r) = (c1(r),...,cu(r)). Since supp(v) C {z; > 0}, we
have that b;(r) > 0 for all » > 0; similarly, since supp(7) C supp(v) C {z; > 0}, then
c1(r) > 0. If we prove that ¢;(r) = 0, then we conclude immediately that

supp(rL.B,) C {z; = 0} (28)
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Since supp(7LB,) C supp(#7) N B,, then the validity of (28) for all r > 0 yields

supp(7) C {x1 = 0}.

Hence, we have to show that ¢;(r) = 0 for all > 0; in deed, we will show that ¢(r) =0
for all » > 0. By the c-uniform properties of v, 7 (7 € U,(R™) because of 2.3), it follows

that
1 1

b(r) = —/ zdv(z), c(r)= —/ z dv(z). (29)
ra 7.04
We have to show that ¢(r) = 0 for all » > 0. The idea is to study the limiting behaviour
of b(r) when r | 0.
Step 1: We will check that there exists a constant C'(a)) > 0, depending only on «,
s.t. for all r > 0 for all y € supp(r) N Bsy, there holds

[<0(r),y >| < Cla) |yl (30)

Now, we show how to conclude the proof. Fix r; | 0 s.t.

Vo x

0.

V; = rf‘
By the weak™® convergence of measures, it follows that there exists S C R at most

countable s.t. for all p € R\ S there holds

lim b(rip) = c(p); (31)

i——+00

in deed, we have

bprs) = —— /B 2 dulz) = = /B = du(e) (32)

peT; o Y
by the weak* convergence of measure, we deduce that

1 1
lim —/ z dvi(z) = —z dv(2)
By

i—+o0 p% P
for all p € R s.t. 0(0B,) = 0. Since ¥ is locally finite, the set of the radii p for which
v(0B,) > 0 is at most countable. Then, we obtain (31) for all p € R* \ S.
Take p € RT\ S and z € B, Nsupp(?). As in the second step of the proof of
proposition 2.1, we can check that there exists a sequence (y;); € supp(v) s.t.

zi == = 2. (33)

Clearly, we can assume that |y;| < 2r;p for all i; since y; € supp(v) N By,, we can use
(31), (33) and the estimate proved in (30) to obtain the followings:

o [<0(eri), yi > - wl”
< clp)z >| = lim SR o)l - —o. (34)
To resume, we have shown that
<c(p),z>=0 VpeR"\ SVze B,Nsupp(v); (35)
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Given p € RT\ S, (35) immediately yields
1
0=— <c(p),z> dv(z) =< c(p), —/ z dv(z) >=|c(p)] .
P* I, P* JB,

Since S is countable, by continuity, we deduce that ¢(p) = 0 for all p > 0. So, the proof
is concluded, modulo checking (30).

Step 2: We are left with the task of showing that there exists a constant C(a) > 0,
depending only on «, s.t. for all r > 0 for all y € supp(r) N By, (30) holds true. We
start with the trivial identity

2<z,y>=lyf + ("~ |z —yf") = (* — |2") VeyeR"Vr>0.  (36)

Then, take r > 0 and y € supp(v) N Bsy,; we have

2|<b(r),y >l =r"" (37)

/ 2<z,y> dv(z)

r

—_= 7,,—04

y2v(B,) + / (? — |o — yP) dv(z) - / (1 — [2?) du(z)

T T

(39
[0ty vty = [ eyl )

Swalyz}w‘“/

<we |y +r7

|r? = | —y[*| dv(x)

Br\Br(y)
r—¢ r? — |z —y|?| dv(z 39
" /B'r(y)\Br ‘ ‘ y‘ } ( ) ( )
< wa ly|* + 477 y| (B, \ By(y)) + v(B.(y) \ v(B,))]
= wa [yl* + 47~ [yl v((B, \ B.(y)) U (Br(y) \ v(B,)). (40)

In (37) we used (36); in (38) we used the fact that v € U,(R") and the change of
variable formula for a-uniform measures stated in 1.24 (it applies since y € supp(v));
in (39) we used the following facts: since y € Bs,, for all x € B, \ B,(y) there holds

0< |z —yl" = <|o—yl” — o = (Jo =yl =y |z =yl + |yl) < 47 |yl;
similarly, for z € B,(y) \ B,, there holds
0<r —|z—y> <4rly|.
At this point, two cases may occur.

e If |y| < r, then we have that
(Br \ Br(y)) U (B (y) \(Br) C Brijy) \ Bryy-
Then, for |y| < r and y € supp(v), (40) yields

2|1< b(r),y >| < walyl* + 4y r " V(Briy) — v(Br_jy)]
= wa [y + dwa [y 7 [(r + )™ = [ — |y[]]

—alyf bl (14 2) = (1= 2]
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If a € [0, 1], the function ¥ (s) := s* is a-Ho6lder continuous in [0, +00). Denote
by C(«) a positive contant that may change from line to line, depending only by
a. Then, (41) immediately implies that

2 (0%
2|< b(r),y >| < walyl” +4C(a)wa ly| r (#)

ly?
Ta—l

= wa ly|* + C(a)

< w, |y[* + C(a) |y*
= C(a) |y?. (42)

If & > 1, the computation is very similar: recall that the function ¢ (s) = s“ is

convex [0, 400); hence, there holds

(1 + M) — <1 — M) < ( sup 1[)’(3)) 2M = C’(a)g.
T T 5€(0,2) T T
Then, (41) yields
2|<b(r),y >| < wa |yl +C(a) Jyl o Cla) Iyl (43)

7 =
Hence, for all o > 0, for all » > 0 for all |y| < r s.t. y € supp(v), we obtain (30).
Step 2: If r < |y| < 2r, we have that

(B:\ Br(y)) U (Br(y) \ v(By) € Brayy-
Then, (30) yields
2|< b(r),y > < walyl® +4ly[r' = v(Briy)
= wa [yl + oo |yl 770 + [y))°
= wa [y +C(a) |y|r (1 + h;—l)a
< walyl” + Cla) |yl r
< C(a) Jyl*.
We have shown that (30) holds true for all » > 0 for all y € By, N supp(v).
Hence, the proof is concluded. O]
Now, we are in the position to give a complete proof of proposition 2.2.

Proof of 2.2. We have already noticed in 1.25 that « as to be at most n. However, if
a = n, the proof is concluded; so, we can assume that o < n.
We claim that U, (R™) # 0 implies that U, (R"!) # 0.

e Take p € U,(R"); by lemma (2.5), we can find y € supp(p) and a system of
coordinates (zy,...,x,) on R s.t. supp(u) C {x; > 0}.

e Take v € Tan,; by lemma (2.3), we deduce that v € U,(R™). It is immediate to
check that supp(v) C supp(p) C {z; > 0}.
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e Finally, consider 7 € Tan,(v,0); by lemma 2.3, 7 € U, (R™); moreover, lemma 2.6
implies that supp(#) C {z; = 0}. Then, ¥ can be naturally seen as an element of
U, (R™1).

At this point, we show that « is integer. By iteration of the previous argument,
we obtain that U, (RI*)) # (). Assume by contradiction that « is not integer; then

a > [a] and U, (R should be empty by the first of these steps. Hence, we find a
contradiction. O
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