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Introduction

Eulerian posets form a special class of partially ordered sets which are often encountered
in combinatorics. Relevant examples of Eulerian posets are the face lattices of polytopes,
the posets of cells of regular CW-spheres, intervals in the Bruhat order on finite Coxeter
groups, and the lattices of regions of oriented matroids. They provide a natural setting
for generalizing many results that are valid for polytopes. This thesis investigates the
theory of Eulerian posets and its connection with polytopes, with particular attention to
the framework of the Kazhdan-Lusztig—Stanley (KLS) theory of posets.

This thesis is divided into four chapters. In Chapter 1, we introduce the fundamental
notions of poset and polytope theory. In Chapter 2, we define Eulerian posets and develop
some of their properties. We explore the geometric and topological settings in which
they arise, present various generalizations of the Dehn-Sommerville equations, and then
construct the cd-index. In Chapter 3, we explain how to generalize the construction of
the h-vector of simplicial polytopes into the toric h-vector of Eulerian posets, which, in
the case of face lattices of polytopes, encodes the intersection-cohomology Betti numbers
of the associated toric varieties. We then describe how to compute the toric h-vector
from the cd-index by interpreting it as a Newtonian coalgebra map.

In Chapter 4, we introduce the KLS theory of posets and some of its invariants: the Z-
polynomial, the Chow polynomial and the augmented Chow polynomial. We proceed by
studying these invariants in the Eulerian case, interpreting KLS polynomials in terms of
toric g-vectors, Z-polynomials in terms of interval posets, and Chow polynomials in terms
of order complexes. We present results from joint work with Luis Ferroni and Tommaso
Faustini in which we introduce the stellahedral transform of posets and polytopes,
providing a combinatorial and geometrical interpretation of Eulerian augmented Chow
polynomials. In the last part of the chapter, we cover a gap in the literature by expressing
the previous invariants in terms of the cd-index, again using its interpretation as a
Newtonian coalgebra map.



]. Posets and the Combinatorics of
Polytopes

In this chapter, we introduce the basic notions concerning partially ordered sets,
polytopes and the relationship between them. The combinatorial study of polytopes
relies on the partially ordered sets that arise from the faces of a polytope, creating a
fruitful interaction between poset theory and polytope theory. This interaction both
motivates new questions in combinatorics and provides useful combinatorial tools to
obtain deeper results in discrete geometry.

In Section 1.1, we provide the key definitions and concepts regarding partially ordered
sets (also known as posets). In Section 1.2 we introduce the basics of polytope theory and
of the face lattice. In Section 1.3 we discuss the f-vector, the h-vector and g-vector of
polytopes, give an interpretation of the h-vector in terms of shellability in the simplicial
case and prove the Dehn—-Sommerville Equations. In Section 1.4 we conclude the chapter
by extending the notions of the f-vector and h-vector to those of the flag f-vector and
flag h-vector for finite graded bounded posets.

During the chapter, we will assume familiarity with the fundamentals of CW-complexes
and simplicial complexes.

§1.1 Posets

We start the section by providing some introductory definitions. For a more exhaustive
introduction to poset theory, one may refer to [47].

Definition 1.1. A partially ordered set (also called poset, for brevity) is a pair (P, <)
where P is a set and < is a binary relation on P that satisfies the following properties:

1. (reflexivity) for every x € P, z < z;
2. (antisymmetry) for every z,y € P, if x <y and y < z, then x = y;
3. (transitivity) for every z,y,z € P, if x <y and y < z, then z < z.

By abuse of notation, we may denote P as a poset when we want to refer to the pair
(P, <), if < is clear from the context. We will also write y > = to mean x < y. Similarly,
we write x < y if x < y and z # y. We say that two elements of a poset z,y € P
are comparable if ¢ < y or y < x, and we say that they are incomparable otherwise.
Furthermore, given x,y € P we say that y covers x (denoted by = < y) if there is no
z € P such that x < z < y. The Hasse diagram of a finite poset P is a graph whose
nodes are the elements of P and whose edges correspond to the covering relations z < y
and are drawn by placing y at a strictly higher vertical coordinate than =x.

Example 1.2. Let [n| denote the set {1,2,...,n}. The Boolean poset on [n] is the poset
B, = (21", C) of the subsets of [n], ordered by inclusion. The figure below is the Hasse
diagram of Bs.
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{1,2,3}

{1,2} {2,3}

{1} {3}

0

Figure 1.1: The Hasse diagram of Bjs.

We say that Q) is an induced subposet of P if () is a subset of P and for every x,y € Q
we have x <g y if and only if x <p y. A common type of subposet is that of closed
intervals. For x < y in P, the closed interval [z,y] is the subposet of P defined as
{z € P|x <z<uy}. Wesay that a poset is locally finite if all of its closed intervals are
finite. An induced subposet Q C P is called a chain if every pair of distinct elements
of () are comparable, while it is called an antichain if every pair of distinct elements
of ) are incomparable. A chain C of P is saturated if there does not exist an element
z € P\ C such that x < z < y for some z,y € C' and such that C' U {z} is a chain. A
chain C of P has length ¢(C) where ¢(C) = |C| — 1. A poset P has length ¢(P) where
0(P) = sup{l(C) | C chain in P}. We also denote the length of a closed interval [s, t] of
P as {(s,t) :={([s,t]). If a poset P has a minimum [resp. maximum)] element, we denote
it by the symbol 0 [resp. 1]. If P is a poset with 0 and 1, we say that it is bounded. For
example, B, is a bounded poset with 0 = () and 1 = [n]. Given two posets P and Q, we
say that they are isomorphic if there exists a bijection f : P — @ such that both f and
f~! are order-preserving,.

Given one or more posets, there are many ways in which we can combine them to
obtain another poset. Let us introduce some of them.

Definition 1.3. Let P and @ be two posets. Then

1. the dual of P is the poset P* defined on the same set of P such that for every
x,y € P we have x <p« y if and only if y <p z;

2. the direct product of P and @ is the poset P x @) defined on the Cartesian product
of the set of P and @ where (z,y) <pxqg (¢/,y') if and only if z <p 2’ and y <¢g v/
for every x,2’ € P and v,y € Q;

3. the ordinal sum of P and @ is the poset P @ () defined on the disjoint union P LI Q)
where z <pgg y if either x € Pand y € Q, x,y € Pand x <p y, or x,y €  and

T QY
4. if P has a maximum 1p and @ has a minimum OQ, the join of P and @ is the poset
(P\{1p}) ® (@ \{0q})

We notice that if P and @ have length respectively n and m, then
1. the dual poset P* has length n;
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2. the direct product P x ) has length n + m;
3. the ordinal sum P & @ has length n +m + 1;
4. the join P * @ has length n +m — 1.

Observe also that the direct product is commutative, meaning that P x ) is always
isomorphic to @@ x P. On the contrary, the ordinal sum is not commutative.

§1.1.1 Incidence Algebra

Let P be a locally finite poset. We can define the incidence algebra as follows.

Definition 1.4. The incidence algebra Z(P) of P is the Q-algebra of functions f :
Int P — QJz|, where Int P is the set of all closed intervals of P. The multiplication in
Z(P) is defined by the convolution

(f- )z y) = Y Fllx,2Dg((z ),

<2<y
for every f,g € Z(P) and [z,y] € Int P.

If f € Z(P) and x < y, by abuse of notation we will denote by f(z,y) the evaluation
f([z,y]). Endowed with this multiplication, Z(P) is an associative algebra with identity
element
1 z=y
0 x#y.

An element of the incidence algebra is invertible if and only if it satisfies one of the
equivalent conditions of the following theorem.

dp(z,y) = {

Proposition 1.5 ([47, Proposition 3.6.2]). Let P be a locally finite poset and f € Z(P).
The following conditions are equivalent

1. f has a left inverse;

2. f has a right inverse;

3. f has a two-sided inverse;

4. f(z,x) #0 for allz € P.

One particular element of the incidence algebra of P is
Cp(xz,y)=1, forall z <y in P.

This element is sometimes called the zeta function of P (for example, in [47]). We will
not use this name to avoid confusion with the Z-function defined in Chapter 4. It is
interesting to observe that it satisfies some enumerative properties. Given a finite poset
P, let Z(P, o) : Z>3 — N be the function defined by

Z(P,n) := #{multichains t; <ty <--- <t,_1 in P}.

It can be described by a polynomial which is closely related to (p.

Proposition 1.6. Let P be a finite poset. Then
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1. Z(P,n) is a polynomial function of degree ¢(P), where
L(P) == max{{(C) | C is a chain in P},

and in particular, given b; := #{chains t; < to < --- < t;—1 of P}, it is equal to

2. If P is bounded, then

Proof.

1. The number of multichains of length n—1 whose distinct elements are t; < --- < ;1
is the multiset coefficient ((n_lz__(li_l))) = (7:22) From this observation, the formula
follows directly.

2. The number of multichains ¢ <ty < --- <t,_1 in P is the same as the number of
multichains 0 =ty <t <ty < -+ <tp—1 <t, =1in P starting with 0 and ending
with 1, hence

¢"(0,1) = > C(0,81)¢(t1 t2) - C(tn—2, ta—1)C (b1, 1)
0<t1 <<ty <1
= #{multichains 0<t; < <tp1<1of P} =Z(P,n). a

As a consequence of the proposition, we can also deduce the following enumerative
results.

Corollary 1.7 ([47, Chapter 3.6]). Let P be a finite poset. Then

1. for every natural number k € N and every pair of elements s <t in P, we have

(¢ — 0)F(s,t) = #{chains s = 59 < 51 < --- < s =t in P};

2. for every pair of elements s <t in P, we have

(26 —=¢) M (s,) = (0= (¢ = 0)) " (s.1)

= #{chains s =sp < s1 < --- < sp =t in P for some k € N}.

Another relevant element of the incidence algebra is the Mdébius function. It is the
function pp € Z(P) defined as

pp(z, ) =1,  pplz,y)=— Y pp(z,2)
r<z<y

for all x < y in P. It is equivalently obtained as the multiplicative inverse up = C;l,
which is well defined by Proposition 1.5. As a consequence of this, the Mobius function
satisfies the following property.
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Proposition 1.8 (Mobius inversion formula). Let P be a finite poset. Given any two
functions f,g: P — Q, we have

g(t) = Z f(s), forallte P,

s<t

if and only if
ft) = Zg(s)up(s,t), for allt € P.

s<t

Similarly, we also have that

g(s) = Z f(t), forallseP,

if and only if
f(s) =" pp(s,t)g(t), foralls € P.

t>s
We can also give an enumerative result for the Mobius function.

Theorem 1.9 (Philip Hall). Let P be a finite poset, and let P := P U {0,1}. Let
¢; = #{chains O=tog<t1<---<t;=1 in P}, we have

u]g(f),i):co—cl—kcz—c;:,—k'--.

Proof. Let ¢ be the length of P. Note that, for any element of the incidence algebra
f €Z(P) and any u < v in P, we have

(=)@ +F+ 24+ ) (uv)
=(6 — f”l)(u,v).

If we set f = ¢ — 6, then the formula above implies that (6 — f)™' =6 + f +--- + f*
since (¢ — 0)*! = 0 by Corollary 1.7. Hence,

§1.1.2 Weakly Ranked, Ranked and Graded Posets

Many examples of posets that arise from geometry satisfy stricter conditions and have a
richer structure. In the context of hyperplane arrangements, matroids, CW-complexes
and Whitney stratified spaces, one could encounter the types of posets described by
this subsection. These definitions may slightly differ across authors, so we now fix the
terminology to avoid ambiguity.

Definition 1.10. Let P be a locally finite poset. A weak rank function on P is a map
p : Int(P) — Z>¢ such that

o for s < t, pst > 0;
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o for s <w <1, pst = Psw + Put;

where pg; denotes the value p([s, t]). If for every s < w and w<t in P we have pgy = psy+1,
then p is a rank function on P. We say that (P, p) is a weakly ranked poset [resp. ranked
poset] whenever p is a weak rank function [resp. rank function| on P.

If P is a weakly ranked poset with a minimum element 0, we denote by p(s) the value
pys for any s € P.

Remark 1.11. Let (P, p) be a weakly ranked poset. Any induced subposet @ C P is weakly
ranked by p, when restricted to elements of Q.

Definition 1.12. A poset P is graded of rank n if all its maximal chains have length n.

If P is graded, we denote its rank by p(P). Notice that if P is graded, then every closed
interval of P is also graded. Furthermore, a graded poset P is always ranked by the
function

Pst = p([&ﬂ)'
Unless stated otherwise, we will always endow P with the rank function above. We also
denote by p(s) the value p,s for a minimal element u € P such that v < s. Note that
the value is independent of the choice of u. This defines a function p: P — N.

Remark 1.13. A bounded ranked poset (P, p) is a graded poset of rank py;.

Example 1.14. Let ' be a finite CW-complex of dimension n — 1. The set
F(I) := {closure of s | s is a non-empty open cell of T'}

ordered by inclusion is called the face poset of I' . The augmented face poset of T" is
defined as F(I') = F(I") LU {0, 1}.In general, F(I") is weakly ranked by

pst = dimt — dim s,

where we identify 0 = 0 anfi 1 =T and we also assume dim@ = —1 and dimT = n. If T
is regular, the face poset F'(I') is ranked by the same function. If I is also pure, both

N

F(T') and F(T') are graded respectively of rank n — 1 and n + 1.



The Geometry of Eulerian Posets: cd-index and KLS Theory of Posets — 2025-26

I
fi fo
. . e
e
v
]

Figure 1.2: A non-regular CW-complex and its augmented face poset.
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Figure 1.3: A pure regular CW-complex and its augmented face poset.
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+ +
€1 €o
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V1 V2 e ey
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Figure 1.4: A non-pure regular CW-complex and its augmented face poset.

S
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§1.2 Polytopes

Polytopes are among the main objects studied in this thesis. For this reason, it is important
to recall some definitions and properties regarding them. For a more comprehensive
discussion, see [53].

Definition 1.15. Let V be a finite set in R™ for some n € N. A polytope P is the convex
hull of V' in R™. The dimension of a polytope P is the dimension of its affine span.

A face of a polytope P C R" is a subset () C P such that there exists a linear form
a € (R™)* and a real number r € R such that Q@ = PN {z € R" | a(x) =r} and P is
contained in {x € R™ | a(z) > r}. The dimension of a face of P is the dimension of its
affine span. A face of P is called a facet if it has dimension dim P — 1 and it is called a
vertex if it has dimension 0.

Notice that, by definition, both the empty set and the polytope P itself are faces of P.
The faces of a polytope satisfy the following properties.

Proposition 1.16 ([53, Proposition 2.3]). Let P be a polytope and F C P one of its
faces. Then

1. F is a polytope;
2. every intersection of faces of P is a face of P;
3. the faces of F' are all the faces of P that are contained in F'.

The combinatorial nature of polytopes mainly arises from the structure of their faces.
In fact, every polytope has a natural poset structure induced by them.

Definition 1.17. Given a polytope P, the face lattice of P is the poset
F(P) := ({faces of P}, Q).

Both () and P itself are faces of the polytope, hence F(P) is a bounded poset. Notice
that the boundary OP of a polytope is a regular CW-complex whose k-cells are the
relative interiors of the k-dimensional faces of P. For this reason, when we consider 0P
with its complex structure, we may refer to it as the boundary complex of P. Since the
closure of a k-cell equals the corresponding k-dimensional face, by identifying P € F(P)
with OP € F(9P) we have the identity

F(P) = F(0P).

In particular, the face lattice F(P) is a graded poset of rank dim(P) 4+ 1. It is also
possible to prove that it is actually a lattice [53, Theorem 2.7 (i)].

Many properties of interest depend only on the structure of the face lattice, hence we
introduce the following definition.

Definition 1.18. Two polytopes are combinatorially equivalent if their face lattices are
isomorphic as posets.

If we are also interested in geometric aspects of our polytope, we may use this other
definition.

Definition 1.19. Two polytopes P C R” and Q C R™ are affinely isomorphic if there
exists an affine map f : R" — R™ whose restriction to P is a bijection fip : P — Q.
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Note that being affinely isomorphic is a stronger notion than being combinatorially
equivalent.

Example 1.20. The face lattice of an n-dimensional simplex A, is isomorphic to Bj41,
the boolean poset on [n + 1].

Figure 1.5: Face lattice of a 3-simplex: F(A3) = By

Polytopes can be assembled into complexes as follows.

Definition 1.21. A polytopal complex C is a finite collection of polytopes in R¢ such that

1. the complex C is non-empty, in particular () € C;
2. if P € C, then all the faces of P are in C;
3. if P,Q € C, then PN Q is a face of both P and Q.

The dimension of the complex is the maximum dimension of a polytope in C.

Given a polytopal complex C, we call face poset of C the poset F (C)=(C,C) . We also
call face lattice of C the poset F(C) = F(C) L {1} where we identify 1 with the complex
C itself.

The notion of polytopal complex can be seen as a special case of the notion of regular
CW-complex. In particular, the boundary complex of a polytope can always be seen as a
polytopal complex. If the elements of a polytopal complex are all simplices, it is also a
simplicial complex.

Since simplices are among the most fundamental polytopes, it is also natural to consider
simplicial polytopes. A polytope P is said to be simplicial if all of its proper faces are
simplices. This class can be characterized by a property of the poset F(P) \ 1, given in
the following definition.

Definition 1.22. A poset P with minimum 0 is simplicial if, for any ¢ € P, the interval
[0, ] is isomorphic to a boolean poset.

One way to generate simplicial posets from a poset P is the following.

Definition 1.23. Let P be a poset. The order complex of P is the CW-complex A(P)
whose vertices are the elements of P and whose faces correspond to the chains of P.

The face poset of an order complex A(P) is always a simplicial poset. The geometric
meaning of the order complex operation is given by the following observation: if I is a
polytopal complex, one has

F(A(BD)) = F(saD)), (1.1)
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where sd(I") is the barycentric subdivision of the complex I'. In particular, by taking the
order complex of F(P)\ {0,1} for some polytope P, one obtains an abstract simplicial
complex isomorphic to sd(9P), which is the boundary complex of a simplicial polytope.
A similar result to (1.1) also holds for all finite regular CW-complexes, up to properly
defining barycentric subdivisions in this context [36, Section 10.3.5].

As we will also see later in this thesis, the setting of simplicial polytopes has been
an active area of research where many strong results have been proven; some relevant
examples include the Dehn—-Sommerville equations (Theorem 1.46), the g-theorem [52,
10], the Upper Bound Theorem [38], the Lower Bound Theorem [3, 2].

Another significant class of polytopes is that of simple polytopes. A d-dimensional
polytope is said to be simple if each of its vertices is contained in exactly d facets. A
significant example of simple polytope is the n-dimension cube, defined as [0;1]™ C R™.
We now consider a more elaborate example.

Example 1.24. The permutahedron 11, C R™ of order n is the (n — 1)-dimensional
polytope given by the convex hull of the vectors

Note that its vertices are in bijection with the permutations of [n]. Its face lattice is
isomorphic to the poset of ordered set partitions of [n], with the partial order defined by
refinement [11, Proposition 1.4]. In particular, every vertex associated to the permutation
o is contained in the n — 1 facets associated to the ordered pairs ({o(1),...,0(k)},{o(k+
1),...,0(n)}) for each k =1,...,n — 1. It follows that II,, is a simple polytope.

4321

4213 ¢

2341

3214
1432

1234

Figure 1.6: The permutahedron of order 4, projected in R?

Example 1.25 ([24]). The stellahedron St, C R™ of order n is an n-dimensional simple
polytope described as

Stn, = {u € RY, ‘ there exists v € II,, such that v —u € Rgo},

10
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where RY, is the nonnegative orthant of R".

Figure 1.7: The Stellahedron of order 3.

§1.2.1 Operations on Polytopes

Definition 1.26. Let P C R” and Q@ C R™ be two polytopes. Then, the join of P and
Q is
P * Q := conv ((73,0,0), (0, Q, 1)) CR" x R™ x R,

and the direct product of P and Q is
PxQ:={(p.qg) |peP qe}
Proposition 1.27. Let P and Q be polytopes. Then
F(P Q)= F(P) x F(Q);
F(Px Q)= (F(P)\{0p}) x (F(Q) \ {0a}) L {0}.
Proof. Consider the map

¢:F(P)x F(Q)— F(P=xQ)
(F,G) — F xG.

If ¢ is well-defined and bijective, then the first statement is true since ¢ and ¢!
would be order-preserving by construction. Consider a face H € F(P x Q). If H is
empty, then H = () x ). Otherwise, take a linear functional ¢ : R+ — R such that
H={vePxQ|l(v)=h} for some h € Rand PxQ C {{(v) > h}. By definition, every
point v € P x Q can be written as (1 —¢)(x,0,0) + ¢(0,y,1) € R” x R™ x R for some
t € [0;1]. If we define two linear functionals a(x) = ¢(x,0,0) on R™ and S(y) = £(0,y,0)
on R™ and set v :=£(0,0,1), we may write

l(v)=(1-1t) 4(x,0,0) +t-£0,y,1) = (1 —t)a(z) + t(B(y) +7)

for every v € P *x Q. Since H # (), this implies that

h— min (o) — mi . : ‘
i (v) mln{;nel%a(w)a gélfglﬁ(y) +’7}

11
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Then, o and (3 are linear functionals such that P C {a(v) > h} and Q C {B(v) > h—~},
so they both define a face of, respectively, P and Q. This implies that every face of P x Q
is of the form F x G for some F' € F(P) and G € F(Q). Now, take two faces F' € F(P)
and G € F(Q) defined as

F=Pn{a(x)=a}, G=9Qn{B(y)=0b}

for some linear functionals o : R — R and 8 : R™ — R, and some values a, b € R such
that P C {a(v) > a} and Q C {fB(v) > b}. We may construct a linear functional defining
the face F'« G € F(P x Q) at the value a as follows

Uz, y,r) =a(x)+ B(y) + (a —b)r.

This proves that ¢ is well defined and surjective. The map is also injective since
¢(F,G)NP = F and ¢(F,G) N Q = G, therefore we have proved the first statement.
Similarly, let us consider the map

¥ (F(P)\{0p}) x (F(Q)\ {00}) L {0} = F(P x Q)
(F,G)— FxG
0+ 0.
As we have done before, we only need to prove that it is well-defined and bijective.
Consider a non-empty face H € F(P x Q) and take a linear functional ¢ : R"*™ — R
such that H = {v € P x Q | {(v) = h} for some h € R and P x Q C {{(v) > h}.
Given v = (x,y) € R"™ x R™, we define two linear functionals a(x) = ¢(x,0) on R"

and B(y) = £(0,y) on R™ that define respectively the non-empty faces F' € F(P) and
G € F(Q) at the values a := mingep a(x) and b := minyecg S(y). We rewrite

l(z,y) = l(x,0) +£(0,y) = a(z) + B(y), (1.2)

which implies

h= min ¢(v)=a+0b.
VEPXQ

We can observe then that H = {(z,y) € P x Q | a(x) =a, f(y) =b} = F x G. We
can prove similarly to the first statement that for every non-empty faces F' € F(P) and
G € F(Q) we can construct a linear functional defining the face F' x G € F(P x Q).
This implies that v is well defined and surjective. To prove that it is injective, we only
need to observe that the projection of ¢ (F,G) onto R™ is F' and the projection onto R™
is G. O

Two common constructions on polytopes are the pyramid and the prism. Both of them
can be described in terms of the previous operations.

Definition 1.28. Let P be a polytope. The pyramid over P is the polytope
Pyr(P) :=P x {0}

and the prism over P is
Prism(P) := P x Aj.

12
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Remark 1.29. The pyramid over P can be equivalently described as the convex hull of P
with a point v (called the apex of the pyramid) which is not contained in the affine span of
P. In fact, any polytope of this type is affinely isomorphic to Pyr(P).
In particular, it follows from Proposition 1.27 that they have the following face lattices.
Corollary 1.30. Let P be a polytope. Then
F(Pyr(P)) = F(P) x By;
F (Prism(P)) = (F(P) \ {0}) x (B2\ {05,}) U{0}.

For this reason, given an Eulerian poset P, we also define
Pyr(P):= P x By, Prism(P):= (P\{0p}) x (B2 \ {0p,}) U {0},
so that we have
F(Pyr(P)) = Pyr(F(P)), F(Prism(P)) = Prism(F(P)).
Another fundamental operation is that of the polar dual.

Definition 1.31. Let P C R" be a polytope containing the origin 0 € R™ in its interior.
The polar dual of P is the set

P°={x eR"|(x, y) <1forall y e P}

This operation is an involution, since we have (P°)° = P. As we see in the next
proposition, this construction is closely related to the dual operation on posets.

Proposition 1.32 ([53, Theorem 2.11, Corollary 2.14]). Let P C R™ be a polytope
containing the origin 0 € R™ in its interior. The polar dual P° is a polytope which
satisfies

Remark 1.33. Every closed interval [G, Q] of F(P) is the face lattice of a polytope.
Translate () such that it contains 0 in its relative interior and take the polar dual @° in its
affine span. Consider the face G € F(Q °) that corresponds to G in F(Q). If we take again
the polar dual of G (in its affine span, after an appropriate translation that brings 0 in the

o~

relative interior of G), we obtain the desired polytope: we have constructed a polytope of
dimension dim(Q) — dim(G) — 1 whose face lattice is [G, Q].

§1.3 f-Vector, h-Vector and g-Vector

One of the most natural objects that can be associated to a polytope is its f-vector. In
some relevant cases, the information one might seek to extract from a polytope may
become more visible after applying a linear transformation to the f-vector, such as those
defining the h-vector and the g-vector.

Definition 1.34. Let C be an (n — 1)-dimensional polytopal complex. We define the
f-vector of C as the vector (f_1,..., fn—1) where

Vi=-1,0,....,n—1: f;:=#{Q € C | Q is an i-dimensional polytope in C}.

13
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where we set f_; := 1, as the empty set is the only (—1)-dimensional polytope. We define
the h-vector of C as the vector (hq, ..., h,) where

ihitnl Zf, (t—1)"
=0

We define the g-vector of C as the vector (go, . . . ,gLn/QJ) where
go = 1, Vi:1,...,Ln/2J2 gi 2:hi—hz‘_1

We call f-polynomial, h-polynomial and g-polynomial of a polytopal complex C the
polynomials

n n n/2J
=D fiat™ he(t) =) hit', Z git'
i=0 i=0
where (f-1,..., fn-1), (ho,--.,hn) and (go,...,g|n/2|) are respectively the f-vector,
h-vector and g-vector of C.

Analogously, we give the following definition for polytopes.

Definition 1.35. Let P be a polytope. We define the f-vector, the h-vector and the g-
vector of P as those of the polytopal complex OP. We also call f-polynomial, h-polynomial
and g-polynomial of P those of IP.

We make a couple of observations on these definitions.

Remark 1.36. Given a (n — 1)-dimensional polytopal complex C, the h-polynomial of C
can be equivalently defined as

he(z) == x™ fe(z™! = 1).

Remark 1.37. Given an (n — 1)-dimensional polytopal complex C, the h-vector (hg, ..., hy,)
may be equivalently defined by the equations

hkzzk:(—l)k (Z_Z)le Xk:(k;izl)ﬂ—l

i=0 i=0
for kK =0,...,n. Equivalently, we have
s n—1 - n—1
DM PR L Sl (WU 2

Similar definitions can also be given for finite regular CW-complexes. Let us now look at
some examples.

Example 1.38. Take the n-dimensional simplex A,. Its f-polynomial is
n n
n+1\ n+1\, @E+1)"1 -1
t) = Tt = =" -
fan(®) Z( i ) Z<i+1> t
=0 =0
By the definition of the h-polynomial, we have

thrl -1

14
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Consequently,

Example 1.39. Let Q,, = [0; 1] be the n-dimensional cube. We prove by induction on

n that

o @11
an(t)_t + t )

in particular f,—1(Q,) = 2n and fo(Q,) = 2".

If n = 1, the formula is correct. For n > 1, consider the n-cube as the product
Q,, = Qn—1 % [0;1]. Tts k-dimensional faces are the k-dimensional faces of Q,,_1 times
{0} or {1}, and the (k — 1)-dimensional faces of Q,_; times the interval [0;1]. Hence
we have fr(9Qn) = 2fk(Qn-1) + fr-1(Qn—1) for every 1 < k < n — 2, while we have
fO(Qn) = 2f0(Qn71) and fnfl(Qn) =2+ fan(anl)- In particular

n

fou(t) = fir1(Qu)t"™
1=0
n—1

="+ fo(Qu)t" " + fro1(Qn) + D fir1(Qn) "
=2
n—1

= 1"+ 2f0(Qn- )" + 2+ fu2(Qn1) + 26D fia(Quoa) "

=2

+Zfz Qn ltnl

=" + 2"t" Yyon 4 2t(fg, ,(t) —t" 1 —2nlin=2)
+ (fo, ., (8) =" =2(n— 1))

which, as stated, equals

n—1 _
(2t+1)t 1>_tn_tn1+2

(2t +1)" — 2t — 1
t

(2t +1) (t”l +

=2t + )"+ — " =" 2
(2t 4+ 1) —1

t

="+

Furthermore, we have

ho,(t) = 1" fo,(t! 1) = " ((tl - )"+ (zt_tl_: i): = 1) = <1_t)n+tW

For example, for n =3
ho(t) =1+ 5t — 2 + 3

and
go,(t) =1+ 4t.

Note that the h-vector of A,, is palindromic and has non-negative coefficients. However,
these properties do not always hold for the n-cubes. Although the h-vector and the
g-vector are defined for any polytope, they are mostly used in the simplicial case: we will

15
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se in Chapter 3 that there exist more appropriate definitions for non-simplicial polytopes.
As we will see in Theorem 1.46, in the simplicial case the h-vector is palindromic, which
implies that the g-vector contains the same information. The possible g-vectors of a
simplicial polytope have been, in fact, characterized by the g-theorem ([52, 10]), one of
the most celebrated results in polytope theory. One possible reason that explains why the
simplicial case behaves better resides on the fact that the linear transformation applied
to the f-vector seems to acquire a particular geometric meaning for simplicial polytopes,
but not in general. We examine this phenomenon in the next subsection.

§1.3.1 Shellability and Simpliciality

The notion of shellability plays a key role in combinatorial topology. There are slightly
different definitions depending on the author and the object that we are studying. The
following definition comes from [53].

Definition 1.40. Let C be a pure k-dimensional polytopal complex. A shelling of C is
an ordering Fy,..., Fy of its maximal polytopes such that either & = 0 or it satisfies the
following conditions:

1. the boundary complex dF; has a shelling;
2. for every j = 2,...,s the facet F} is such that
Fjn (Uf;llFZ) = U, G;
for some shelling G1,...,G; of OF; and some 1 <r <t.
A pure polytopal complex is shellable if it admits a shelling.

Example 1.41. Let A, be the n-dimensional simplex. We may prove by induction on n
that every ordering of its facets is a shelling. If n = 0, the statement is trivial. If n > 0,
we notice that the intersection of a pair of facets of A,, is a (n — 2)-dimensional simplex.

Given any ordering F, ..., Fy41 of the facets of A,,, the intersection F; N (Uf;llFl> must

be the union of some (n — 2)-dimensional faces of 9F}, which is a shelling by induction.

Remark 1.42. Given the boundary complex of a simplicial polytope, by the previous
example we know that condition 1. in the definition of a shelling is redundant.

We now proceed to prove that every polytope is shellable. In order to obtain this result,
we need a preliminary lemma.

Lemma 1.43. If Fy,..., Fs is a shelling of the boundary complex of a polytope P, then
so s the reverse sequence F, ..., Fy.

Proof. Fix F} and consider one of its facets G C F;. We know that [G,P] is the face
lattice of a 1-dimensional polytope by Remark 1.33, hence G is contained in exactly one
facet of P which is different from F}. Hence, if

Fin (VZR) = UG
for some shelling G, ...,G; of 0F; and r < t, then we also have
Fin (UiZj1F) = Uimr1 Gis
and by induction on the dimension of P, the reversed sequence Gy, ..., G is a shelling

of OF;. 0

16
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The exposition of the following theorem follows the proof of [53, Theorem 8.12].
Theorem 1.44. The boundary complex of a polytope is shellable.

Proof. We prove a stronger theorem by induction on the dimension of the polytope. Let
P C R? be a d-dimensional polytope and v € R be a point outside P, which is in general
position with respect to P (which means that it is not contained in the affine span of any
facet of P). We claim that there is a shelling of P in which the facets that are visible
from v come first. We say that a facet F' of a polytope is visible from a point x if the
interior of the polytope and the point x are on different sides of the hyperplane spanned

by F.

/
/
/

Figure 1.8: Visible facets from a point v.

Take a point w € P in the interior of the polytope (or equivalently, a point w € P which
is general position with respect to P) and construct a line L that passes through v and w.
Without loss of generality we can assume that L is not parallel to any of the facets. This
implies that it intersects all the hyperplanes generated by the facets. We can also assume
that the intersections are all distinct. Since the line L intersects the polytope and both v
and w are in general position with respect to P, it intersects its boundary 0P at two
points lying in the relative interior of two distinct facets F' and F’. Suppose without loss
of generality that F' is visible from v. The set L\ int(P) is the union of two half-lines: the
half-line Ly which contains v and starts from F', and the half-line Lo which starts from
F’. We consider the following ordering of the facets of P: we take the facets associated
to the hyperplanes that intersect L in the order in which the intersections are placed in
the half-line by starting from F} := F, obtaining a sequence F1, ..., Fy; we repeat the
same process with the half-line Lo but we place the facets after F; in the reverse ordering
instead, obtaining at the end a sequence Fy = F, ... ,Fs, ..., Fs, 9 = F'.

~ -
~_-

shelling order: Fi, Fy, F3, Fy, Fs

where F; is the facet associated to the intersection point w;

Figure 1.9: Shelling given by the line L passing through v and w.

17
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Notice that this is a well-defined complete list of the facets of P by the assumptions
made on L, and also that the facets visible from v come first. We now prove that it is in
fact a shelling. Consider the intersection JF} N (Ug;ll F;). If 2 < j <'s, this is exactly the
union of the facets of F; which are visible from L N AffSpan(F}), and they form the start
of a shelling of JF} by the induction hypothesis. If j > s, the same argument holds by
applying Lemma 1.43. O

Given the previous result, we can provide the following interpretation of the h-vector
of simplicial polytopes.

Proposition 1.45. Let P be an n-dimensional simplicial polytope and let Fy, ..., Fy be
a shelling of OP. We treat the boundary complex as an abstract simplicial complex by
identifying the faces with their vertex sets (hence, for example, the facets F;’s are finite
sets of cardinality n). Then, the h-vector (hg,...,hy) of P satisfies

hi=#{j € sl : |R;| =1}
where Rj = {v € F; : F; \ {v} C F; for some i € [j —1]}.

Proof. Given the shelling Fi, ..., Fs, we build the complex 0P by adding at each step
all the faces in the interval [R;, F}|. This gives us the following partition of OP as a set

s

| |[R:, Fi.

i=1
From this partition, we may calculate the f-vector of OP as
" n—|Rj]\ < n—i
_ — 71\ _ , T G _
fk_l—;<k_|Rj|>_§#{]e[s]. IR;| z} (k_l) for all k= 0,...,n.

In particular, using Remark 1.37, this determines the h-polynomial of P as

> #{iel: =i} s

which concludes the proof. O

The proof above works for all simplicial complexes A for which there exists a finite set of
faces Ry, ..., Rs € A associated to some facets Fy,. .., Fy € Asuchthat A =| |7 | [R;, Fj].
Simplicial complexes of this kind are called partitionable. A consequence of the proposition
is that the coefficients of the h-vector of a simplicial polytope are non-negative. Since
the boundary complex of an n-cube is not simplicial, the above theorem does not apply,
and in fact the non-negative property fails. Using this theorem, we can also prove that
the h-vector of a simplicial polytope is palindromic.

Theorem 1.46 (Dehn—Sommerville Equations). Let P be an n-dimensional simplicial
polytope. Then, the h-vector (hg, ..., hy) of P satisfies

hi:hn—i; forizO,l,...,n.

Proof. Let Fi,...,Fs be a shelling of 9P. For every j € [s], define the sets

R; = {’UGFJ': Fj\{v}gFiforsomeie[j—l]}

18
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and

R = {v € Fj: Fj\ {v} C Fyyq1—; for some i € [s —j]}.

By Lemma 1.43, we know that F,..., I} is also a shelling. Since Proposition 1.45 is
independent of the chosen shelling, we have that

#{jels]: |Rj|=k}=#{jels: |R;-|:l<:}, for every k =0,...,n.

Notice that we have the identity R, = F; \ R; for every i € [s]. This implies that
|Ri| = n — |R;|, hence
hi =hp—s, fori=0,1,...,n. O

Remark 1.47. Let P be an n-dimensional simplicial polytope. Then, the Dehn—Sommerville
Equations are equivalent to the identity

hp(@) = fple —1).

The equations may also be stated in terms of the f-vector as follows.

Theorem 1.48. Let P be an n-dimensional simplicial polytope. Then, the f-vector
(f=1,---, fn-1) of P satisfies the equations

n—1

n—i— i+ 1
fk:Z(—l) 1<k—|—1>fi’ fork=-1,0,...,n—2.
i=k

§1.4 Flag f-Vector and Flag h-Vector

In the case of finite graded posets, we can generalize the constructions introduced in the
previous section. One possible way is the following.

Definition 1.49. Let P be a finite graded poset of rank n. If S C [0, n], we call
Ps:={te P|p(t) €S}

the S-rank-selected subposet of P, where p is the rank function of P. We call the functions
ap: 200.n] 5 N and Bp : 200.n] s 7 defined by

ap(S) = #{C C Ps | C is a maximal chain of Pg},
Bp(S) = Z(_l)#(S\T)aP(T)

TCS
respectively the flag f-vector of P and the flag h-vector of P.

Note that, by Mdbius inversion, these two functions also satisfy the following identity

ap(S) =Y Bp(T).

TCS
The motivation behind the naming comes from the following observation.

Remark 1.50. Let P be a finite graded poset of rank n. For all i = —1,...,n and
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7=0,...,n4+ 1 we have

HAP)= Y ap(s),

#S—=it1
ma@) = X (") e
k=0
B J Ty n+1-—k N
=321 #Z_( L arm
Y Y ars\D)
k=0 #S=j TCS
#T=j—k
- (-1)*Tap(5\T)
#5—=j TCS
— Y 6e(8)
#5=j

We now state an important property of flag vectors.

Proposition 1.51. Suppose P is a finite bounded graded poset of rank n. Then

VS C[0,n]: ap(9)
VS g [Ln—1]: Bp(S)=

ap(SN[1,n—1]),

Proof. The first identity follows from the bijection between the maximal chains in Pg
and those in Ps \ {Op,1p}. The second identity is an easy consequence. Let 0 € S (the
case n € S is analogous), then

Bp(S) = 3 (~1)*\Dap(T)

TCS

= > ()FEDap(@) + (- ap(T U {0}))

TCS\ (0}

= > (0)FEDap(T) - (~1)#E\Dap(T)) = o0. 0
TCS\(0}

From now on, whenever we discuss finite bounded graded posets, if not specified
otherwise we consider the flag vectors as functions with domain 21"~ In fact, as this
proposition suggests, this restriction does not lose any information coming from the poset.

Example 1.52. Let P be a cube. In the following table, we list all the values of the
flag f-vector and of the flag h-vector of F(P). One can notice that, in this case,the flag
h-vector satisfies the property

Brp)(S) = Brp)([1,n— 1]\ 5),

where n = 4 is the rank of the poset F(P). As we will see in Corollary 2.26, it is a
property satisfied by every face lattice of a polytope.
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) arp)(S) | Brr)(S)
SN /]
(1 8 7 :
2 12 1 |
(3) 6 5
1,2} 24 5
(1,3} 24 11
(2,3} 24 7
(1,2,3) | 48 1

Figure 1.10: The flag f-vector and the flag h-vector of a cube.
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2 Eulerian Posets

In this chapter, we discuss Eulerian posets and their properties. This class of posets
arises naturally in many combinatorial, topological and geometric settings. The key
example of FEulerian posets comes from polytopes, as the face lattice of a polytope is
always Eulerian. Due to their many properties and generality, for some problems it is a
natural setting in which to generalize the combinatorial study of polytopes. See [45] for
a survey on Eulerian posets and [47] for a textbook introduction to the topic.

In the rest of the introduction of this chapter, we provide the definition and some basic
properties of Eulerian posets. In Section 2.1 we explain how Eulerian posets arise from
polytopes and regular CW-spheres. In Section 2.2 we discuss two different ways in which
the Dehn—Sommerville Equations can be extended to FEulerian posets. In Section 2.3 we
define the cd-index and its relation with the Generalized Dehn—Sommerville Equations
and then we give an interpretation of the cd-index as a Newtonian coalgebra morphism.
We conclude the chapter by providing a computational application.

We introduce the definition of an Eulerian poset.

Definition 2.1. A finite graded bounded poset P is Eulerian if
Vs <teP: pup(s,t) = (_1)P(t)—p(5)

where p is the rank function of P.

The property of being Eulerian admits the following equivalent combinatorial charac-
terization.

Proposition 2.2. A finite graded bounded poset P is Eulerian if and only if all of its
closed intervals [s,t] where s <t have the same amount of elements of odd rank as of
even rank.

Proof. Let [s,t] be a closed interval of P. The Mobius function is the only function in
the incidence algebra of P such that

/1,(8,8) =1, Z (s, z) =0,

s<z<t

for every s < t. The function (—1)“5’” always satisfies the first property. Furthermore,

DI ETECEND SRR D

s<z<t s<z<t s<z<t
£(s,z) is odd £(s,z) is even

equals zero if and only if [s,¢] contains the same amount of elements of odd rank as of
even rank. This proves the statement. O

By definition, every closed interval of an Eulerian poset is always Eulerian. The
property of being an Eulerian poset is also preserved by many fundamental operations,
as we observe in the following proposition.

Proposition 2.3. Let P and Q) be two locally finite posets. Then
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1. the Mébius function of P x Q is

1pxQ((p1,q1), (P2, 2)) = pp(p1,p2) 1Q(q1, 42),
for all py < p2 in P and q1 < g2 in Q;
2. if P has a mazimum 1p and Q has a minimum OQ, the Mobius function of P (@ is
1p(p;q) p,q€P

P« (P, q) = § 1Q(P:q) P,qEQ
—up(p,1p) no(0g,q) peP,qeQ

forallp <qin PxQ;
3. the Mdbius function of P* is
e+ (q,p) = pr(p, q),

forallp < q in P.

In particular, the direct product, the join and the dual of Eulerian posets are always
FEulerian.

Proof. 1. It can be proven by induction on the length of the interval. In fact

1pxQ((p1,a1), (P2, q2)) = — > 1px((p1,a1), (P, q))
(p1,q1)<(p,9)<(p2,92)
= - > e (p1,P)1Q(q1,q)

(p1,91)<(p,9)<(p2,92)

== > wer,p) Y pela,q)

p1<p<p2 q1<9<q2

—pp(pip2) Y nolar,q)
71<q<q2

—nela,a2) Y pe(pi,p)
P1<p<p2

= up(p1,p2) 1o (g1, q2)-

2. Ifp,g € P\{ip} CP*Qorp,qecQ\{0g} C P*Q, then the statement is trivial.
Let p € P, ¢ € (). By induction on the length of the interval, we have that

MP*Q(pa(I):_ Z ,UP*Q(p,Z)_ Z ,UJP*Q(p7Z)

p<z<ip Og<z<q
S e ueloin) 3 el
p<z<ip 0Q<Z<q

= pp(p,1p) + pp(p, 1p) (—1q(0g, ) — 1)
= —up(p, 1p) no(0g, ).

3. The identity follows from Philip Hall’s Theorem.
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§2.1 Geometric and Topological Motivation

One of the main examples of an Eulerian poset is that of the face lattice of a polytope.
It can be shown by a topological interpretation of Philip Hall’s Theorem.

Theorem 2.4 (Philip Hall’s Theorem, topological version). Let P be a finite poset, then

pugo.iy(0:1) = X(A(P)),
where X denotes the reduced Euler characteristic.

This alternative formulation of the theorem is a consequence of the fact that the Euler
characteristic of a finite CW-complex A can be calculated as

X(A) =Y (~D)'rank Hy(A) = > (-1)%me

>0 cis a cell of A

Hence, for a polytope P we have that the Mobius function of its face lattice is the reduced
Fuler characteristic

nre)(0,1) = X(A(OP)) = X(9P).

The boundary of a polytope can be homeomorphically mapped onto a sphere, therefore

prpy (0, 1) = (—1)8m P,
This result is equivalent to the Fuler—Poincaré formula.

Theorem 2.5 (Euler—Poincaré Formula). Let P be an n-dimensional polytope. Its
f-vector (f-1,..., fan—1) satisfies the equation

fo=fit- ()" =1 (=)™

This is a classical result of discrete geometry. The first proof was provided by Poincaré
[40, 39] by studying the Euler characteristics of manifolds. As Griinbaum observes [33], in
1995 Hadwiger’s paper [34] renewed the interest in the problem of finding an elementary
proof of the formula. For many years, all of the classical proofs that were proposed
implicitly assumed that all polytopes are shellable. The first proof of shellability arrives
only in 1971 [20] by Bruggesser and Mani, thus yielding the first valid combinatorial
proof of the Euler—Poincaré formula. We now present a proof of the FEuler—Poincaré
formula that makes use of shellability.

Proof of Theorem 2.5. For any m-dimensional polytopal complex C, we define the quan-
tity
6C)=—fa+fo—fit+-+(=1)"fm,
where (f-1, fo,- .., fm) is the f-vector of C.
Let C1 and Cs be two polytopal complexes such that C; UCs is also a polytopal complex.
This happens if and only if for every pair of faces F} € F(Cy) and F» € F(Cy) we have
that Fy N Fy € F(C1 NCy). In this case, § satisfies the following additive property

5(Ch) + 5(C2) = 6(C1 U C) + 6(C1 N Ca).

Given a shelling F1, ..., Fy of the boundary complex 9P, we prove by induction on the
dimension n the formula

0 j<s
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which implies the theorem.
If n <1, the identity is trivial. If n > 1, we always have by induction that

§(F;)=0 foreveryi=1,...,s.

When j < s, the intersection F} N (Ug;ll F;) is the first part of a shelling of OF} that does
not constitute the whole boundary complex, otherwise Fy, ..., F1 would not be a shelling
of 9P, contradicting Lemma 1.43. By induction and additivity of &, we have

(5((F1 Ue--- Uijl) UFj) = 0.
If j = s, we have Fy N (U{Z{ F;) = OF; instead, from which we conclude

§(OP) =6((FLU---UFs_1) UF)
=—6(0F,) = (- 1. O

Using Remark 1.33, we can also calculate the Mdbius function of F(P), thus obtaining

17y (G Q) = ir/c) (0, 1) = (~1)dmQ—dimC,

This shows that the face lattice of a polytope is always Eulerian. This is a special case of
a more general theorem.

Theorem 2.6. Let I' be a finite n-dimensional reqular CW-complex. Suppose that its
support |U'| is homeomorphic to a manifold without boundary whose Euler characteristic
equals that of the n-sphere. Then the augmented face poset F(T') is Eulerian.

To prove this result, it is necessary to use some machinery regarding the homology of
simplicial complexes. We first recall some definitions.

Definition 2.7. Let A be a finite simplicial complex and G € A. Then the link of G is
the subcomplex
kG:={HeA: HNG=0, HUG € A}.

The star of G is the subcomplex
stG:={HeA: HUG € A}

Notice that the star of G is the join G *xlk G. From the definition, it directly follows
the lemma below.

Lemma 2.8. Let P be a finite poset and s < t be a pair of elements of P. Given any
saturated chains s1 <sg <---<s; =35 and t =t <ty <---<tj such that sq s minimal
and t; is mazimal in P, we take the face of the order compler G = {s; <--- <s; <
t1<---<tj} € A(P). Then

A((s, 1) =1kG.

In particular, Ik G has dimension £(s,t) — 2.
We now prove an analogous result of Philip Hall’s theorem for the link of a face.

Proposition 2.9 ([30, p. 223, Proposition 1]). Let A be a finite simplicial complex
such that its support |A| is homeomorphic to a manifold without boundary. If G € A is
a non-empty face, then Ik G has the same homology groups as a dim(lk G)-sphere. In
particular, we have

%(H{ G) _ (_1)dim(lkG).
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Proof. Let k = dim G. By the properties of the suspension of topological spaces ¥, we
have for every i > k + 1 that

Hi s 1(kG) = Hi_1(SF 1k G)
= ~i_1(Sk_1 * lkG)
= H;_1((0G) * 1k G)

where the last equality follows from the fact that the boundary of a k-simplex is home-
omorphic to a (k — 1)-sphere. Let xo be a point in the relative interior of G, we can
conclude

Hi_1((0G) *1kG) = H;

Hy(G *1kG, (9G) 1k Q)
H;(G kG, (G\{zo}) x1kG)
Hi(A, A\ A{zo})

Z i=dimA
_{o i % dim A

where the first equality follows from the relative long exact sequence, since Gxlk G = st G
is contractible, the second equality follows by homotopy invariance, the third equality
follows from the excision theorem and the last equality follows from the fact that |A| is a
manifold without boundary. O

Hence, given a finite regular CW-complex I' whose support is a manifold without
boundary and a pair of elements s < ¢t in F'(I") such that (s,t) # (0,1), then

1y (s,1) = X(A((5,1)) = Xk G) = (1)1,

We can summarize the discussion above with the following theorem, which specializes to
Theorem 2.6 .

Theorem 2.10. Let I" be a finite reqular CW-complex. If |I'| is a manifold without
boundary, then

prm(s,t) = {%(m (s,8) = ((:)’ %)
(s, (1D (s,¢) £ (0, 1).

It is relevant to note that not every Eulerian poset arises as the augmented face poset
of a regular CW-complex.

Example 2.11. Consider the Eulerian poset P described by the Hasse diagram below:

/]
N
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Let 5 denote the chain of two elements. The product P x C5 is an Eulerian poset
by Proposition 2.3; we now prove that it is not the augmented face poset of a regular
CW-complex. Let t = (1p, 002) € P x Cy and suppose that P x (5 is the augmented
face poset of a regular CW-complex A. By regularity, the boundary of the cell ¢ is
homeomorphic to S'. In particular, this implies that the order complex of the open
interval ((0 P, 002); t) C P x C5 would also have to be homeomorphic to S'. However, it
is homeomorphic to S' LI S', which is a contradiction.

‘ o/.ooo
/\, -

Figure 2.1: Hasse diagram of P x Cy, with the open interval ((Op, 0c,), (1p, 602)) high-
lighted in red (left), together with its geometric realization (right).

§2.2 Generalized Dehn—Sommerville Equations

FEulerian posets satisfy plenty combinatorial properties known for polytopes. One in-
formative example is given by the different generalizations of the Dehn—Sommerville
Equations. In this section, we discuss two ways in which we can generalize them. The
first generalization comes from Stanley [46], while the second generalization has been
discovered by Bayer and Billera in [7].

Given a finite bounded poset P, we have proved in Proposition 1.6 the existence of a
polynomial Z(P,t) € Q[t] such that

Z(P,n) = ¢"(0,1) = #{multichains t; <ty <---<t, 1 in P}, for every n € Zo.

We introduce some properties of the polynomial. Let P and @ be two finite bounded
posets. By Proposition 2.3, we have that Z(P x @, n) factorizes as

Z(P % Q) = uit o0, 1) = up" (0, 1)ug"(0,1) = Z(Pm)Z(Q,m).  (21)
There are some notable cases for which we can explicitly calculate the polynomial.

Example 2.12. Let P = (), be the chain of n elements. The multichains t; < --- <t,,_1
in P are in bijection with the (m—1)-multisets of elements of [n], hence Z(P,m) = ((,.",))-

m—1

Example 2.13. Let P = B,, be the Boolean poset on [n]|. Since B, is isomorphic to
(C2)™, by equation 2.1 we have Z(P,m) = Z(Ca,m)" = ((m2_1))” = (mrfl)n =m".

In the Eulerian case, it also satisfies a reciprocity property.
Proposition 2.14. Let P be an FEulerian poset of rank n. Then
Z(P,—m) = (—-1)"Z(P,m).
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Proof. By construction, we have
Z(P,—m) = u™(0,1)
= > pOt)ltrta) o pltm2s tim1 ) i(tn—1, 1)
0<t1 <<ty —1<1
— Z (_1)/)('51)—,0(0)(_1)P(t2)—P(t1) o (_1)P(i)—P(tm—1)

0<t1 < <tp_1<1

- > (-1 = (=1)"Z(P,m). O

0<t1 < <tm—1<1

IN

For simplicial posets, the following additional identity holds. Notice that every simplicial
poset is ranked.

Proposition 2.15. Let P be a simplicial poset with a minimum element 0, and let
fi=#{z € P: p(x) =1+ 1}. Then

L(P)
Z(Pm) = fisa(m — 1)\,
=0

Proof. Let t € P and denote by Z;(P, m) the number of multichains t; < --- <t,,_o <
tm—1 = tin P. Since P is simplicial, we have [0, t,,—1] = B; for some ¢ € N, which implies
Zy(P,m) = (m — 1)*. We conclude
Z(P;m) =Y Zy(Pm) = fisi(m —1)", O
teP i>0
If we combine Proposition 2.14 and Proposition 2.15, we get our first generalization of

the Dehn—Sommerville Equations.

Theorem 2.16. Let P be an Eulerian poset of rank n and let P\ {1} be simplicial.
Given f; := #{x € P: p(x) =i+ 1}, then

n—1 n—1
Y firam =1 = (=) fim
=0 i=0

Proof. Set P’ := P\ {1}. Since there are Z(P,m) multichains with m elements in P
that contain 1, we have

Z(P',m+1) = Z(P,m+ 1) — Z(P,m) =: AZ(P,m),

where A denotes the difference operator. Since P’ is simplicial, we can apply Proposition
2.15 and obtain

n—1
AZ(P, m) = Z fi_lmi.
i=0
On the other hand, since P is Eulerian we can also apply Proposition 2.14 and get
Z(P,—m) = (—=1)"Z(P,m), so
AZ(P,—m)=Z(P,—m+1) — Z(P,—m)
= (—1)"! (Z(P,m) — Z(P,m — 1)) = (~1)"TAZ(P,m — 1).

Combining it with the previous identity, we conclude

n—1 n—1
Y ficalm = 1)F =D (=1 i ml O
=0 1=0
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Remark 2.17. Given an n—dimensional simplicial polytope P, Theorem 2.16 translates to

(n+1)—1 i
> (it (k> fim1 = (1)U,
i=k
or equivalently
n—1 0
n—i— 1+ 1
2.1 1<,€+1>fi = fr,
i=k

which is exactly the f-vector form of the Dehn—-Sommerville Equations.

We also have another generalization of the Dehn—Sommerville Equations. These are what
most authors refer to as the Generalized Dehn—Sommerville Equations.

Theorem 2.18. Let P be an Eulerian poset of rank n, and S C {0,1,...,n —1}. If
ke Su{-1,n},i<k—1and SN[i+1,k—1] =0, then

k—1

> (1) ap(SU{j}) = ap(S) (1 _ (_1)k—i—1) '

j=it+1

Proof. Let zp, < --- < x, be a maximal chain in the S-rank-selected subposet Pg such
that p(xy,) = k; for any I = 1...,r. Let us denote = := z; and y := xj. By the proof of
Proposition 2.2, we have

k—1
(=) = pp(e,y) =Y (17" o ({5,
j=i
which implies
. kil . .
L= (=)= 3 (1) lag ({5
j=it1

Summing over all the maximal chains C' of Pg (and denoting by z¢ and y¢ their elements
of rank i and k respectively) we get

k—1
ap($) (1= (=) = 3 3 () a0 ()

C maximal j=i+1

chain of Pg
k—1
i )
=D DTN YT ey {d)
j=i+1 C' maximal
chain of Pg
k—1
= Y (=1 ap(SU i) O
j=i+l
Remark 2.19. Given an n—dimensional simplicial polytope P, for any h = —1,0,...,n—1

weset S={h+1},i=h+1and k =n+1 for some for h = —1,0,...,n — 2. Then,
Theorem 2.18 gives us

n

Z (1) lagmpy ({i,5}) = fn (1= (-1)" 1),

j=i+1
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where (f_1, fo, ..., fn—1) denotes the f-vector of P. Since P is simplicial, we also have
NN A _ J _
a}'(P)({Za]}) = <Z->fJ1 (h—l— 1>fjl
for every j =i+ 1,...,n. Hence, we rewrite the formula as
n—1i\ __ . j—i—1 ] .
=) = 3 (2 )
j=h+2
= > (T Vi
, h+1)"
j=h+1

and by subtracting from both sides fj, and then multiplying by (—1)"~~1 it follows that

n

=Y (—1)nj<hj_1>fj—1

j=h+1
n—1 j+ 1
_ —_1)r—i-1 .
> (1)
j=h
which is exactly the f-vector form of the Dehn—Sommerville Equations.

Since the Generalized Dehn—Sommerville Equations impose non-trivial linear relations
on the components of the flag f-vector, they make it possible to lower the upper bound
of the dimension of the linear space spanned by the flag f-vectors of Eulerian posets.

Proposition 2.20. The linear span of the flag f-vectors of bounded graded posets of
rank n satisfying the Generalized Dehn—Sommerville Equations has dimension less than
or equal to F,, the n-th Fibonacci number.

Proof. Let P be a bounded graded poset of rank n satisfying the Generalized Dehn—
Sommerville Equations. Define the set

UM = {§ C [n—2]: S contains no two consecutive integers}.

If T € P([n—1]) \ ¥, then there exists k € [2,n] such that k — 1,k € T U {n}. Set
S:=T\{k—1} and i = max{j € TU{0} : j < k —1}. By taking the Generalized
Dehn—Sommerville Equations we get

k—2

ap(T) = Y (=D Jap(SU{j}) +ap($)(1 - (-1,
j=i+1

Since the subscript of every term of the right-hand side is less than 7" in the lexicographic
order, we can prove by induction that every coordinate of the flag f-vector ap(T') can
be expressed as a linear combination of terms of the form ap(S) where S € ¥,

We notice that #¥™ = F,. Indeed, every element S € () might contain n — 2
or not: the ones that do not contain it are all elements of (™~ 1: the ones that
do contain it are in bijection with U("~2) since they must not contain n — 3. Thus,
#0() — g1 4 4g(=2) and since #TM) =1 and #¥?) =1 we have #0™ = F,
This proves the proposition. O

As we will show in Theorem 2.24, the upper bound of the proposition can be proved
to be an equality.
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§2.3 The cd-Index

As we want to comprehend the structure of a poset P, it is of interest to study the flag
h-vector Sp. Inspired by the discussion on the Generalized Dehn—Sommerville Equations,
we recognize that one way to do that is to find all the linear relations that it satisfies.
One way to encode these relations is through the cd-index, introduced Bayer and Klapper
in [9] after some observations made by Jonathan Fine in an unpublished 1985 manuscript
about Morse theory for convex polytopes. See [6] for a recent survey on the topic. We
start the discussion by introducing some definitions.

Definition 2.21. Let P be a graded bounded poset of rank n. Given a set S C [n — 1],
the characteristic monomial of S is

us :— €e1€e9 - €p_-1

a 1¢.59,
€; =
b ies.
We define the ab-index of P as the noncommutative polynomial Up(a,b) € Z{a, b) in
the variables a and b

where

Up(a,b):= > Bp(S)us.

SC[n—1]

Notice that, by equation 1.4, we have

Upla+bb)= > |Bp(S) Y ur|= DY [D BT |us= > a(Sus.

SC[n—1] SCT SC[n—1] \TCS SC[n—1]

Thus, we may interpret Up(a,b) and ¥p(a+b, b) as noncommutative generating functions
respectively for the flag h-vector Sp and the flag f-vector ap.

Remark 2.22. Since Up(a + b,b) is a generating function for the flag f-vector, we may
calculate the ab-index as follows. Given a chain ¢ = {0 < z1 < -+ < zp < 1} of P, we
associate to it a weight w(c) = 21 ... 2,1 where

. {b i € {p(mn), plan)},

a—b otherwise.
Then the ab-index is

Up(a,b) = Z w(e).

¢ chain of P

Let’s calculate an example.

Example 2.23. Take the poset P defined as the face lattice of the pyramid with a square
base.
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Figure 2.2: Face lattice of a pyramid with a square base

We may calculate
Up(a+b,b) = aaa + 5(baa + aab) + 8aba + 16(bba + bab + abb) 4 32bbb
which implies
Up(a,b) = aaa + 4(baa + aab + bba + abb) + 7(aba + bab) + bbb.

Notice that the ab-index may be factorized as
Up(a,b) = (a+b)> + 3(a+ b)(ab + ba) + 3(ab + ba)(a + b).

The factorization of the ab-index in the example is not an accident. In fact, as we are
going to prove, every Eulerian poset admits a similar factorization of the ab-index. To
prove that, we first need some specific constructions of Eulerian posets.

Given any regular CW-sphere A (i.e. a regular CW-complex whose support is home-
omorphic to an n-sphere), we define two new regular CW-spheres, XA and YA, as
follows. The complex XA is constructed by attaching to A two (n + 1)-cells ¢; and ¢
with boundary A. The complex YA is defined by attaching to A three (n + 1)-cells ¢;,
¢o and ¢3 with boundary A, and then attaching another three (n + 2)-cells dy, do and ds,
each having a different pair of cells from c1, ¢ and c3 in its boundary.
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attach ci1, c2

—

Ax=gt )
XA=S
C1
attach attach
c1,C2,C3 di,d2,ds
{ o > >
~ Q0
A = S 03

YA 52

Figure 2.3: Low-dimensional realizations of the operations X and Y.

By Remark 2.22, we can observe the following fact. Set ¢:=a+ b and d := ab + ba.
Let A be any regular CW-sphere, any chain of non-empty cells of A can be extended to a
chain of non-empty cells of XA by adjoining either c;, ¢z or nothing, hence the ab-index
of F(XA) is

\I/F(XA)(aa b) = ‘I’F(A)(aa b)-(2b+ (a—1b)) = ‘I’F(A)(aa b) - c. (2.3)
Similarly, one can observe

Uiyay(a,b) = Upa)(a,b)- (66 +3b(a—b) +3(a—b)b+ (a—b)*) = Up(a)(a,b) - (* +d).

(2.4)
Note that if A is the empty complex, then Wp(a) = 1. Consequently, every monomial in
c and d is in the span of ab-indices of Eulerian posets. In fact, we have

Vrxa) =VYra) - ¢ Vrva) = VYrxxa) = ¥Yra) - d

‘We now observe that there are no algebra relations betweens a+b and ab+ba. Indeed, given
any non-commutative polynomial p(x,y) € Q(z,y), the leading term of p(a + b, ab + ba)
in the graded lexicographic order induced by a > b is given by the evaluation p(a, ab).
Consequently, if p(a + b,ab + ba) equals 0, then p(z,y) must also be 0. Thus, since
degc = 1 and degd = 2, the degree k component of Q(c,d) has dimension Fjq, the
(k + 1)-th Fibonacci number. This implies that the dimension of the linear span of the
ab-indices of Eulerian posets of rank n is at least F;,. Together with Proposition 2.20, we
get the following theorem.

Theorem 2.24. The linear span of the flag f-vectors of bounded graded posets of rank n
satisfying the Generalized Dehn—Sommerville Equations has dimension F,.

Similarly, the linear span of the ab-indices of bounded graded posets satisfying the
Generalized Dehn—Sommerville Equations is Q{c,d).
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This also shows that the Generalized Dehn—-Sommerville Equations are exactly all the
possible linear relations that we may find for Eulerian posets. We can use this result
to compress our ab-index in a more compact invariant, whose existence is equivalent to
satisfying the Generalized Dehn—Sommerville Equations. This follows easily from the
second statement of Theorem 2.24.

Theorem 2.25. Let P be a bounded graded poset of rank n. There exists a moncommu-
tative polynomial ®p(c,d) € Q(c, d) such that

Up(a,b) = Pp(a+b,ab+ ba)

if and only if P satisfies the Generalized Dehn-Sommerville equations. In particular, ®p
exists when P is Eulerian.

Hence, we have an optimal way to compress the ab-index up to linear relations. Some
of these linear relations can now actually be recovered more naturally from this result.
For example, since Up(a,b) = ¥p(b,a) for any graded poset P satisfying the Generalized
Dehn—Sommerville Equations, we have the following corollary.

Corollary 2.26. Let P be a bounded graded poset of rank n, let S C [n — 1] and
set S := [n — 1]\ S. If P satisfies the Generalized Dehn—Sommerville Equations, then

Bp(S) = Br(S).

One can also notice the following.
Remark 2.27. Given a poset P with a cd-index ®p, the coefficient of ¢! in ®p is 1. In
fact, the coefficient of ¢®~! in the ab-index is also 1, and ¢®~! is the only monomial in ®p

which contributes to a®~'. This implies that the affine span of the flag h-vectors of posets
satisfying the Generalized Dehn—Sommerville Equations has dimension F;,_; — 1.

Example 2.28. Let P be the face lattice of a cube. We have already calculated in
Example 1.52 its flag h-vector. In particular, its ab-index is

Up(a,b) = a® + Tba® + 1laba + 5a2b + 5b%a + 11bab + Tab® + b>.
Its ed-index must be of the form
Pp(e,d) = +a-cd+f-dec

for some «, 3 € Q. By expanding the cd-index, we get that the coefficient of ba? is 1 4 8
and the coefficient of b%a is 1 + a, hence o = 4 and 3 = 6. Therefore

®p(c,d) = ¢ + 4ed + 6de.

Example 2.29. Let P be the poset defined as the join of n copies of By. This is
sometimes called the butterfly poset of rank n + 1.
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Figure 2.4: The butterfly poset.

For any S C [n], we have
Ckp(S) = 2#5.

This implies that

n

Up(a+b,b) :Z Z 2w = (a+20)",

i=0 w is an ab-monomial
of degree n and

with 4 occurrences of b

hence ¥p(a,b) = (a+ b)" and
bp(e,d) ="

Example 2.30. Let P be the poset represented by the following Hasse diagram.

1
Tl ® I3

U1 @ Y3

(e}

Its ab-index is
Up(a,b) = a® + 2ab + 2ba + b* = (a + b)* + (ab + ba),
hence it has a cd-index which is
Pp(c,d) = +d.
Notice that the interval [y, 1] does not have a cd-index, since
Wy, (a,b) = a+2b.

This shows that if a poset satisfies the Generalized Dehn—Sommerville Equations, it is not
guaranteed that every one of its intervals also satisfies them. This happens in contrast to
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Eulerian posets, where the Eulerianity property is satisfied by all of its closed intervals.
Margaret M. Bayer and Gabor Hetyei have actually proved that a poset is Eulerian if and
only if every one of its interval satisfies the Generalized Dehn—Sommerville Equations [8,
Corollary 1.3].

The cd-index behaves well under some specific operations on posets. The join is
particularly relevant, as the cd-index is multiplicative with respect to it.

Proposition 2.31. Let P and @ be two graded posets. Then
1. the ab-index of the join factorizes as ¥ p.g(a,b) = ¥p(a,b)Vq(a,b);
2. given the linear involution
" : Q(a,b) — Q(a,b)
VIV ... Uy > (VUL Up)T = vy LU,
the ab-index of the dual P* is obtained as ¥ p«(a,b) = ¥p(a,b)*.

Proof. 1. Consider the polynomial ¥p.q(a+b,b) = > ¢ ap.«q(S)us. Maximal chains
in P % () are the concatenation of a maximal chain in P and a maximal chain
in @, hence we get ¥p,g(a + b,0) = ¥Up(a + b,b)¥g(a + b,b), which implies
Upg(a,b) =Vp(a,b)¥qg(a,b).

2. Let p be the rank function of P. Notice that the rank of an element x in P* is
p(P) — p(z). Hence, by Remark 2.22, we have

Up«(a,b) = Z w(c) = Z w(e)*. O

¢ chain of P* ¢ chain of P

Using Theorem 2.25, we can also state the following corollary.

Corollary 2.32. Let P and QQ be two graded posets. If they both satisfy the Generalized
Dehn—Sommeruville equations, then they are also satisfied by the join P x Q. Furthermore,
its cd-index factorizes as Pp.g(c,d) = ®p(c,d)Pg(c, d).

If P satisfies the Generalized Dehn—Sommerville equations, then also does the dual P*.
§2.3.1 The cd-Index as a Newtonian Coalgebra Morphism

One important property of the ab-index and the cd-index is that they both can be
interpreted as Newtonian coalgebra morphisms, as was shown by Ehrenborg and Readdy
[23]. Let us introduce some definitions.

Definition 2.33. A Newtonian coalgebra is a vector space V' over a field k of characteristic
0 that is equipped with an associative product

pVev Vv
and a coproduct, defined as a map
AV VeV
The coproduct is required to be coassociative, meaning that
(A®idy) oA = (iddy ® A) o A.
Moreover, the product and the coproduct satisfy the Newtonian condition

Aop=(dy ®p)o(A®idy) + (p®idy) o (idy ® A).
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We will often use Sweedler notation for the coproduct. Since A(v) belongs to the
tensor product V ® V, it is a finite sum of pure tensors. Sweedler notation expresses the

sum as
Aw) =3 vy @ V-

v

Here, v(;) and v(y) are not specific individual elements, but terms representing the first
and second tensor factors across the entire sum.
Using Sweedler notation, the Newtonian condition can be rewritten more compactly as

Zu u(Q)v + Z uv(y

The noncommutative polynomial algebra k{a,b) is a Newtonian coalgebra with the
coproduct

A : k{a,b)y — k{a,b) ® k{a,b)
711112"'Un*—>Zvl“'l}pl@wﬂ“'vn

The coproduct is not injective, but its kernel can be described explicitly.

Lemma 2.34. If we restrict the coproduct A on the homogeneous ab-polynomials of
degree n, we obtain a linear map

A k{a,b)n — D kla,b)i @ k{a,b);
i+j=n—1

whose kernel is the linear span of (a — b)™.

Proof. Let p = ), a,w be an homogeneous ab-polynomial of degree n such that
A(p) = 0. Given any u ® v € k{a,b); ® k(a, b); for some 4, j such that i + j =n — 1, it
may be obtained by applying the coproduct to either w-a-v or w - b- v, hence

Qy.agv + Qb = 0.
Given an ab-monomial w, let h be the number of b’s in the word w. We have
Ny = (—1)hOéan,

from which we conclude

n
p=can- > (Dw=ag-(a-b)" 0
1=0 w is an ab-monomial

of degree n and
with ¢ occurrences of b

Since (a — b)? = ¢ — 2d, we also have the following corollary.

Corollary 2.35. If we restrict the coproduct A on the homogeneous cd-polynomials of
degree n, we obtain a linear map

A k{c,d), EB k(c,d); @ k{c,d);
i+j=n—1
which, is injective when n is odd, and whose kernel is the linear span of (c¢* — 2d)™? when

n is even.
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This also implies the following result, which may be used to reverse the operation on
specific subsets of polynomials.

Corollary 2.36. Let p,q € k{c,d), be homogeneous cd-polynomials of degree n that have
the same coefficient of c™. If A(p) = A(q), then p = q.

Proof. If n is odd, the statement is trivial. If n is even, since A(p — ¢) = 0 we have that
the polynomial p — g € k{c, d),, is a multiple of (¢> — 2d)"/2. Since the coefficient of ¢" in
p—qis 0, we have p — ¢ = 0. O

We may also give a Newtonian coalgebra structure to graded posets. Let &2 be the
k-vector space spanned by the isomorphism classes of graded bounded posets of rank at
least 1. We enrich the structure of & by defining a coproduct

AP 5 PRIP
P Z [0,2] ® [2,1]
zeP
O<z<i

and taking the join as a product

. PRQY = X
PRQ— PxQ.
It is an easy check to verify that &7 satisfies the Newtonian condition.

Proposition 2.37. The vector space & with the product * and the coproduct A is a
Newtonian coalgebra.

As anticipated, the ab-index can be seen as a map
U: 2 — ka,b)
P—U p(a, b)
which is compatible with the Newtonian coalgebra structure.

Proposition 2.38. The linear map ¥ : & — k(a,b) is a Newtonian coalgebra map, i.e.
it satisfies
Yopu=po(YeWw)

and
AoV = (V®W)oA.

Proof. The first identity is
(P Q) =V(P)¥(Q)

which was proved in Proposition 2.31. The second identity is

AE(P) = Y ¥([0,a]) @ ([, 1),

TEP
O0<z<1
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By Remark 2.22, we interpret the ab-index as the sum of the weights of all chains of P,
in particular by linearity of A we have

!
> Aw(e) = Yoo Y w0 < < <md) @wp, j({m <o <ap < 1))

¢ chain of P O<zi<<zp<l =1
= > > wpale) ] @ > wpile)
®EP  \¢; chain of [O,x] co chain of [m,i}
O<a<1
which proves the second identity. ]

Since the cd-index is obtained from the ab-index by a polynomial substitution, we get
the following corollary.

Corollary 2.39. Let & C & be the k-vector space spanned by the isomorphism classes
of Eulerian posets of rank at least 1. The linear map

b:E& — k(c,d)
P ®p(c,d)
1s a Newtonian coalgebra map.

Note that the corollary above would not work if we substituted Eulerian posets with
all the posets satisfying the Generalized Dehn—Sommerville Equations. As we have seen
in Example 2.30, it is not guaranteed that every interval of the poset has a cd-index. In
fact, this only happens with Eulerian posets.

These results have a broad span of computational consequences related to the calculation
of the cd-index for some families of Eulerian posets. We look at an example below. The
formulas that we present have been found by Ehrenborg and Readdy [23, Proposition 4.2],
we provide an alternative proof that avoids enumerating chains; instead, we explicitly
make use of the Newtonian coalgebra structure.

Proposition 2.40. Let Q be a polytope and set P = F(Q). Then

1
ey = 5 |Bpret e Pt ) Dy d- Bry |,
P

®r(prism()) = PP-c+ Yy Ppy - d-Ppy,.
P

Proof. Recall by Corollary 1.30 that
F(Pyr(Q)) = P x By,  F(Prism(Q)) = (P\ {0p}) x (B2 \ {05,}) U {0}.
Using Corollary 2.36, we know that it is sufficient to prove that

AP rpyr(0)) = Parrpyr(@):  APr(Prism(Q)) = PAF(Prism(Q))-
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We first compute the coproduct of the posets

:[(070)7(17 » V) 71)]
+1(0,0), (0, D] @ [(0, 1), (1,1)]
+ Y [(0,0), (=, 0)] @ [(,0), (1, 1)]
O<z<l
+ Y 10,0), (= D) @ [(z, 1), (1,1)]
O<z<1

=P®B +B®P
+ Z (Pa) ® (Poy x B1) + (Puy x B1) ® P)) .
P

Since the cd-index is a Newtonian coalgebra map, this implies

PaFPyr(Q) = 28P + Y (P Pryr(py)) T Peyr(pu) PR, )
P

Similarly, we calculate

PAF(Prism(Q)) = 2Pp + Z(‘PP(U@PW(P@)) + Pprism(Py) PPy, )-
P

We may verify that these are exactly the coproducts of the formulas given in the

statement.

d
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3 Toric h-Polynomial

The construction of the toric h-polynomial was given for the first time by Richard
Stanley in 1987 in the paper [48]. As we have seen in Section 1.3, the h-polynomial of
a polytope P satisfies many appealing properties, but only when P is simplicial. The
toric h-polynomial is an extension of the h-vector from the case of simplicial polytopes
to the case of Eulerian posets. Despite its contrived and recursive definition, the toric
h-polynomial preserves some of the most interesting properties of the usual h-polynomial
of simplicial polytopes. In particular, we will prove that it preserves the palindromic
property.

One of the most striking peculiarities of the toric hA-polynomial is its algebro-geometric
interpretation, in the case of rational polytopes. In this context, the recursive definition of
the polynomial may be used to create a bridge with the theory of intersection cohomology,
introduced by Goresky and MacPherson [32, 31] with the purpose of studying singular
spaces. Whenever a space is not singular, in fact, it coincides with singular cohomology.
The following theorem yields one of the main motivations for studying the toric h-
polynomials.

Theorem 3.1. Let P be a rational polytope of dimension n containing the origin in its
interior. The toric h-vector (hg,...,hy,) of F(P) satisfies the identity

h; = dim IH*(Xp, C),

where TH denotes intersection cohomology and Xp denotes the projective toric variety
associated to the fan of cones over the proper faces of P.

This fact was stated without proof in the introductory paper of Stanley, while citing
independent unpublished works of other authors. The first proofs were actually published
only 4 years later by Jan Denef and Frangois Loeser [22], and by Karl-Heinz Fieseler [29].

In the context of rational polytopes, the properties of a combinatorial object like
the toric h-vector can be translated into algebro-geometric properties of complex toric
varieties, and vice versa. In particular, the palindromic property of the toric h-vector is
implied by the Poincaré duality in intersection cohomology. Similarly, the Hard Lefschetz
Theorem implies the unimodality of the toric h-vector.

In the rest of the introduction of this chapter, we define the toric h-vector and prove
that it coincides with the usual h-vector in the case of simplicial polytopes. Then, we
show that it is palindromic. In Section 3.1, we calculate the toric h-vector using other
invariants of Eulerian posets, in particular the flag f-vector, the flag h-vector and the
cd-index. The proof of the cd-index formula will significantly rely on the Newtonian
coalgebra structure of the cd-index.

We now introduce the definition of the toric h- and g-polynomial of an Eulerian poset.

Definition 3.2. Let P be a graded bounded poset. Let h(P,z) = Y, h;j(P)z’ and
g(P,x) =", gi(P)x" be polynomials in Z[z], recursively defined as follows. If p(P) = 0,
then

h(P,x) = g(P,z) = 1.
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Otherwise, if p(P) =n+1 > 0, then h has degree n and

WPx)= > g([0,y],2)(x — )W

ﬁ§y<i
g(P,z) = ho(P) + (hi(P) — ho(P)z + - - + (hy(P) = hy_1(P))z™

where m = |n/2| and p is the rank function of P. We call h(P,z) and g(P, z) respec-
tively the toric h-polynomial of P and the toric g-polynomial of P. The sequences
(ho(P),...,hn(P)) and (go(P), ..., gm(P)) are respectively called the toric h-vector and
the toric g-vector of P.

In the literature, the toric A-polynomial is often denoted with the letter f. We will
not use this notation to avoid ambiguity with a function that we will define in Chapter 4,
the right KLS function.

The usual h-vector and g-vector are equal to their toric counterparts in the case of
Boolean posets, or equivalently, in the case of face lattices of a simplex.

Example 3.3. Let B,, be the Boolean poset on [n] for n > 1. We claim that

h(Bp,z)=1+x+---+ 2"}
g(Bp, ) = 1.

By definition, we have h(Bi, ) = 1, g(B1, ) = 1 and for n+1 > 1 we have the recursion

h(Bnt1, ) = Z 9([0, 9], z)(z — 1)n—rank((0:6)
6<y<1

Using an induction argument on n, we prove that

h(Bny1, ©) = kzn:o <n2; 1) (z—1"F

— (-1 kszo (nz 1) (z — 1)k

(=1 + )" 1

rz—1
=l4+x+---+z"

Hence, we also have
Q(Bn_H, 1,‘) =14+ (1 — 1)$ 4+ 4 (1 _ 1)an/2J -1

The definitions match whenever P is the face lattice of a simplicial polytope. This
claim is proved by the following proposition.

Proposition 3.4. Let P be an Eulerian poset of rankn + 1 and P\ {1} be simplicial.
Set fi . =#{x € P: p(x) =1+ 1}. We have

hPx) =Y fia(z—1)""
=0
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Proof. Since g(B,,,x) = 1, by the simpliciality of P\ {1} we get

h(Px)= Y 9([0, 9], z) (z—1)rnk(lv-AD—1 = > (a— 1)rank((y.1])- Zfl W(z—1)" L
0<y<i 0<y<i
O

We now prove that the palindromic property of the h-vector generalizes to Eulerian
posets.

Theorem 3.5 ([47, Theorem 3.16.9]). Let P be an Eulerian poset of rank n+ 1. Then,
for anyi=0,...,n we have
hi(P) = hy—i(P).

Proof. Let h(P) and g(P) denote h(P,x) and g(P,x), and let p be the rank function of
P. Set z:=x —1, and for any y € P set Q, :=[0,y] C P. By the definition of the toric
h-polynomial, we have

g(P) + zh(P) = g(P) + > g(Qy)z"" "W

0<y<i

— Z g(Qy)Zp(i)fp(y)

yeP

hence

2D (g(P) + 2h(P)) = D g(Q,)=*W.

yeP

By Mobius inversion, we get

= nr(u:1) (9(Qy) + 2h(Qy)) 2"V,

yeP
Using the Eulerianity of P, this implies

g(P) =Y (=)W (g(Qy) + 2h(Qy)) - (3.1)
yeP
Given any y € P of rank r +1 € N, let h(Qy) = ap + a1z + --- + a,z". Then, given
= |r/2], by the definition of toric g-vector we have

9(Qy) + zh(Qy) = ag + (a1 —ag)x + - - - + (as — as—1)2" + (xr — 1)(ap + a1z + - - - + a,2")

= (as — a5+1)x3+1 + - 4 (-1 —ap)x" + apz’ L.
By induction on p(y), we may assume a; = a,—; for any r < n and 0 <1i <r, so

g(Qy) + Zh(Qy) :(ar—s - ar—s—1)$s+1 + (ar—s—l - ar—s—Q)xSJrQ
+""+‘(ar—r+l _'ar—r)xr'+'ar—rxr+l
as — as_ 1)t + (as_1 — as_o)x*t2+ -+ apx”™ ™! even r
( S S 1) s—1 s—2 0
s — Us— s s—1 — Us—2 T 0
(as —as_1)r* 2 + (a as_2)x¥3 + -+ agx™™t odd r
=W g(Qy, 1/).
By subtracting g(P) + zh(P) from both sides of (3.1), we obtain

—2h(P) = Z xp(y)g(Qw1/m)(_z)p(i)—p(y)7

0<y<i
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therefore

h(P) = Z (9(Qy) + zh(Qy)) (_Z)P(i)*p(y)fl

0<y<i

= Z g(Qy> 1/1:)1,12(31)(1 — m)p(i)—p(y)—l

O§y<i

—at 3 @/ (5

0<y<i

1 p(1)—p(y)—1
" 3 0(@1/n) (5 1)
0<y<i
=z"h(P,1/x),

)p(i)—p(y)—l

which is equivalent to the statement. ]

§3.1 Relation to the Flag f-Vector and Flag h-Vector

The recursive definition of the toric h-vector does not display clearly all of its properties.
Despite that, it has many relations to other statistics of an Eulerian poset that simplify
its calculation.

§3.1.1 Fine's Algorithm

We start by calculating the toric h-polynomial using the flag f-vector data. Jonathan
Fine formulated an algorithm [4, Theorem 7.14] that does exactly that for any Eulerian
poset.

Let P be an Eulerian poset of rank n + 1 and let S C [n]. A wvalid S-diagram is a
vector of signs 41 of length n such that the sum of the terms up to position s is positive
for each s € S. Denote by jg; the number of valid S-diagrams with ¢ negative terms and
n — i positive terms. If n =0, we let jg o := 1.

Theorem 3.6. Let P be an Eulerian poset of rank n + 1. The toric h-polynomial is

n

h(Pa)=> [ > (-1)FF s ap(S) | 2.

i=0 \ SC[n]

Proof. We prove it by induction on n.

If n = 0, the statement is trivial as there is only one Eulerian poset of rank 1, and
both sides of the formula are equal to 1.

Let n > 0, suppose that the formula holds for any Eulerian poset of rank at most n.
Set jg'; to be the number of valid S-diagrams of length m with ¢ negative terms. By the
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definition of the toric h-vector and the induction hypothesis,

leow)=1/2)

hP,z)=(z—1)"+ g:(10, 9]z (& — 1)"—P®)

(]

O<y<i 1=0
L(p(y)—1)/2]

=@+1)"+ Y 2t (x — 1)"PW)
0<y<i 1=0
Z (=1)ISH+P@)—1=i(; (Z) +j§(2y)11) a1 (S).

SC(p(y)—1]
For each nonempty set S C [n], set T':= S\ {max S} and notice that

Y. apy(D) =ap(s).

yeP
p(y)=max S

Using this identity, we may rearrange the sum and rewrite the toric h-vector of P as

|(max S—1)/2|

h(P, I’) l’ . 1 Z Z (_1)|T\+maxS—1—z (sz;xS 1 _'_Jjnilfjxig 1)
0#SC(n] i=0

e (T)z'(z — 1)
Therefore, we get

[Z*]h(P, 2) = (& = 1)" 7"

n—max S

[(max S—1)/2] N — max S
+ Z ‘SH—n k P(S) Z < g )(jjrzt?xs 1+JYI{1?XA15' 1)
0#5Cn] i=0
min(k, | (max S—1)/2]) " — max S
S|4+n— k - -max S—1 max S—1
= S (M s

SCln] 1=0
Hence, to prove the theorem it is sufficient to show that, for S C [n] and T := S\ {max S},
we have the identity

min(k, | (max S—1)/2])

k. an—k (M —max S\, ax «
(=1)I51Hn Figh = Z (—1)lTI=14n k( o >(]¥t? S— 1+];1n? S-1y,
i=0

or equivalently
min(k, | (max S—1)/2])

Jsk =

n — max S (~maxS 1+ -max S— 1)
k—1 T, Tz 1

1=0

which comes from imposing that the coefficient of 2*ap(S) are the same in both polyno-
mials. This can be proved by a combinatorial argument. Any valid S-diagram with k
negative terms may arise from a valid T-diagram of length maxS — 1 and i or (i — 1)
negative terms for any ¢ < min(k, |(max S —1)/2]) as follows. Start with the T-diagram
and extend it in position max S with +1 if the valid T-diagram has 7 —1’s, and with
—1 if the valid T-diagram has (i — 1) —1’s. Fill the remaining n — max S positions
of the diagram with (k — i) —1’s and (n — k) +1’s. Hence, the procedure constructs

Zgg(k’ [(max §=1)/2)) (nmax 5y (jjr?fxs Ly jmaxS=1y valid S-diagrams with k negative
terms. Since the S-diagrams produced are all different, and every S-diagram with &

negative terms may be produced in this way, we have proved the theorem. O
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The previous theorem may be converted in a formula which uses the flag h-vector of
P.

Corollary 3.7. Let P be an Eulerian poset of rank n+1. Given any sequence A € {£1}",
there is a unique maximal set S(A) C [n] for which X is a valid S(\)-diagram. Let iy be
the number of —1’s in X\. Given S C [n] and i € [0,n], let mg; be the number of valid
S-diagrams X\ for which S(\) =S and iy =i. The toric h-polynomial is

h(P,z) = Z Z (=) THn=ixgp(T) | 2>

Ae{£1}n \TCS(N)

- Z (= 1)ISNHFn=ix g (G(A))a'

re{£1}»
_ Z Z (_1)|S|+n—i ms.; 51)(5) .
=0 \ SC[n]

Example 3.8. Let P be the face lattice of a cube. Since P has rank 4, we consider the
subsets S C [3]. All the valid S-diagrams are

(@) : [+1,+1,+1], [-1,4+1,+1], [+1,—1,+1], [+1,+1,—1],
[-1,-1,+1], [-1,+1,—-1], [+1,—-1,-1], [-1,—1,—1],
(1) : [+1,+1,+1], [+1,-1,+1], [+1 +1,-1], [+1, -1, —1],
(2) : [+1,+1,+1], [+1,41, —1],
(3) ¢ [+1,+1,+1], [-1,41,4+1], [+1,—-1,+1], [+1,+1,-1],
(12) @ [+1,+1, +1], [+1,+1, 1],
(13) : [+1,+1,+1], [+1,—1,+1], [+1,+1, 1],
(23) @ [+1,+1, +1], [+1,+1, 1],
(123) : [+1,+1,+1], [+1,+1, —1].

Let ag := ap(S). Fine’s formula returns

hP,z) = (—ap+ a1 + ag + ag — a1z — a1z — a3 + 123)
+ (Bag — 2001 — g — 3az + a2 + 2003 + o3 — @123) X
+ (=3ag + a1) 2* + aga’.

Recall from Example 1.52 the values of the flag f-vector of P:

S Oép(S)
0 1
{1} 8
{2} 12
{3} 6
{1,2} 24
{1,3} 24
{2,3} 24
{1,2,3} 48
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Hence,

h(P,x) = (—1+ 8+ 12+ 6 — 24 — 24 — 24 + 48)
+(3—16—12— 18 +24 + 48 + 24 — 48)x + (=3 + 8)x* + 2°
=145z 4+ 52% + 25

Thus, the toric h-vector of the face lattice of the cube is

(1,5,5,1).

Example 3.9. Let O be the triangular bypiramyd, which is the polar dual of the polytope

Ag x [0,1] . The flag f-vector of P is given by the following table.

S ap(S)
0 1
{1} 5
{2} 9
{3} 6
{1,2} 18
{1,3} 18
{2,3} 18
{1,2,3} 36

Hence,

h(P,x) = (—ap + a1 + az + a3 — a1z — 13 — az3 + a123)
+ (Bag — 20n — g — 3az + a2 + 2003 + (o3 — @93) @
+ (=3ap + a1) 2° + apz®
= (~1+5+9+6—18—18 — 18 4 36)
+(3-10—-9— 18418 +36 + 18 — 36)z + (=3 + 5)2* + 2
=1+ 2z + 222 + 23

This agrees with the algebro-geometric interpretation of the toric h-vector. In fact, the

variety associated with Q is Xg = P? x P!. Since

C i=0,24

0 otherwise

C i=0,2

HY(P?) = and H'(P!) = o,
0 otherwise

by applying Kiinneth’s Theorem, we get

C? i=2,4
H'(Xg)=4C i=0,6

0 otherwise
which confirms that the toric h-vector of P is

(17 27 27 1)'
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§3.1.2 Toric h-Polynomial from the cd-Index

Another strategy to calculate the toric h-vector is the one discovered by Margaret Bayer
and Richard Ehrenborg in [4]. It is in fact possible to extract the necessary information to
calculate the vector directly from the ab-index, by using its property of being a morphism
of Newtonian coalgebras. They first construct a map from Q(a, b) to Q[x] that returns
the toric h-vector whenever evaluated at the ab-index, and then they describe it with an
explicit formula. We now discuss their proof.

Define a map of algebras
k: Qa, b) — Qla]
ar—x—1,
b— 0.

This map is defined on all non-commutative polynomials in Q(a,b), and when it is
evaluated on the ab-index of a poset P, it returns

K(Up(a,b)) = (z — 1)22KP)=L,

In fact, the ab-index of a graded poset P is a homogeneous polynomial ¥ p(a,b) of degree
rank(P) — 1 whose only term not contained in the kernel of  is a*®**(P)=! which has
coefficient 1 (see Remark 2.27).

We also define a pair of linear maps h, g : Q(a,b) — Q|z] using the following recursion.
Denote by U<y, Usy, and U—y, the linear maps on Q[z] such that, given any p(z) =
> >0 @ix’, they output

m

Usmlp(@)] =Y _aix’, Usplp(@)] =) ai’, U—p[p(x)] = amz™.

=0 i>m

For any monomial v € Q(a,b) of degree n and m := |n/2], using Sweedler notation we
define

h(v) = r(v) + Y g(v))r(v),

9(v) = Usm[(1 = z)h(v)].

Note that h(1) = 1 and g(1) = 1. As anticipated, this map actually calculates the toric
h-vector.

Proposition 3.10. Given a graded bounded poset P, we have

h(P,z) = h(¥(P)),

9(P,z) = g(¥(P)).
Proof. We prove it by induction on the rank of P. If rank(P) = 1, then h(P,z) =
g(P,x) = h(1) = g(1) = 1. Let rank(P) = n + 1. Observe that

h(P,x)=(z—1)" + Z g([0,y]) (z — 1)Taﬂk([yi})—1
O<y<i

= r(U(P) + > g([0,y)r(¥([y. 1))

O<y<i
= K(T(P)) + Y _ g(¥(P)))k(¥(Pg)))
P
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and since the ab-index is a Newtonian coalgebra morphism by Proposition 2.38, we verify

the first identity
h(P,z) = k(U(P))+ Y g((T(P))1))K((¥(P)) @) = h(¥(P)).

We now verify the second identity

9(P,z) = Usm[(1 — 2)h(P, )] = U<im[(1 — 2)h(¥(P))] = (¥ (P)).

O]

In order to find an explicit description of kA and g, we now define some polynomials.

Definition 3.11. Set p(n, k) := (}) — (,",). Given a positive integer n,

[(n—1)/2]
(—1)fp(n — 1, k)a*
k=0

R, (z) := w"len(afl),
For odd n, we also have
T (x) = (—1)(n_1)/2p(n —1,(n— 1)/2)x(n—1)/2

while for even n we let T,,(x) := 0.

Remark 3.12. For even n, p(n,n/2) is the (n/2)-th Catalan number C,, /o. Hence,

Tory1(z) = Cr(—x)*.
This implies that, given the ordinary generating function of the Catalan numbers

2 :chzk:1—\/1—4z

2z ’
k>0

the ordinary generating function of {T(z)}ren is

E= ZTk(x)zk = 2C(—2z2%).

k>0

These polynomials satisfy some recursive properties that are particularly relevant for our

purposes.

Proposition 3.13. For any positive integer n,

Qni1(x) = (1 = 2)Qn(x) + 2T (2),
Rnp1(2) = (2 = 1) Ru(z) + T (),

where To(x) := 0.

Proof. Note that for any integers n and k we have
n+1 n+1
1 _
s 1) = ( ) (i)
_ n _ n
k—1 k—2

= p(n, k) —I—p(n k—l)

(3.2)
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and also that for odd n

pn+1,[n/2] +1) = p(n, [n/2] +1) + p(n, [n/2])

( n+1 /2) )E (n 1)/2) i <<n —n1>/2) ) <<n —n3>/2>
(o 02) (e "2)
<n_1/2> (0 9)

/2
= p(n, [n/2]). (3.3)
For even n, we have
n/2—1
(1= )Qu(x) = (1—2) 3 (1) p(n— 1, k)at
k=0
n/2—1 n/2—1
= (=Dkp(n —1,k)z" —1—2 D p(n — 1, k)ah !
k=0
n/2—1 n/2
_Z n—lkx—i—z p(n—1,k—1)zF
n/2 1
_Z (p(n —1,k) +p(n — 1,k — 1))z"

+ (=1)"?p(n — 1, [(n —1)/2])a"/?
which, by equation 3.2 and equation 3.3, is equal to

n/2—1

(1= 2)Qu(x) = > (=1)*p(n, k)a* + (=1)"p(n,n/2)z"
k=0
Ln/2]

= > (-1)*p(n, k)"
k=0
= Qn-i—l (:C)
For odd n, we have

(n—1)/2
(1-2)Qn(z) +aTn(z) = (1—x) > (-1)p(n— 1 k)"

k=0
(1)~ 1, (n = 1)/2)alm D2
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which again by equation 3.2 is equal to

[n/2]
(1 - l‘)Qn(.T) + xTn(I) = Z (_1)kp(n7 k)xk
k=0
= Qn+1($).

This proves our first identity. The second identity can be proved by expanding the
definition of R, (x) and using the first identity

(z — DR, (2) + To(z) = (x — D)z"'Qu(z™Y) + Th(z)
_ g <1 - ;) On(zY) + T(x)
=" (Quala™) = 1) + 1)
= Ryy1(z) + To(z) — 2" 1T, (27 1).
Note that for odd n we have,

2" Tz = 2" (=)D Pp(n — 1, (n — 1) /2)x~ (12
= (=) 2p(n =1, (n—1)/2)a"" /2

8

and for even n

2" (x) = 0 = Ty, ().

Thus, we have proved the second identity. ]
Remark 3.14. Let Q(z) and R(z) be the ordinary generating functions respectively of
{Qk(z)}k>1 and {Ry(x)}r>1. By Proposition 3.13, we have

Q(2) — z = (z — 22)Q(z) + 22T (2), R(z) — z = (zz — 2)R(2) + 2T (2).
Hence

2+ x22C(—x2?)
1-2z+422

2+ 22C(—z2?)

Q) = R =TT

Corollary 3.15. Given a positive integer n and m = [n/2],

Qn+1(7) = U< [(1 — 2)Qn(2)].

Proof. Notice that U<y, [2T,(z)] = 0 for any positive integer n: if n is even then T, (z) = 0,
if n is odd «T,(x) is a monomial of degree greater than m. Then, since @Q,+1(x) has
degree m, by Proposition 3.13

Qn+1(x) = U< [Qnt1(2)]
= Ucm[(1 = 2)Qun(z) + 2Ty (2)]
= Usm[(1 — 2)Qu(2)] -

We can now analyse the function h : Q(a,b) — Q[z].
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Lemma 3.16. For every ab-monomial v,

h(va) = (z = 1)h(v) + g(v),
h(vb) = g(v).

Proof. By the Newtonian condition we have A(va) = ) v1)v2)a + v, so by expanding
the definition of h we get

h(va) = k(va) + > g(vg))k(ve)a) + g(v)s(1)
= k(@)(x— 1)+ Y _ gloa)r(ve)(z — 1) + g(v)
— h(v)(x — 1) + g(v).

The second identity can be proved in the same way, using x(vb) = 0. O

Notice that, for any ab-monomial v of degree n > 1 and m := [(n+ 1)/2],
g(vb) = Usm[(1 = 2)h(vb)] = U<m[(1 — 2)g(v)]. (3-4)

In particular, this remind us the recursion formula for @, (x) in Corollary 3.15. Since
g(1) =1, we have

9(0") = Qny1 (). (3.5)
By the previous lemma, we also calculate
B(b") = Qn(a). (3.6)

Lemma 3.17. For every ab-monomial v of degree n and m := |n/2],

g(va) = {U:erl[(x —1Dh(v)] if nis odd,

if n is even.

Proof. By Lemma 3.16, we have

h(va) = (z — 1)h(v) + g(v)
= (z = Dh(v) + U<m[(1 — z)h(v)]
= Usp|(z — 1)h(v)].

Hence

g(va) = U< (ny1)/2/[(1 — x)h(va)]
= Uei /2y [(1 = 2)Usm(z = DR

If n is even, then g(va) = U<p[(1 — 2)Usp[(x — 1)h(v)]] = 0. If n is odd, then
9(wa) = Usm1[(1 = 2)Usm[(z = Dh(v)]] = U=pia[(z = 1) (v)]. 0

Observe that

U—{(n—1)/2)11[(x = D)h(a®1)] if n is even,

h(a®) = (z=1)h(a" ") +g(@" ™), g(a") = {0 if nis odd.
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These formulas may remind us of the definition of T;,(x) and the recursion for R, (z) in
Proposition 3.13. We may prove by induction on n that

ha") = Rna(z),  g(a") = Topa (). (3.7)
If n = 0, the statement is trivial since h(1) = ¢g(1) = Ri(z) = T1(x) = 1. If n > 0,
h(a") = (z = D" + g(a"™") = (z = 1)Ru(@) + Tn(z) = Rn41(2)
and for even n, by recalling equation 3.3
g(a") = U—ppol(z = Dh(a" )]
= U al(@ — 1) R ()]

n/2—1

=U_pp |(x=1) Y (=1)Fp(n —1,k)a" 17"
k=0

= (=1)"?p(n —1,n/2 — 1)2"/?
= (=1)"?p(n, n/2)a"/
— Tn+1(ﬂf),

while for odd n, we have

9(a") = 0 = Ty ().
Another instance we can calculate is the case of monomials of the form b"a*, for some
positive integers n and k. In particular, we have

h(b"a*) = 2T, (z)Ri(x), g(b"a¥) = 2Ty (2)Ti(z). (3.8)
We can prove them by induction on k. If £ =1, then
n—1
h(b'a) = k(b"a) + Y w(D)g(b" " a) + k(D"
i=0
=g(b" 'a)
=aT,—1(x)T1(x)

=aT,_1(x)Ri(x),
g("a) = Ug|(ns+1)/2)[(1 — z) f(b"a)]
= 2T,—1(x)T1(x).
Otherwise,
h(b"a*) = (z — DA™Y + g(b"a* )
= (x — 1)aT(x)Rg—1(z) + 2T (2)Ti—1 ()
= aTn () ((z = DRr-1(2) + Tir (7))
= 2T, () R(x).
Set s :=n+ k. If s is odd, then at least one between k and n is also even and
g(b"a") = 0 = 2T (2) Ty (),
while for even s
g(t"a") = U_ypol(z — (")
= U_ypl(@ = 1)aTo(@) Ry (2):
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By assuming n to be odd (otherwise, it is trivially equal to 0), we have that also k mus
be odd. Hence, T_1(x) =0 and (x — 1)Ri_1(z) = Rg(x). Therefore,

g(b"a¥) = U_yjo[(x — 1)aTn(x) Ry—1 (2)]
=U_y)2 [an :E)}
= 2Ty () U:k 1 /2[Rlc( )]
= 2Ty () Ti(x),

where the last equality follows from the definitions of Ry and Tk.
To complete our understanding of h and g it is sufficient to study their behaviour when
they are evaluated on an ab-monomial containing the factor ab.

Proposition 3.18. For any two ab-monomials u and v,

h(uabv) = g(ua)h(bv),
g(uabv) = g(ua)g(bv).

Proof. Let k be the degree of v, n the degree of w and m := |n/2|. Let’s prove the
statement by induction on k. Let £ = 0, then when n is even

g(uab) = U<m1[(1 — z)g(ua)] = 0 = g(ua)h(b),
while when n is odd,

g(uab) = U<my1[(1 — w)g(ua)]
= U<mt1[(1 = 2)U=pmsa[(z — 1)h(u)]]
= Uzm+1[(z — 1)h(u)]
= g(ua).

Since g(b) = h(b) = 1, both identities follow
g(uab) = g(ua) = g(ua)h(b), h(uab) = g(ua) = g(ua)h(b).
Let £ > 0. We have

A(uabv) = Z U(1)U(2)abv + ubv + uav + Z uabv(1yv(9).
v

u

Hence, using x(b) = 0 and the induction hypothesis,
h(uabv) = k(uabv) + ZQ(U(l))R(U(Q)CLb’U)

+ g(w)k(bv) + g(ua)x —i—Zg uabv(y))k(v(g))
( +Zg (bvg ))
< (bv) +g(1 +Zg buy )k ))

ua)h(bv).

56



The Geometry of Eulerian Posets: cd-index and KLS Theory of Posets — 2025-26

This proves the first identity. Consider now the case when n is even. Then

g(uabv) = U<| (nykt2)/2)[(1 — 2)h(uabv)]
= U<|(ntk+2)/2) [(1 — ) g(ua)h(bv)]
=0 = g(ua)g(bv).

Let m := |n/2]. When n is odd,

g(uabv) = U< |(nyr+2)/2)[(1 — 2)g(ua)h(bv)]
= U<|(n+k+2)/2) [U=(n+1)/2[(x — D)h(uw)](1 — z)h(bv)]
= U—(n+1)/2[(1’ DA(w)]U<|(k41)/2)[(1 — 2)h(bv)]
= g(ua)g(bv).

This completes our proof. ]

One may also calculate the following results regarding the evaluations of these functions
on cd-monomials. We skip the proofs as the reasoning is similar to the one that we have
encountered above. The details are found in the original paper of Bayer and Ehrenborg.

Proposition 3.19. Let n € N be a natural number. Then
9(c") = Qnya(z), g(d") =", g(c"d) = 2Tpi(2), (") = zRn(x) + Qn(2).
Furthermore, for any cd-monomials w and v, we have
g(udv) = g(ud)g(v), h(udv) = g(ud)h(v).

Now, we may finally deduce a formula for the toric h-vector that uses only data from
the ab-index. Let S C [n] and consider the partition of [n] given by maximal strings of S
and S, with blocks of the partition ordered by least element. Write the sequence of sizes
of the blocks, but add 1 to the leftmost term if 1 ¢ S and call the resulting sequence
o(S)=o01,09,...,0..

Using Proposition 3.18 and equations 3.5, 3.7, 3.6, and 3.8, we can prove the following
theorem.

Theorem 3.20. Let P be a graded poset with 0 and 1 of rank n + 1 with ab-index
Up(a,b) = Y ghsus. The toric h-vector is given by h(P,z) = Y ¢ hsh(ug,x), where
h(ug,x) equals

1.
=021, ( H To,(z) if n €S,
2.
r—1
zlr/2] Ry, () H T, () ifn & S.
t=1

Proof. For brevity, we discuss only the case where n € S: if n € S, we can apply a similar
argument.
The ab-monomial ug has the following form:

. if 1 € S, then r is odd and ug = b°1a%2b%3 - - - ar—10°";
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2. if 1 € S, then r is even and ug = a”'~1b72a% - - - 7107,

Let us prove the first case by induction on the length of the word ug. For 1 € S, we
have already discussed the case where r is 1, so we can assume r is odd and r > 3. By
applying Proposition 3.18 and equation 3.8,

h(us) = g(bUIGUQ)h(bU3a‘74 ceearm1poT)
r—1

= 215, ()T, (x)l’wig)/% Qo (2) H 15, (z)

=3
r—1

— plr=1)/2] Qo, (z) H Ty, (z)
t=1

For 1 € S, given any r > 2, we can apply Proposition 3.18 and equation 3.7,
h(us) = g(a01—1)h(b02a03 .. aar,lbgr)

r—1
= Ty, ()2 "221Q, () [ T (@)
t=2

r—1
2 lr=1)/2] Qo (7) H 1o, (z).
t=1
Thus, we have proved the identities. ]

In a similar way to the theorem above, we can prove the following theorem using
Proposition 3.19.

Theorem 3.21. Let P be an Eulerian poset of rank n + 1 with cd-index ®p(c,d) =
Y w Sww. The toric h-polynomial of P is given by h(P,x) =, {wh(w, x) where

h(ckldc’”d -dc*rdcF ,x) = 2" (zR(x) + Qr(z H Tij1(z

where we let xRy(x) + Qo(x) =1
Similarly, writing the toric g-polynomial as g(P,x) =), &wg(w, ),

g(cfrdc2d.- - - dcfrdc®, x) = 2" Qpyr (= HT’“ 11(z

Example 3.22. Let P be the butterfly poset of rank n 4+ 1. By Example 2.29, we know
that its cd-index is ¢", hence

hp(l') = an(x) + Qn(x)a gP(l‘) = Qn+1($)-

Example 3.23. Let P be the face lattice of a cube. By Example 2.28, we know that its
cd-index is ¢® + 4cd + 6de. This implies that

hp(z) = (zR3(z) + Q3(x)) + 42To(x) + 6x(x Ry (z) + Q1(x))
=@ —2®—2+1)+0+6x(z+1)
=23 +52% + 50+ 1
and
gp(x) = Qa(x) + 42Tz (x) + 62Q2(x)
=(-2x+4+1)+0+6x
=4z + 1.
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One important result of Margaret Bayer and Richard Ehrenborg is that we can produce
an explicit formula for the toric h-vector based purely on the flag h-vector. This formula
is equivalent to Theorem 3.20.

Given a set S C [n], we say that S is odd if and only if in the corresponding sequence
o(S) = 01,09,...,0, all terms except o, are odd, and o, has the same parity as n if
n € S, and the opposite parity if n &€ S.

Theorem 3.24. Let P be a graded poset with 0 and 1 of rank n+ 1. Then
1. for 0 <i<n/2, hj(P) equals

|S|+n—i or —n+ 2\ r o —1
Z (_1) p 0-7‘_17f Hp Ut_la 92 ﬁP(S),

odd S,neS
or>n—21

2. forn/2 <i<n, hj(P) equals

N r—1
n—i or+n—1—2 or — 1
> (—n)lsHip <o’r —1, 5 ) II» <at —1, t2 ) Bp(S).
t=1

odd S,n&S
or>2i+1—n

Proof. Let’s prove that this theorem is equivalent to Theorem 3.20. Set S be an odd set.
We discuss only the case where n € 5, since we only require minor differences to prove
the case when n ¢ S.

Set a(n, S,i) :=|S|+n—i—(n—o0,)/2+ [(r—1)/2]. Consider the coefficient of Sg(P)
in the toric h-vector formula given in the statement of the theorem. It is equal to

[(n—1)/2] N
Z (=1)lslHn=ip (UT_LUT—;Her) Hp<0t_1,0t2—1>$i
i=(n—oy)/2 =1
r—1
= [H(—l)ot?lp (Ut -1, Ut; 1) xatTfl 27
t=1
[(n—1)/2] .
S (C1)ensa, <UT Y f’—;l”l> JEEEELS
i=(n—ov)/2
i op—1 ot — 1 op—1 r—1
:[H(_1)2p<0't—1, 5 >x2]xL2J
t=1
l(er—1)/2]
Z (_1)\S\+n+t(r—1)/2j+kp (O'T —1, ]{) l'k.
k=0

Since |S| +n+ [(r —1)/2] is even, this is

r—1 . 1 . .
[ (-1)% p(at—l,‘”2 >w ]xt

t=1
L(or—1)/2]
(—1)*p(or — 1,k) 2*
k=0
r—1
=2l =21Q,, (@) [] Ty ()
t=1
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which is the term h(ug, ) given in Theorem 3.20. O
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4 KLS Theory of (Eulerian) Posets

The Kazhdan—Lusztig—Stanley (KLS) Theory of posets is a unifying framework for
studying some classes of polynomial invariants of posets that was introduced by Richard
Stanley in his seminal paper of 1992 [51]. The aim of his work was to generalize within
a single framework the theory of formal subdivisions of lower Eulerian posets, toric g-
polynomials of Eulerian posets and Kazhdan-Lusztig polynomials of Coxeter systems. The
theory was then developed in subsequent works by Francesco Brenti [18, 17], which further
generalized it from locally graded posets to any weakly ranked poset. A comprehensive
survey of the state of the art was later presented by Nicholas Proudfoot in [41]. One
difference from the previous expositions is the introduction of a distinction between left
KLS functions and right KLS functions. He also introduced the notion of Z-function, as a
generalization of the Z-polynomial of a matroid [42]. A recent contribution to this theory
was then given by Luis Ferroni, Jacob P. Matherne and Lorenzo Vecchi in a 2024 paper
[27]. In their work, they developed the theory of Chow functions inside the framework of
KLS theory, with the purpose of generalizing the Hilbert—Poincaré series of the Chow
ring of a loopless matroid.

In Section 4.1, we present the basic definitions of KL.S Theory by defining kernels and
constructing the associated left and right KLS functions. Then, we define the Z-function,
the Chow function and the left and right augmented Chow function associated to a
kernel. In Section 4.2, we define the Eulerian kernel in the case of Eulerian posets, and
then provide geometric and combinatorial interpretations to the KLS invariants that
we have already presented. For the specific case of the augmented Chow function, we
present joint work conducted with Luis Ferroni and Tommaso Faustini [25] in which we
define a new operation of posets called the stellahedral transform, and then provide an
interpretation to augmented Chow functions in terms of this operation. In the last part
of the chapter, we present original results from another work [25] in which we calculate
the Eulerian Z-polynomial and the Eulerian augmented Chow polynomials using data
from the cd-index.

84.1 KLS Theory of Weakly Ranked Posets

Let us start the chapter by introducing some definitions. Given a locally finite poset P
endowed with a weak rank function p, we define the subalgebra Z,(P) C Z(P) as

I,(P) :={a € Z(P) | deg as(x) < pg for all s <t in P}.
This subalgebra admits an involution

o . T,(P) — T,(P)

a — a* such that (a"V)g(z) = 27 ag(z ™).

Remark 4.1. The rev operation satisfies the following properties. Given a,b € Z,(P), it
holds
(ab)rCV = arCVbI‘CV.
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Moreover, if a is also invertible, then a=* € Z,(P) and

(afl)rev _ (arev)fl'

Definition 4.2. Let (P,p) be a weakly ranked poset. An element x € Z,(P) is a
(P, p)-kernel if
Vs € P :kgs=1, KL= KTV,

We say that x is non-degenerate if deg kg = pg for every s <t in P.
An important example of a (P, p)-kernel is the following.

Example 4.3. Let P be a locally finite poset weakly graded by p. Notice that the Mobius
function p is a member of the algebra Z,(P). We define the characteristic function of P
as

X = MCreV — C—lcrev‘
By Remark 4.1, we know that y is a (P, p)-kernel

Xrev _ ( C—lcrev)rev _ (C—l)revg — (C—lcrev)_l — X_l'

The argument in the example above applies to any other function x € Z,(P) of the form

k= a 'a™, where a € Z,(P) is an invertible element. In particular, all (P, p)-kernels

arise in this way.

Theorem 4.4. Let P be a locally finite poset with a weak rank function p. Given k. € Z(P)
such that kss(x) =1 for all s € P, the followings are equivalent

1. K is a (P, p)-kernel;
2. there exists an invertible element a € L,(P) such that k = a~'a™".

Proof. We only need to prove the implication (1) = (2). Given s < t in P, we define

ate) = 3 (77 e 0t

i>0

Since (k —0)ss(x) = 0 for all s € P, it is a finite sum, hence it is well-defined. Notice that

AR Bl e [T ST HEES S (el [CR D HE)

i>0 i>0

By the binomial theorem we have a = kY2 or explicitly a? = x~!. Similarly, it holds

a*®¥ = k2 = ¢~!. Using Remark 4.1 we conclude

k=a"2=a'a". O

We now prove a lemma which is needed in order to construct the KLS functions. It
provides us with a set of equations that must be satisfied by some classes of functions in
the incidence algebra. These equations are (as we will see later) a generalization of the
Dehn—Sommerville equations.

Lemma 4.5. Let (P, p) be a finite weakly graded poset with 1 and k € Z,(P) a (P, p)-
kernel. Fix an element v € P. Given a function f € I,(P) such that for all s € [u,1)
satisfies

(fR)us(@) = fus' ()
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then the polynomial g(x) := Zu<s<i Jus(®) ki (x) is antisymmetric, i.e. it satisfies

- ¥ @y
u§s<1
Proof. We have

Y AT @ES @) = Y (FRus(@)wl (2)

u<s<i u<s<i
= > fw@)rus(@)r (@)
u<v<s<l
= 2 ful@) 30 mul@)n @)
u<v<l v<s<1
= 2 fulo) (=i @y @)
u<v<i
=— ZA Jun(X)r 3 (7) = —g(2).
u<v<i

Remark 4.6. Lemma 4.5 is a generalization of the Dehn—Sommerville equations. Let P
be an Eulerian poset of rank n such that P\ {1} is simplicial, and let p be the usual
rank function on P. As we will see in Proposition 4.29, the function € € Z,(P) such that
est(z) := (x — 1)PD=,) for s <t is a (P, p)-kernel when P is Eulerian. Let f = ¢ € Z,(P)
and u = 0, then for all s # 1 in P we have

(C€)()S(x) = (z — 1)P(S)*p(t)

and since [0, 5] is a boolean poset

(CEp@)= D (z—1)Fmed
0<t<s
p(s)
p(s)
()
k=0
— mp(s) é?(x)

Then, the polynomial g(z) is

g@)= Y (-1 r® Zap{} (z —1)""

0<t<i
Given hp(x) the h-polynomial of P, we notice that
9(z) = (z = Dhp(z).

Since we also have

Z rev rev ) _ —(iL' . l)x”_lhp(x_l),

u<s<1

Lemma 4.5 translates as

—(z = Dhp(z) = —(z = 2" hp(a™?),
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hence
hp(z) = 2" thp(z™t),

which is equivalent to Theorem 2.16, one of the possible generalizations of the Dehn—
Sommerville Equations.

Proposition 4.7. Let P be a locally finite poset with a weak rank function p. Given a
kernel k € Z,(P), let Fli(x) denote the space of all the functions f € I,([s,t]) such that
fﬁ“&ﬂ ::fﬁw. Then

dim Ff(z) = Z V);vJ—i—l.

s<uv<t

Proof. We prove the statement by induction on pg;.

If s = t, the statement is trivial.

Let t € P and assume that the statement holds for every u < v such that v < t.
Without loss of generality, we may also assume P = [s,t]. Given any u < t, we have

Y fuwl@ru(@) = £i (@) = ful@). (4.1)

By Lemma 4.5, the left-hand side is antisymmetric. This implies that the coefficients of
2t in fu for 0 <4 < | 25t ] determine uniquely a polynomial f,; satisfying equation 4.1.
Hence, we have |25 | 4 1 degrees of freedom in choosing f.;. We conclude the proof by
using the induction hypothesis. O

We may now finally define the left and right KLS functions associated to a kernel.

Theorem 4.8. Let k € Z,(P) be a (P, p)-kernel. There exists a unique element f € Z,(P)
satisfying the properties

1. fss(x) =1 for all s € P;
2. deg fo(x) < %pst for all s < t;
3. frV =kf.
Similarly, there exists a unique element g € 1,(P) satisfying the properties
1. gss(x) =1 for all s € P;
2. deggs(z) < %pst for all s < t;
3. g% = gkK.

Proof. We show only the first part of the statement, as the second part follows analogously.
For every s < t consider the polynomial fs:(z) = ap+a1z+---+amz™ where m = pg. As
we have seen in the proof of Proposition 4.7, the polynomial fs(z) is uniquely determined
by the choice of am, am—1, ..., ay, /21, hence we must have apy, = am—1 ="+ =ap, 2 =0
to ensure deg fs () < {%(m -1 < %Psu so f exists and it is unique. O

We call f [resp. g| the right [resp. left] Kazhdan—Lusztig—Stanley (KLS) function
associated to k.

If P is bounded, we call fp(z) := fzi(x) [resp. gp(x) := ggi(x)] the right [resp. left]
Kazhdan—Lusztig—Stanley polynomial of P.

Left and right KLS functions associated to a specific kernel have often very different
behaviours, but their relation may be expressed in terms of duality.
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Example 4.9. As observed at the start of the section, the characteristic function y of a
weakly ranked poset P is always a (P, p)-kernel. By definition, its left KLS function is (.
Its right KLS function, instead, is a more subtle object which is much more difficult to
characterize in the general case.

Remark 4.10. Let (P, p) be a weakly ranked poset. The dual poset P* is also weakly
graded by p* where p}, = ps for every s <t in P. Given k € Z,(P) a (P, p)-kernel, define
the (P*, p*)-kernel k* € Z,«(P*) given by k}, = g for every s <t in P.

If g* is the left KLS function associated to x* and f is the right KLS function associated
to k, then

f=g.
Thus, one can go between the left and right KLS function of a poset by taking the dual.

One of the motivating examples for the introduction of KLS functions is the study of
Coxeter groups, as we observe below. We show a pair of examples of kernels with their
respective KLS functions.

Example 4.11. Let W be a Coxeter group and let S be its set of simple reflections.
We endow W with the partial order given by the (strong) Bruhat order. Thus, W is
known to be a locally finite graded poset whose rank function p is the length function.
The R-polynomial of an interval in W may be defined from the function R € Z(W),
recursively described as

1 fu=w

Ryy(x) =

=

ws,vs(T) if p(us) < p(u) and p(vs) < p(v) for some s € S
(x = 1)Ryvs(z) + xRysws(z) if p(us) > p(u) and p(vs) < p(v) for some s € S,

for all u < wv in W. It is known from [35, Lemma 2.1 (i, ii)] that R is a W-kernel. Also,
[35, (2.2.a)] implies that the Kazhdan-Lusztig polynomial P, , is exactly fy., where f is
the right KLS function with respect to R.

Independently from the kernel of choice, KLS functions have some common properties.
The following lemma explicit their constant term.

Lemma 4.12. Let k be a (P, p)-kernel and let f,g be respectively their associated right
and left KLS function. We have the following equalities of coefficients

[2°) gst () = [27*'] 955" (2) = [2°'] Kt (),

(%) far(z) = [271] f3 () = [27*'] Kt (),

for any s <t. In particular, the constant term of f and g is non-zero if and only if k is
non-degenerate.

Proof. The third property of Theorem 4.8 of the left KLS function is equivalent the
following equation

s (@) = gst(x) = Kat(x) + Z sw (@) Kt (x)

s<w<t

for any s < t.
The claim follows from observing that every term in the sum on the right-hand side has
degree smaller than pg. If s = t, the statement is trivial. The proof for f is identical. [
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§4.1.1 The Z-Function

Let us define one of the possible KLS-invariants of a weakly graded poset, the Z-function.

Definition 4.13. Let k € Z,(P) be a (P, p)-kernel and let f,g be respectively their
associated right and left KLS function. The Z-function associated to k is defined as the
element Z € Z,(P) given by

Z = gkf.

We notice that the Z-function can be expressed only in terms of the KLS functions in
the following way.

Proposition 4.14. Let k € Z,(P) be a (P, p)-kernel and let f,g be respectively their
associated right and left KLS function. Then the Z-function associated to K is

Z — grer — gfrev.

It follows that the Z-function is symmetric, which means that it satisfies the identity
Z'V = (grv )V = gf'Y = Z. We may also prove a converse of the previous Proposition.

Proposition 4.15. Suppose that f,g € I,(P) satisfy the following properties:
1. fss(z) = gss(x) =1 for all s € P;
2. deg fst(x), deggse(z) < %pst for all s < t.

Then f and g are the right and left KLS functions of the same (P, p)-kernel k if and only
Zf grer — gfrev‘
Proof. Let ky := frevf~tand Kg 1= g 'g"". By Theorem 4.8 we know that f is the right

KLS function of x; and g is the left KLS function of x,. We notice that g™V f = gry f
and gf™ = gryf, so we have the desired statement. O

Remark 4.16. By Remark 4.10, we have that the Z-function associated to the kernel x* of
the dual poset (P*, p*) is Z* such that

Zys(x) = Zsi(2),

for all s <t in P.

Remark 4.17. If  is non-degenerate, then deg Z:(z) = pst for all s < ¢ in P, in fact we
have

Zst(w) = Kst(x) + Z Isu(T) K (%) ft ()
s<u<v<t
(u,v)#(s,t)

where every term on the right-hand side except ks (x) has degree strictly smaller than pg;.

Example 4.18. Nicholas Proudfoot, Yuan Xu and Ben Young have introduced the notion
of the Z-polynomial of a matroid as follows [42]. For any matroid M, they define the
Z-polynomial as

Zy(x) = Z %Py (2),
F flat of M

66



The Geometry of Eulerian Posets: cd-index and KLS Theory of Posets — 2025-26

where M ¥ is the contraction of M at F and Py () is the right KLS polynomial associated
to the characteristic function y in the lattice of flats £(V) of the matroid N. Since the left
KLS function of x is ¢, then Zjs(x) is the Z-polynomial associated to the L£(M)-kernel

X-

§4.1.2 The Chow Function

In 2004, Eva Maria Feichtner and Sergey Yuzvinsky [26] constructed a family of graded
algebras associated to a finite atomic lattice. These objects have the property of being
isomorphic to the Chow Ring of an associated smooth noncomplete toric variety. Fur-
thermore, it is always possible to associate to a realizable loopless matroid one of these
algebras which is isomorphic to the cohomology ring of the associated De Concini-Procesi
wonderful compactification of the hyperplane arrangement complement [21]. Later,
Karim Adiprasito, June Huh and Eric Katz used the construction made by Feichtner
and Yuzvinsky to define the Chow ring of any loopless matroid [1].

Inspired by this line of research, Luis Ferroni, Jacob P. Matherne and Lorenzo Vecchi
have thus introduced in [27] the Chow function associated to a (P, p)-kernel. When P is
the lattice of flats of a loopless matroid and the kernel is the characteristic kernel, the
resulting Chow polynomial coincides with the Hilbert—Poincaré series of the matroid’s
Chow ring. This framework extends the polynomial invariant beyond the matroid setting
and raises the question of whether analogous graded algebras can be associated to more
general posets. In this subsection, we introduce the Chow function associated to a general
kernel and study its properties.

Let us prove some preliminary results before providing the definition of the Chow
function.

Lemma 4.19. Let k be a (P, p)-kernel. Then, for every s <t in P, the polynomial ks ()
18 divisible by x — 1.

Proof. We prove it by induction on the cardinality of [s, ¢]. If s <t, the identity kK™ = §
implies
Ost(7) = 0 = kss(@)rg () + o (@)rty” () = K () + Kt ().

By evaluating it at x = 1, we get kg (1) = —ks(1) which also returns that 1 is a root of

Kst(T).
If #[s,t] > 2, we get

Rar(@) + R (@) = — 3 Kew(@)RLS (@).

s<w<t

By induction, if we evaluate it at z = 1 we get
Rst(1) + rg (1) =0
which concludes the proof. ]

Definition 4.20. Let x be a (P, p)-kernel. The reduced (P, p)-kernel & € Z,(P) is the
function given by

-1 s =1t.

_ {(x 1) lhg(z) s<t
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Definition 4.21. Let s be a (P, p)-kernel. The Chow function associated to x is the
element H € Z,(P) defined by
H=—(r)""

We can equivalently define the Chow function recursively. For any s € P we have
Hys(x) =1;if s <t in P, then

Hy(z) = Y Few(x)Hu(z)  or, dually, (4.2)
Hst(x): Z st(x)’_iwt(x)' (43)

In the following example, we recall how this definition is connected to the Chow ring of a
loopless matroid.

Example 4.22. The Chow ring of a loopless matroid M on a ground set E is the graded

algebra

Qlzr : F e LIM)\ {0, E}]
Iy + Jur

where degxp = 1, L(M) is the lattice of flats of M and

CH(M) :=

)

Ing = (zpxg @ F,G e L(M)\ {0, E} are incomparable) ,

JM:< > ap- > mpzi,jeE>.

FelL(M))\{0,E} FeL(M))\{0,E}
i€F JEF

This is the Chow ring that arises from £(M ) using the construction of Feichtner-Yuzvinsky
[26] and taking the maximal building set £(M) \ {0, E'}.

Consider the uniform matroid M = Uy 3 on E = [3], whose independent sets are the
subsets of cardinality at most two. Its lattice of flats is

L(M)={0,{1},{2}, {3}, E}.
Writing z; := x(;), the three non-empty proper flats are pairwise incomparable, so

Qlz1, x2, 3]
(x129, X123, ToT3, T1 — T2, T1 — T3)

CH(M) =

which is isomorphic to Q[z]/(z?), hence its Hilbert—Poincaré series is
Hilb(CH(M), #) := ) _ dimg(CH*(M)) 2" = 1+ =.
k>0

We can also compute the characteristic Chow polynomial of £(M) directly and notice
that
Hyn(x) =142 = Hilb(CH(M), 7).

It may be proved [27, Theorem 4.1] that the characteristic Chow polynomial of the lattice
of flats of a loopless matroid M always equals the Hilbert—Poincaré series of the Chow
ring of M.

In the following proposition, we prove some of the properties of the Chow function.

Proposition 4.23. Let k be a (P, p)-kernel, and let H € Z,(P) be the corresponding
Chow function. The following properties hold.
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(i) For every s < t, we have that
(2771 Hog () = [27] ().
In particular, if k is non-degenerate, then deg Hg(x) = psy — 1 for every s < t.
(ii) The Chow function is symmetric, i.e.

Hg(x) = 2P " Hy(z™Y)  for every s < t.

Proof. By equation 4.2, we write

Hy(z) = Rg() + Y Fow(@)Hy(z). (4.4)

We prove both statements by induction on the cardinality of [s,t]. If s < t, the identity
above simplifies to
Hst(x) = Rst(x>

which implies [275t Y Hg(z) = [zt |Rg(2) = [2P5]Kks(x). Another identity that has a

simpler version in this case is (kx"™")s = ()¢, which is equivalent to

Ko () + Kst(z) = 0.
This can be rewritten as
0= aPthg(z™) + ra(r) = 27 (x71 — DRy (™) + (x — 1)Rg(z).
Since Hg(x) = Rst(x), we get
0=aft Y1 —2)Hy(z™") + (z — 1) Hy(z)

that implies 2”7t~ Hy(x71) = Hy(x).
Instead, if #[s,t] > 2, we get that the right-hand side of equation 4.4 is the sum of
Rst(x) with terms of degree at most psy — 1 4 puwt — 1 = pst — 2, therefore

[$Pst—1]Hst($) _ [:Ep“_l]/_-ist(l‘) = [;L‘AOSt]K/St(:I})-

Furthermore, by multiplying equation 4.4 by (z — 1) and subtracting ks (x) from both
sides we get

("E - 1)Hst(x) - Hst(x) = Z st(l')Hwt(l') (45)

s<w<t

= Z Ksw (x)xpw_let(m_l).

s<w<t
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Since k is a (P, p)-kernel, we have k™" = ¢, from which we obtain

(= DHa(x) = k(@) = Y [ = Y ssu(@)a kuw(z™") | 2/ Hyp(z7)

s<w<t s<u<w
=-> <>< 2 ﬂuw@—l)Hwt(x—l))
s<u<t u<w<t
== ) K@z (@7 = D Hu(e ™) = ku(z™)
s<u<t
]. Put —1
== Z Rsu(T) TP Ky (x77)
s<u<t
1—=x _ _
Y k) Hog (a7
s<u<t
1 r—1 _ _
:—;mst(m)—k Z Kgu(2) 2P Hyy (z71).

s<u<t

Hence, by moving terms in the identity we get

xHg(r) = kgt(x) + Z /ﬁsu(az)xp“*_lHut(x_l).
s<u<t

By induction, we know that @1 Hy(z7') = Hy(x) if s < u < t, so we can rewrite

rHa(z) = ka(r) + 27 Ha(z™) + Y Kou(w) Hu(). (4.6)

s<u<t

We also have that by adding Hg(x) to both sides of equation 4.5

xHg(z) = Z Ksw (T) Hut (2),

s<w<t
and by plugging this identity into equation 4.6, we prove
Hg(x) = xp“_let(x_l). a

The Chow function associated to a kernel may also be defined by the following universal
properties.

Proposition 4.24. Let k be a (P, p)-kernel. The Chow function H is the unique element
in I,(P) such that

1. Hys(x) =1 for all s € P;

2. for every s < t, the polynomial Hg(x) is symmetric with centre of symmetry
1
§(Pst —1);

3. kH = H™ or Hk = H™".

Proof. We have already shown that the Chow functions satisfy the first two properties,
we now prove that they also satisfy the third one. Let s < ¢, if we multiply by = — 1 the
formula that defines the Chow function in equation 4.2 we get

(x—DHg(z) = Y Fow(x)Hup(x).

s<w<t
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If we add Hg(x) to both sides of the identity we obtain

xHg(x) = Z Ksw(T)Hy(z) = (kH) ().

s<w<t
We now notice by Proposition 4.23 that
(kH)st(x) = xHy () = 2P Hy(z7") = Hyg" ().

Similarly, by starting from the recursive definition of Chow function given by equation
4.3 we would get Hrx = H™". N

We now prove the uniqueness. Any element H satisfying the properties of the statement
is such that, for any s <t in P

wHy(z) = (kH)s(2),

since we can repeat the reasoning above in reverse, using only properties (1), (2) and (3).
If we subtract Hg(x) from both sides and then divide by = — 1, we get

Hy(z) = Y Fow(@)Hur(z)

s<w<t

which is equivalent to RH = —5. We conclude by the uniqueness of the inverse in
Z(P). O

We may also prove a converse of the previous Proposition.

Proposition 4.25. Let H be an element of Z,(P) such that Hss(x) =1 for all s € P,
and such that for every s < t the polynomial Hs () is symmetric with centre of symmetry
%(pst —1). There exists a unique (P, p)-kernel k such that H is the associated Chow
function.

Proof. By Proposition 4.24, we have that any (P, p)-kernel k that satisfies kH = H™Y
must have H as a Chow function. Since H is invertible, x is uniquely determined as

k= ]JrevI_I—l7

which is always a (P, p)-kernel by Theorem 4.4. O

§4.1.3 The Augmented Chow Function

In 2020, a paper from Braden, Huh, Matherne, Proudfoot and Wang [15] introduced the
augmented Chow ring of a loopless matroid. Motivated by this construction and its role
in the singular Hodge theory of matroids, the authors of the paper [27] have introduced
the augmented Chow functions associated to a kernel. Just as the KLS functions,
their construction distinguishes between left and right augmented Chow functions. In
particular, they prove that the left augmented Chow function of (P, x), where P is the
lattice of flats of a loopless matroid M, is the Hilbert series of the augmented Chow ring
of M.

Let us introduce the definitions of the augmented Chow functions.

Definition 4.26. Let « be a (P, p)-kernel. We call
F — Hfrev, G — grevH

respectively the right augmented Chow function and the left augmented Chow function
associated to k.
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In the following example, we explain the connection between the left augmented Chow
functions and the augmented Chow ring of a loopless matroid.

Example 4.27. The augmented Chow ring of a loopless matroid M on a ground set F

is the graded algebra

Qlzp, yi: F € LIM)\{E}, i € E]
Ing+ Jyr

CH(M) =

)

where degxp = degy; = 1 and

Ing = (zpxg + F,G e L(M)\ {E} are incomparable)
+(yixzp : F e LM)\{E},i€ E\F),

JM:<yi Z xF:i€E>.
Fel(M)\{E}
i¢F
Consider again the uniform matroid M = Us3z on E = [3]. Writing 2 := zp and
x; := xyy for i € [3], the linear relations in CH(M) give us the identity

Yi :SCOJerj.

J#i
Set z := xg + x1 + x2 + x3 so that y; = z — x;. For every distinct pair 4, j € [3] we have

z;xj = 0 and y;2; = 0, thus zz; = 0. At the same time, we have y;z9 = 0 for every
i € [3] and this implies 22 + 2 = 0. Hence

Qlz, 1, z2, z3]

CH(M ,
(M) (zai, miwj, w2+ 2% : 0,5 €[3],1#])

I

and in particular

Hilb(CH(M), z) := » _ dimg CH*(M) 2" = 1 + 4z + 2.
k>0

We can also compute the left augmented characteristic Chow polynomial of £L(M) directly
and notice that

Gean(@) = Y, o™ Hpg(z)
FeL(M)
= (1+x)+ 3z +2?
=1+4z + 2?
= Hilb(CH(M), z).
It may be proved [27, Theorem 4.11] that the left augmented characteristic Chow

polynomial of the lattice of flats of a loopless matroid M always equals the Hilbert—
Poincaré series of the augmented Chow ring of M.

Despite being more subtle invariants than the Chow functions, the augmented Chow
functions also satisfy some interesting properties.

Proposition 4.28. Let k be a (P, p)-kernel and let F, G be the augmented Chow functions.
The following properties hold true.
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1. For every s <t in P,
[27] Fot(x) = [27] Gsr(x) = [27'] kst ().

In particular, if £ is non-degenerate then deg Fg(x) = deg Gg(x) = pst for all
s < t.

2. The augmented Chow functions are symmetric, i.e. they satisfy

F — FI‘eV G — GI’GV'

Proof. We prove the statement only for the left augmented Chow function G, as the
proof for F' is similar. Let s <t and rewrite Gg(z) as

Gt(z) = g (@) + Y ghyHun(2)

s<w<t

and notice that it is the sum of g5V (z) with terms of degree at most ps — 1, hence by

Lemma 4.12
(27 ]Gat(2) = [27]g5" (z) = [27] kst (@).

Furthermore, by Proposition 4.24 and Proposition 4.8, we conclude

G — gI'eVH — gHH — gHI'eV — (greVH)I'eV — GI’GV' D

84.2 Eulerian KLS Theory

The KLS theory of posets can be specialized to study Eulerian posets. In fact, there is
a specific element of the incidence algebra that is a kernel if and only if the associated
poset is Eulerian.

Proposition 4.29. Let P be a finite graded bounded poset. Then P is Fulerian if and
only if the function € € Z,(P) given by

est(x) == (z — 1)p(t)*p(8)
for every s <t in P is a (P, p)-kernel.

Proof. Let s <t in P, then

(Erevg)St(x) - Z xpsu(.’lf_l — 1)'05"(1- — I)Put

s<u<t

= (z — 1)P= Z (—1)Peu

s<u<t

hence ¢ is a (P, p)-kernel if and only if

ST (-1 = ()

s<u<t

for all s <t in P, which by Mobius inversion is equivalent to

prst(x) = (=1)°

for all s <t in P. O
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Whenever P is Eulerian, we will refer to ¢ as the Fulerian P-kernel. We will also refer
to their relative KLS invariants as the Fulerian Z-function, Fulerian Chow function and
Eulerian augmented Chow functions of P. We can provide a combinatorial and geometric
interpretation to each of these invariants. Before diving into that, let us analyse the KLS
functions in the Eulerian case.

Theorem 4.30. Let P be an Fulerian poset. Then

1. the left KLS polynomial gg; associated to the Eulerian P-kernel is the toric g-
polynomial of P;

2. the right KLS polynomial fs; associated to the Eulerian P-kernel is the toric
g-polynomial of the dual P*.

Proof. Let s < tin P, then [s, t] is an Eulerian poset. We prove that the toric g-polynomial
of P satisfies the universal properties of Theorem 4.8. Indeed, the g-polynomial of [s, s
is always 1, and the degree of the g-polynomial of [s,t] is at most |(pst — 1)/2] < pst/2.
Furthermore

> 9(ls,ul,z)(@ = )P = (z — Dh([s, 1], ) + g([s, 1], z)

s<u<t
=g ([s,t], z),

where the second equality comes from the palindromic property of the toric h-vector.
The second statement follows from Remark 4.10. O

Remark 4.31. Let P be an Eulerian poset. Using the previous theorem, we may give a
non-recursive definition of the toric g- and h- polynomial of P. In particular, the toric
g-polynomial of P could be defined as the left KLS function gp(x) associated to the Eulerian
P-kernel, while the toric h-polynomial of P could be defined as

9" () — gp(z)

hp(z) = o~

§4.2.1 Eulerian Z-Function and the Interval Poset

In this subsection, we give a combinatorial and geometric interpretation to the Eulerian
Z-polynomial. We construct the interval poset and then prove that the interval poset of
an Eulerian poset is still Eulerian. Consequently, we show that the Eulerian Z-polynomial
of a poset equals the toric h-vector of its interval poset. We conclude by briefly discussing
the relation between the interval poset and the notion of the geometric antiprism of a poset.

Let us give the definition of interval poset.

Definition 4.32. Let P be a poset and let Int(P) be the set of its closed intervals. We
interval poset of P is I(P) := Int(P) U {0}, ordered by reverse inclusion.

Many authors define the interval poset of P as I(P)*, or equivalently, they define it by
ordering Int(P) U {0} with respect to inclusion.

Example 4.33. Let B, be the boolean poset on [n], for some n € N. The following
picture shows the Hasse diagram of I(Bs).
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0

[@,123]

Figure 4.1: The interval poset I(Bs).

The interval poset I(By)* is isomorphic to F(Q,), where Q,, denotes the n-cube
[—1;1]™

Indeed, we notice that F(Q,) \ {0} is in bijection with the words s1ss ... s, of length
n in the alphabet {—1,1, x}. Namely, the face corresponding to the string s = s153... s,
is Fg = {(z1,...,2n) € Qn | Vi € [n] : if 5; # * then x; = s;}.

For each string s := sys2...5p, set a(s) :=={i € [n] | s, = 1} € By, and b(s) := {i €
[n] | si # —1}. Notice that a(s) C b(s). The map & : {0} U {—1,1,*}" — I(B,)* given
by

d:{0}u{-1,1,%}" = I(B,)*
00
s € {_17 1, *}n = [CL(S),Z)(S)}
is an isomorphism of posets, if {—1, 1, *}" has the poset structure induced by the bijection
with F(Q,) \ {0} and 0 is an adjoined minimum element.

The interval poset preserves many properties of the starting poset. We prove in the
following that it preserves graded and Eulerian posets.

Lemma 4.34. Let P be a graded bounded poset with a rank function p. Then I(P) is
graded and its rank function is given by

Plu) (s4] = Pus + pro - and Do = 1+ puv,
for any [s,t], [u,v] € Int(P) such that [s,t] C [u,v].
Proof. Let C be a maximal chain in I(P), and let us call its elements as follows
C:= [P =[s1,t1] 2 [s2,t2] 2+ 2 [80,tn] 2 [sn41, 1] 2 0],
Since C is saturated, we have
Si = Sit1, Lig1 <ty oOr 8 <Sjy1, ti =1iy1

for every i = 1,...,n . Set gn+1 = Sp+1 = tn+1, and for each & = 2,...,n 4+ 2 let
qi—1 = t;—1 if we are in the first case, and let g;_1 := s;_1 if we are in the second case.
Since C is saturated, {g; }icn+1], up to reordering the indices, form a maximal chain

O=q <q< - <gy<gn1=1.
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Since P is graded, we have that n is the rank of P and also that
p(I(P)) = p(P) + 1.

The same argument proves that pj, g = 1 + puy for any [u,v] € Int(P), as the interval
from [u, v] to () in I(P) is isomorphic to I([u,v]) .

Let [s,t], [u,v] € Int(P) be any two intervals such that [s,¢] C [u, v]. Since the interval
between these two elements in I(P) is isomorphic to [u, s] X [¢t,v]*, it is a graded poset of
rank pys + pr, hence

ﬁ[u,v] [s,t] = Pus + Pto- 0
Proposition 4.35. If P is Fulerian, then I(P) is also Eulerian.

Proof. Let [s,t], [u,v] € Int(P) be any two intervals such that [s,¢] C [u,v]. Since the
interval between these two elements in I(P) is isomorphic to [u, s] X [t,v]*, we have

NI(P)([U7 UL [Sv t]) = :U'P(uv S)Mp(t, 1))

which is exactly (—1)?(58:[4]) by Lemma 4.34.
Let [u,v] € Int(P) be any closed interval in P. Then

MI(P)([uvU]a(D) == Z MI(P)([U7U]a[x7y])

z,y€P such that
u<ae<y<v

= — Z NP(u7x)MP(y7U)

z,y€ P such that
u<z<y<v

== > wpyv) > pp(u,x)

uSY<v uST<yY

= — Z MP(ya,U)(S(Q’hy)

u<y<v

= ()
which is exactly (—1)?{%*:0) by Lemma 4.34. O

In a recent paper by Luis Ferroni and Roberto Riccardi [28], the Z-polynomial of a
poset has been characterized in terms of the interval poset. We prove this characterization
in the following theorems.

Given any Eulerian poset P, let us denote by & the Eulerian kernel of I(P), and by g
and h the toric g- and h-polynomials of I (P).

Theorem 4.36. Let P be an Eulerian poset. If [s,t] C [u,v] in P, then

/g\[u,v} [s,t] (.%') = Gus (m)ftv (:C)
Proof. Consider the function z € Z,(I(P)) given by

Zlu0] 5,6 (T) = Gus(T) fro (%), 2w 0(T) = Gu0)0(T)

for every [s,t], [u,v] € Int(P) such that [s,t] C [u,v]. Set J :=I(P)\ {0}. It is sufficient
to prove that z|; is the left KLS function associated to £|;. Indeed, the restriction of a
KLS function is the KLS function of the restricted kernel: by construction, it implies that
if 2|7 is the left KLS function associated to ), then z is the left KLS function associated
to €.
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We proceed by showing that z|; satisfies the universal properties of the left KLS
function. It is trivial to check zy,(z) = 1 for every w € I(P). Furthermore, for every
[s,t], [u,v] € Int(P) such that [s,t] C [u,v] we have that

1.
deg 2fu,u) 5,4 (%) = deg gus(2) + deg fio(2) < 5Pfuu] [s,]-

To conclude the proof we need to prove that z|r§" = (28)). For every [s, ], [u,v] € Int(P)
such that [s, ] C [u,v], we have
S o) () = 2P0 20, g (27)
= a2l g, S(xfl)xpt”fw(m*l)

rev rev

gus( ) tv (SIJ)
= (98)us(z) (ef)tw (),

and if we expand the products, we get

desa@ = D0 gul@)@ =1 | [ (@ = 1) fu(e)

u<w<s t<y<v

- > Guw(@) fyl@) (@ — 1)pestew

[s,t] Cw,y] Slu,v]

- Z Juw (w)fyv(iﬁ) (.1‘ — l)ﬁ[wvy] [s,t]

[5,t]Clw,y] C[u,v]
= (Zg)[u,v} [s,t] ((L‘) 0
Having a formula for the left KLS function of I(P), we can prove the following.

Theorem 4.37. Let P be an FEulerian poset and let Z be its Eulerian Z-function. Then,
for each pair of elements u < v in P, we have

Zuv('r) = ﬁ[u,v}@(x)'

Proof. For u < v in P, we calculate
Zuw(z) = (9" uw

= Z grev ftv

u<t<v

and since ¢*®V = ge

Zun(x) = Z Z Gus()(x = )7 | fro(2)

u<t<v \u<ls<t

- Z gus<$)fty(:(})(x — 1>p5t

[Syt}g[u,v]
B Z /g\[u,y] [s,t] (l’) (:L' — I)P[s,t]w—l
[S t}C[u ’U]
(z=1)" Z guv][st (x—l)ﬁ[s,t]@

[s,¢6]C[u,v]
= (z—-1)""(gF - Diu)o (@)
= (=17 (G = Dy (@)
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Since g is the toric g-vector of I(P), we have
Zu’u<$) = h[u,v}@(x)' =

Luis Ferroni and Roberto Riccardi also note the following fact.

Given a d-dimensional polytope P C R? we say that it is admissible if the origin lies
in the relative interior and, for every face F' of P, the orthogonal projection of the origin
onto the affine hull of F lies in the relative interior of F'. We also define the polytope

Q = conv(P x {0}, P* x {1}).

A theorem of Mark N. Broadie [19, Theorem 2.1] states that the face lattice of Q is
isomorphic to I(P) if and only if P is admissible. In this case, we will say that Q is the
geometric antiprism of P. Therefore, we have the following theorem.

Theorem 4.38 ([28, Theorem 1.3]). Let P be an admissible polytope. The Z-polynomial
of P is the toric h-polynomial of the face lattice of the geometric antiprism of P.

Example 4.39. Let A,,_; C R" be an (n — 1)-dimensional simplex. Up to a translation
we may assume that it is admissible, hence the face lattice of conv(A,,—1 x {0}, A% _; x{1})
is isomorphic to I(F(A,—_1)) = I(By,), where B,, denotes the boolean poset on [n]. By
Example 4.33, we know that this poset is isomorphic to F(Q}), where Q,, is the n-cube.
The dual of the n-cube is also known as the n-dimensional cross-polytope. Since the
n-cube is simplicial, the n-dimensional cross-polytope is simplicial, therefore its toric
h-vector coincides with the usual h-vector. By Example 1.39 we also know that the
f-polynomial of the n-cube is

(2t+1)" -1

—

Hence, the f-polynomial of the n-dimensional cross-polytope is (2 + ¢)™, and as a
consequence, its h-polynomial is

t" 4+

(1+x)".
Therefore, the Z-polynomial of F(A,,_1) = B, is

ZBn (m) = hI(Bn)(fU) = (1 + ZL‘)n

§4.2.2 Eulerian Chow Function and the Order Complex

In this subsection, we give a combinatorial and geometric interpretation to the Eulerian
Chow polynomial. In particular, we show that it is equal to the h-vector of the order
complex of the proper part of the poset. Furthermore, we see its relation with the values
of the function (.

Theorem 4.40. Let P be an Fulerian poset. The Fulerian Chow polynomial of P is
Hoy () = h(A(P), 2).
where A(P) is the order complex of P.

Proof. We prove it by induction on the rank of P. If rank P = 0, then it is trivially true.
Let P be of rank d + 1 > 0. Notice that

¢(0,1) = " )ap(s)
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since the number of multichains of length n whose elements in P\ {0,1} are t; < -

is ((( 2 )) = (;1',)- Furthermore,

n—1)—i i+1
S ap)= 30 Y 8e(1)

SCld] SC[d) TCS
#S=i #S=i
_ d—j
=3 3 (2] s
§>0 TC[d]
#1T=j

hence for n > 1,

i,j>0 TC|d]
#T=j
d+n— j>

= > Bp(T)

>y (L

#T'=

_ (n Simo Egpr=y ()l
- (1 _ x)d+2 :

Recall that, by Remark 1.50, the h-polynomial of A(P) is

h(AP) =) ( > ﬂp(5)>xi,

>0 \ SC[d]
#S=i

hence
¢"(0,1) = [xn]m

h(A(P), )

= [o""] (1— z)d+2’

Thus we have the formula
MA(P),2) = (1 = )P 37 ¢ (0, D
n>0
We may rewrite the Chow function using equation 4.2 as
Hyj(z) = Y (z—1)% "Hy(x)
O<t<1i

which by the induction hypothesis is

Hyi(x) = Y (z— 1P (1 —z)poi—rortt Y 7 it (y, 1)a"

O<t<i n>0
1 R
_ (1 _ x)rankP-H Z (_1)Pﬁt_1 — Z Cn+1(t, 1)1,71
0<t<1i n=0
_ (1 _ w)rankPJrl Z Z (_1>p0t71<n+1(t’ i)wnJrf

— (1 _ x)rankP-i—l Z i Z (_1)p6t—1<~n+1(t’ i) P

m>0 \n=0(<¢<i

<t
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By equation 4.7, we observe that if we have

S S Lot i) = ¢, ),

n=0(0<<1

then we have proved the theorem. The identity above is a consequence of the Eulerianity
of P, in fact

m m+1
DO (e tet e D) = = >0 Y u(0,6)¢" (1)
n=00<t<1 n=1 j<t<i

m+1

= - Z (1C"™) = ¢™)(0,1)
m+1

= Z ¢M(0,1) = ¢"7(0,1))
= gm“(o, 1). O
Equation 4.7 implies also the following corollary.

Corollary 4.41. Let P be an Fulerian poset. The Eulerian Chow polynomial of P
satisfies the identity

n+1 1
(1—1’ P)+1 ZC 0, 1)

Let us see as an example the case of Boolean posets.

Example 4.42. Let B, be the Boolean poset on [n]. The Chow polynomial of B,
is the h-polynomial of A(B,,), which is also the boundary complex of the dual of the
permutahedron, as it follows from its face lattice characterization. For example, for n = 5
we have

Hp,(z) = 1+ 262 + 6622 + 262° + 2*.

In general, by [47, Corollary 3.13.2], we have that
Hp, (v) = An(z),

given that Ay, is the n-th Eulerian polynomial defined as Ay, (x) :== > cs 29¢5(9) | where
des(o) :=#{i € [n—1] | o(i) > o(i + 1)} for every o € S,,.

8§4.2.3 Eulerian Augmented Chow Function and the Stellahedral Transform

In this subsection, we provide an interpretation to the Augmented Chow Function in the
Eulerian case. The following discussion is the result of joint work with Luis Ferroni and
Tommaso Faustini [25].

We define the stellahedral transform of a poset and then demonstrate that it can be
realized as a Bier poset and that it preserves Fulerianity. We subsequently prove that
the toric h-vector of the stellahedral transform of an Eulerian poset is the Eulerian right
augmented Chow polynomial of the poset. Finally, we show that it preserves the property
of being the face lattice of a polytope by defining the dual stellahedral transform of a

polytope.
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Definition 4.43. Let P be a poset with minimum element 0. We define the stellahedral
transform of P as the poset

St(P) = {(c,y) fe= {0 =¢g<aq<-< ck} chainin P,y € P, ¢; < y} U {igt}
where the partial order is given by imposing 1g; as the maximum element and taking
(c,y) < (c,y) <= cC andy >y in P.

This poset transformation preserves several features of the poset one feeds into it.
The following lemma shows that if a poset P is bounded and graded with rank n, its
stellahedral transform is bounded and graded with rank n + 1.

Lemma 4.44. Let P be a graded bounded poset with 0 and 1 respectively the minimum
element and the mazximum element. Then, the poset St(P) is:

e bounded with minimum element ({0},1) and mazimum element 1g;;

e graded by the rank function

Pley)(c'w) = Pyy + | = el

p(C,y),isup) = Poy ~ e +2

for every (c,y) < (¢,y') € St(P).

Proof. By construction, St(P) is bounded by ({0},1) and ist(P). To show that St(P)
is graded by the rank function described in the statement, consider a covering relation
(c,y) < () for some (c,y), (¢,y') € St(P). We have that either y covers ¢’ in P
and ¢ = ¢/, or y = v’ and ¢’ covers ¢ in the poset of chains, which means ¢ C ¢ and
|| = || + 1. In both cases, pyy, + || —[c| = 1. For a top cover, |¢[ = ps, + 1. This
proves the stated rank formulas. O

The stellahedral transform of a poset might exhibit a subtle behavior even when the
starting poset is quite simple: the condition ¢, < y interlaces the internal structure of P
with that of its chains, making St(P) significantly different from P, its order complex
A(P), and their direct product.

Example 4.45. Let A,, be the antichain of n elements. Call P the poset obtained by
adjoining a minimum element 0 to A,. Then St(P) has the Hasse diagram shown in
Figure 4.2.

Example 4.46. Let P = C,, = {0,1,...,n} be the chain of rank n. Then St(P) \ {ls:}
is isomorphic to the following subposet of B,, x C,

{(S,2) € By xCp | S # 0 =2z <n—max(S)}
where B,, = P([n]) is the boolean lattice of rank n.

The construction of the stellahedral transform of a poset can be reinterpreted using
the concept of a Bier poset, originally defined in [14].

Definition 4.47. Let P be a bounded poset of finite length and let I C P be a proper
ideal. Then the poset Bier(P,I) is defined as

Bier(P,I) = {[z,y] C Pz eI,y &I} U {ipi}

by imposing 1pier as the maximum and ordering the other elements by reverse inclusion.

81



The Geometry of Eulerian Posets: cd-index and KLS Theory of Posets — 2025-26

Ise
Tl i) Tn
{030 {0,21}2@ {0,z2}z2 - - - {0, 2, ),
0
{0}z {0}as {0}z,

Figure 4.2: On the left, the Hasse diagram of P = A, U {0}; on the right, the Hasse
diagram of St(P).

1
o, 3
0,2

12)

St

Figure 4.3: Hasse diagram of St(C3).

Given a bounded poset P, let Ip := {{O =yp <yp <--- <y} chain in P} be the set
of all chains of P anchored at the bottom element 0. This is naturally a poset using the
partial order given by set inclusion. We now define an intermediate construction that
will turn out to be useful in our discussion.

Definition 4.48. Let P be a bounded poset. The chain lift of P is the poset on the set
P .= Ip U P, with the order given by

pCq p,q € Ip,
P<tq < {p=<¢q p,q € P,
maxp<q pé€Elp,qeP.

Notice that if P is a graded poset, then the chain lift PT is graded by

p;q =\ Prag if p,q € P,
p@7q*!p|+2 ifpelpandqe€P.
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From this setup, we obtain the following identity
St(P) = Bier(P', Ip). (4.8)

We now prove some properties of PT. Then, using known results on Bier posets, it will
be possible to transfer them to the stellahedral transform St(P).

Lemma 4.49. If P is an Eulerian poset, then P is also Eulerian.

Proof. Let J = [p,q] C P' be an interval. We prove that [p, q] has the same number of
elements of even and odd rank when p < ¢q. We divide the proof into four cases.

1. If p,g € P C P', then J C P is Eulerian because P is Eulerian.
2. If p,q € Ip, then J is isomorphic to a boolean lattice, which is Eulerian.

3. If pe Ip, g € P and maxp < ¢, consider the map

fiJnlp—Jnlip
S Su{q) ifqés
S S\ {qg} ifges.

Notice that f is a rank parity reversing involution, hence J N Ip has the same
number of elements of even and odd rank. Since J N P 2 [maxp, q], J has also the
same number of elements of even and odd rank.

4. If p € Ip, g € P and maxp = ¢, then
J={cely,lpCchu{q)

Let Cy be the poset of nonempty chains of (0, q). If |p| > 2, J is isomorphic to
the interval [p\ {0, ¢}, ”Cqu{é iy- Similarly, if |p| = 2, the poset J is isomorphic to
Cy U {0,1}. In both cases, we may conclude by Exercise 3.141(c) of [47] that J is
Eulerian. Otherwise, if |[p| = 1 (equiv. 0 = ¢), then J is the unique Eulerian poset
of rank 1. O

From now on, we assume that P is an Eulerian poset. All the KLS functions, Chow
functions and augmented Chow functions that we will consider are those associated to
the Eulerian kernel.

The following key result characterizes particular values of the left KIS function of
St(P) via the right KLS functions of P. For the remainder of this subsection, let p denote
the rank function of St(P), and let € be the Eulerian kernel in its incidence algebra.
Correspondingly, we will use g and h to represent the toric g- and h-functions of St(P).

Proposition 4.50. For any (c,y) < (c,y) < iSt(p) in St(P), we have the following
formula:

e ) (¥) = Fyy (@),
where f is the right KLS function of P.

Proof. We start by defining the function:

fyy() it (1) # 1sup)
g(c,y),ist(m(ﬂf) otherwise

ey () (@) = {
KLS functions are determined interval by interval. By Theorem 4.8, in order to show the

validity of our formula, it suffices to show that z satisfies the following three properties
on intervals ending below the top:
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() Zey)len) = 1
(i) deg 2(c.y) () (¥) < 3h(ey) () for any (e,9) < (¢,y/), and
(iii’) 2" = z - & whenever (¢,y') < iSt(p).

Note that (i’) is immediate from the fact that f is the KLS function of P, hence

e (en) (@) = fyy(2) = 1.
Similarly, (ii’) follows again from the fact that f is the KLS function of P. Suppose
(c,y) < (¢,y'). We have deg(z) = deg(fyy(x)). If ¥ <y we have

1

1 -
deg(fy’y(l‘)) < pr/y < ip(cvy)v(C’vy’)'

On the other hand if ¢’ = y we must have ¢ C ¢, so |¢/| — |¢| > 1 and we have

cdl—le 1.
deg(fyy(m)) =0< ‘QH = §p(c,y)7(0’7y’)‘

Now we prove (iii’):

(2 e () = > Z(e) (dw) (T) - Edw), (/) ()
(dw)€l(em) (¢ )]

= Y fw@ - pper
(dw)el(ey),(c¢'y")]

- Z Z fwy(x)(l' — 1)py’w+‘cl|_|d|

wely’,y] de(c,c’]

= X fw@@-npe ] | Y @y

wely’,y] dele,d]

The first factor is the convolution (e - f),,, which equals fory (x) since f is the right KLS
function of P. The second factor is the convolution of ¢ and the Eulerian kernel in the
boolean poset [c, ¢'], which equals ¢ in the boolean poset, evaluating to z!¢'I=I¢l. Thus,

(8 . f)y,yw\c/|f|c| _ mPy/y-|—|c’|_|6‘fy/y(mfl) — ZE?:;),(C’,y/)' O

Now, having the above formula for the left KLS function of St(P), we can prove the
following theorem.

Theorem 4.51. Let P be an FEulerian poset. The right augmented Chow polynomial of
P equals the toric h-polynomial of St(P):

Fp(x) = hsypy(z).

Proof. Let n be the rank of P. By the definition of the toric h-polynomial, we have

Srev ~

g({0}7i)7ist(}3) N g({é}vi)aist(P)
z—1 ’

hsypy(z) =

Since g™V =g - £, we can write

1 - Braa i
hswr)(@) = 7 > (0}, 0),(dg) () (= 1) (4 sem
{011 <(dy)<lsir)
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From Lemma 4.44, we know that the co-rank of an arbitrary element (d,y) is

p(d,y),iSt(P) =P y |d‘ + 27

hence using Proposition 4.50 we have that the toric h-polynomial of St(P) is

> £ (@) (@ — 1o,

({0},1)<(dy)<ise(p)

We can split the sum by isolating the case y = 0. If y = 0, the only valid chain is d = {0},
so |d| = 1 and py = 0. The corresponding term evalugtes to fyi(x). For y > 0, we split
the sum over chains d bounded by y and containing 0 into two sets: those that do not
contain y and those that contain y. Let ¢ = d \ {0, y}, so c is a face in the order complex
A(0,y). If y ¢ d, then |d| = |¢| + 1; if y € d, then |d| = |¢| + 2. Thus, we have

hSt P)( f01 + Z fyl Z |:(.T _ 1)p()y7|cl + (1. o 1)p@y7|c|71

y>0 ceA(D,y)
= foi(a) + Z fyi(:c) Z x(r — 1)Poy—\6|—1'
y>0 ceA(0,y)

Using the definition of the h-polynomial of simplicial complexes (where dim A(0,y) =
oy — 2) we can write:

hst P)( f01 +ny1 th ( f01 +ny1 )

y>0 y>0

Now we use that xH,,(z) = Hy (v) for every s < t, as proved during the proof of
Proposition 3.6 of [27]

hSt(P ( fOl + Z fy1 Hrev Z fylHreV

y>0 yepr

and then we conclude using [27, Prop. 3.6 and Prop. 3.15]

hsypy(x) = (H*Y - flp=H e flp = (H- f*")p = Fp. O

The stellahedral transform also preserves the property of being the face lattice of a
polytope. The following discussion aims to construct the operation on polytopes that
corresponds to the stellahedral transform on their respective face posets.

Given a polytope P at a non-empty proper face F' is the polytope defined by taking
the convex hull of P and v, where v € R™ is any point that is beyond F. Although the
resulting polytope depends on the choice of v, its face poset does not. Combinatorially,
it is obtained by removing the proper faces containing F' and replacing them with the
closure of the set

{vxG|3H € F(P)\{P}: F,G<H, F ZG}.

Definition 4.52. Let P be a polytope. Up to combinatorial equivalence, we call the dual
stellahedral transform of P the polytope DStell(P) that is constructed by first taking
the pyramid over P and then applying a stellar subdivision to every proper face strictly
containing the apex of the pyramid, in order of decreasing dimension.
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Figure 4.4: Dual stellahedral transform of the 1-simplex.

The following theorem connects the previous construction to the stellahedral transform
of posets.

Theorem 4.53. Let P be a polytope and S be the poset of pairs (C, F) where
(i) F € F(P) is a face of P,
(i) C={F1 C F» C---C Fy,} is a (possibly empty) strict chain in F(P)\ {P},
(iii) If C # 0, then F C Fy,

such that
(C,F)<(C',F') <= FCF andCCC(.

If we add a mazimum element 1g to S, the face poset of DStell(P) is isomorphic to
SU{l}. In particular, there is an isomorphism given by the function

®:SU{lg} — F(DStell(P))
(C,F) — conv(F,vp,...,vF,)

1g iDSten(P)

where C = {Fy € --- C F,} and F is seen as embedded in the base of DStell(P). Here,
vy denotes the apex of the pyramid over P, while vg denotes the vertex introduced when

performing the stellar subdivision of the face vy x G < Pyr(P) for every nonempty proper
face G of P.

The map ® induces a labeling of the faces of the dual stellahedral transform. In
particular, the vertices of DStell(P) and the rank-1 elements of S are such that

e the vertices v of P C DStell(P) are in bijection with the pairs (), v) for all vertices
v € P;

e the apex vy of the pyramid over P is the image of the element ({0}, 0);
e the vertices vr are in bijection with the pairs ({F},0) for all faces F' € F(P)\ {P}.

If P is a square, we may see in Figure 4.5 its vertex labels.

The dual stellahedral transform of a polytope always contains a face that is affinely
equivalent to the polytope itself, since we do not subdivide any face of the base of the
pyramid. In Figure 4.6, we may see some labels of faces of DStell(P). Notice that the
faces that do not intersect the base are all simplices.

Proof of Theorem 4.53. In order to prove that ® is an isomorphism, it is sufficient to
show that it is well-defined, bijective, and order-reflecting, since it is order-preserving by
construction.
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U3 €23
¢
€34
¢
Vg €14

{'UQ < 612}0

[Z)'U1

{e1a}e1s

Figure 4.6: Faces of the dual stellahedral transform of a square.

Let @ be any face of DStell(P) that is disjoint from the base P. If one performs
stellar subdivisions on all nonempty proper faces of the pyramid Pyr(P) in decreasing
order of dimension, one would obtain a polytope whose boundary complex is barycentric
subdivision of the boundary complex of Pyr(P). In the construction of DStell(P) we
only skip subdivisions of faces contained in the base, hence the poset structure of the
faces disjoint from P does not change. Consequently, every face of DStell(P) disjoint
from the base P is a simplex of the form

Vpy %+ %X VUE,
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where Fy C --- C F,, # 1 is a chain of faces of P. It follows that ® is well-defined on the
pairs (C, F') € S such that F' = 0, which are in bijection with the faces that are disjoint
from the base since ® restricts to the function

({F1 € C F},0) s vpy %% vp,.

Now, consider any proper face @ of DStell(P) that does intersect the base P. Every
proper face containing both the apex and a proper face of P has been subdivided during
the construction, so ) cannot contain the apex vg. Therefore, @ is the convex hull of a
face F' € F(P) and a (possibly empty) set of vertices vg,,...,vq,,, for some non-empty
proper faces G1,...,Gy, € F(P). Notice that all the faces of Pyr(P) not contained in the
base have been removed and replaced with faces of the form vg x H where G is a proper
face of P, and H is a proper face of a face H' containing vy« G but that does not itself
contain vy x G. We observe that H' must satisfy H' NP = (vyx G) NP = G. Otherwise,
during the subdivision step of vyx G, the intermediate polytope of the construction would
contain as a subset the face vy G’ for some G C G', which is impossible since the order
of the subdivisions is by decreasing dimension. For this reason, we must have F' C G;
for every i € [m]. Assume without loss of generality that vg,,...,vq,, are ordered such
that 7 < j if and only if vg, has been introduced later than vg; in a subdivision step.
We prove by induction on m that Gy C --- C G,,. If m = 1, the statement is trivially
true. If m > 1, we notice that the face Q) must be v, * H where H is a face of DStell(P)
and in particular it is H = vg, x - - - ¥ vg,, * F' such that G2 C --- C G, by the induction
hypothesis. This implies that there exists an edge of DStell(P) between v, and vg,, from
which it follows that G1 C G2 € --- € Gy, by the previous discussion on faces that do
not intersect the base. This implies that Q@ = ® ({G1 € --- € G}, F)). Furthermore,
we have that for any chain of faces ) # F C G; C G2 € --- € G, © P in F(P) with
m > 1, the set @ = conv(F,vg,,...,vq,,) is a face of DStell(P). Indeed, let

Qj = (vﬁ*Gj)*'UGj+1*"'*UGm

for any j = 1,...,m. For j = m, the set Q,,, = vyx Gy, is a face of Pyr(P), before having
applied any stellar subdivision. For j < m, we see by induction that @; is a face of the
intermediate polytope obtained during the construction of DStell(P), just after applying
a stellar subdivision to the face vy x Gj+1. The set @ is obtained as a face of DStell(P)
from Q1 = (vy *x G1) *vg, * - - x vg,, after a stellar subdivision of the face vy« G'1, and
remains unchanged during the rest of the construction of DStell(P). Hence, we have a
bijection between the faces that intersect the base and the pairs (C, F') of S such that
F # (. Ultimately, we have that ® is a bijection such that

®:SU{lg} — F(DStell(P))
{(C,F)e S|F =0} + {F e FDStell(P)) | FNP =0}
{(C,F) e S|F #0} + {F € F(DStell(P)) | FN'P # 0} \ {DStell(P)}
s« iDStell(P)a

Face inclusion is order-reflecting by vertex labels, which concludes the proof. ]

The previous theorem proves that the stellahedral transform preserves the property
of a poset of being the face poset of a polytope. In particular, we have the following
corollary.

Corollary 4.54. Let P be a polytope. Then F(DStell(P)) = St(F(P*)).
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stellar ,
subdivisions

Figure 4.7: Construction, up to polar duality, of the 3-dimensional stellahedron from a
2-simplex.

The reason for choosing the name stellahedral transform becomes transparent from
the previous corollary taking the case of a simplex. Up to polar duality, the procedure
described in Corollary 4.54 sends simplices of dimension r to stellahedra of dimension
r + 1. Figure 4.7 depicts the construction when r = 2; here we use that the polar dual
of a simplex is again a simplex. In the following example, we look closer at the case of
simplexes.

Example 4.55. Let B,, the Boolean poset on [n]. The Eulerian left and right KLS
functions of B,, are equal to ¢, by Theorem 4.30 (which also implies that the Eulerian
kernel is equal to the characteristic kernel). Since the Eulerian Chow function of B, is
the Eulerian polynomial A, (x) by Example 4.42, we have

Gp,(x) = Y g5 (@)H,;(x)

ueBn
=0 g

By Theorem 4.51 and Corollary 4.54 we have that Gp, () is the toric h-polynomial of
the dual of the stellahedron. This polynomial is also known as the n-th binomial Fulerian
polynomial [44].

By [27, Theorem 1.3], for the characteristic kernel, Chow and left augmented Chow
functions are known to be nonnegative (and, in fact, also unimodal). It is thus natural
to wonder if the same property holds for Chow and augmented Chow polynomials in
the Eulerian case. For Eulerian Chow polynomials, this was already raised by Ferroni,
Matherne, and Vecchi in [27, Question 5.5]. The answer to both questions is that they
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may have negative coefficients without further conditions on the poset.

Theorem 4.56. There exist Fulerian posets whose Chow polynomial and augmented
Chow polynomials have negative coefficients.

The specific question for Chow polynomials was also raised in MathOverflow over two
years ago! receiving no answers.

Example 4.57. We make use of the constructions and the notation of Bayer and Hetyei
in [8]. Let P be the horizontal double of P(n,Z,N) for n = 8, Z = {[1, 2], [3, 6], [5, 8] }
and N = 19. Since Z is an even interval system on [1,n], P is an Eulerian poset. One
may calculate that its Eulerian Chow polynomial is

1 + 1664z + 12862022 + 8105602° — 1257862* + 8105602° + 12862025 + 166427 + 28
and its right augmented Chow polynomial is
1+17022+ 13641022 +11821622° —11082* —11082° +11821622% +13641027 + 170225 +2°.

Both of the above polynomials have negative coefficients.

§4.2.4 Relation to the cd-Index

In this subsection, we will calculate the Eulerian KLS invariants that we have presented
in the previous discussion, by employing similar techniques to those used by Bayer and
Ehrenborg for the toric h-polynomial.

In order to do that, we recall from Section 3.1.2 that we have defined a linear function
g : Q{c,d) — Q|x] such that, for any Eulerian poset P, the polynomial g(®p(c, d)) equals
the toric g-polynomial of P. We constructed some polynomials to determine the value of
this function.

Set p(n, k) := (}) — (,"";). Given a positive integer n,

[(n-1)/2]
Qu(z):= Y (=1)fp(n -1 k)a",

k=0
Ro(z) == 2" 1Qu (7).

For odd n, we also define
Tn(x) := (_1)(n71)/2p(n —1,(n— 1)/2)1‘(n71)/2

while for even n we let T, (x) := 0.
For any n positive integer, and for any cd-monomials w and v, this map satisfies the
following identities

9(c") = Qnia(x), g(d") =2", g(c"d) = 2Trpi(z), g(udv) = g(ud)g(v).

These results will be used throughout the entire discussion.

!See https://mathoverflow.net/questions/475156/eulerian-posets-and-order-complexes.
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Eulerian Z-Polynomial

For any ab-monomial u € Q(a,b), let Z, g : Q(a,b) — Q[z] be the linear maps defined by
§(u, 7) = 295 g(p z71),
Z(’U,, [L‘) = g(ua 33) + g(u*v ‘T) + Zg(v(l)v -’E)g('va), Q?)

In the next proposition we find a recursive identity for Z for every cd-monomial which
is not a power of c.

Proposition 4.58. Let u and v be any cd-monomials. The map Z satisfies the identity

Z(udv) = 271 g(ud) Z(v) + g(v*d) Z(u).

Proof. Since g(udv) = g(ud)g(v), by expanding the definition of Z we get
2 (udv) = gludv) + g(v'du’) + 3 glau))g(vduly) + gluclg(e’) + glu)g(ve
u
+ ) g(udv())g(vy)

=27 'gud)g(v) + g(v*d)g(u*) + > gluw))g(v*d)g(uly) + gluc)g(v*)

By collecting the terms which are multiples of 27 !'g(ud) and of g(v*d), we may also
rewrite it as

2Z(udv) = 27 g(ud)(Z2(v) — g(v")) + g(v*d)(Z2(u) — g(u)) + gluc)g(v") + g(v"c)g(u)
=1~ 'g(ud)Z(v) + g(vd") Z(u)
+ (g(uc) — 27 g(ud))g(v*) + (g(v*c) — g(v*d))g(u)

Since g(vd) = (z — 1)g(v) + g(vc), we also have g(vd) = z(1 — x)g(v) + zg(vc), which
implies that

2Z(udv) =2~ g(ud)Z(v) + g(v*d) Z(u) — (1 - 2)g(u)g(v") + (1 — 2)g(u)g(v")
=2 1g(ud) Z(v) + g(v*d) Z(u). O

As a consequence of this proposition, for any cd-word w = ¥ dc¥2d - - - cFr—1dcPr | the
polynomial Z(w, z) satisfies

Z(ckvdck2d - - Frrdekry = a7l g(Md) Z(P2d - - Frrde ) + g(cFrd - Prddrd) Z2(M)
(:L‘k1+3 T lTk1+1(x_1))Z(ck2d- . ckrfldck’“)

.
+ " ] Thy 1 (2) 2(F)
j=2
.
= 2Ty, 11(z) 2(c*2d- - P dc?) + 2" [ [ Thy 1 (2) 2(M).

From this recursion, we derive the following theorem.
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Theorem 4.59. Let P be an Eulerian poset with cd-index ®p(c,d) =Y, &ww, then
the Eulerian Z-polynomial is given by Zp(x) =, &wZ(w, x), where for each cd-word
w = cdch2d - - Frdck+r ) the polynomial Z(w,x) equals

j:17"'7r
JF#i

r+1

a"y " Z() Tjj41 ().
=1 1

+

The only unknown terms in the formula are the values of the family {Z(c")},, the
Z-polynomials of the butterfly posets (see the definition in Example 2.29). By expanding
the definition of Z(c"), we get the expression

n—1

Z(c") = g() + () +2)_a(c)g(c" )
i=0
n—1

= Qni1(2) + 2Rps1(2) + 22 Y Rip1(2)Qn—i(2). (4.9)
=0

This formula may be made more explicit, as shown in the following proposition.
Proposition 4.60. The value of the Z-polynomial on the butterfly poset of rank n+ 1 is
P (1+z)%(1 —x)" ! if n is odd
") = . .
(") (1+2) ((1 —z)" + 2z Z?:/? Toi—1(x)(1 — :U)”*21> if n is even
Proof. Let Z(z), T(z), Q(z) and R(z) be the ordinary generating functions of { Z(c") }en,
{Tn(z)}n>1, {Qn(x)}n>1 and {R,(x)}n>1 respectively. By equation 4.9, Z(z) equals

Q(2) + zR(z) + QxQ(z)R(z)'

Z(z) =
=) -
Recall from Remark 3.14 that
2 4 2220 (—x2? 2 4 220 (—z2?
Qz) = ( ) R(z) = 2+ 2 0(z2)

1—2z+xz 1+2z—2z2

where C(z) is the ordinary generating function of Catalan numbers. We claim that

Q) - R(z)

1—=x

Q(2)R(z) =

A simple calculation shows that the ordinary generating function of the Catalan numbers
satisfies the identity C(z) = 1+ 2C(2)%. Then we may write the product Q(z)R(z) as

.2 (14 z2C(—22%))(1 + 20(—x2?))
1—(1—x2)222

o1+ (24 32)C(—x2?) + 1220 (—a2?)?

— 1—(1—2x)%22

92+ (w2 + 2 — 1)C(—x2?)

— 1—(1—x)222

By multiplying both the numerator and the denominator by 1 — x, we obtain

92 =22+ (1 —2)(wz + 2 — 1)C(—22?)
(1—2)1—(1—1x)222)
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which is equal to

2z — 2wz + (1 —2)z2(zz 4+ 2 — 1)O(—x2?)
(1—-2)1—(1-—x)2%22)
_ 1 ((1—|—z(1—x))z(1—|—:sz(—x22)) B (1—z(l—x))z(1+zC( )))
(1—2) 1—(1—x)%22 1-(1—2)%z
Q) - k()

1—=x

Thus, we may rewrite Z(z) as follows

Q(2) + 2R(2) + 5, (Q(2) — R(2))

Z(z) = .
_ (14 2)Q(z) —x(1+ 2)R(2)
z2(1—z)
14 Q(z) — zR(z)
1-2z z
_ 1tz (14 (1 —2)2)(1 + 22C(—22%)) — 2(1 — (1 — 2)2)(1 + 20(—x2?))
11—z 1—(1—12)%22

By using again the identity C(z) = 1 + 2C(z)?, we get

T .'E z zZ—XT X — T 22 _./L'ZQ
Z@)_itx.( + +121—+2x)(z2 )22C( )
14z (l—a:)(xz+z+1)+2a;(1 1)22C(—22?)
T l-a — (1 —x)%22
T2+ 2 r2?
—(1+4a) +'if}2{t?xy;§( )

Since T(z) = 2C(—x2%) by Remark 3.12, we conclude

(1+z)2%z (14 x)(222T(2) + 1).

Z(z) =

1—(1—x)222 1—(1—x)222
In the Taylor expansion of Z(z), we have that % has all the terms that have
(1+:E)(2a:zT(z)+1)

odd degree in z, while has only even degree terms in z. This implies that

1—(1—x)222
for every k > 0 we have

Z(PR = [Z%H](l—k—az)sz = [z2k+1]<(1+x)2z Z(l—x)%kz%) = (1+2)?(1—x)%,

1—(1—2)2%2 =
and
Z(c%) _ [z ](1 + z)(222T(2) -|— 1)
—(1—x)z
=1+ a:)[z2k] (1 + 2x22T2h+1($)22h+1) Z(l _ x)%kz%
h>0 >0
k
= (1 + l’) ((1 — $)2k + 2z Z Tgifl(l‘)(l — :L‘)Qk_%> . O
i=1
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In the following table, we show the values of Z(c¢") for n =0,1,...,10.

n | Z(c")

0 | 1+=x

1 | 1422+ 22

2 | 14+x+4a%+2°

3| 1—22%2+424

4 | 1—2—22%2—223 — a2t +2°

5 | 1—2x—a?+4a® — a2 —22° + 26

6 | 1—3z+ 2%+ 523+ 52t + 25 — 325 4+ 27

7 | 1 — 4z + 422 + 423 — 102* + 42° + 428 — 427 + 28

8 | 1 —5z+ 822 — 14a* — 1425 + 827 — 528 + 2

9 | 1—6z+ 1322 — 823 — 142* + 282° — 1425 — 827 + 1328 — 629 + 210
10 | 1 — 7z + 1922 — 2123 — 62 + 4225 4 4225 — 627 — 2128 + 192 — 7210 4 21!

Table 4.1: The first values of Z(c").

Corollary 4.61. Let P be an Eulerian poset with cd-index ®p(c,d) = Y, &ww and
even rank n + 1. For each cd-word w = c*1dc*2d - - - FrdcF+1, then polynomial Z(w, x)
equals 0 if and only if there are two odd exponents k; and k;j for i # j.

Let w = 1 dc®d - - - Frdcfr+1 be a cd-word for which the only odd exponent is ks, for
some s € [r+ 1]. Then the polynomial Z(w,x) equals

((_1)(n—ks)/2 H _ij/2> x(n_kS)/2(1 + 1:)2(1 o l')ks_l,
+1

j=1,...r
J#s
where Cy, denotes the k-th Catalan number.
Eulerian Chow Polynomial
In Section 3.1.2, we have defined the map  given by
k: Qa, b) — Q]
a—x—1,
b— 0.

For any ab-monomial v € Q(a,b), let H : Q(a, b) — Q[z] be the algebra morphism defined
by

H(v) = k(v) + Y k(ve) H(ve).

We show that we can use this function to calculate the Eulerian Chow polynomial of P.

Proposition 4.62. Let P be an Eulerian poset, ¥(P) its ab-index and H the Eulerian
Chow function of P. Then
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Proof. We prove it by induction on the rank of P.
If rank(P) = 1, then Hp(z) =1 = H(1).
Let rank(P) = n+ 1 for n > 0. By the induction hypothesis and equation 4.2, we have

Hp(z) = AZA Es,(2)H ;4 ()

=ép(x) + Z £py) (@) Hpy, (7)

+Zf€ Py))H(¥(Pg)))-
P
Since the ab-index is a Newtonian coalgebra morphism, we verify the first identity

Hp(x) = w(¥(P)) + > w((¥(P) @) H((¥(P)) ) = H(¥(P)). =
P

Theorem 4.63. The map H can be equivalently defined as
H : Q(a,b) — Qlz]

at—x,
b—1.

Hence, the Chow polynomial of an Eulerian poset P is a specialization of its ab-index
Up(a, b), in particular
HP($) = \IJP(x7 1)

Proof. Let v € Q(a,b) be an ab-monomial. By expanding the definition of s, we observe
that

H(av) = k(av) + )+ Z k(av(y) H (v)
= (z— Vi) + H@) + (z = 1) Y _ £(vq) H(v)

v

= (z — 1)H(v) + H(v)

— 2H(v),
and also
H(bv) = k(bv) + k(1) H(v) + > k(bv)) H(v)
= H(v). ’
This pair of identities proves the statement. O

Theorem 4.64. The map H on the cd-monomials is

H : Q{c,d) — Q]
c— 14z,
d— 2x.

Hence, the Chow polynomial of an Fulerian poset P is a specialization of its cd-index
®p(c, d), in particular
Hp(z) = ®p(1 + =z, 2x).
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Eulerian Augmented Chow Polynomial

Similarly to the previous KLS invariants, we define a linear map L : Q(a,b) — Q[z] such
that for any ab-monomial v € Q(a, b) it is defined as

L(v) := H(v) + Y _g(v))H(v

Proposition 4.65. Given P be an Eulerian poset, let W(P) be its ab-index. Let G be
the left augmented Eulerian Chow function of P and g be the Fulerian left KLS function
of P. Then

Gp(z) = gp(z) + zL(V(P)).

Proof. Recall that G*V = G and H*Y = xH + (1 — x)d, hence by the definition of the
augmented Chow function we can write

(G —g)p(z )

rev

—9)p(z)
g-H™ —g)p ()

g-@H+(1-2))—g) (2)
zg-H—ag) (x)

<Z.9P(1) (2)Hp, (z )+HP(1’))
—f”(Zg (Pa)H(¥(P)) + H(¥(P)) ).

—~~

Il
8 —~

Analogously to the proof of Proposition 4.62, we have
(G = g)p(x) = x(zg (W(Po)) + HW(P))) = aL(¥(P). O

In order to find an explicit description of L (and of G), we prove the following lemma.

Lemma 4.66. Let n be a natural number and let w,v be any cd-monomials. The map L
satisfies the identities

n—1
Lc) = (1+2)"+2> (142)'Qni(2),
=0

n—1

L(e"d) = 20 ((1 ra)y 2y (1+ a:)i@m(x)) + Quia(@) + (1+2)Qui (),

i=0
L(udv) = (L — g)(ud)H (v) + g(ud)L(v).

Proof. We start with the first statement. Since g(c¥) = Qg4 1(z) for every natural number
k, we have

n—1
L(c") = H(") +2) g(c" ") H(c)
=0
n—1

=(1+2)"+2) (1+2)Qni(z).

1=0
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Similarly, for the second statement

L(c"d) = H(c"d) +2Zg PN H(C) + g(TY + (14 2)g(c)

n—1
=2z ((1 +x)" +2 Z(l + nyﬂ—Z(@) + Qni2(z) + (1 + 2)Qny1(z).

1=0

To prove the third statement, recall that g(widws) = g(wid)g(ws) for any pair of
cd-monomials wi, wy € Q(c, d). Hence

L(udv) = H(udv) + Zg(u(l))H(u(Q)dv) + g(uc)H (v) + g(u)H(cv)

+ ) gludvgy)H(v)

= <(1 +2)g(u) + g(uc) + 22 glun))H(ug) + 2z H(U)) H(v)
+ g(ud) 29(0(1))]{(”(2))

= glud) (L — H)(v) + ((1+2)g(w) + g(ue) + 22 L(u) ) H(v)
9(ud) (L = H)(v) + L(ud)H (v)
(L — g)(ud)H(v) + g(ud)L(v). O

Using the previous proposition, we can calculate the Eulerian right augmented Chow
polynomial of the butterfly poset (see the definition in Example 2.29). Given a natural
number k, let

k—1

=z(1+z)F 422 Z(l + ) Qp_i(x) + Qpi1 ().

i=0
Notice that G (x) satisfies the recursion
Gr(z) = (1+ 2)Gr_1(x) + 2Tk (z), (4.10)
for all £ > 1. In fact, we may calculate

Gy(z) = xL(c*) + g(c*)

N

-1

=z ((1 +a)H() +2) (1+ x)iQk-z«x)) + Qrr1(2)

I
o

S
)

=(1+x)x <H(ck_1) +2

= (14 2)(Gr-1(2) — Qr(x)
=14 2)Gr_1(x) + (z —1)Q

(1+ l')iQk—l—i($)> + 22Qk(7) + Qr41()

I
=)

~—

+ 22Qk(7) + Qr41()
k() + Qrr1(x).

Since we have Qp4+1(z) = (1 — 2)Qk(z) + xTk(z) by Proposition 3.13, this implies the
desired identity.
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Recall Go(x) =1+ z. By iterating the recursion in equation 4.10, we can derive the
formula
k—1 '
Grl(z) = (1+2) ! 42 (1 +2)' T i(2).
i=0

In the following table, we show the values of G(z) for n =0,1,...,8.

Gr(x)

1+z

1+ 3z + a2

1+ 4z + 4a? + 23

145z 4 722 + 523 + 24

1+ 62+ 1222 + 1223 + 6% + 2°

1+ 7z + 1822 + 2623 + 18z* + 7a® + 26

1+ 8z + 2522 + 4423 + 442* + 2525 + 820 + 27

14 92 + 3322 4 6923 + 832 + 692° + 332% + 927 4 28

1+ 10z + 4222 + 10223 + 1522* + 1522° + 10225 4+ 4227 + 1028 + 2°

0 N O TN O

Table 4.2: The first values of Gy(z).

Let n be a natural number, note that the polynomial L(c"d, z) — g(c"d, x) equals

n—1
2:6((1 Fa)" 42 ;(1 + a:)iQn_i(a:)) 4 Qnaa(@) + 1+ 2)Quat (z) — 2Tpp1 ()
n—1

=2(2(1+2)" +20 (1 +2)'Qu-i(2) ) + (1 = 2)Qus1(x) + 2To11 () )
=0

+ (1 + x)Qn—H .%') - xTn—H(x)'

By applying again Proposition 3.13, we calculate

L(c"d, @) - g(c"d, ) =2(2(1 +2)" + 22 §(1 +2)' Qi)
+ Qnya(z) + (111036)62%1(56) — 2Ty 41(2)
—2 (xa + o)+ 2 niu + x)iQn_i(x)) + 201 (@)
—2G, (). o

Hence, using Lemma 4.66, we have the following corollary.

Corollary 4.67. Let k1 be a natural number and let v be any cd-monomials The map G
satisfies the recursion

G(Fdv, z) = 220Gy, (z)H(v) + 2Tk, +1(2)G (v, ).

As a consequence, we get the following theorem.
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Theorem 4.68. Let P be an Eulerian poset with cd-index ®p(c,d) =3, &ww. Then,
the left augmented Eulerian Chow polynomial is given by Gp(x) = ), &wG(w, x), where
for each cd-word w = c*1dck2d - - - cFrdcFr+1, the polynomial G(w, ) equals

z" (Z 2r_i(1 + IL‘)Z}LEQ Fith Ghia (x) H Tkj+1(x)) ‘
j=1

=0
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