. Shorts  algorithm |

roblem : iven UN= ‘o, f1# 4 primeg Nnc] an :

Best cIa SS%CQ‘ 4| orirhjn (ﬁlPi)Freo,uir)es O(TL (ﬁ('ogN)”%lo‘SlogN)).
Shorss 9lgorir%m (1934) requires on‘j O((logN)3 loglogl\l) of
c|35’sica\ anJ 0|u8n~wm elementarj operations usmg O(IogN) c1u\3{~t3.
35 com‘oaris% to check whether %N for same % < N roquires
0([0 N) Ste s)' to Compute QJ(%‘,N) requirée s (}) Euc\ic‘/s

R pure ‘1 3
6\%0rithm) O((logl\() ) sre,as.

T)]e outf»u*c 18 ranéom) SO one can prove -tWAt \12(0,1) usmg
O(Cglo\gogr\l(lo‘%l\l)a) STeps we obtain the sacrors of N—-—J(l'or
with probability Z4-¢.

Notice thdt we can S\WBSS asSsume N OQH.

Keﬂ ;Jea: WE r‘eéuce the £3ctorization Fro\)‘em To 'tha‘t of

deter‘m‘mmg the Ferioc‘ T of 3 funcrian S:N—->N .

T\ne function § will be S-&,JN (m) =% mod N, Sgu:IN—= {0,1,...,N-1}
for Some 9¢< N.T%Q ‘:w.riOJ of S-g,,N IS n=ﬂ&~(9~r) (we neecl
bocci(%,N)ﬂ). Ly 2 dassical W3y, it requires QW) steps to Find 1.
< or's al%orit%m re<1uires O((lo%l\{)3|o‘%|o%f\l) quantum and classical
S‘[e,)s to Finc‘ ¢ wi't\\ \oro\:a\bi‘itj 21-¢.

Full Shor’s legr*irhm
Tnpur: N (Wii’hUaT least Two JEStinCt Frime f3ctars).
Ou-c]aut: TWo non—‘rr'iwa\ +3ctors o¢ N.
Stef) { (se‘(’.ctson of 9~r): Fic\k r‘andomlj 1<9:<N Bylc‘ compure
SCJ(%, NY. Le it is >1, we're done)' ot%erwise) go 10 Sre)o 2.
Te\o 2 use 3 (1uanwm routine to comPu-te the ‘:eriocl n QFf S‘Q,)N.
L wis odd, go back o SteP {; otherwise, ko o Step 3.
STQP 3: Compure %cd(%"”’H,N). le i is =N, Qo back to thP {;
OT\\QPW}SQ,) we #ouncl 3 non—trivia\ fdcCtor
owtput ged (W41, N), ged (¥ ~{,N).
\X/%g S‘ter 3. we found W =1 mod N => (%" +1)(%"*-1)=0 moed N,
but %21 mod N pecause n/),<>z=d7.cLN(Qr)) So
N5 +4) (822-1) bue NAR -1 = ped (8% 1,4) > 1.

T\\Qor‘em (6.41 of the hook): et N:.\;':‘[1 1«.8‘”&) &Jiccer‘enr oclcl rrimes, V7 1.

Let Q=§£e{0,1, ey N=1§ l gcad(L,N)ﬂ g We have:
« #Q =¢N),

\EBuler’s totient function

. #XQIQN\,G'&LN(M:J-: is even and N*(Q:‘“’H)%?MN)H-—UZ .
FaCt: Je50 s.t. PM)/mZ L for \arge m.

|o\s\0gm

Ler's Focus on Ste 2.
Problem: given $:N—=N periodic with unknown Fer‘ioci n,
Com)swre it assummk&: i) L2722 St n< ot (in our case, L=Lz|ogzNJ+1) ;
ii) 'gl{o,i,...))‘l-fg insec'tive (in our case, o) QHJ
3 K24 St S <2 (in our case ,K 2 logN),

i) Ug; IHL®lHV‘-—» IH"@II—-\K is imF\ementeJ
1> @ 1> 21> 814 & §60

usmg Q(L?) e\ementarj ates (in our
case &= req’uires O((|°gN)3) STe‘DS).
T hen we can sind the pericd 1 o § With Fro\oa\:zlit}j at least
L’/logL using O(L"‘a";ﬁ’gg) e‘ementarj gates and c(assica‘ elementar‘j
operations (Where £/=1/to is 9 wniversal constant).
Remark: 1o ¢ind i with probability 71/, we repeat antil we

A
succeed; we need » tridls St (1-£71kL) < 1/2 :nZlogL.
o> L ( ' &>
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bo the ca‘cu\ations > &6{ 0,1,..., 2,"/2*13 wWith ro)oahi\'rcj
P(R) = (AR) 1> =AY D1%, Ag= 2><RI® K.

4 . !
P(&)=< 22k 5:—; (Ti“'”z 1§ 2-2’-1.-_— eN ("3:& Josined 38 needed )

monster otherwise. 5
In the girst case, we have P(a);i_.n(z_L) x4
) 22

Il R
Swm\ar"tb it & is st |=u2b- LIS %L for Some leN
we »\BVQ P(R)7/,C/rt for Some constant £>0.

‘ter 5. from ‘the ‘c\r\eomj of con-tinueA fractions
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Om
we have that it 2 is st o holds, Then U/ will be
one dmont the numbers [ a,, qu,.-.,O.é]g':a where
[Oto, Q{,--.,Q«ml = k-l. q
Q T w'.“ be one %+‘ the Jenominator‘s n ‘t»tis Set
rovided that %ccj(ﬂ, IL)“‘—‘:*)L
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